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Introduction

The purpose of this book is to introduce readers to certain topics in
random matrix theory that specifically involve the phenomenon of con-
centration of measure in high dimension. Partly this work was moti-
vated by researches in the EC network Phenomena in High Dimension,
which applied results from functional analysis to problems in statistical
physics. Pisier described this as the transfer of technology, and this book
develops this philosophy by discussing applications to random matrix
theory of:

(i
(ii
(i
(iv

optimal transportation theory;
logarithmic Sobolev inequalities;
exponential concentration inequalities;
Hankel operators.

— — — —

Recently some approaches to functional inequalities have emerged that
make a unified treatment possible; in particular, optimal transporta-
tion links together seemingly disparate ideas about convergence to equi-
librium. Furthermore, optimal transportation connects familiar results
from the calculus of variations with the modern theory of diffusions and
gradient flows.

I hope that postgraduate students will find this book useful and, with
them in mind, have selected topics with potential for further develop-
ment. Prerequisites for this book are linear algebra, calculus, complex
analysis, Lebesgue integration, metric spaces and basic Hilbert space
theory. The book does not use stochastic calculus or the theory of inte-
grable systems, so as to widen the possible readership.

In their survey of random matrices and Banach spaces, Davidson
and Szarek present results on Gaussian random matrices and then indi-
cate that some of the results should extend to a wider context by the
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theory of concentration of measure [152]. This book follows this pro-
gramme in the context of generalized orthogonal ensembles and com-
pact Lie groups. While the Gaussian unitary ensemble and Wishart
ensembles have special properties, they provide a helpful model for
other cases. The book covers the main examples of the subject, such
as Gaussian random matrices, within the general context of invariant
ensembles.

The coverage of material is deliberately uneven, in that some topics
are treated more thoroughly than others and some results from other ar-
eas of analysis are recalled with minimal discussion. There are detailed
accounts of familiar topics such as the equilibrium measure of the quar-
tic potential, since these illustrate techniques that are useful in many
problems. The book develops classical and free probability in parallel,
in the hope that the analogy makes free probability more accessible.

The presentation is mainly rigorous, although some important proofs
are omitted. In order to understand the standard ensembles of random
matrix theory, the reader must have some knowledge of Lie groups, so
the book contains an abbreviated treatment which covers the main cases
that are required and emphasizes the classical compact linear groups.
Likewise, the presentations of Gaussian measures in Chapter 11 and the
Ornstein—Uhlenbeck process in Chapters 12 and 13 are self-contained,
but do not give a complete perspective on the theory. Similarly, the
treatment of free probability describes only one aspect of the topic.

Some of the results and proofs are new, although the lack of a specific
reference does not imply originality. In preparing the Sections 2.3, 2.4
and 2.6 on Lie groups, I have used unpublished notes from lectures given
by Brian Steer in Oxford between 1987 and 1991. Chapter 5 features re-
sults originally published by the author in [17] and [19], with technical
improvements due to ideas from Bolley’s thesis [29]. The material in
Chapter 6 on gradient flows was originally written for an instructional
lecture to postgraduate students attending the North British Func-
tional Analysis Seminar at Lancaster in 2006; likewise, Sections 8.1, 8.2,
and 7.3 are drawn from postgraduate lectures at Lancaster. Conversely,
Sections 7.2, 12.2 and 2.5 are based upon dissertations written by my
former students Katherine Peet, Stefan Olphert and James Groves. Sub-
stantial portions of Chapter 9 and Section 10.3 are taken from Andrew
McCafferty’s PhD thesis [113], which the author supervised.

In his authoritative guide to lakeland hillwalking [168], Wainwright
offers the general advice that one should keep moving, and he discusses
6 possible ascents of Scafell Pike, the optimal route depending upon the
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starting point, the time available and so on. Similarly, the author pro-
poses 6 routes through the book, in addition to the obvious progression
1.1-14.3 which goes over the local maxima.

(1) Compact groups feature in the first half of the book, especially in
Sections 1.2, 2.3-2.9, 3.8, 3.9, 5.1, 7.4, 10.5.

(2) Generalized orthogonal ensembles feature in the middle of the book,
particularly in 1.5, 2.5, 3.4-3.7, 4.4-4.7, 6.3.

(3) Convergence to equilibrium distributions is the topic in 1.1, 3.4-3.9,
5.2-5.5, 10.6, 11.4.

(4) Free probability features in 4.3, 4.5, 4.8, 6.5, 6.6, 13.5, 14.1-3.

(5) Semicircular and similar special distributions appear in 4.4-4.7, 5.5,
7.3, 13.5, 14.3.

(6) Integrable operators appear in 9.1-9.7 and 11.2.

To summarize the contents of sections or the conclusions of examples,
we sometimes give lists of results or definitions with bullet points. These
should be considered in context, as they generally require elaboration.
There are exercises that the reader should be able to solve in a few hours.
There are also problems, which are generally very difficult and for which
the answer is unknown at the time of writing.

There are many important topics in random matrix theory that this
book does not cover, and for which we refer the reader elsewhere:

(i) the orthogonal polynomial technique and Riemann—Hilbert theory,
as considered by Deift in [56];

(ii) connections with analytic number theory as in [98, 50];

(iii) applications to von Neumann algebras, as developed by Voiculescu
and others [163, 164, 165, 166, 83, 84, 85, 77;

(iv) applications to physics as in [89];

(v) joint distributions of pairs of random matrices as in [76];

(vi) random growth models, and similar applications.

Jessica Churchman first suggested this topic as the subject for a book.
I am most grateful to Graham Jameson, Francois Bolley, Alex Belton,
Stefan Olphert, Martin Cook and especially James Groves for reading
sections and suggesting improvements. Finally, I express thanks to Roger
Astley of Cambridge University Press for bringing the project to fruition.
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Metric measure spaces

Abstract

The contents of this chapter are introductory and covered in many stan-
dard books on probability theory, but perhaps not all conveniently in one
place. In Section 1.1 we give a summary of results concerning probability
measures on compact metric spaces. Section 1.2 concerns the existence of
invariant measure on a compact metric group, which we later use to con-
struct random matrix ensembles. In Section 1.3, we resume the general
theory with a discussion of weak convergence of probability measures on
(noncompact) Polish spaces; the results here are technical and may be
omitted on a first reading. Section 1.4 contains the Brunn—Minkowski
inequality, which is our main technical tool for proving isoperimetric
and concentration inequalities in subsequent chapters. The fundamen-
tal example of Gaussian measure and the Gaussian orthogonal ensemble
appear in Section 1.5, then in Section 1.6 Gaussian measure is realised
as the limit of surface area measure on the spheres of high dimension. In
Section 1.7 we state results from the general theory of metric measure
spaces. Some of the proofs are deferred until later chapters, where they
emerge as important special cases of general results. A recurrent theme
of the chapter is weak convergence, as defined in Sections 1.1 and 1.3,
and which is used throughout the book. Section 1.8 shows how weak
convergence gives convergence for characteristic functions, cumulative
distribution functions and Cauchy transforms.

1.1 Weak convergence on compact metric spaces

Definition (Polish spaces). Let (£2,d) be a metric space. Then (2, d)
is said to be complete if every Cauchy sequence converges; that is,

4



Metric measure spaces )

whenever a sequence (z,) in 2 satisfies d(z,, 2, ) — 0 as n,m — oo,
there exists « € Q such that d(z,,z) — 0 as n — 0.

A metric space (£, d) is said to be separable if there exists a sequence
()22 in  such that for all € > 0 and all z € Q, there exists x,, such
that d(z,z,) < . Such a sequence (z,) is said to be dense.

A complete and separable metric space (2, d) is called a Polish space.
A map ¢ : (Q,d1) — (2,d2) between metric spaces is an isometry if
d2(p(), o(y)) = di(2,y) for all z,y € Q.

Let Cy(2; R) be the space of bounded and continuous functions f :
2 — R with the supremum norm || f||e = sup{|f(z)|: z € Q}.

Definition (Compact metric spaces). A metric space is said to be (se-
quentially) compact if for any sequence (z,) in Q there exist 2 € Q and
a subsequence (z,, ) such that d(z,, ,z) — 0 as ny — o0o. The reader

may be familiar with the equivalent formulation in terms of open covers.
See [150].

Definition (Total boundedness). Let (€2, d) be a metric space. An e-net
is a finite subset S of €2 such that for all z € , there exists s € 2 such
that d(z,s) < e. If (,d) has an e-net for each £ > 0, then (£,d) is
totally bounded.

A metric space is compact if and only if it is complete and totally
bounded. See [150].

Proposition 1.1.1 Suppose that (K, d) is a compact metric space. Then
C(K;R) is a separable Banach space for the supremum norm.

Proof. Let (x,) be a dense sequence in K and let f, : K — R be
the continuous function f, (z) = d(z, ;). Then for any pair of distinct
points z,y € K there exists n such that f, () # f.(y). Now the algebra

A:{ﬂ(O)I—s— S 65 [[ (@) :Bs€Q forall S;5=0

S:SCN j:jeSs

for all but finitely many S; S ﬁnite} (1.1.1)

that is generated by the f,, and the rationals is countable and dense in
C(K;R) by the Stone—Weierstrass theorem; hence C'(K; R) is separable.
See [141]. O

Definition (Dual space). Let (E,|.|]) be a real Banach space. A
bounded linear functional is a map ¢ : E — R such that:
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(i) o(sz +ty) = sp(x) + tp(y) for all x,y € F and s,t € R;
(i) lloll = sup{lp(z)] : x € B [lz]| <1} < oo

Let E* be the space of all bounded linear functionals. Let B = {z €
E :||z|| < 1}; then the product topology on [—1,1]” is generated by the
open sets

{(xp)ven : o, —w, | <ej55=1,...,n} (1.1.2)

given by b; € B, y, € [-1,1] and ¢ > 0 for j = 1,...,n. Further,
B* = {¢ € E* : ||¢|| < 1} may be identified with a closed subspace
of [~1,1]” via the map ¢ — (é()),cp. This is the weak* or o(E*, E)
topology on B*. See [63, 141].

Theorem 1.1.2 (Mazur). Let E be a separable Banach space. Then B*
s a compact metric space for the weak* topology. Further, E is linearly
isometric to a closed linear subspace of C(B*;R).

Proof. By Tychonov’s theorem [141], [~1,1]? is a compact topological
space, and hence the closed subspace {(¢(x)).ep : ¢ € B*} is also
compact; this is known as Alaoglu’s theorem. Now we show that B*
has a metric that gives an equivalent topology; that is, gives the same
collection of open sets.

Let (z,)5°, be a dense sequence in B and let

oo

A, ) =Y 27" |p(za) — v(xa)l (g, € BY),  (L1.3)

n=1

so that d defines a metric on B*. Now we check that d induces a compact
Hausdorff topology on B*, which must coincide with the weak™* topology.
Let (¢;) be a sequence in B*. We extract a subsequence (;, ())7>, such
that ¢;, (1) (z1) converges as ji(k) — oo; from this we extract a further
subsequence (@j,(r))r2, such that o;, ) (z2) converges as ja(k) — oo;
and so on. Generally we have j, : N — N strictly increasing and
Jjr(n) = jr—1(m) for some m > m. Then we introduce the diagonal
subsequence (¢j, (x)). By Alaoglu’s theorem there exists ¢ € B* that
is a weak™ cluster point of the diagonal subsequence, and one checks
that

¢ P (k Z 27" |p(wy,) — P (k (l’n)| — 0 (1.1.4)

n=1

as ji (k) — oo since @j, () (7,) — ¢(x,) as jx (k) — oo for each n.
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Let f € E. Then f gives a function f : B* = R by ¢ — ¢(f) which
is continuous by the definition of the weak™ topology. Further, by the
Hahn-Banach Theorem [141] we have

1Flse = sup{le(f)] : ¢ € B} = ||f]], (1.1.5)

so f +— fis a linear isometry E — C(B*;R). The range of a linear
isometry on a Banach space is complete and hence closed. O

Definition (Borel measures). Let (€, d) be a Polish space. A o-algebra
A on (2 is a collection of subsets of {2 such that:

(c1) Q € A

(02)if A€ A, then Q\ A € A

(03) if (A,)52, satisfies A, € A for all n, then A = |2, 4, has
Ae A

The sets A in a o algebra A are called events.
The open subsets of ) generate the Borel o-algebra B(£2) and M, (12)
is the space of bounded Borel measures p : B(€2) — R such that

(1) [lpllvar = sup{>; [w(E;)] « E; € B(R) mutually disjoint, j =
LN} < oo

(i) w(Uj2) By) = 3272, u(E;) for all (E;)2, mutually disjoint E; €

B(Q).

We write M, (Q) for the subspace of u € M, (2) such that u(E) > 0
for all E € B(Q) and Prob(f2) for the subspace {y € M, (Q) : u(Q) =
1} of probability measures. Further, we write M;(Q) = {u € M,(Q) :
[leellvar < 1}. An event is a Borel-measurable subset of Q. See [88]. For
any Borel set A, I4 denotes the indicator function of A which is one on
A and zero elsewhere, so u(A) = [, Ladp.

A probability space (£2,P) consists of a o algebra A on , and a
probability measure P : A — R.

Theorem 1.1.3 (Riesz representation theorem). Let (2, d) be a compact
metric space and ¢ : Cp(2; R) — R a bounded linear functional. Then
there exists a unique p € M, () such that

(i) o(f) = [ f(x)u(dz) for all f € Cy(4LR).
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Conversely, each p € My(QY) defines a bounded linear functional ¢ via
(iii) such that ||| = ||pl|var- Further, u is a probability measure if and

only if
() [lell =1 = ().
Proof. See [88]. O

Definition (Weak convergence). Let (u;)72; be a sequence in M, (),
and let p € My(Q). If

i [fdu = [fdn (e c@), (1.1.6)

then (u;) converges weakly to p. The term weak convergence is tradi-
tional in analysis; whereas the term weak* convergence would be more
suggestive, since we have convergence in the o(M;(2); Cy(Q2)) topology.

Proposition 1.1.4 Let E = C,() and let J : Prob(Q) — B* C
[—1,1]7 be the map J(p) = ([ fdu)sep. For a sequence (1) in Prob(S)
and p € Prob(Q),

pj—p weakly & J(uy) — J(p) in [-1L,17 (j—o00). (LL7)
Proof. This is immediate from the definitions. O

Proposition 1.1.5 Let K be a compact metric space. Then Prob (K)
with the weak topology is a compact metric space.

Proof. This follows immediately from Theorems 1.1.2 and Theorem
1.1.3 since Prob(K) is linearly isometric to a compact subset of
C(K;R)*. O

Theorem 1.1.2 thus gives a metric for weak convergence on a compact
metric space so that Prob becomes a compact metric space. The defini-
tion of the metric in Theorem 1.1.2 is rather contrived, so in Section 3.3
we shall introduce a more natural and useful metric for the weak topol-
ogy, called the Wasserstein metric.

Examples. (i) The metric space (M (), || . ||var) is nonseparable when
Q2 is uncountable. Indeed [|0, — J; || var = 2 for all distinct pairs z,y € Q.

(i) Whereas B* is compact as a subspace of [—1,1]%, J(Prob((2))
is not necessarily compact when 2 is noncompact. For example, when
=N and ¢, is the Dirac unit mass at n € N, (J,,) does not have any
subsequence that converges to any u € Prob(N). In Proposition 1.2.5
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we shall introduce tightness criteria that ensure that measures do not
leak away to infinity in this way.

In applications, one frequently wishes to move measures forward from
one space to another by a continuous function. The following result
defines the push forward or induced measure v = i on a compact
metric space. A more general version appears in Theorem 1.3.5.

Proposition 1.1.6 (Induced measure). Let ¢ : (Qo,dy) — (Q1,d1) be
a Borel map between metric spaces where (,dy) is compact. Then for
each p € My(Q) there exists a unique v € My () such that

g fy)v(dy) = g fle(@))uldz) — (f € Cp(1)).  (1.1.8)

Proof. For f € Cy(€1), the function f o ¢ is also bounded and Borel,
hence integrable with respect to u. The right-hand side clearly defines a
bounded linear functional on C,(£2;), and hence by Theorem 1.1.3 there
exists a unique measure v that realizes this functional. O

The following result is very useful when dealing with convergence of
events on probability space. See [73, 88].

Theorem 1.1.7 (First Borel-Cantelli lemma). Let (A,)3°, be events
in a probability space (2; P), and let C be the event with elements given
by: w € C if and only if w € Ay, for infinitely many values of k.

If > | P(A,) < oo, then P(C) = 0.

Proof. We shall begin by checking that

C= ﬁ D Ay (1.1.9)

n=1k=n

By axiom (03), C,, = Uy—, Ak is an event for each integer n > 1;
consequently, (2, C,, is also an event. If z belongs to C, then for each
n, there exists k, > n with x € Ay, so x € C,. Consequently = belongs
to =, Cy. Conversely, if z € (72, C,, then for each n, z belongs to
Cly; so there exists k, > n with € A,. But then « belongs to infinitely
many Aj, and hence z is an element of C.

We can estimate the probability of C),, = UZO:n Ay by

P(C,) < iP(Ak), (1.1.10)
k=n
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using the axioms of measure. By hypothesis, the right-hand side is the
tail sum of a convergent series, and hence > ;- P(A4;) — 0 as n — oo.
Further, C' C C,,, so we can form a sandwich

0<P(C)<P(C,) < i P(A4;) >0  (n—o00). (LL11)
k=n

Hence P(C) = 0. O

Exercise 1.1.8 Let u, v € Prob(f2) be mutually absolutely continuous.

(i) Show that
B du1/2
P(Ma’/)—/ﬂ(a) dv

satisfies p(u,v) < 1.
(ii) Now let §(u,v) = —log p(u,v). Show that:
(a) 6(1,0) > 0;
(b) 6(u,v) =0 if and only if 4 = v as measures;
() 8(1,v) = (v ).

(The triangle inequality does not hold for §.)

1.2 Invariant measure on a compact metric group

e A compact metric group has a unique Haar probability measure.

Definition (Compact metric group). A topological group is a topological
space G that is a group with neutral element e such that multiplication
GxG — G : (z,y) — 2y and inversion G — G : 2+ 71
Furthermore, if the topology on G is induced by a metric d, then (G, d)
is a metric group. Finally, if (G, d) is a metric group that is compact as

are continuous.

a metric space, then G is a compact metric group.

Metric groups can be characterized amongst topological groups by their
neighbourhoods of the identity as in [87, page 49], and we mainly use
metric groups for convenience. Our first application of Theorem 1.2.1 is
to show that a compact metric group has a unique probability measure
that is invariant under left and right translation. The proof given here
is due to von Neumann and Pontrjagin [130]. Compactness is essential
to several stages in the proof; the result is actually valid for compact
Hausdorff topological groups [87, 130].
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Definition (Haar measure). Let G be a compact metric group. A Haar
measure is a pg € Prob(G) such that

/ f(gh)pc (dh) = / f(hg)pc (dh)
G G
. /G f(Wue(dh) (g€ G, feC(@), (121)

and is also known as an invariant probability measure.

Examples 1.2.1 (i) Let G be a finite group, so G = {g1,...,9.}
where the g; are distinct. The Haar probability measure on G is
pg = nt Z?:l dg;- Then pg has the special property that for all
f + G — R, the left and right averages with respect to ug, namely

%Zf(gjg) and %Zf(ggj) (9€@) (1.2.2)

are constant.

(i) The circle group T = {e? : 0 < # < 27} is an abelian compact
metric group under the usual metric and multiplication on complex num-
bers. The normalized arclength measure df /27 is invariant under rota-
tions of the circle.

(iii) The special orthogonal group SO(3) = {U € M3(R) : U'U =1,
det U = 1} is a nonabelian compact metric group. The columns of U form
a right-handed orthonormal triple Ue;, Ues, Ues, where (eg, €9, €3) is the
standard orthonormal basis of R®. The eigenvalues of U are 1,¢', e~
for some @ € [0,27), so we can identify U with a rotation of the unit
sphere S2(1) = {z € R® : ||z|| = 1} in R?, where the eigenvector
corresponding to eigenvalue 1 gives the axis of rotation.

Given z € S?(1), there exists U € SO(3) such that x = Uey; indeed
when z has colatitude 6 and longitude ¢, the coordinates of x with
respect to (er, s, e3) form the first column of

sinfcos¢p —sing —cosfcosop
U= |sinfsing cos¢p —cosfsing |. (1.2.3)
cosf 0 sin @

When x # +es, there exists a unique great circle that passes through x
and ez and the axis of rotation of U is perpendicular to this great circle.
Further, Ues = Vs if and only if

cos¢p —sing 0
VU = |singy  cosyp 0. (1.2.4)
0 0 1



12 Random Matrices: High Dimensional Phenomena

The map ¢ : SO(3) — S?(1) : U — Uey induces the surface area & on
S%(1), normalized to be a probability measure, from the Haar measure
on SO(3), thus SO(3)/S0O(2) = S%(1). In terms of the colatitude 6 and
longitude ¢, we have

1
déy = = sin Ododo. (1.2.5)
Theorem 1.2.2 (Haar measure). Let G be a compact metric group.
Then G has a unique Haar probability measure pg .

Proof. Let f € C(G;R). For each finite list A = {ay,...,a,}, possibly
with repetitions, we form the left average

1 n
ma(f)(z) = o Zf(aja:) (z € G). (1.2.6)
j=1
We can join lists A and B = {by,...,b;} by concatenation to form
AoB={a1,...,anbi,...,b}; (1.2.7)

then m4 (mp(f)) = maon (f)-

The oscillation of f is osc(f) = sup f — inf f. Clearly, osc(ma(f)) <
osc(f) since supmy (f) < sup f and inf my (f) > inf f. Further, if g is
continuous and not constant, then there exists A such that osc(ma (g)) <
osc(g). To see this, we choose K > 0 such that inf g < K < supg and a
nonempty open set U such that g(z) < K for all z € U. By compactness,
there exists A = {a1,...,a,} such that G = U;l:1 a;lU; hence for each

x € G there exists j such that x € a;lU. Now

supma(g) < %(K +(n—-1) sup(g)) <supg (1.2.8)

and infma (g) > inf g, so osc(ma(g)) < osc(g).

The collection of left averages L(f) = {ma(f) : A C G, A finite}
that is formed from each f € C(G;R) is uniformly bounded and uni-
formly equicontinuous. Given € > 0, there exists by compactness an open
neighbourhood V' of e such that

f(@) = fy)<e  (z7'yeV) (1.2.9)
and hence
ima(f)(@) —ma(f)y) <e  (7'yeV) (1.2.10)

for all A. By the Arzela—Ascoli theorem [141], L(f) is relatively compact
for the supremum norm.
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The next observation is that the closure of L(f) must contain a con-
stant function. We let s = inf4 oscmy (f), and by norm compactness
can choose a sequence of A, such that oscmy, (f) — s as n — oo and
ma, (f) — ¢ in supremum norm as n — oco. Clearly s = osc(g); suppose
with a view to obtaining a contradiction that s > 0 so that g is con-
tinuous but not constant. Then there exists A such that oscma(g) < s,
and hence we could find A,, such that m4(ma, (f)) < s; but this would
contradict the definition of s; so g is constant. We define the left mean
of f to be the constant value taken by g¢.

Likewise we can form the right average

k
mp(f) = Zf(xbj) (z € G); (1.2.11)

e

clearly this has similar properties to the left average, so we can introduce
a constant right mean ¢’ analogously. Further, the operations of forming
left and right averages commute in the sense that

mi(ma(f)) = ma(mp(f))- (1.2.12)

Given € > 0, there exist A and B such that
ma(f)(x) —gl <e,  Imp(fll@)—g'l<e (xe€G); (1.2.13)

hence we have

lg = g’ < Imp(ma(f))(@) — gl + [ma(mip (f))(x) — g'| < 2e. (1.2.14)

Consequently g = ¢, and we can define the left and right mean p(f) of
f to be their common value u(f) =g =g

By the construction, the translates f,(z) = f(yz) and f¥(z) = f(zy)
satisfy p(fy) = p(fY) = u(f); consequently

p(ma(f)) = p(mip () = n(f) (1.2.15)

for all A, B.

We now check the axioms of Theorem 1.1.1.

(i) Clearly p(tf) = tu(f) holds for t € R. To see that p is additive,
we introduce f,h € C(G) and, for given ¢ > 0 introduce lists A, B such
that

ima(f)(@) —u(f)l <e, |mp(h)(z) —ph)| <e.  (1.2.16)
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Now

[mami (f +h)(z) — u(f) — n(h)| < 2, (1.2.17)
so p(f +h) = p(f) + p(h).
(i) If =1 < f(z) <1, then =1 <my(f)(x) <1,s0 =1 < pu(f) <1.
Hence by the Riesz representation theorem there exists a unique pg €
Prob(G) such that

ulf) = /G F (@) (dz). (1.2.18)

We have already seen that p is invariant under left and right translation.
The uniqueness of p is immediate from the construction. ]

Definition (Integer part). For x € R, let |x] = max{n € Z: n < z} be
the integer part of z, so © — |z] is the fractional part. Further, let A be
a finite set, and §A the cardinality of A.

Exercise 1.2.3 (Weyl’s equidistribution theorem). Let o be irrational
and let ux € Prob(T) be

N -1

1
UN = N Z 5exp(27rija)- (1219)
=0

Prove the following equivalent statements.

(i) pn converges weakly to normalized arclength df/2m as N — oo.
(i) For all intervals (a,b) C (0,1),
1

—H{ke€eZ:0<k<N-1;0k— |ak] € (a,b)} =b—a (N — ).

N
(1.2.20)
(iii) For all trigonometric polynomials f(e*™?) =% a;e*™i?,
2mif g
fdun — | f(e™)— (N — 00). (1.2.21)
T T 2T

Conversely, if « is rational, then uy does not converge to df /2.

Definition (Monogenic). Let A be a compact metric group. Say that
A is monogenic if there exists g € A such that A equals the closure of
{g™ : n € Z}. The term topologically cyclic is also used for monogenic,
and such a g is said to be a generator of A.

By continuity of multiplication, any monogenic group is abelian.
Furthermore, a finite group is monogenic if and only if it is cyclic.
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Proposition 1.2.4 (Kronecker’s theorem).

(i) The torus T™ is monogenic for each n =1,2,....

(ii) Let A be a compact abelian metric group with a closed subgroup
Ay such that Ay is the connected component that contains the
neutral element of A, the quotient group A/Aq is cyclic and Ay is
continuously isomorphic as a group to T" for some n. Then A is

monogenic.
Proof. (i) Let {1,a1,...,a,} be real numbers that are linearly indepen-
dent over the rationals, and consider g = (e?™i®1 ... 2™ ), Then we
show that for any f € C(T"; C),
N-1
1 ) o do deo
— J 27719 277197] avr n N
N LS [ ST GG (Ve

(1.2.22)
When f =1, this is clearly true. When (my,...,m,) € Z" \ {0}, and

n

F(e2T0 L 20 ) = exp(2mi Z m;0;), (1.2.23)
Jj=1

we can sum the geometric series

1 )
N Z (e¥mikar  ePmikany — — Z exp 27TkzZm]a]
= k=0
1 —exp(2miN > ., m;q;
_ p( .2271 i) (1.2.24)
N(1 —exp(2miy_;_ mjay))

where the denominator is non zero by rational independence of the
exponents. Hence

% S fermiher ke 0 (N —o00).  (1.2.25)
k=0

By Féjer’s theorem, any f € C(T";C) can be approximated in the
uniform norm by a finite sum of exp(2m’2 _,; m;6;); hence the limit
formula holds in general. As in Exercise 1.2.3, {gJ :j € Z}isdensein T".
(ii) Let 0 : A — A/A, be the quotient map, and observe that A/A is
compact and discrete, hence finite. By hypothesis, A/A, is isomorphic
to the cyclic group of order k for some finite k, and we introduce v € A
such that o(v) generates A/Ay, and by (i) we can introduce a generator
u € Ay for Ay. Evidently the closure of the group generated by u and v
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is A. Further, v* € Ay, so v*u~! € Ay and we can introduce s € A, such
that s* = v*u~'. Now our generator for A is ¢ = vs~!; indeed, u = ¢*
and s € Ay = cl(g"), so v = gs € {g). O

Definition (Actions). Let G be a compact metric group and €2 a Polish
space. An action of G on  is a continuous map «a : G X  — Q :
(9,w) — ay(w) such that a.(w) = w for all w € Q, and oy, oy = ap,
for all g,h € G.

Definition (Invariant measure). Let p be a measure on . Say that u
is invariant for « if

/Q Flon (@) pldw) = / f@p(dw)  (heG)

for all continuous f : 2 — R of compact support.

Example. Let G be a compact metric group and let G = 2. Then there
are three natural actions of G on G:

(i) left translation, where (g, h) — gh;
(ii) right translation, where (g, h) — hg™!;
(iii) conjugation, where (g, h) — ghg~!, for all g,h € G.

Verify that Haar measure is invariant for all of these actions.

1.3 Measures on non-compact Polish spaces

In applications to random matrix theory we use Polish spaces (2,d)
which are non-compact, and hence there are various natural topologies
on M;(Q). In this section we aim to recover results which are analogous
to those of Section 1.1, often by imposing stronger hypotheses. The
contents of this section are rather technical, so the reader may wish to
skip this on a first reading and proceed to 1.4.

For technical convenience, we sometimes wish to have a standard com-
pact space into which we can map other spaces. Let

Qoo = [0, 1N = {(2;)52, 125 € [0,1]} (1.3.1)
have the metric
doo((25), (y;)) = 227”%‘ —yjl- (1.3.2)

Let B> () be the space of bounded and Borel measurable functions
f: Q2 — R with the supremum norm || || so-
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Proposition 1.3.1 (Kuratowsksi).

(i) (oo, dso) s compact.
(ii) For any Polish space (2,d), there exists a continuous and injective
Sfunction ¢ : Q — Q.
(iti) Let (Q,dp) be a compact metric space. Then there exists an iso-
metric map j : Qo — B®(Qwo).

Proof. (i) The metric space (oo, dso) is complete and totally bounded,
hence compact.
(ii) Let (w;)$2; be a dense sequence in (2, d), and let

_ d(.%‘, wj) >
o(x) = (m)j:{ (1.3.3)
One can easily check that ¢ is injective and that d(x,,z) — 0 implies
deo (), 0(x)) — 0 as n — oo.

(iii) Let f; : Q9 — R be the function f,(y) = do(z,y). Then f, is
continuous, hence Borel measurable and by the triangle inequality, the
map x — f, is an isometry Qy — B*(£y). Now by (ii) there is an in-
jective and continuous map ¢ : ¢ — 2, which by compactness must
give a homeomorphism €y — ¢o(€). Thus there is a linear isometric
morphism B*(Qy) — B> () with range equal to

{f € B(Qx) : f(z) = 0;2 € Qoo \ p0(0)}-

The composition of these maps gives the required isometry €, —
B*(Q). O

Definition (Inner regularity). Let C.(£2) be the space of continuous
and compactly supported functions f : @ — R, and let C.(Q)f = {g €
Cy(QY):g=f+tLit e R, f e C.(Q)}. Suppose that (2, d) has infinite
diameter and that closed and bounded subsets of €2 are compact. Then
the norm closure of C.(Q) is Co(Q) = {f € Cv(Q) : f(x) — 0, as
d(X,Xy) — oo} for some X, € Q.

Let g € M,"(2) where € is a non-compact Polish space. Then 4 is
inner regular if each € > 0 there exists a compact subset K such that
w(Q\K) < e. An inner regular Borel measure is called a Radon measure.
See [88].

Lemma 1.3.2 (Lusin). Let (Q,d) be a Polish space, let {1 € Prob(f2).
Then p s inner regular.

Proof. Given € > 0, let (a,,)%2; be a dense sequence and let B, , = {z €
Q :d(z,a,) < 1/k}. Then |J;2 | By = Q so there exists N(k) < oo
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such that
N (k)

u( U Bmk) >1- 27", (1.3.4)

n=1

Now let K = (N2, U, (]i) B, i, and observe that K is a closed and
totally bounded subset of a Polish space, hence K is compact. Further,

oo N (k) 00
u(Q\K) < (0N | Bus) < D2 e < (1.3.5)
k=1

k=1 n=1
U

Lemma 1.3.3 The topology o(Prob(Q),Cy()) equals the topology
a(Prob(Q), C.(Q)%); that is, for u € M, () a sequence (17)32, satisfies

0 [odn— [oan  Gea@) s josx (130)
if and only if
(1) 1y(©) — ()
and/fduja/fdu as j—oo (feC.(92). (1.3.7)

Proof. (i)= (ii) This is clear.

(ii) = (i) Let g € Cp(2) and € > 0. By Lusin’s Lemma, there exists a
compact set K such that fQ\K dp < e; hence by Urysohn’s Lemma [141,
p. 135] there exists h € C.(Q2) such that 0 < h <1 and h(z) =1 on K.
By hypothesis, there exists jy such that [(1 — h)du; < e for all j > jo.

Now
/ gdp; — / gdp = ( / ghdp; — / ghdﬂ)
+/g(1 — h)du; f/g(l —h)dp  (1.3.8)

where gh is of compact support, and

| [ =mdis| <l [@=wydus <ol @39)
likewise
| / g(1 = B)dp| < g / (1 - h)du < ellgl), (1.3.10)
and hence
lijm/gduj :/gdu. (1.3.11)

O
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Lemma 1.3.4 Let (h,)22, be a sequence in C.(Q2) such that 0 < hy <
hy < - < 1. Let ¢ € Cy(Q)* and suppose that 0 < f <1 =0 <
o(f) <1 for f € Cp(Q) and p(h,) — 1 as n — oo. Then there exists
w € Prob(QY) such that p(f) = [ fdu.

Proof. Let ¢, (f) = @(hnf); so that ¢,, defines an element of Cj(Q)*
such that 0 < ¢, (f) < 1 when 0 < f < 1. Since h, has compact
support, there exists a positive compactly supported measure p, such

that || loar = @0 (1) = @(hy) and @, (f) = [ fdp,. Further, ¢, — ¢
as n — oo in [—1,1]” since

lon () = o] = lo((X = ha) ) < [ flloop(L = ) — 0. (1.3.12)

Now we define, for each Borel set E, u(E) = lim, . p, (F), where
the limit exists by monotonicity. Given any sequence of disjoint subsets
(Ej)52, with B = U‘;il E;, we have p, (E) = Zjil tn (E;); by mono-
tonicity, we deduce that u(F) = Zf; w1(Ej), so p is countably additive.
By the Lemma, p, — p weakly, and hence

p(f) = lim e (f) zlign/fdun :/fdu. (1.3.13)

We now have a satisfactory generalization of Proposition 1.1.6. U

Theorem 1.3.5 (Induced probability). Let (;,d;) for j = 1,2 be Polish
spaces and let ¢ : Q1 — Qo be continuous. Then for each u € Prob($),
there exists a unique v € Prob(€Qy) such that

f()v(dr) = : flo@))p(dr) — (f € Cy(2)). (1.3.14)

Qy

Proof. By Lusin’s Lemma, for each j > 2 there exists p; € M, ()
such that p;(F) = p(K; N E) and ||gj|ver > 1 —1/j, where K is some

compact subset of ;. Now ¢(K;) is a compact subset of Qs and @fiy;
is supported on ¢(K;). Let ¢; € Cp(22)* be

0,0 = [ fe@ntdo) (1.3.15)

and let ¢ be a weak™ cluster point of (¢;)72,, as in Alaoglu’s theorem.
By Lemma 1.3.3; there exists v € Prob(£22) such that

oh) = [ rav=tim [ fle@)nia) = [ fole)utds). (1316)

O
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Definition (Induced probability). In Theorem 1.3.5, v is the probability
measure that ¢ induces from p, denoted v = pfipu.

Whereas Proposition 1.1.5 does not have a simple generalization to
non-compact metric spaces, the following is a usable analogue. The idea
is to introduce a weight that diverges at infinity, and then restrict at-
tention to families of probabilities that are ‘tight’ with respect to this
weight.

Proposition 1.3.6 (Tightness). Suppose that w € C(Q) has w > 0
and Ky = {z € Q : w(z) < M} compact for each M < oo. Suppose
moreover that (11;)52, is a sequence in Prob(Q) such that [ w(x)du; < L
for g =1,2,... for some L < co. Then there exists u € Prob(2) and a
subsequence (i, ) such that w,, — p weakly.

Proof. We observe that u, (2\ Ky) <1/M for all n > 1. For M = 2,
we choose a subsequence (f,,(1))5o; and p(* such that p,, — p®
weakly on Koy where 1/2 < p?)(Kyp) < 1 as ns (k) — oo. Next we
choose a further subsequence (um( )i and a 13) such that My — u3
weakly on K, where 3/4 < u®) <1 as n3(k) — co. By Lemma 1.3.3,
the diagonal subsequence (fiy, (1))72, has uj; — p for some probability
measure /. U

Example 1.3.7 To see how measures can leak away, consider the co-
ordinate projection ¢ : R> — R : ¢(z,y) = x and the measures
P = O(0n) ON R?. Then ¢fu, = &y, whereas y, — 0 in the weak
topology o(Prob(R?), C.(R?)) as n — oco.

Examples. In subsequent sections we shall use the weights:

(i) w(z) =d(x,x0)® where s > 0 and zy €  is fixed,;
(i) w(z) =2log, |z| on R.

Definition (Lebesgue spaces). Let p be a Radon measure on a Polish
space (€, d). We identify Borel-measurable functions f and g if f(z) =

g(z) except on a set of p measure zero. Then for 1 < p < oo, we define
LP(u; C) to be the space of Borel-measurable f : Q@ — C such that
Jo 1f(@)[P u(dz) < oo. Then L?(u; C) forms a Banach space for the norm

”f”LP = fQ [f ()P p(da)) /7.

Proposition 1.3.7 (Holder’s inequality). Let p be a positive Borel mea-
sure on a Polish space ) such that u(K) is finite for each compact set
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K. Let 1 < p,q < oo satisfy 1/p+ 1/q = 1. Then for all f € L?(u; C)
and g € L (u; C), the product fg belongs to L*(u; C) and satisfies

[ s@g@nan] < ([ r@ruan) " ([ @)
! ! ! (1.3.17)

Proof. See [T1]. O

Exercise 1.3.8 (i) The set P of probability density functions f on
R" consists of integrable functions f : R" — R such that f > 0 and
[ f(z)dz = 1. There is a natural map P — Prob(R") : f — f(z)dz,
such that the range is closed for ||.||yqr, but is not closed for the weak
topology. Indeed, one can check that

1 (2)d — ()| uar = / @) - gw)ldy,

so the range is norm closed since L' is complete. For each z; € R"
and j = 1,2,..., there exists f; € P such that f; is supported on
{z ||z — x|l £1/5}; then f;(z)dz converges weakly to the Dirac point
mass J,, as j — oo. This construction gives rise to the term Dirac delta
function, which is sometimes used for the measure 4, .

(ii) Let f; € P be supported on {z : ||z|| < 1} and suppose that
Il fillL2 < M for some M and all j, and that f;(z)dz — p weakly as j —
oo for some p € Prob(R™). Show that p is absolutely continuous with
respect to Lebesgue product measure, and hence that u(dz) = f(z)dz
for some f € P.

Exercise 1.3.9 (i) Let 1 < p,q < oo satisfy 1/p + 1/q = 1. Use
Holder’s inequality to show that, for f € LP(R), g € L'(R) and
h € L1(R), the function f(z)g(x — y)h(y) is integrable with respect
to dxdy and

|[[ #@)gta  w)nty) dods] < 1£1ss Ll oo

(ii) Now let f, g and h be positive and integrable with respect to dz.
By grouping the functions f(x)'/?, g(x —y)'/? and h(y)'/? in suitable
pairs, show that

1@ gt ni dwty < [ 1o [ o) de [ as)”™
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1.4 The Brunn—Minkowski inequality

e The Brunn—-Minkowski inequality has a functional form due to
Prékopa and Leindler.

¢ In subsequent sections, these results are used to prove concentration
inequalities.

Lebesgue product measure m on R" is dx = dx1 . ..dx,, so the restric-
tion to [0,1]" is a probability measure. Let (x,y) = Z?:l x;y; be the
usual bilinear pairing on R", and let ||z|| = (z,z)'/?. For a function
f:R" = R, write [f > A ={z e R": f(z) > A}

Definition (Sum of sets). For A, B C R", let A+ B={a+b:a€
A,be B} and tA = {ta:a € A}.

Examples. (i) In many results it is convenient to use the quantity
m(A)Y/" since m(tA)Y/" = tm(A)'/" for t > 0 and A compact.

(i) Let A= B =[0,1)". Then A+ B = [0,2]".

(ili) For open A and B = {z : ||z|| < e}, {z : d(z,A) <e} = A+ B.

Theorem 1.4.1 (Brunn—-Minkowski). For all compact subsets A and B
of R",
m(A + B)Y™ > m(A)Y" + m(B)Y/". (1.4.1)

The functional form of this inequality looks like a reverse of Holder’s
inequality.

Theorem 1.4.2 (Prékopa—Leindler). Let f,g,h : R" — Ry be inte-
grable functions and suppose that

(1=t +ty) > @) g(y)  (a,y R (14.2)

for some t € [0,1]. Then

/” h(z)dz > ( @ dx)l_t(/ () dm)t. (1.4.3)

Proof. The following scheme of proof is due to Keith Ball and appears
in Pisier’s book [129]. We shall prove the Brunn—Minkowski inequality
in the case n = 1, then prove by induction the Prékopa—Leindler in-
equality; finally we deduce the remaining cases of the Brunn—Minkowski
inequality.

Suppose in Theorem 1.4.1 that n = 1, and that A and B are finite
unions of disjoint open intervals. We prove the result by induction on
the number of intervals, the result clearly being true for one or two
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intervals. Suppose then that A = U;V;ll (aj,b;) and B = Ule(ck,dk)

where a < by < as < --- < by41. By simple geometry we have

-

m(A+B)2m( (aj,bj)—l—B)—l—m(aNH,bNH),

1

J
and hence by the induction hypothesis

N+1
m(A+ B) > m(B)+ Y _ (b — a;) = m(B) + m(A), (1.4.4)

j=1

as required.

The map (a,b) — a+ b maps compact sets to compact sets, and open
sets to open sets. Given compact sets A and B and € > 0, since A+ B is
compact, there exist finite unions A and B of open intervals such that
AD A, BD B and m(A + B) < m(A+ B) 4 ¢. Then by the preceding
argument, we have

m(A) +m(B) < m(A)+m(B) <m(A+ B) <m(A+ B)+¢; (1.4.5)
hence m(A) + m(B) < m(A + B). Furthermore, for any Lebesgue mea-
surable set A that has finite measure, there exists a compact subset K
of A such that m(K) > m(A) — €. Hence the result holds for Lebesgue
measurable sets A and B that have finite measure.

We now consider Theorem 1.4.2 in the case n = 1. By the hypothesis
on the functions, we have [h > A\] 2 (1 — t)[f > A] + t[g > A], hence

mlh >\ > (1 —tmlf >N +tmlg>A  (A>0) (1.4.6)

holds by the previous paragraph. Integrating this inequality, we obtain
by the theorem of the arithmetic and geometric means

/Om[h>)\]d/\2(17t)/0 m[f>)\]d/\+t/0 mlg > A dA

z(/ooom[fﬂ]dk)l_t(/om

t
mlg > Al dA) .

(1.4.7)
This gives the case n = 1 of Theorem 1.4.2.

Now suppose Theorem 1.4.2 holds for some n, and consider n+ 1. We
write (") = (z1,...,2,), so 2" = (2" z, ). By the induction
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hypothesis and the hypotheses on h, we have

/ h(z'™ a0 )dae™) > (
n RN

t
X (/ g(zm),znﬂ)dz(")) (1.4.8)

1t

f(y(n>7 y7l+1)dy(n>>

whenever x, 11 = (1 — t)yn+1 + t2n4+1. We now apply the inequality for
n = 1 to the functions that are defined by the integrals in this inequality;
hence the result.

Finally, we can deduce the general case of Theorem 1.4.1 from Theo-
rem 1.4.2. Let A and B be any pair of compact sets that have positive
measure, and introduce the scaled compact sets A’ = A/m(A)"/" and
B’ = B/m(B)Y/" so that A’ and B’ have unit volume. Then by The-
orem 1.4.2 applied to the indicator functions f = I4/, g = Ip/ and
h = ItA/+(1—t)B’7 we have

m(A)! /" (BT < m(tA + (1) BT

In particular, when we take t = m(A)Y"(m(A)"/" +m(B)"/")~", we
have
A+ B

A+ (1-t)B = 1.4.
tA + (1 —1) (AT - m(B)T (1.4.9)
SO
A+B 1/n
Nt/n N(L=t)/n ~
m(A')/"m(B') < m(m(A)l/n +m(B)1/”) (1.4.10)

and by homogeneity we recover the Brunn—Minkowski inequality

1/n
{ < m(A+ B)

S @ (B (1.4.11)
O

Corollary 1.4.3 (Isoperimetric inequalities). Let B = {z : ||z| < 1}
and for a bounded open set A, let A. = {y:d(y,A) < e}. Then

As - n A
lim inf mn (A:) = 7 (4)

e—0+ IS

> nm, (A" "m, (BYY". (1.4.12)

Proof. We have A, C A+ ¢B, so the Brunn—Minkowski inequality gives
my (A" > my, (A)V" 4 em, (B)Y",

so with a little reduction one can obtain (1.4.12). O
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1.5 Gaussian measures

The standard N(0,1) Gaussian probability density function on R is
v(z) = e=*"/2/\/27. Let dz be the usual Lebesgue product measure on
R", which we sometimes refer to as volume measure. Let (,) be the usual
inner product on R" associated with the Euclidean norm ||z||* = (x, ).
Let b € R", and let A be a real symmetric positive definite matrix, so
A~1 is likewise. Let o7 be the largest eigenvalue of A. Then

Vo4 (dz) = (2m) /2 (det(A))*l/z

exp<f<A71(:z: b, (z— b)>) dz
(1.5.1)
is a Gaussian measure that is the joint distribution of x = (x1,...,x,)
with mean vector b and covariance matrix A; we write z ~ N(b, A). In
particular, the standard Gaussian has b = 0 and A = I. Generally we

can write
Vo4 (dx) = (277)_“/2(det(A))_l/2
X exp(—%m*lx,x) + (A7, z) — %<A*1b7 b)) dr (1.5.2)

where the dominant term in the exponent is (A~'2, 2) > o7 2| 2||?, hence
the integrals converge. The coordinate projection 7; : x +— x; induces a
Gaussian measure on R.

Lemma 1.5.1 (Gaussian distribution).
(i) The Gaussian density yap is correctly normalized so as to be a
probability density function, and its moment generating function is

| ewlahnsn —en(5an0) + ) e (153)

(ii) The standard normal distribution is invariant under orthogonal
transformation x — Uz for z € R" and U € O(n).

Proof. (ii) Lebesgue measure is invariant under orthogonal transforma-
tion.

(i) Suppose temporarily that b = 0. The matrix A has eigenvalues
02 > 03 > .-+ > 02 > 0, and there exists a real orthogonal matrix
U such that UAU! is a diagonal matrix with these eigenvalues on the
leading diagonal. The determinant of A satisfies (det A)'/? = oy ...0,.
We introduce the diagonal matrix D'/? = diag(oy,...,0,), and z =
D='2Uz so that dz = (0y...0,) 'de and (A~'z,z) = ||z||>. This
reduces 7y 4 to the standard Gaussian vy ;, and one can check that

S v0.1(dz) =1.
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Likewise, one can check the normalizing constant when b = 0, since
Lebesgue measure in invariant under the transformation z +— b+ z.

Now we have the correct formula for the moment generating function
when y = 0. More generally, when y € R" | we simply replace b by b+ Ay
in the exponent of v, 4 and adjust the normalizing constant accordingly.
When y is complex, this formal transformation gives the correct result,
and may be justified rigorously by Cauchy’s theorem. (]

Definition (The Gaussian orthogonal ensemble). Let X;; : Q@ — R for
1 < j < k < n be mutually independent Gaussian random variables
n (Q,P), with X;;, ~ N(0,1/2n) for j < k and X,; ~ N(0,1/n);
then let X, = Xj; and form the real symmetric matrix X = [Xj].
The Lebesgue measure on a real symmetric matrix X is the product
of Lebesgue measure on the entries that are on or above the leading
diagonal,

dX = dl‘u N dxlnda:n N d.’I}Qn .. .dxnn. (154)

Let MZ(R) be the space of n x n real symmetric matrices, and let v,, be
the probability measure on M (R) that is induced from P by the map
X : Q — M:(R); so that for all F' € C,(M?(R); R) we have

n

n(n+1)/4
/F(X)I/”(dX) — 9—n/2 (%) + /MS(R) F(X)exp(—g Z x?k)dX

jik=1
(1.5.5)
and in particular we have
1
/XQVn (dX) = diag[i} (1.5.6)
2n
and
1
/trace(XQ)V,L(dX) _ntl (1.5.7)
2n
Letting A1, ..., A, be the eigenvalues of X = [z;;], we can rewrite the

exponent as

Z xjk = trace X° = Z)‘f’ (1.5.8)

jk=1

where

/ZAM dé) — Z/ 2,1, (dX) "2”;1. (1.5.9)

]kl
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The Gaussian orthogonal ensemble is the space M (R) of real symmetric
matrices, when endowed with this probability measure v;,. See [116].

Remark. The term ‘orthogonal” alludes to the fact that the measure
is invariant under the conjugation action of the real orthogonal group
O(n) by X — UXU" for X € M;(R) and U € O(n); the measure does
not live on the space of orthogonal matrices. Whereas the matrix entries
on or above the diagonal are mutually independent, the eigenvalues are
correlated. Later we shall consider ensembles for which the entries of the
random matrices are all correlated.

Definition (Symmetric). Let S, be the symmetric group on {1,...,n}.
Then for (") = (z1,...,x,) € R", write oz(") = (Tg(1ys -+ To(n)); NOW
for f: R® — R, write f,(z(")) = f(oz(™). Say that f is symmetric if
fo=fforallo € S,.

Proposition 1.5.2 Suppose that F € (M (R); R) invariant under or-
thogonal conjugation, so that F(UXU") = F(X) for all U € O(n) and
all X € M3 (R). Then there exists a symmetric function f € Cy(R";R)
such that f(\) = F(X), where A = (A1,...,\,) are the eigenvalues of
X, listed according to multiplicity.

Proof. For each X, there exists U € O(n) such that UXU! is a diag-
onal matrix with diagonal entries in order A\; < --- < )\, namely the
eigenvalues of X. Hence we can identify the invariant function F' with a
function on the real diagonal matrices. By elementary operator theory,
the eigenvalues depend continuously on the matrix entries. The function
f is symmetric since we can permute the diagonal entries by suitable
orthogonal matrices. O

In particular, when X is chosen from the Gaussian orthogonal en-
semble, we need to consider f(A) when A lies close to the sphere

fz e R ||e] = \/n/2).

1.6 Surface area measure on the spheres
The spheres in high dimensional Euclidean space are important:
e in the historical context;

* as geometrical objects on which groups act naturally;
* as models for high dimensional phenomena exhibited elsewhere.

The sphere S™(r) = {x € R"*' : ||z|| = r} is the boundary of the open
ball B"*1(r) = {x € R"*! : ||z|| < r}. For an open set E in R"*', we
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define the Brunn—Minkowski outer upper content of the boundary of F
to be

On (8E) = limES;LlOer %(VOI(E + B+l (6)) N VOI(E)) (161)

In particular, by taking E = B"*!(r), we deduce that
o, (8" (r)) =1"0,(S™(1)). (1.6.2)

For an open subset F of S"(r), we introduce Fs = {rf : 1 < r <
1+0;f € F} and define o, ,(F) = limsups_,, vol(Fs)/6. This o, ,
gives surface area measure on S” (r).

Let I'(s) = [, t*~'e~" dt be Euler’s Gamma function, as discussed in
[154]. Letting the n** coordinate projection point towards the pole, we
identify

Cy = {z = (" Vsinb,cosf) : 2"V € "71(1),0< 0 < ¢} (1.6.3)
with the polar cap of colatitude ¢; so

Opa(dz™) = o, 1 1 (dz™V)sin" 1 9dh (1.6.4)
and so
I'(n/2)l'(1/2)
I'(n+1)/2)
We wish to consider the measure of polar caps in spheres as n — oo,
and soon we find that most of the measure lies close to the equator; this

on,1(5" (1)) = on_11(S"7H(1)). (1.6.5)

is our first example of the concentration of measure phenomenon, as we
discuss in Section 3.2. To make this precise, we consider the equatorial
regions
E. = {(x(”*w sinf, cosf) € S"(1) : 2~V € §771(1),
T/2—e<0<m/2}. (1.6.6)

Proposition 1.6.1 For each ¢ > 0,

0-”71(E5/\/ﬁ) 1 /6 —z2/2
— rred — . 1.6.7
oG () AR )¢ (e (1.67)

Proof. We need to estimate

f;//;fg/\/ﬁsinnil ade B f;/ﬁCOSn_l 0d0

foﬂ/Z sin" "l 0do fow/g cos"~1 0d6

Jo (L= /2n 4 O(1/n?))"~t dy
- — . (1.6.8)
Vi [ cos" =1 0de
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By a familiar calculation, we have

/2 o _(2n-1)(@2n-3)...17
/O cos“" 0df = @n)(2n —2)...2 5 (1.6.9)

where the right-hand side appears in Wallis’s product

(2n—1)(2n—3)...3 V7 1
(2n—2)(2n—4)...22\/n

(n — 00). (1.6.10)

Thus we calculate the limit of the denominator of the previous quo-
tient, while we apply the dominated convergence theorem to the numer-
ator, thus obtaining

/6(1 — 220+ O(1/n))" " dip — / e 2y (n— ).
0 0

Thus we obtain the said limit. O

Let

. On—1,/n
) 7 1.6.11
On_1.m n(”*l)/QU’nfl,l(Snfl(1))7 ( )

so that &,,_; s is the surface area measure on S"~1(\/n) normalized to
be a probability measure, and let 7, : R" — RF: T (T1,. . @) =
(21,...,2%) be the projection onto the first k£ coordinates.

Theorem 1.6.2 (Poincaré-McKean [115]). As n — oo, the probability
measure Ty n§6, 1 s on the first k coordinates converges weakly to the
standard Gaussian vy.; on Rk, S0

1 2
5 N =llel*/2
/Snl(ﬁ)g(xlw'wzk)gnIA\/ﬁ(dx) (27T)k/2 /Rk g(x)e dx
(1.6.12)
as n — oo for all g € Cy(R™; R).

Proof. Let 6, 1 be the surface area measure on S"~'(1), normalized to
be a probability. By geometrical considerations, we have

~ . n—=2 ja
dan—l,l = |SIHO| do—n,—Z,l

where 6 is the colatitude.
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Given (£1,...,&,) € S"~1(1), we introduce coordinates

51 = COs 913
& = sin by cos by,

&3 = sin 0y sin 05 cos 03,

&1 =sinfsinfy ...sinb, 5 cosb,_q,
&, =sinf; ...sin6, 1. (1.6.13)

The Jacobian is lower triangular, so we can easily compute

8(517 o 7£n71)
6(017 s 7071—1)

By repeatedly applying (1.6.2), we deduce that

= |sin® 0 sin" "1 0y ...sin 6. (1.6.14)

dé, 11 = |sin "7 |sinfy|" 2. . |sin 0" dG, x4 (1.6.15)

where

|sing; ...sinfy| = (1—¢&2 —... —€)1/2 (1.6.16)
This one proves by induction, with the induction step

sin? @y ...sin® 0, =sin® 6, ...sin’ 6, _; — {,3

=1-€ —...—¢. (1.6.17)
Now we have
|sin @y " 72| sin "3 ... |sin 6" b, ... db,
= (|sin 6 |*|siny "~ ... |sin6y|)|sind; ...sin 6" " 2db; ... db)
=(1—¢& — - =)D, L dg. (1.6.18)

Now we scale up to S”~!(y/n), and find that for g depending only upon
617 R &m

/S” 1 (R) g(gla e ,&)6”71_\/5(615)

1

k
_Ck,n/Bk(ﬁ)g(glv75]?)(1_11255 dfldfk

(1.6.19)

where B*(y/n) = {(&)}-, : 2?21@2 < n} and Cy, is some positive
constant.



Metric measure spaces 31

Hence
/. 0 7 gl a)
O- — T 179 ...
Snfl(\/ﬁ)g 7171,\/5 (27r)k;/2 ng 15 s Gk
k
1
X exp(—5 D €)dér ... dg (16.20)
j=1

as n — oo, where the limiting value of C), ; is given by the Gaussian
constants in Section 1.5. g

For each unit vector e € R*, 2 — (z,€) gives a random variable
z. on S"7'(/n) with probability distribution &, _; . The statistical
interpretation is that for each collection of k orthogonal coordinate direc-
tions, the random variables (x.,,..., ., ) have an asymptotic N (0, I;)
distribution; in particular they are asymptotically independent.

Remark. The previous results suggest an intuitively attractive picture
of the probability measures 7,, s converging to some natural probability
measure on an infinite-dimensional sphere that has Gaussian marginals;
so one can think about S*°(y/c0). See [115]. In Chapter 11 we show how
to construct Gaussian measure on Hilbert space H, but also learn there
is no rotation-invariant Radon probability measure on the sphere of H.
Nevertheless, the notion of spherical harmonics does make sense, and
there is a self-adjoint operator that corresponds to the Laplace operator
on the sphere. The Ornstein—Uhlenbeck process is a convenient way of
uniting these ideas.

Exercise 1.6.5 Consider the unit sphere S"~! in R". Let Rj; =
a:j%k ka% for 1 <j <k <mlet L =73,R;, and I'(f,g) =
27 [L(fg) — fLg — gLf] where f,g: S"~! — R are twice continuously

differentiable functions. Show that the R;. generate rotations of the
sphere, and that that T(f, f) = 32, (Rjx f)*.

1.7 Lipschitz functions and the Hausdorff metric

Detailed discussion of the concepts in this section is available in [40,
162].

Definition (Lipschitz function). Let (Q;,d;) for j = 1,2 be Polish
spaces. A function f : Q; — Qs is L-Lipschitz if

dy(f(x), f(y)) < L (z,y) (1.7.1)
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The infimum of such L is the Lipschitz seminorm || f| £, Sometimes we
use Lip to stand for the space of Lipschitz function between specified
metric spaces.

Examples 1.7.1 (i) Let f : R" — R be a differentiable function such
that ||V f(z)|lr» < L for all x € R". Then f and |f| are L-Lipschitz.
This follows from the mean value theorem.

(ii) The function f(x) = z/(1 + |z|) is a Lipschitz bijection R —
(=1,1), but the inverse function is certainly not Lipschitz.

Exercise 1.7.2 Let f,g: (©2,d) — R be Lipschitz functions on a com-
pact metric space. We define

I(f)(x) = “mjil; W (x € ). (1.7.2)

Show that
8(t + 59)(2) < [H0(F)(@) + [sld(g) (@) (st € RiweQ) (L73)
8(f9) @) < |F@)I3(9)(x) + lgx)|6() (). (1.7.4)

By comparison with the previous examples, one regards §(f)(z) as the
analogue of |V f(z)]|, without attaching any particular interpretation to

Vf.

Definition (Lipschitz equivalence). Polish spaces (21,d;) and (s, ds)
are said to be bi-Lipschitz equivalent if there exists a bijection ¢ : ; —
Q, such that ¢ and its inverse ¢! are Lipschitz maps. The Lipschitz
distance between Q; and €y is

dp(,8) = igf{log(|\<ﬂ||up||sfl lzip)}- (1.7.5)

One can prove that compact metric spaces (£21,d;) and (Q9,d2) are
isometric if and only if dy (€1,2) = 0; further, d;, defines a metric on
each set of compact metric spaces that are bi-Lipschitz equivalent to a
given (Q,d).

Unfortunately, the metric dj, is too severe to give a useful notion of
convergence for metric measure spaces with the weak topology. Gromov
therefore introduced a more subtle concept which refines the classical
notion of Hausdorff distance; see [40].

Definition (Enlargement). Given nonempty A C €, let d(b,A) =
inf{d(b,a) : a € A} be the distance of b to A. Then the c-enlargement
of Ais

A ={beQ:db, A) <e)}. (1.7.6)
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Definition (Hausdorff distance). The Hausdorff distance between sub-
sets A and B of (£2,d) is

dy(A,B)=inf{e >0: ACB., BCA}. (1.7.7)

Exercise 1.7.3 (Blaschke). Let (2,d) be a compact metric space and
let K(2) ={AC0:A compact}. Prove that (K(Q2),dy) is a compact
metric space by proving the following.

(i) Let N be a e-net of 2. Show that 2V = {S: S C N} is a e-net of
K(Q).

(ii) Given a Cauchy sequence (S,,) in K (), let S be the set of x € Q
such that, for each ¢ > 0, the set {y : d(z,y) < e} intersects S, for
infinitely many n. Show that dg (S,,,S5) — 0 as n — co.

Exercise 1.7.6 Let A, (n =1,2,...) and A be closed subsets of a com-
pact metric space (€, d) such that dg (A,,A) — 0 as n — co. Suppose
that u, € Prob(A,) and that p, — pu weakly as n — oo. Show that
1 € Prob(A).

1.8 Characteristic functions and Cauchy transforms

With a view to later generalization, we express here some basic facts
about classical probability spaces in an unfamiliar style. Let (2, P) be
a probability space and let X; (j = 1,...,n) be random variables on
(©2,P). Then the (X;)7_, are mutually 1ndependent if and only if there
exist p; € Prob(R) such that

Ef(Xl,...,Xn):/... . flar, oo xy) ) (day) . .op (dey ), (1.8.1)

for any f € Cy(R™; R). We write 1 ® -+ - ® p,, for the product measure
here.

Definition (Convolution). The convolution of 1, p2 € Prob(R) is the
unique v € Prob(R) such that

/ f()w(dz) // F(& + y)pm (dz)pa (dy) (1.8.2)

for any f € Cy(R). When X; and X, are independent random variables,
X1 4+ X5 has distribution v = puq * uo.

Definition (Characteristic function). Let X be a random variable on
(©2,P). Then the characteristic function of X is

px (t) =EexpitX (t € R). (1.8.3)
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We recall that if X; on (Q;,P;) (j = 1,2) are random variables such
that the respective characteristic functions satisfy px, (t) = ¢x, (t) for
all t € R, then the respective cumulative distribution functions satisfy
Pi[X; <z]=Py[Xy <z for all x € R.

Example 1.8.1 (Gaussian characteristic function). Let X be a
Gaussian N (b, 0?) random variable. Then X has characteristic function

o(t) = exp(ith — o°t*/2)  (t €R). (1.8.4)

This follows from Proposition 1.5.1 when one takes y = it and A = o?.
See [73, 88].

Definition (Fourier transform). For f € L'(R), we introduce the
Fourier transform by

i = [ st an (1.85)

we also use the Fourier—Plancherel transform

T —o0

T .
Fi©) = Jim_ [ foe itV

which gives a unitary operator on L?(R). Note that the sign in the
exponent differs from that used in the definition of the characteristic
function.

For completeness we include the following two results.

Theorem 1.8.2 (Glivenko [73, 88]). Let X,, and X be random variables
on (2, P), and let the corresponding characteristic functions be @, and
©. Then @, (t) — @(t) as n — oo for all t € R, if and only if the
distribution of X, converges weakly to the distribution of X as n — oo.

Theorem 1.8.3 (Kac). Random wvariables Xi,...,X, on (Q,P) are
mutually independent if and only if

Eexp(i: ithj) = ﬁEeXp(it]‘X]‘) (tj S R) (186)

j=1 j=1
Proof. See [88]. O

Definition (Moments). Let X be a random variable on (2, P). If E| X |*
is finite for some integer k = 0,1,2,. .., then the k" moment of X exists
and we let m; = EX*. The moment sequence associated with X is the
sequence (mg)52, when all moments exist; otherwise we terminate the
sequence.
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Example (Standard Gaussian). By various arguments one can show

that
o0 7tx2/2 dm - 1
e —_— = —. 1.8.7
/_Oo V2T Vit ( )

By differentiating this identity repeatedly with respect to ¢, and evalu-
ating the derivatives at ¢ = 1, one obtains

/m J;Z”e“/?\j;% = (@n-1)(2n—3)...3.1. (1.8.8)
Example (Stieltjes). There exist random variables X and Y such that
all moments my (X) of X and my;(Y) of Y exist and satisfy my(X) =
my(Y) for k =0,1,2,..., but the distribution of X is not equal to the
distribution of Y. In fact, the lognormal distribution is not uniquely
determined by its moments.

Exercise. There exists a family of distinct probability distributions such
that, for each integer k > 0, the k£ moments of all the distributions are
finite and are equal.

(i) Show that for integers k =0,1,2,...,

/ uFu~ 108" sin(27 log u) du = 0. (1.8.9)
0

This calculation can be carried out by successive changes of variable, the
first being u = ev.

(ii) Let ¢ = fooo u~1°8% dy Check that c is finite and that for each
0 <t <1 the function

clum1os v (1 4 tsin(2rlogu)), if u > 0;
pf(U){ ( (2 log u)) (1.8.10)

10, if u <0;

defines a probability density function.
(iii) Deduce that the distribution with density p; has finite moments
of all orders for 0 <t <1 and that

/oo u"py (u) du = /Oo Wpo(u)du  (k=0,1,2,...). (1.8.11)

— 00 — 00

We recover uniqueness in the moment problem by imposing extra
integrability conditions on the random variables.

Proposition 1.8.4 (i) Let X be a random variable and suppose that
there exists 6 > 0 such that E cosh(dX) is finite. Then the characteristic
function ¢(t) = Ee''* extends to define a analytic function on some
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open neighbourhood of zero. Further, the distribution of X is uniquely
determined by the moments EX* =i~ %p*) (0)k =0,1,. ...

(i1) Equivalently, let v be a positive Radon measure on R such that
[(coshéz)v(dz) < oo for some 6 > 0. Then ¢(t) = [ e "*'v(dx)
extends to define an analytic function on some mneighbourhood of zero.
Furthermore, the polynomials give a dense linear subspace of L* (R, v).

Proof. (i) Clearly we can introduce ¢(z) = E(e”*¥) for |z| < 6. By
Fubini’s theorem,

/Tap(z) dz = E/ "X dz=0 (1.8.12)

T
for any triangle T inside {z : |z| < d}, so ¢(z) is analytic by Morera’s
theorem [154]. Hence ¢ is uniquely determined by the coefficients in its
power series about z = 0, which determine the moments of X. Indeed,
we can equate the coeflicients in the convergent power series

oo

N n n
plz) =Y % (|2] < 6) (1.8.13)
n=0
and obtain the stated result.

(ii) Ome can show likewise that if f € L?*(R,v) satisfies
[Z. f(x)afv(de) = 0 for all k = 0,1,2,..., then f = 0 almost every-
where with respect to v. Hence by the F. Riesz representation theorem,
the polynomials give a dense linear subspace. O

Definition (Cumulants). Let X be a random variable and suppose that
there exists § > 0 such that Ecosh(6X) is finite. Then the logarith-
mic moment generating function of X is g(z) = log Eexp(zX), and the
cumulants are the coefficients (k, )52 ; in the power series

o5 =3 " (<0,

n!

n=1

In particular, from the power series one easily checks that
k1 = E(X), kg = var(X). (1.8.14)

Under the hypotheses of Proposition 1.8.4, the cumulants determine the
distribution of X.

Proposition 1.8.5 (Convergence of cumulants). Let X and (X,)22,
be random variables on (Q,P) and suppose that there exists 6 > 0 such
that E cosh (6X) < M and Ecosh(6X,,) < M for some M < co and all
n. Then the following are equivalent.
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(i) X, converges to X in distribution as n — oo.
(ii) px, (2) — ox (2) uniformly on {z : |z| < §/2} as n — oo.
(i) EXF — EX* asn — oo for allk=1,2,...;
() gx, (2) — gx(2) uniformly on {z : |z| < €} as n — oo for some
e>0.
(v) k(X)) — ke (X) as n — co.

Proof. (i) = (i) This follows from Glivenko’s theorem.

(1) = (#9) When (i) holds, ¢x, (t) converges uniformly to ¢x (t) for
t € [—a,a] as n — oo for each a > 0; further, |px, (2)] < 2M for all n
on {z : |z| < §}. By Vitali’s theorem on power series [154, p. 168], (ii)
holds.

(#4) < (i44) Vitali’s theorem and Cauchy’s estimates show that these
are equivalent.

(#1) = (iv) Since ¢x(0) = 1, there exists 0 < ¢ < § such that
lex, (2) — 1| < 1/2 for all z such that |z| < ¢ and all sufficiently large n.
Then one takes logarithms to deduce that gx, (2) = log ¢(—iz) converges
uniformly to gx (z) as n — oo.

(iv) = (i7) One takes exponentials.

(iv) < (v) Vitali’s theorem and Cauchy’s estimates give this equiva-
lence. 0

In addition to the characteristic function, we shall use the Cauchy
transform of measures. For convenience, we introduce the notion of a
distribution sequence, and then consider the issue of whether this arises
from the moments of any particular probability measure.

Definition (Distribution sequence). A distribution sequence is a com-
plex sequence (m,)?2; such that Y > m,/¢(""! converge for some
¢ € C, hence

(1.8.15)

1 o0
AP
defines an analytic function on {¢ € C: |[¢| > K} for some K < cc.

Proposition 1.8.6 (Uniqueness of distribution sequences).

(i) Any probability measure p of compact support in R determines a
distribution sequence by m, = f[fa’a] 2" p(dx).

(i) If w1 and po are compactly supported probability measures that de-
termine the same distribution sequence, then py = us.
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Proof. When p has support contained in [—a, a),

G(z):/[ p(de) (1.8.16)

a,a) zZ—X

is analytic on C\ [—a,a] and hence has a Laurent series about infinity
as in (1.8.16). The coefficients of the Laurent series, namely the (m,,),
are the moments of pu.

Given € > 0 and a continuous f : [—a,a] — R, there exists a rational
function R with poles in C\ [—a, a] such that | f(z) — R(x)| < e. Indeed,
we can take f(oco) = 0 and apply Runge or Mergelyan’s theorem [176] to
the set [—a,a] U {oo} in the Riemann sphere, where the set has empty
interior. When R has partial fractions decomposition

R(z)=Y" (L (1.8.17)

(o — x)J

we have by the Cauchy integral formula

[ R ) = S e )

ik (=Dt

:/[_ ]R($)M2<d$) (1.8.18)

since Gy, (2) = G, (z). Hence |f[_a~a] fdu — f[_[w] fdus| < e, where
€ > 0 is arbitrary, so f[ﬂ o fdm = f[ﬂ o fdie.

Definition (Cauchy transform [1]). The Cauchy transform of p €
Prob(R) is
d
G(2) :/M (z€ C\R). (1.8.19)

Z—T

When g has support inside [— A, A], we regard the Cauchy transform as
an analytic function on a region that includes C\ [—A, A]. Note also that
G(Z) = G(2), as in Schwarz’s reflection principle, and that G(z) =< 1/z
as |z| — oo. Typically, G will be discontinuous across the support of p.

Lemma 1.8.7 (Convergence of distribution sequences). Let u, and p
be probability measures on [—A, A]. Then the following conditions are
equivalent.

(i) pn — p weakly as n — oo.
(i1) The respective Cauchy transforms converge, so G, (¢) — G, (¢) as
n — oo for all { on some arc in the upper half plane {¢ : I¢ > 0}.
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(iii) G, (() — G.(C) as n — oo uniformly on compact subsets of C \

— A4, Al
(iv) The moments converge, so [ ¥, (dx) — [ a*p(dx) as n — oo for
each k=1,2,....

Proof. (i) = (i) This is immediate from the definition of weak conver-
gence applied to f(x) =1/(¢ — x).

(#4) = (4i7) For any compact subset S in C\ [—A, A], there exists § > 0
such that | —x| > 6 for all z € [-A, A] and ¢ € S. Hence |G, (¢)| < 1/6
for all ¢ € S, and G, () — G,(¢) for all ¢ on some arc. By Vitali’s
theorem [154], G,,, — G, uniformly on S as n — oo.

(#91) = (i) By (iil) and Weierstrass’s double series theorem [154], the
jt derivatives converge, so Gfﬂ) — GE{ ) uniformly on compact subsets of
C\[-4,A] asn — oo. Given € > 0 and a continuous f : [-A4, A] — R,
there exists a finite collection of coefficients a;j; and points z; € C\
[—A, A] such that

HOEDY (L)]‘ <e, (1.8.20)

Zp — X

hence
—1 j_la,v .
] s =2 et <=
3k )

and likewise with y, instead of p. Hence [ fdu, — [ fdu as n — oo.
(iv) = (i) This follows from Weierstrass’s approximation theorem
[154].
(1) = (). This is immediate from the definition of weak
convergence. |

Definition (Hdlder continuity [1]). For 0 < a < 1, a function f : [a,b] —
C is a-Holder continuous at z if there exists C' < oo such that

lf(@) = fl <Clz—yl*  (y € [a,b]).

Definition (Principal value integral). Let f : [-K, L]\ {a} — C be
continuous, and suppose that the limit

p.V./_LK f(z)dz = lim (/_ e+ | fyds)  (1821)

e—=0+\J_g a+e

exists. Then we call this the principal value integral of f over [—K, L].
We do not assert that f is (absolutely) integrable in Lebesgue’s
sense.
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Definition (Hilbert transform). The Hilbert transform is the linear op-
erator H : L*(R) — L?(R) that is given by

(y) dy
r—y '

Hf(z) = p.v. (1.8.22)

or equivalently by the Fourier multiplier f(&) — —i&f(€)/[€].

Theorem 1.8.8 (M. Riesz). For 1 < p < oo the Hilbert transform
defines a continuous linear operator LP (R) — LP(R), so there exists A,
such that

[HALr < Apllfllee (f € LP(R)). (1.8.23)
There exists A > 0 such that the optimal constant satisfies

Ay =1; A, ~A/(g—1) as q— 1+ A, ~Ap as p— oo
(1.8.24)

Proof. See [71]. O

Proposition 1.8.9 (Plemelj, [1, 119]). Suppose that u € Prob(R) has
compact support Q, and that (1 = p, + e where p, is atomic and pgc
is absolutely continuous with respect to Lebesque measure. Then G =
G, + Goc where G, and G, are the Cauchy transforms of p, and fi,..
Further, G is analytic on (CU {oc})\ Q,

py({x}) = hlir(r)l+ %(G(m +ih) — G(z — ih)) (1.8.25)
and
dtge — lim Guc(z +1ih) — Gac(x —ih) (1.8.26)
dzx h—0+ —271

at the points where d,./dz is Holder continuous.

Proof. We have

ih ) ) h?
E(G(ﬂc—i—zh) — G(z —ih)) = / mu(dt),

so the dominated convergence theorem gives the first formula. The prop-
erties of the Cauchy integral are local, so to obtain the second formula,
we can suppose that f = du,./dz is compactly supported and Holder
continuous. Then

Goo(2) = [ L5 gy (1.8.27)

Z—T
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has limits Gf.(z) = limp_oy Gec(z + ih) and G, (z) =
limp, 04+ Gae(z — ih) which satisfy

GE (z) = Fmif(x) — p.v. / %dt; (1.8.28)
so G () satisfy the pair of equations
Goo(@) = Go(@) = —2mif(z), Guo(2)+Gg.(2) =2rHf(z), (1.8.29)

by Plemelj’s formula. Thus the pair of functions G, and G, determine

and are determined by the pair f and Hf. O

The Cauchy transform G is uniquely determined by the pair of func-
tions G* on account of the following result.

Proposition 1.8.10 Suppose that g : C — C is a continuous function
that is analytic on C\ [—A, A] for some A < oo, that g(z) = g(z) for all
z € C and that g(z) — 0 as |z| — oo. Then g(z) =0 for all z.

Proof. By Schwarz’s reflection principle [1, 154], g extends to an analytic
function on C. Further, g is bounded on C and vanishes at infinity, so
by Liouville’s theorem is identically zero.

Exercise 1.8.11 Let p be a probability density function on R, and let
p- (@) = p(—a).
(i) Show that k = p * p_ has Fourier transform k = [p|?; so that 0 <

k(¢) <1forall £ € R.
(i) Let K : L?(R) — L*(R) be the convolution operator K f = k * f
for f € L?(R). Using Plancherel’s formula, show that 0 < K < I as

an operator.
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Lie groups and matrix ensembles

Abstract

The purpose of this chapter is to give a brief introduction to the theory of
Lie groups and matrix algebras in a style that is suited to random matrix
theory. Ensembles are probability measures on spaces of random matri-
ces that are invariant under the action of certain compact groups, and
the basic examples are known as the orthogonal, unitary and symplectic
ensembles according to the group action. One of the main objectives is
the construction of Dyson’s circular ensembles in Sections 2.7-2.9, and
the generalized ensembles from the affine action of classical compact Lie
groups on suitable matrix spaces in Section 2.5. As our main interest is
in random matrix theory, our discussion of the classification is patchy
and focuses on the examples that are of greatest significance in RMT.
We present some computations on connections and curvature, as these
are important in the analysis in Chapter 3. The functional calculus of
matrices is also significant, and Section 2.2 gives a brief treatment of
this topic. The chapter begins with a list of the main examples and
some useful results on eigenvalues and determinants.

2.1 The classical groups, their eigenvalues and norms
Throughout this chapter,
e R = real numbers;
¢ C = complex numbers;
* H = quaternions;
¢ T = unit circle.

By a well-known theorem of Frobenius, R, C and H are the only finite-
dimensional division algebras over R, and the dimensions are § = 1,2

42
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and 4 respectively; see [90]. From these division algebras, we introduce
the classical Lie groups on which we later construct the matrix ensem-
bles.

Definition (Involutions). The natural involution on C is conjugation
z +— Z. Now let 1, j, k be the natural units in the quaternions, and for

real q0,491,92,43, let
(9 + qii + @oj + k) = (00 — i — 2j — @3k). (2.1.1)

The transpose of a square matrix X = [x;;] is X' = [2;]; the Hermitian
conjugate of X = [z;;] € M, (C) is X* = [Z};]. We extend the operation
of R to M, (H) by [Wji] — [W][].

Using these involutions, we briefly define the classical groups, and then
we discuss the reasoning behind the definitions.

Definition (Classical groups). The main examples are:

* real symmetric matrices M;(R) = {X € M, (R) : X = X'};

e hermitian matrices M"(C) = {X € M, (C) : X = X*}; and

e self-dual hermitian matrices M (H) = {X € M, (C) : X = XF
= X*}

The main compact Lie groups, known as invariance groups, are:

* the real orthogonal group O(n) = {U € M, (R) : U'U = I}, with
* special orthogonal subgroup SO(n) = {U € O(n) : detU = 1};

* the unitary group U(n) = {U € M, (C) : U*U = I}, with

* special unitary subgroup SU(n) ={U € U(n) : detU = 1} and

¢ the symplectic group Sp(n) = {X € My, (C) : XX = X*X =I}.

The standard basis for M, (C) is

1 0 1 0 0 1 0 =2
X =qo [0 1]+Q1 [0 Z.]-HD [1 0}4-613 L 0}7 (21.2)

where qo,q1,q2,93 € C, and the standard hermitian conjugation on
MQ(C) is

. 10l _qi o] _[o 1] _fo i
X=X qo[o 1} ql{o —J qQ{—1 0] q3[i 0]

(2.1.3)
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There is another involution

10 i 0 0 1 0 i
R _ = _ _ —
X=X _qo[o 1] o [o z] q2[1 0} ‘I?’[z' 0]
(2.1.4)

Now H may be identified with the subspace of such X where qq, q1, 2
and g3 are all real, or equivalently as the subspace of X € M, (C) such
that X* = X1

We extend the involution R to My, (C) by transposing matrices and
conjugating matrix elements [WF];, = [W]fj; we can identify M, (H)
with those X € My, (C) such that X = X*.

A X € M, (C) is symmetric when its entries satisfy [X];z = [X]x;,
so X! = X; further, X is Hermitian when X* = X; so if X € M, (C)
is both symmetric and Hermitian, then X is real symmetric. Further,
X € My, (C) matrix is self-dual when X = X;soif X € My, (C) is self-
dual and Hermitian, then X may be identified with a n x n symmetric
matrix with quaternion entries.

Proposition 2.1.1 When viewed as real vector spaces, the dimensions
of the ensembles are

N=n+ gn(n -1) (2.1.5)
where: 3 =1 for M*(R); B =2 for M"(C); 3 =4 for M"(H).

Proof. The matrices are symmetric with n real entries on the leading
diagonal, and n(n — 1)/2 entries from R, C or H above the leading
diagonal. Hence one can find a basis over R with the dimension as
listed. (]

Definition (Invariant metrics). Let G = O(n), SO(n),U(n), SU(n) or
Sp(n). Then a metric d on G is bi-invariant if

AUV, UW) =d(VU,WU) = d(V,W) (U, V,W € G). (2.1.6)
Exercise. Show that for any bi-invariant metric, we have
d(V,W) =4d(D,I),

where D is the diagonal matrix that has entries given by the eigenvalues
of VWL,

Let ((2), (w;)) = >27_, zjw; be the usual inner product on C".
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Definition (Positive semidefinite). A matrix [a;;.] in M/'(C) is positive
semidefinite if

n
Z a;pzjzx 2 0 ((z;) e C"). (2.1.7)
jk=1

A minor of a matrix is the determinant of any square submatrix. A
principal minor is the determinant of any square submatrix that has the
same index set for the rows as it has for columns; see [4].

Proposition 2.1.2 (Characterisations of positive semidefiniteness).
The following are equivalent for A = [aj;] € M!(C).

(i) A is positive semidefinite.

(1t) There exists U € U(n) and a diagonal matriz D = diag();) such
that \; > 0 and A = UDU".

(itt) There exist & € C" such that a;, = (§;,&) for j,k=1,...,n.

(w) The principal minors det[a;i]; r—1
1,...,n.

(v) The principal minors det[as]ses indexed by S C {1,...,n} are
all nonnegative.

¢ are non-negative for £ =

.....

Proof. (i) = (#) This is the spectral theorem applied to A = A*.
(1t) = (iii) Let (e;) be the usual orthonormal basis for C”, and let
£j = \/EU*ej.

(ii) = (i) By an easy calculation,
Zajkzjik = <Z zjﬁj,szfw > 0. (218)
jik j k

(1) = (iv) Evidently det A > 0 whenever A is positive semidefinite
on account of (ii). Further, PAP is positive semidefinite for all projec-
tions P, in particular for the projection P, onto span{ej,...,es}, so
det P,AP;, > 0.

(iv) = (i) One uses induction on dimension.

(v) = (iv) This is clear.

()& (ii) = (v) One uses a permutation matrix to take S into the top
left corner of the matrix, then one invokes (iv). O

Corollary 2.1.3 Let [a;;] and [bji] be positive semidefinite n X n ma-
trices. Then the Schur product [a;b;;] is likewise positive semidefinite.

Proof. By (iii) we can introduce vectors &; and 7, such that a;; = (&;, &)
and b, = (n;,7k); then we obtain a;;bjr = (& @ n;,& @ M). O
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We can impose a common metric structure upon all of these examples,
since they are presented as closed subspaces of M/ (C). Let X be any
normal matrix in M, (C), so that XX* = X*X. Then there exist a
unitary matrix U and a diagonal matrix D such that UXU* = D; further,
the diagonal entries of D are the eigenvalues of X, listed according to
algebraic multiplicity.

For any Y € M,, ,(C), we observe that Y*Y is Hermitian, and that
any eigenvector ¢ with corresponding eigenvalue s satisfies s||¢||? =
(s£,6) = (Y*YE, &) = ||[YE|]%; so s > 0. Hence we can write VY *YV* =
A? where A = diag(s,...,s,) and V is so chosen that s; > --- > s, >
0. The s; are the singular numbers of Y.

Definition (Matricial norms). A matricial norm is a norm ||-|| on M, (C)
such that ||[ABC|| < ||Allop||Bll[|Cllop for all A,B,C € M, (C) where
I - lop denotes the usual operator norm on matrices. See [143].

Proposition 2.1.4 (i) When U,V are unitary matrices, the matricial
norm satisfies || UBV|| = || B||; indeed, ||B|| depends only upon the sin-
gular numbers of B.

(ii) The singular numbers satisfy

5(ABO) < ||Allops; (B)IClloy  (G=1,2,...). (2.1.9)
(iii) For m x n matrices A and B the singular numbers satisfy
Sjtk—1(A+B) <s;(A)+s,(B) (4,k=1,2,...). (2.1.10)
Proof.
(i) Given B, we can choose unitary matrices U and V' so that
UBYV is a diagonal matrix with diagonal entries S; > --- >
Sp 2 0.
(ii) & (iii) See [143, Theorem 1.6]. O

Definition (Schatten norms). The Schatten norms are
1 < 1/p
— } : p

j=1
for 1 < p < oo and

Yo, . =51 = [IYllop = sup{R(YE,m) : [[€]] = [Inll =1} (2.1.12)

is the usual operator norm. The factor of 1/n is introduced so that the
identity matrix satisfies [|1||.» ,,) = 1. When m = n, the normalized trace
of Y = [y;i] is

1 n
trace, Y = — 2 Yjj- (2.1.13)
J=
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Definition (Standard metrics on compact groups). The standard met-
ric on O(n), SO(n),U(n) and SU(n) is the ¢*(n) norm via d(U,V) =
|U =V |lc2(n); the standard metric on Sp(n) is given by the ¢*(2n) norm.

Note that the diameter of the said groups is less than or equal to v/2,
a bound which is independent of n.

If X = X*, then the eigenvalues are real; whereas if X*X = I then
the eigenvalues lie on the unit circle. For any function v : C — C, we
can form v(D) = diag(v(A1),...,v(\,)) and hence v(X) = U*v(D)U.
By checking through the definitions, one can verify that

n

1

1/p 1/
HX”(:"(n) = (ﬁ E |)‘] |p) = (tracen|X\p) P = ”()‘]')Hﬂ’(n)' (2114)
Jj=1

In particular, the ¢?(n) is the scaled Hilbert-Schmidt norm and satisfies

1 n
HY“?Q (n) = tracenY*Y = ﬁ Z |yjk|2. (2115)
Jik=1

For consistency with these definitions, we introduce
A"={A=A1,..., ) RN <o <\ ) (2.1.16)

with scaled norms [|Allp(n) = (+ PO ERRPY |P)!/P. Note that we usually
work with eigenvalues instead of singular numbers, and we take the
eigenvalues in increasing order.

Definition (Empirical eigenvalue distribution). Let X € M:(R) have
eigenvalues Aq,...,\,. Then the empirical eigenvalue distribution of X
is the probability measure pxy = n~! D10y

Let A" = {(z;) e R" : ;1 <z9 <--- <x,}; observe that the simplex
A™N[0,1]" has volume 1/n!. Note that there is a natural correspondence
between empirical eigenvalue distributions and points in A”™.

Example. Let X and Y be real symmetric matrices with eigenvalues
A <<\ and pp < -+ < p,, and empirical eigenvalue distribu-
tions uX and p) respectively. Then the following measure the distance
between the spectra:

(i) The Hausdorff distance dy (spec(X), spec(Y));
(i) (= Y25y Iy — s )75
(iii) the Wasserstein distance W, (u.X, u}) (as defined in Section 3.3).

We generally prefer (i) and (iii) to (i), since it takes account of the
spectral multiplicity.
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Lemma 2.1.5 (Lidskii). The map A : X — X\ that associates to each
hermitian matriz its ordered list A = (A < Ay < --- < \,) of eigen-
values, is Lipschitz from (M} (C),c?(n)) — (A", £7(n)) with constant
one.

Proof. We require to show that, for any pair of hermitian matrices X
and Y, the eigenvalues satisfy

(3 Z_: nE) - mp) < (E Z_: px-vr) e

Lidskii [143 Theorem 120(b)] showed that there exists a real matrix
A = [a;;] that is doubly substochastic [71], so that

m=1

n n
Slapl <1, D am| <1 (k=1,...,n), (2.1.18)
j=1
and such that
>\7<X) — )\](Y> == Zajk)‘k(X - Y) (2.1.19)
j=1

The doubly substochastic matrix A can be written as A = >, a; P},
where a; are real numbers such that 3, [a;| < 1 and P; are permutation
matrices, so

HA(X) - A(Y)”W’(n) < ”)‘(X - Y)”(fp(n) = ”X - YH(:"(n) (2120)
follows by convexity of the norm on ¢ (n). O

More generally, several of our results apply to other norms on the ma-
trices.

Exercise. (i) Show that trace,(XX*) > |trace, X|* holds for all X €

M, (C).
(ii) Deduce the consequence when
an n
X = 2.1.21
[8@8ka,1€:1 ( )

is a Hessian matrix of partial derivatives.
Some of these ideas are useful for infinite matrices.

Definition (Operator convergence). Let H be a Hilbert space and B(H)
the bounded linear operators on H with the operator norm. Let (7},) be
a sequence of operators in B(H), and T' € B(H). Say that:
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(1) T, — T in norm, if |15, — T p(xry — 0 as n — oc;

(2) T, — T strongly, if || T, — T¢||g — 0 as n — oo for each & € H;

(3) T, — T weakly, if |(T,,§,n) — (T¢,n)| — 0 as n — oo for each
&ne H.

Definition (Hilbert-Schmidt norm). Let H and K be Hilbert spaces,
with complete orthonormal bases (e;) and (f;) respectively. A linear
operator T : H — K is said to be Hilbert—Schmidt if

oo

1715 = S ITes |1 < oo (2.1.22)
j=1

this expression is independent of the choice of the basis. The matrix that
represents T' with respect to these bases is

[Tk = (Tej, fr)x (2.1.23)
with the property that
DTl = 1T s- (2.1.24)
j.k

Any Hilbert—Schmidt operator is necessarily bounded, indeed compact.

Definition (von Neumann—Schatten norm [ 171, 143]). Let T be a com-
pact operator on H, and let s; > sy > --- be the eigenvalues of (T*T)'/2,
listed according to multiplicity. For 1 < p < oo the von Neumann—
Schatten norm of T is

TN = (> )"
j=1

and ¢ is the Banach space of all operators T" such that this norm is finite.
In particular, ¢® coincides with the space of Hilbert-Schmidt operators
as in; whereas c! is the space of trace-class operators, namely the set of
products {ST : S,T € *}.

2.2 Determinants and functional calculus

Definition (Vandermonde determinant). Let z; be commuting indeter-
minates, and let the Vandermonde determinant be

Vi@, .. mn) = dete! ™' km1 - (2.2.1)
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Lemma 2.2.1 (Vandermonde’s determinant).

(1) I @—2)=Vita,..., ). (2.2.2)

Jk1<j<k<n

(Cauchy’s determinants) [4, 158].

1 V’L yr N V!L s Yn
(ii) det[i} _ YVl BEE Walyr, )
T + Yy + 1jk=1,..n Hj,k:l(l +a; + yk)
(2.2.3)
(iii) det{i} _ Ve @) Valun o) gy )
1—zjyrljk=1,..n Hj,k:l(l _xjyk)

Proof. (i) This is a standard induction argument in which one uses row
and column operations on the determinant.

Both (ii) and (iii) may be proved by induction on n, and the induction
step consists of clearing the entries in the first column that are below
the top left entry. One applies the column operations Cy — Cj — C, for
k = 2,...,n; then one takes out common factors; then one applies the
row operations R; — R; — Ry for j =2,...,n. O

Definition (Pfaffian). Let A be a skew-symmetric 2N X 2N matrix, and
define the Pfaffian of A to be

N
1
PH(A) = 533 > sen(0) [ aoi-1).0))- (2.2.5)
T o€SoN j=1
Let n = 2N be even. The standard non-singular skew matrix is C =
[cjr], where
Cl2 =C34 =" =C-1, =1,
Col =C43 ="+ =Cpp-1=—1;

then Pf(C) = 1 and det(C) = 1. See (2.3.17) for an example. Any
nonsingular skew matrix A can be written as A = BCB!. The identity

PHQAQ') = Pi(A)

reduces to the formula

Pf(A)? = det(A).
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Lemma 2.2.2 (i) (Andréief’s identity). Let f; and g; be continuous
complex functions on some bounded interval J. Then

1
o / - det[fj (J}k)]lgj?;ggn det[g[(xk)]lggjkgndxl ...dx,
. JH

= det [/J i@ () de| (2.2.6)

(ii) (de Bruijn’s identity). For N even,
/ det[f; (xx)] N yordy . .. day
AN NJN

(2.2.7)

=Pi([[ ety =)@ dyo)

N
J

Proof. (i) See [50]. Multiplying out the determinants and gathering
terms, we obtain

/ det([f; (zr)] det[ge (2 )]d, ... dxy

=S sgn(a)sgnmj[[l /J Foty ()95 0 (@),

o, TES,

1

so we introduce a = o7~ " and express this as

/” det[f;(xx)] det[ge(xk)]dy . . . dxy,

= Z Z SgH(Ol)H/}fa'r(j)(z)g‘f(]')(m) dx

TES, a€S,
= ) det U fr ey (@)g7() (@) dﬂﬁ}
TES, 7
= nldet [ /] £ (@)gr () dx] (2.2.8)
(ii) Omitted. O
Exercise. (i) For some real function v, let f;j(z) = e "(*)*i7 and

gj(z) = e 7, then simplify the resulting version of Andréief’s iden-
tity.

(ii) Apply de Bruijn’s identity to f;(z) = e () 2/~! and simplify the
left-hand side.

Definition (Unitary representation). Let G be any group, and U(H)
the group of unitary operators on separable Hilbert space H. A unitary
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representation of G on H is a map « : G — U(H) such that n(gh) =
m(g)m(h) for all g, h € G. Suppose further that (G, d) is a metric group.
Then 7 is continuous if ||7(g, )& — &|lg — 0 if d(gn,e) — 0 as n — oo.
A vector £ € H is cyclic if the closed linear span of {m(g)¢ : g € G} is
norm dense in H.

Proposition 2.2.3 Let (G, d) be a metric group with a continuous uni-
tary and injective representation © : G — U(H) on a separable Hilbert
space H. Then there exists a metric p on G such that

(i) p(gh,gk) = p(h, k), for all g,h,k € G;
(ii) plgn.e) — 0 if and only if |m(g.)¢ — &llg — 0 as n — oo for all
(gn)2 in G.

Proof. Let (e,) be a complete orthonormal basis for H, and let

oo

plg,h) = 3 27" |m(g)en — w(h)en - (2.2.9)

n=1

(i) By unitary invariance |7 (gh)e, —m(gk)e, g = ||7(h)e, —m(k)en || m -
(ii) Evidently p(gn,e) — 0if and only if |7 (g, )e, —en|lm — 0asn — oo,
and we can approximate a typical x in norm by a linear combination
of e;. 0

Example. Let Y € M,,(C). Then there is a natural algebra homomor-
phism C[z] — M, (C) given by f(x) — f(Y). In this section we extend
this in various natural ways.

Definition (Modules). Let A be an algebra over C. A left A mod-
ule M is a vector space and a left multiplication A x M — M such
that:

a(Am + pun) = dam + pan;
(Aa + pb)ym = Xam + ubm;
(ab)ym = a(bn); for all \, u € C; a,b € A and m,n € M.

When A is unital, we further require that M is unitary, so that 1m =m
for all m € M. Each a € A gives rise to a linear map M — M : m
am.
Right A-modules are defined analogously; bimodules have left and
right multiplications that commute, so that (am)b = a(mb).
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Definition (Derivations). Let A be an algebra over C and let M be
an A-bimodule. A derivation is a linear map 6 : A — M that satisfies
Leibniz’s rule

6(fg) = (0f)g + f(dg).

Example. Let G be a finite group, and let A = {Zg agg oy € C} be
the group algebra. Then for any unitary representation 7 : G — U(H),
the Hilbert space H becomes a left A module for the multiplication

AxH—H: (3, a.9,8) = >, agm(g)§.

The spectrum of a Hermitian matrix is real, so the Weierstrass approx-
imation theorem provides a natural means for extending the functional
calculus from polynomials in a single variable to spaces of continuous
and differentiable functions on a compact subset of the real line. To
convert these results into conventional calculus notation, we introduce
a natural system of coordinates.

Definition (Hessian). The space (M (R),c?(n)) has orthonormal basis

n
E]] = \/ﬁejjkam = \/g(ekm + e'm,k') (2210)

for j =1,...,nand 1 < k < m < n, where eg,, are the usual matrix
units in M7 (R). We define the gradient of F': M (R) — R by
d
(VE(X),Y )2 () = (@) X ) (2.2.11)
t=

and express this in terms of the coordinates X =37, ;. o, 71 Eji as

VF(X)= Y +—Ej. (2.2.12)

1<j<k<n

The Hessian matrix is

*F
Hess F = ) Y B ®E,  (2213)

1<j<k<n 1<I<m<n 021 Oim
and the Laplacian is
O*F
AF = trace(Hess F') = E 5 (2.2.14)
, 0z,
1<j<k<n i

In some significant cases, it is possible to express these derivatives in
terms of the eigenvalues of the matrices.
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Proposition 2.2.4 Letv: R — R be continuously differentiable. Then
V(X) = trace,v(X) is a differentiable function on M"(C) such that
d
(%) V(X +tY) = trace, (v/(X)Y). (2.2.15)
t=0

Proof. Suppose that || X|,p,[|Y]lop < L and let (p;) be a sequence of
polynomials such that p; — v and p; — o' uniformly on [-2L,2L]
as j — oo. Now introduce f;(t) = trace,p;(X +tY) and observe that
fi(t) = trace, (p; (X +tY)Y'); this follows from the expansion of a typical
monomial as

(X +tY)™ = X" =tX" 7Y £t X" 2V X 4+ -+ tY XL O().
(2.2.16)

Now fi(t) — trace, (v'(X +tY)Y) uniformly on [-2L,2L] as j — oo
and f;(0) — V(X); hence f(t) = trace,v(X +tY)) is differentiable with
f'(t) = trace, (v (X +tY)Y). O

Theorem 2.2.5 (Rayleigh—-Schridinger). Let v : R — R be twice
continuously differentiable. Let X € MZ(R) have distinct eigenval-
ues Ai,...,A\n with corresponding unit eigenvectors &i,...,&,. Then
V(X) = trace,v(X) is a twice differentiable function on M:(R) such
that

n

1
(Hess V.Y @) = — 3 0" (\)(YE;, )’
j=1
2 v'(\;) — v (A
+= > %Q@,gm. (2.2.17)
1<j<k<n J k
Proof. As in the proof of the preceding proposition, we suppose that
v(z) = 2™ and observe that
d2
dt?
m—1

= Z mtrace, (XY X" 72Y),  (2.2.18)
=0

(HessV,Y @ Y) = ( )t:OV(X +1Y)

where by the spectral theorem

1 n
trace, (XY X™~72y) = = § (XY XYL )
n
j=1

1 n ’ e
== D NATITHYEL &) (2219)

Gk=1
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Now we have

m—1 m—1 m—1
S A=A v'(A)) — ' (M)
mANT T2 = A = ! ) 2.2.20
; o Aj = Ak A= Ak | )

for A\j # Ap; whereas when A; = A, we have

m—1

Do mAN T = m(m = DA T =" (). (2.2.21)
=0

0

Definition (Functional calculus). Let F be analytic on {z : |z| < R}
and suppose that Y € M, (C) has ||Y],, < R. Let

F(Y)= f: F(j;!(())Yj. (2.2.22)

J

Examples 2.2.6 (i) The exponential expY is defined for any Y €
M, (C). When Y = Y™, exp(iY) is unitary. We shall use this in the
context of Lie groups later.

(ii) When Y € M, (C) has ||[Y]| < 1, we can define

logI+Y)=Y -Y?/24Y?/3—---. (2.2.23)

(iii) Suppose that X € M, (C) has AI + X invertible for all A > 0.
Then

log X — /Uoo((A L1 (M4 X)) dA

defines a logarithm of X such that explog X = X.
(iv) For either of the above definitions, an invertible Y satisfies

logdetY = tracelogY.

Proposition 2.2.7 Let f € C*(R) have f,f" € L?*(R). Then there
exists a constant Lg, depending only on f, such that X — f(X) is
a Ly-Lipschitz function from (M!(C),| -||) — (M!(C),|| - ||) for any
matricial norm.

Proof. This proof is suggested by Duhamel’s formula. First we prove that
X  e'X is 1-Lipschitz (M, [ - ||) — (M2, || - ||). We connect X and Y

no
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by a straight line segment in M/ (C) and write

1
X _ iV :/ gei(tXJr(lft)Y)dt
o dt

1 1
:/ / X =Y )y )i (1= (X 1=0Y) gy,
0 0

so by convexity we have
e — e[| < | X Y. (2.2.24)

Now we use the Fourier inversion formula to write

00— 0 = o= [ HOE - e, (2229)

:% .

so by the triangle inequality and the preceding observations we obtain

1700 = F)
<o [ 1O - e g
<

= [ lelifenelx -v)
(5= [ T252)" ([ areriforae) “ix-v)

21 J_oo 1482 o

IN

([ @P + 217 @P +177@)Pe) i - v

o)
2 —00

IA

(2.2.26)
O

2.3 Linear Lie groups

Definition (Lie group). A Lie group is a finite-dimensional analytic
manifold that is a group such that multiplication (g, h) — gh is analytic
~1 is analytic G — G. We often
write eg for the neutral element of the group G. A linear Lie group G is

G x G — @G and the inversion g — g

a closed subset of My (R) for some N that is a group for multiplication.
See [134].

Whereas one can develop the theory axiomatically without reference
to My (R), we find it convenient to have an ambient space in which to
carry out calculations. In particular, the group G has a natural manifold
structure and a global system of coordinates such that the multiplication
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and inversion are differentiable. The connection between the topologi-
cal structure of G, the analytic and differentiable structures and the
algebraic operations has been investigated in great detail. The general
theory shows that any compact metric group is the limit, in a certain
sense, of a sequence of Lie groups. We refer the reader to [87, 130] for
an account of the structure theorem.

Examples. The main examples of interest in random matrix theory
are O(n),U(n) and Sp(n) with the standard multiplication, as men-
tioned above; these are all compact. The group GL(n) = {X € M, (C) :
X invertible} is a noncompact example. The additive group M, (R) be-
comes a linear Lie group when we embed it in GL(N) with the usual
multiplication for a suitably large N.

Definition (Lie algebra). The Lie bracket on My (R) is [X,Y] = XY —
YX. A linear Lie algebra is a real linear subspace g of My (R) such
that [X,Y] € g for all X,Y € g. The product on the Lie algebra is
nonassociative and nonunital, and [X, X] = 0.

The exponential map provides the link between the Lie algebra and
the Lie group.

Definition (Generator). The set {exp(tX) : t € R} forms a connected
one parameter abelian group under matrix product, and X is its gener-
ator, since it satisfies

Example. In G = SO(2) we have a one-parameter group

cosf sind 0o @
[Sin@ cos@}_exp[g 0} (0 € R), (2.3.2)

where the right-hand side may be computed as a power series of matrices,
as in (2.2.22).

The following result identifies the Lie algebra g of G with the set
of connected, one-parameter abelian subgroups of G. The Campbell-
Baker—Hausdorff formula states that exp(tX) exp(tY') = exp(tZ), where
Z is given by an explicit universal series that involves only iterated Lie
brackets in X and Y. By considering power series, one can easily obtain
the first few terms in the series for Z; the first couple of terms are used
in the following proof.
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Proposition 2.3.1 For a connected linear Lie group G, the set
g={XeMyR):exp(tX)ec G forall teR} (2.3.3)
is a linear Lie algebra. Each X € g gives a tangent vector to G at e .

Proof. Let X,Y € G. Clearly sX € g for all s € R. By power series
expansions we have

exp(tX) exp(tY) = exp(¢[X, Y] + g[X, Y]+ O(t%)), (2.3.4)

exp(t(X +Y)) = lim (exp(tX/n) exp(ty/n))" (2.3.5)

n—0o0

belongs to G for all t € R; hence X +Y € g.
Further, the series expansions give

exp(tX) exp(tY) exp(—tX) exp(—tY) = exp(*[X, Y] + O(t*)), (2.3.6)

s s (o 2) o )
o () ()

belongs to G for ¢ > 0 and by inversion also for ¢ < 0; hence [X,Y] € g.

We have X = 4 exp(tX) at t = 0, so X is tangential to G at eg.
This matches with the usual notion of tangents from differential geom-
etry since we can take a differentiable function f : G — R and write
Xfleq) = (% (exp(tX)) at t = 0. By the preceding calculations, we
have (X +Y)f(eq) = X f(eg) + Y f(eq). O

SO

Exercise. Show that the subgroups exp(tX) and exp(tY) commute if
and only if [X,Y] = 0.

Definition (Lie algebra of subgroup). Let H be a closed subgroup of a
linear Lie group G that is also a linear Lie group. Then the Lie algebra
of H is the set

h={Y eg:exp(tY)e H forall tecR} (2.3.8)

By the proof of Proposition 2.3.1, h is a subalgebra of g.
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Example. Any closed subalgebra h of g gives rise to an immersed sub-
group H = {exp(Y) : Y € h} of G, but such an H need not be closed
as a subset of G. For instance, let G = T2, which may be identified
with the torus (R/27Z)?. The Lie algebra is ¢ = R? with the trivial
Lie product [X,Y] = 0 for all X, Y € g. For « irrational, the element
X = 2m(1,«) generates the line of irrational slope in the torus, which
gives a connected subgroup which is not closed.

Mainly we are interested in compact linear Lie groups, so we wish to
formulate a criterion on the Lie algebra for compactness of the group.

Definition (Adjoint action). There is a natural action of G on g by
Ad : G — Aut(g) : g — Ad(g) where Ad(g)X = gXg~'; evidently

Ad(g)X = (%)tzogexp(tX)g_l. (2.3.9)

The adjoint satisfies
Ad(gh) = Ad(g) o Ad(h);  Ad(I) = Id; Ad(g~") = (Ad(g)) ™"
(2.3.10)

The adjoint action ad : g — End(g) is X — ad(X) where ad(X)(Y) =
[X,Y].

Remark. One can regard Ad(g) : g — g as the derivative of the conju-
gation c(g) : G — G : ¢(g)h = ghg~!. The conjugation satisfies

c(gh) = c(g)oc(h); () =1Id; c(g7") =clg)~". (2.3.11)
The kernel of Ad is a closed subgroup of GG, and hence a Lie group.

Since End(g) is an algebra of linear transformations on the vector
space g, the exponential function operates on End(g) and one can define
exp(ad(X)) by power series. The operations are natural in the sense of
the following result, which shows that the derivation ad(X) generates
the endomorphism Ad(exp(tX)).

Proposition 2.3.2 (i) The adjoint ad(X) gives a derivation g — g.
(i) The exponential and adjoint act naturally, so that

Ad(exp(X)) = exp(ad(X)). (2.3.12)
Proof. (i) We can regard g as a bimodule over g. The property
ad(X)[Y, Z] = [ad(X)(Y), Z] + [Y, ad(X) Z] (2.3.13)
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is equivalent to Jacobi’s identity
(X, 2, Y]] + [[X, Y], Z] + [V, [X, Z]] = 0, (2.3.14)

which follows from a simple calculation.

(ii) A more explicit version of this formula is Ad(exp(tX))Y =
exp(ad(tX))(Y), and where exp(tX) belongs to the group G and
exp(ad(tX)) is calculated in End(g). Both sides of this formula give
Y;, where Y; is the solution of

d
SV =[XY] Yo=Y (2.3.15)

in g. By uniqueness of solutions of ordinary differential equations, the
expressions are therefore equal. (|

Proposition 2.3.3 Let G be a connected linear Lie group. The Lie
algebra of the centre Z(G) of G equals the centre z of the Lie algebra g,
namely z = {X € g: ad(X) = 0}.

Proof. Now X belongs to the Lie algebra of Z(G) if and only if exp(tX) €
Z(G) for all t; that is exp(tX) exp(Y) exp(—tX) = exp(Y) forall Y € g.
Differentiating this identity, we obtain [X,Y] =0 for all Y € g, so that
X belongs to the centre z of g, or equivalently ad(X) = 0. O

Definition (Killing’s form). The Killing form is the bilinear map B :
gxg—R

B(X,Y) = trace(ad(X)ad(Y)), (2.3.16)

where the trace may be calculated with respect to any basis of g. Suppose
that B is nondegenerate so that B(X,Y) = 0forall Y € gimplies X = 0.
Then the Lie algebra g is said to be semisimple and by extension, G is
also said to be semisimple.

Definition (Ideals). An ideal h in a Lie algebra g is a subalgebra such
that [X,Y] € h for all X € h and Y € g. By convention, a simple Lie
algebra g has dimension greater than one and the only ideals are {0}
and g itself.

Proposition 2.3.4 (Cartan’s criterion). Any semisimple linear Lie al-
gebra is the direct sum of simple ideals.

The following list gives the main examples of semisimple linear Lie alge-
bras, as described in terms of compact groups. There are finitely many
other exceptional Lie algebras, which we do not describe here.
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e A,1 :osun) = {X € M,(C) : X* = —X, trace(X) = 0},
n=23,...;

* By:so2n+1)={X€e My, 1(R): X' =-X},n=23,...;

Cn:spn)={X € My, (C): X*=-X,JX'J=X} n=3,4,...;

D, :s0(2n)={X € My, (R): X! =-X},n=4,5...... ;

where
0 1
J= [1 0} . (2.3.17)

The ranges of n start from different places so as to avoid redundancy
in the listings. There are alternative descriptions in terms of the Lie
algebras of noncompact groups, and the lists may be classified by Dynkin
diagrams as in [144].

Example 2.3.5 For su(n) we take inner product (A4,B) = —27!
trace(AB) to get an invariant inner product on the Lie algebra. Then
su(n) has orthonormal basis

{ejr —enj,iejp +iey;,iF :1<j<k<n1<l<n-1} (2.3.18)

where ej; has 1 in place (j, k) and zeros elsewhere, and the Fy are chosen
by the Gram—Schmidt process to give an orthonormal basis for the real
diagonal matrices with zero trace. The dimension equals n? — 1.

Proposition 2.3.6 The exponential map gives a surjection in each of
the cases:

(An_1) su(n) — SU(n);
(Bn) SO(QTL + ]_) — 50(27’1, + 1)’
(Cy) sp(n) — Sp(n);

(D) so(2n) — SO(2n).

Proof. We verify this by diagonalizing the matrices involved. We take

u€ SU(n), and introduce v € SU (n) such that u=wvdiag(e'’1, ..., e )v*,
where we can suppose that 6;+- - -+6,, =0. Then Y = vdiag(0y, ..., 0, )v*
belongs to su(n), and satisfies v = exp(Y). The other cases are
similar. g

Theorem 2.3.7 Let G be a connected, semisimple and linear Lie group
with finite centre. Then G is compact if and only if the Killing form is
negative definite.
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Remark. This result is true without the hypothesis that the centre is
finite, but the final step in the proof involves more differential geometry
than we wish to discuss here.

Proof. Suppose that G is compact, and let ug be its Haar probability

measure. Suppose that dimg = n, and let (, ) be any inner product on
g. Then

(X.¥) = [ (4d(g)X. Ad(g)V s (dg) (2.3.19)
given an inner product on g such that
(Ad(9)X,Ad(9)Y) =(X,Y) (g€ G;X,Y €g). (2.3.20)

Thus Ad(g) can be represented by an element of O(n). Now the Lie
algebra of O(n) is the space of real skew-symmetric matrices, so by
Proposition 2.3.2, each ad(X) can be represented by some A = [a;;]
where a;, = —ay;; hence

B(X, X) = trace ad(X)?

= trace A2
= D apay == ) 4
jk=1 jk=1
<0. (2.3.21)

By hypothesis, the Killing form is nondegenerate, and now known to be
negative semidefinite, hence B is negative definite.

The converse uses a similar idea. Since g is semisimple, the kernel
of ad : g — End(g) is {0}, so the kernel of Ad : G — Aut(G) is a
zero dimensional Lie group. Hence KerAd, namely the centre of G, is a
discrete subgroup Z of G. We shall prove that G/Z is compact.

Suppose that B is negative definite, and introduce the (positive defi-
nite) inner product (X,Y) = —B(X,Y) on g. We shall prove that

(Ad(g)X, Ad(9)Y) =(X,Y) (XY €ggeq)

so that Ad(g) is an orthogonal transformation on (g, {,)). Let o = Ad(g),
and note that ad(cX) = cad(X)o~! and likewise ad(cY) = cad(Y)o™!;
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hence

B(oX,0Y) = trace(ad(0 X)ad(cY))
= trace(cad(X)ad(Y)o ")
= trace(ad(X)ad(Y))
= B(X,Y). (2.3.22)

Hence Ad : G — O(n) has image Ad(G) which is a closed subgroup of the
compact Lie group O(n), and hence is compact; so G/Z is homeomorphic
to a compact subgroup of O(n). Since Z is finite by hypothesis, we deduce
that G itself is compact. O

2.4 Connections and curvature

See [69, 47, 128] for more discussion of the concepts mentioned in this
section.

Suppose that G is a compact and connected semisimple linear Lie
group with finite centre, and let (-) be an invariant inner product on
g as in (2.3.20). For each g € G there is a left translation L, : G —
G : h +— gh, which is differentiable. The derivative of L, induces an
isomorphism between the tangent space to G at e and the tangent space
to G at g, namely dL, : T.G — T,G dL,(Y)(h) = dLs(X (g~ 'h)). Now
T.G may be identified with the Lie algebra g of G by Proposition 2.3.1
since exp is surjective. For VW € T;G, we introduce V., W, € g such
that V' = dL,V, and W = dL,W,; then we use the invariant inner
product to define an inner product on T, G by (V,W) = (V., W.).

Definition (Curvatures). An affine connection is a rule that associates
to each X € g a linear map Vyx : g — g such that

Vixtny = fVx +hVy, Vx(fY)=fVxY + (Xf)Y, (2.4.1)

for X, Y € g and f,h € C(G). Further, for each Riemannian metric,
there is a unique affine connection such that

X(Y,2) =(VxY,Z) + (Y, Vx Z),
VY —VyX — [X,Y] =0. (2.4.2)
For this connection, we introduce the curvature tensor R(X,Y) : g —
g by
R(X,Y)Z =VxVyZ -VyVxZ - Vixy|Z, (2.4.3)



64 Random Matrices: High Dimensional Phenomena

and the Ricci curvature tensor Ric by
Ric(X,Y) = (R(E;, X)Y, E) (2.4.4)
j=1

where (Ej)j_; is an orthonormal basis of g for the invariant inner prod-
uct given by the negative of Killing’s form; the sectional curvature of the

plane spanned by X, Y € g is

(R(X,Y)X,Y)

(X, X)(VY) - (X,Y)?

(2.4.5)

Proposition 2.4.1 (Curvature of compact Lie groups).

(i) The Riemannian affine connection is given by VxY = [X,Y]/2.
(i) The curvature tensor satisfies

(R(X,Y)Z,W) = 47X, W], [Y. Z]) — 47 (X, Z], [y, W]).

(2.4.6)
(iii) The sectional curvature of the plane spanned by X,Y € g is
1 2
4(X, X)(YV,Y) — (X,Y)?
and in particular s non-negative.
(iv) The Ricci curvature satisfies
) 1
RZC(X7X) = iZquEj]v[XaE]D (248)
J
where (Ej)7_y is any orthonormal basis of g.
Proof. (i) Since the inner product is invariant, we have
(Ad(exp(tZ))X, Ad(exp(t2))Y) = (X,Y), (2.4.9)

so that, when we take the derivative at ¢ = 0 we obtain
(2, X],Y)+(X,[Z2,Y]) =0 (X,Y,Z € g). (2.4.10)

Again by left invariance, we obtain relations such as

0= X(Y,2) = (VxV,Z) + (Y,Vx 2),

and similarly with X, Y and Z permuted. When we combine these rela-
tions with the Riemannian metric condition, we obtain

(Vv 2) = 5 ((X.Y],2) = (VX 2)) (X, [V, Z])) (241)
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which on account of the preceding identity reduces to
1

the identity VxY = [X,Y]/2 follows.
(ii) By the definition of the curvature tensor and invariance we have
(RX,Y)Z, W) =(VxVyZW)— (VyVxZ,W) — (V[X,Y]Z, W)
= —(VWZ,VxW)+(VxZ,VyW) —(Vix y1Z,W)

_iqy, Z),[X, W) + i([Xa Z), [y, w])
1
T2

where the last step follows from (i). Now Jacobi’s identity in the form

([X,Y]Z,W), (2.4.13)

XY, 2] = [¥[2.X]) + [X. [, Z] (2.4.14)
and invariance leads to a simplified from of the last term, namely
(X, Y1Z,W) = —(1,X], [V, W]) — (V. ZL[X, W]).  (24.15)

This choice of affine connection is consistent with the Riemannian metric
on the group.
(iii) The identity

(R(X,Y)X,Y) = i([x, Y1, [X,Y7) (2.4.16)

follows from (ii) by substitution, and then (iii) follows.

(iv) This is immediate from (ii). O
Exercise 2.4.2 (Ricci curvature of SO(n)). (See [48]). On so(n), take
the inner product (X,Y) = —27trace(XY') and introduce the orthonor-
mal basis {E‘,k =ejr —ek; : 1 <j <k <n}, where ej; has one in place
(j, k) and zeros elsewhere.

(i) Show that when X = [z;;] € so(n),
n

<[X7 Ej’k]v [Xa EJ}’S]) = Z(ﬁz‘FﬂCZe)—l‘?k—ﬁj (1 <Jj<k< n)
(=1

(ii) By using the formule of Proposition 2.4.1, deduce that

Rie(X,X) = 3 (% Byl [ Bl = 52X, X),

1<j<k<n

(2.4.17)
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(iii) Use a similar technique to show that for SU(n) there exists ¢ > 0
such that Ric > enl.

The Ricci curvature plays an important role in the next chapter, where
it is the main hypothesis of the isoperimetric inequalities that are used
in subsequent convergence theory.

2.5 Generalized ensembles

In this section we are concerned with probability measures on the real
symmetric, Hermitian or quaternion matrices. Let G be a compact linear
Lie group with Haar probability measure ug. We suppose that M is a
submanifold of My (R) and thus inherits a differentiable structure from
My (R); likewise G inherits a differentiable structure.

Let v be a continuous action of G on M. Since the action is continuous,
each orbit X¢ = {ay(X) : U € G} is a compact subset of M, and we
form the quotient space

A=M/G={XY:XecM} (2.5.1)

with the quotient topology. The natural quotient map A : M — A is
open.

Example 2.5.1 (i) Let G = O(n), 8 =1, and M = M:(R), and let G
act on M by conjugation; so ay (X) = UXU". Each X € M is conjugate
to a unique real diagonal matrix that has eigenvalues in increasing order;
so A={x: A\ <---<XN}tand A: M — A is the eigenvalue map
X — A

(ii) Let G = U(n), 8 =2, and M = M!(C), and let G act on M by
conjugation; so oy (X) = UXU*. Then A is the eigenvalue map as in (i).

(iii) Let G = Sp(n), B =4 and M = M"(H), and let G act on M by
conjugation; so ay (X) = UXU*. Then A is the eigenvalue map as in (i).

In each of these cases, the conjugation action satisfies

ay (tX +sY) = tay (X) + say (YV), (2.5.2)

and hence « is a linear representation of G as a group of linear auto-
morphisms of the real vector space M; that is, there is a group homo-
morphism « : G — GL(M).

(iv) In Sections 2.8 and 2.9, we consider actions on a group M by
a subgroup G that are given by left translation ay : V — UV where
UeGandV € M. Then A is a space of cosets.
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Definition (Invariant measure). Let o be an action of G on M and let
v be a probability measure on M such that ayfr = v for all U € G.
Then v is invariant for the action.

Lemma 2.5.2 (i) The map A : M — A induces

l' T v —2) dn .. dx, (2.5.3)

T1<j<k<n

5(dN) =

from the Lebesgue product measure on M.

(ii) The map C.(M;R) — C.(A;R) specified by f — f where

/ flaw (X)) pe (dU) (2.5.4)
satisfies
/ Fovaay) = [ fx)ax. (2.5.5)
A M

Proof. (i) Weyl calculated this formula. In Theorem 2.6.5 we give a
detailed proof of a similar result.
(ii) Let
Cy (M) = {f € G,(M;R) : f(X) = f(ar (X)) : U € G; X € M}
(2.5.6)

be the space of invariant functions, and observe that the linear map
P:Cy(M)— Cy(M):

/ flay (X)) e (dU) (2.5.7)

satisfies ||P|| = 1, P> = P and has range C (M). The map Cy(A) —
C’bG (M) : g — goA is a linear isometric isomorphism which identifies
functions on A with G-invariant functions on M; further, g o A has
compact support if and only if ¢ has compact support. The adjoint of
C.(A) — C.(M) is the map M,(M) — My(A) : pn— Affp.

Since dX is invariant under a7, we have

xpax = [ [ flow (X))o laix (2.5.5)

/f YA#dX = f( )dX (2.5.9)
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Definition (Generalized ensembles). The following result proves the ex-
istence of the generalized ensembles, which consist of a probability mea-
sure w(,,ﬁ ) on the space n X n real symmetric matrices for § = 1, complex
Hermitian matrices for § = 2 or self-dual hermitian matrices for § = 4
that is determined by a suitable potential function v. The invariance
group is: O(n) for B =1, U(n) for § = 2 and Sp(n) for 5 = 4; hence the
ensembles are called the generalized orthogonal, unitary and symplectic
ensembles. The action of the invariance group and the specific proba-
bility measure v’ determine a probability measure ¢ on the space of
ordered elgenvalueb.

Theorem 2.5.3 (Generalized ensembles). Suppose that v: R — R is a
continuous function such that v(x) > kx?®/2 all sufficiently large |x| for
some K > 0. Then with V(X) = trace, v(X), there exists Z, < 0o such
that

v, (dX) = Z, ' exp(—n?*V (X)) dX (2.5.10)

defines a probability measure on M where M = M3 (R); likewise with
M!(C) and M3 (H) for suitable Z, .
The probability measure induced by A : M — A" is

o\ (dx) = (Z{7) " exp(~ Z D) T Ge=2)ax..dx,

1<j<k<n

with B = 1 for M:(R); B = 2 for M}(C); B = 4 for M(H). The
normalizing constant Znﬁ is stated in Proposition 2.5.4.

Proof. By the Lemma, there is a bijective correspondence between prob-
ability measures on A" with respect to §(d\) and probability measures
on M with respect to dX that are invariant with respect to G. The
density exp(—n?V (X)) is invariant under the action of G.

In particular, when v(z) = kx?/2, we have the Gaussian measure
on M, which defines a probability measure when we choose a suitable
constant. Generally, when v(z) > kx?/2, we can choose Z so that v,
defines a probability measure. (Il
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ensemble orthogonal hermitian symplectic
M M; (R) M; (C) M;; (H)
G O(n) U(n) Sp(n)
action B : X — UXU* [y :Xw— UXU" fBy:Xw— UXU"
M/G A" A" A"
Haar measure on M dX dX dX
Gibbs measure uf,l) (dX) V,,(LQ) (dX) fo) (dX)
o ot ol oV
(2.5.11)

We now express the normalizing constants from Proposition 2.5.3 in

terms of one or two dimensional integrals.
Proposition 2.5.4 Let Z,,<L‘H) be the normalizing constant for 07([8),

(i) For n even, the generalized orthogonal ensemble has

A :Pf[/ / (sgn(y — x))xj_lyk_le_”'“(’”)_"“(y)dxdy]

7,k=1,..., n
(2.5.12)
21 or att n, t, € generalize umtaTy ensemote has
i) For all n, th lized uni ble h
Z,(,?):det[/ A TE=2=nv() dA]_k o (2.5.13)
— oo Jk=1,..., n

Proof. (i) By Lemma 2.2.1(i), the expression for ol integrates to one

when
zZV = / det[e7 "IN dAdA, (25.14)
and this reduces to the stated formula by Lemma 2.2.2(ii).
(ii) The (A1,...,A,) in Proposition 2.5.3 range over A", but we can
permute the A; so that integrals are taken over R"; of course, we must

introduce a factor of n! when we do this. We observe that by Lemma
2.2.1(i),

so the result follows from Lemma 2.2.2(3). O
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Remarks. (i) In the generalized orthogonal ensemble, we have a specific
form for the potential, namely V(X) = + > i—1 v(Aj). One can construct

invariant ensembles where the potential has the more general form
W(X)=>wi\)+ D>, wa,\)
j=1 JAk G k=1

+ Z wy(Aj, Mg, Ae) 4.
JikA=1;j,0Fk; 5, k#L

(ii) The entries of random matrices under the v’

typically correlated; the Gaussian ensembles are an exception to this. In
all cases, the eigenvalues are correlated, and their interaction is described
by powers of the Vandermonde determinant

I1 ()\k—/\l,-)ﬂ:exp(ﬁ 3 log()\k—/\j)). (2.5.16)

1<j<k<n Jkil<j<k<n

) distribution are

Clearly, the product and hence the density of o, are small when eigen-
values are close together, so eigenvalues tend to repel one another. In
Chapter 4 we shall consider this type of logarithmic interaction term in
detail for any 8 > 0, using ideas borrowed from electrostatics.

(iii) For the generalized unitary ensembles, there are special results
from the theory of orthogonal polynomials which can be used to analyse
022); see [56, 116] and Chapter 8 below.

Exercise 2.5.5 (Characteristic functions). Let ej;, € M, (R) have entry
one in (4, k) and zeros elsewhere, let T' € M, (R) and let

o(T) = / exp (itrace(TX)) vV (dX) (2.5.17)
M; (R)

be the characteristic function of the matrix-valued random variable X
on (M:(R), i), Let X be the (j, k) entry of X, which is a random
variable with characteristic function

o(tejr) = / exp (ittrace(e;j; X)) v (dX) (t € R).
M; (R)

Show that
@( Z tjkejk>: H e(tjen)
1<j<k<n 1<j<k<n

if and only if the entries on and above the leading diagonal of X are
mutually independent.
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The generalized orthogonal ensemble is invariant under the action
of O(n) on M:(R), and it is natural to consider the distribution of
blocks and entries within the matrix. For 0 < m < n, there is a natural
action of the subgroup O(m) x O(n —m) on M?(R) by left and right
translations

ZlY vziut vyv? (2.5.18)

[X Z} [ uxut  uzv'
—

where U € O(m), V € O(n—m), X € M (R),Y € M;_,, (R) and

Z e Mm.nfm (R)

Proposition 2.5.6 Suppose that the block matriz in (2.5.18) is random,
subject to the generalized orthogonal ensemble.

(i) The marginal distribution of X is invariant under conjugation by
O(m), and hence depends only upon the eigenvalues of X .
(i) The marginal distribution of Y is invariant under conjugation by
O(n —m), and hence depends only upon the eigenvalues of Y.
(iii) The marginal distribution of Z is invariant under the left and right
translation action of O(m) x O(n — m), and hence depends only
upon the singular numbers of Z.

Proof. (i) and (ii). These statements follow from Lemma 2.4.2(ii).

(iii) Suppose that m > n — m. For each Z € M,, —m (R), there
exists U € O(n —m) such that U'(Z'Z)'/?U = S, where S is a diagonal
matrix that has the nonnegative eigenvalues of (Z*Z)'/? on the diagonal.
Now (Z!Z)!/? : R"™™ — R"™™ C R™ and Z : R"™™ — R™ satisfy
1Z&|| = ||(Z12)'/%¢|| for all ¢ € R"™, so there exists V' € O(m) such
that V' = I on the orthogonal complement of the range of (Zle)l/2
in R*~™, and Z¢ = V(Z'2)"/%¢ for all £ € R*™™, hence we have an
identity between m x m matrices as follows:

iz o]:v{g ﬂ B 8} Ht ﬂ (2.5.19)

Hence the orbits of Z under the action of O(m)x O(m—n) are parametr-
ized by the matrices S, which are determined by the singular numbers
of Z.

When m < n — m, we can apply a similar argument to Z*; hence the
result. O
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2.6 The Weyl integration formula

e Complex semisimple Lie algebras can be classified in terms of root
systems.

e The Weyl integration formula gives the measure on the maximal torus
that is induced from Haar measure by the eigenvalue map.

The purpose of this section is to prove the Weyl integration formula,
which we use later to obtain the eigenvalue distributions of unitary ma-
trices in terms of the Haar probability measure. Readers who are knowl-
edgeable about Lie groups, or interested only in the specific examples,
may wish to proceed to Section 2.7. The approach that is taken in the
results in this section resembles that of Steer’s lectures and uses proofs
due to Bott [36].

Definition (Mazimal torus). A torus T of rank k in a linear Lie group G
is a connected abelian Lie group that is continuously isomorphic to T¥.
A maximal torus 7 is a torus that is not contained in any strictly larger
torus in G. The normalizer of 7 is N(7) = {u € G : uTu~! = T}, which
contains 7 as a normal subgroup, and the Weyl group is W = N(7)/7.

Lemma 2.6.1 Suppose that G is a compact linear Lie group such that
exp : g — G is surjective. Then

(i) each g € G is an element of some mazimal torus;
(ii) the Weyl group is finite.

Proof. In the specific examples of the classical groups, one can easily
verify (i) by following the proof of Proposition 2.3.5. Not every maximal
abelian subgroup is a maximal torus.

(i) First we observe that each z € G lies in some torus. Indeed, since
exp is surjective, x = exp X for some X € g and the closure of
{exp(tX) : t € R} is a torus that contains z.

A connected abelian subgroup 7 of G is a maximal torus if and
only if 7 = Z(7), where

Z(T)={u:utu™ =t forall tecT} (2.6.1)

is a closed submanifold.

First suppose that 7 is a maximal torus. Clearly 7 is a subgroup
of Z(T), so to prove that reverse containment, we suppose that g €
G satisfies gtg~! =t forallt € 7. Then A = {g"t:n € Z,t € T} is
an abelian group, so the connected component Ay that contains the
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identity of G is a closed and connected abelian group which contains
7, and such that A/A, is finite by compactness. Unfortunately, it
is not clear that g belongs to A, so we introduce the abelian group
Ay ={g"a:n€Z,a € Ay} which has A /A, cyclic and Ay a torus;
hence A; is monogenic by Proposition 1.2.2; so A; is the closure of
{z" : n € Z} for some x € G. Now z belongs to some torus 7;, and
so 77 contains A; and hence the maximal torus 7; so 7 = 7; and
geT.

Conversely, suppose that 7 = Z(7). Then 7 is a closed and
connected abelian subgroup of a Lie group, hence is a torus. If 7 is
not a maximal torus, then there exists a torus 7’ that contains 7;
but any x € 7' satisfies © € Z(T), so z € T. Hence 7 is a maximal
torus.

(ii) The normalizer subgroup N(7) acts on 7 by conjugation, and since
T is isomorphic to R¥/Z* for some k, we thus obtain a homomor-
phism N(7) — GL(k,Z) with kernel 7 by the proof of (i). The
Weyl group W = N(7T)/T is therefore compact and discrete, hence
finite.

d

Theorem 2.6.2 Suppose that G is a compact, semisimple, and linear
Lie group such that exp : g — G is surjective and let T; and 15 be
maximal tori in G. Then Ty and Ty are conjugate, so there exists g € G
such that T, = gT,g™ .

Proof. (In the specific examples of the classical groups, one can easily
verify this by following the proof of Proposition 2.3.5.) Since tori are
monogenic, there exists x,y € G such that 7; is the closure of {z" :
n € Z} and 7 is the closure of {y" : n € Z}; further, z = exp(X)
and y = exp(Y") for some X,V € g. By Theorem 2.3.7, g has an inner
product associated with the Killing form.

We introduce the adjoint orbit of X by £x = {Ad(9)X; g € G}, which
is compact and contains X. If Y € x, then Y = Ad(g)X for some g € G
and since the exponential map has the natural property that

y =exp(Y) = c(g) exp(X) = c(g)(x), (2.6.2)

one deduces that 7, = gZ;g~".

Suppose now that Y lies outside of {x, and choose g that attains the
infimum

Ad(g)(X) =inf{(W,Y) : W € {x )
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In particular, we can consider W = Ad(exp(tZ)g)X for any Z € g. Then
the derivative of (Ad(exp(tZ)g)X,Y) vanishes at t = 0, so

0= <[Z7 Ad(g)X]a Y> = <Zv [Ad(g)Xa Y]>7 (263)
and hence [Ad(g)X,Y] = 0 since Z was arbitrary. Now
A = {exp(tAd(g9)(X)+sY) : t,s € R} (2.6.4)

is a connected abelian group such that the closure A of A contains the
maximal torus 75, so A = 7. In particular, exp(tAd(g)X) belongs to T,
for all t € R; so c¢(g)r € T, and hence g7;g~! is contained in 73; hence
9Tig~' =T, 0

Let go be a finite-dimensional complex Lie algebra, so for each Z €
gc, ad(Z) is a linear transformation of go. To motivate further work,
we make an informal definition. A root is an eigenvalue of ad(Z), or
equivalently a solution of the characteristic equation

det(A —ad(Z)) = 0.
The root space is the eigenspace that corresponds to the root.

Proposition 2.6.3 Let G be a compact and semisimple Lie groups with
Lie algebra g. Then the roots of ad(Z) are purely imaginary for oll Z € g.

Proof. By Proposition 2.3.2, exp(ad(Z)) = Ad(expZ). By Theorem
2.3.7, we can regard Ad(exp Z) as an orthogonal transformation of g with
the inner product given by the negative Killing form; hence Ad(exp Z)
has all its eigenvalues in T, so ad(Z) has all its eigenvalues in {R. [

We now construct representations from roots. A typical element of T*
is u = exp(2mi Zle 6;). The Lie algebra

r={0=(b,...,0;) :0; € R}
has dual
™ ={r"=(r,...,m) :r; € Z}; (2.6.5)

so that r*(©) = > . 0;r; belongs to Z whenever © € Z*. There is a
natural map exp : 7 — 7 : O — exp(27ri Z§:1 Hj); for each r* € 7*
there is an irreducible representation of T on R? by T — SO(2):

k
. ‘ cos2mr*(0)  sin27r*(O)
exp(27rzjz_;9]) - {—sin 27r*(©)  cos2mr*(©) | (26.6)
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Lemma 2.6.4 Let G be a compact, connected and semisimple Lie group.
Let gc be the complexified version of the Lie algebra of G, and let T be
the Lie algebra of some maximal torus T in G. Then there exist nonzero
linear functionals o : 7 — R such that —ia(Z) is an eigenvalue of
ad(Z) : gc — gc for each Z € 1. Each such « gives rise to an irreducible
representation of T on R2.

Proof. By Theorem 2.3.7, the Killing form is negative definite on g,
so we extend the inner product (X,Y) = —B(X,Y) to a sesquilinear
form on ge. Then by Theorem 2.3.7, ad(Z) is a skew-symmetric linear
operator on g¢ for each Z € g, so {iad(Z); Z € 7} is a commuting family
of selfadjoint operators on g¢. Eigenvectors corresponding to distinct
eigenvalues of a selfadjoint operator are orthogonal. Hence there is a
simultaneous diagonalization, and for each Z € 7 there exists a non-zero
Y € g¢ such that iad(Z)(Y) = —a(2)Y, where a(Z) is real; evidently
the map Z — «(Z) is a linear functional 7 — R.

Given such an a, let the eigenvector be Y = U + ¢V where U,V € g.
Then the eigenvalue equation leads via Proposition 2.3.2 to

exp(2mad(Z)) (U +iV) = ™ E(U +4V) (2.6.7)

and in terms of the real and imaginary subspaces of g + ig we have a
rotation matrix

exp(2rad(Z)) [U} _ [ cos 2ra(Z) sin27ra(Z)} {U

Vv —sin2ra(Z) cos2na(Z) V}’ (2.6.8)

so exp(2mZ) — exp(2mrad(Z)) is a representation 7 — SO(2). O

Definition (Roots). A root « is a nonzero linear functional ao: 7 — R
such that ia(Z) is an eigenvalue of ad(Z) for each Z € 7.

Let G be a compact, connected and semisimple Lie group. Then by
an extension of Proposition 2.3.4, the Lie algebra of G has the form

where s is the eigenspace that corresponds to r; and here the 7} € 7*
are said to form a fundamental system of positive real roots.

Each positive real root gives rise to a distinct irreducible representa-
tions of 7" as above. When viewed as a real vector space, g has dimension
k4 2m.
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Definition ( Weyl denominator). For u = exp 2mi Z?:I 6;, let the Weyl
denominator be

Afu) = [ (e —1). (2.6.9)

j=1
Theorem 2.6.5 (Weyl integration formula). Let G act upon itself by
conjugation. Then the space of orbits may be identified with a mazximal
torus T in G. Let |W| be the order of the Weyl group. Suppose that F
is a continuous class function, so that F is constant on orbits. Then the

natural probability measure on the orbits associated with ug satisfies

1
/G F(g)ua(dg):W /T F(u)|Au)?pr(du).  (2.6.10)

Proof. We introduce the cosets g7 = {gt : t € T} and the coset space
G/T = {g7T : g € G}; the quotient map 7 : G — G/7 induces wug
from the Haar measure on G; whereas 7 has its Haar measure pr(dt).
The map ® : G x T — G : (g,u) — gug ' is surjective since every
element of G is conjugate to some point in the maximal torus by Theorem
2.6.2; further, ® induces a surjective map ¢ : G/T x T — G since
gug~' = huh™" whenever h™'g € T. Hence @ is well defined, and the
number of times that ¢ covers each g € G equals |W| since

gtgt =huh Tt & (W gt(h g =ue hlge N(T).  (26.11)

One can show that ¢ is differentiable, except on a set £ which has
zero measure with respect to mug ® pr; further, o(E) has measure zero
with respect to pg. By the change of variables formula, we have

144 / f(9)uc(dg) = / fow(gT,u)J, (g7, u)mtpg (dgT)pr (du)
G TJG)T
(2.6.12)

for all f € C(G) where J, is the Jacobian; in particular

| Pawetin = g [ ([ 16T e tan))ur(a) 26.3)

where F' € C'(G) depends only upon the conjugacy class.

Now we calculate the Jacobian. The Lie algebra decomposes as g = 7@
7+, where 7 is the Lie algebra of 7 and 7+ is the orthogonal complement
with respect to the invariant inner product that is given by the Killing
form as in Theorem 2.3.7. We have shown that the intersection of each
adjoint orbit £x with 7 is an orbit of the Weyl group.
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To calculate the derivative at (g,u), we shift to a neighbourhood of
the identity and consider

V(X Z) = gu” g~ (gexp(X) exp(Z)uexp(-X)g™') (X er,Z€eT)
(2.6.14)
which satisfies ¥(0,0) = I and

d
(—) V(tX,tZ) = gu™ ' Zug™" + gu™ ' Xug™ — gXg~*
dt/t=0
= Ad(g)(Z + Ad(u™")X - X). (2.6.15)

Now det Ad( ) =1, so we need to find det(Ad(u=!) — I), where u € T
and Ad(u=t) -1 operates on 71. Suppose that u = exp(—277), so

Ad(u™)

exp(ad(2n2))

N[ cos2mr(Z)  sin2nri(Z)
J J 2.6.1
EB [—sinQﬂT;‘(Z) cos 277 (2) (26.16)

and hence the determinant is

|det(Ad(u™") — I)| = Hd g | ©%° 27”%{) -1 Sln271;rj (Z)
—sin27mri(Z)  cos2mri(Z) -1

_ 2w*<z) . 1) (6727rrf(Z) _ 1)
_1

= A(u)A(u). (2.6.17)
O

One can classify the complex semisimple Lie algebras by their roots.
The axiomatic approach involves specifying a root system as in [110].

Definition (Root system). Let V' be an ¢-dimensional real vector space
with inner product, and R a finite collection of non-zero vectors in V,
such that R spans V. Let & = 2a/{«, ) be the co-root that corresponds
toa € R, and let s, : V — V be the linear map s, (8) = 5 — (&, B)a; so
sg gives the reflection in the hyperplane V,, = {v € V : (v,a) = 0}. We
say that R is a root system when:

(1) sa(R) =R for all « € R;
(2) (&,B) € Z for all o, 3 € R;

and the root system is reduced when:

(3) If @, B € R are proportional, then o = £0.
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The Weyl group W that corresponds to R is the group generated by
the reflections {s, : @ € R}, which by (1) is a group of permutations
of R. One can show that this is consistent with the definition given
above. The hyperplanes V,, divide up V into cones, which are known as
Weyl chambers, and the Weyl group permutes the Weyl chambers. One
can select such a chamber C which is bounded by hyperplanes V,,, for
j=1,...,¢, where the a; € R are so chosen that a;(z) > 0 for allz € C}
then C' is called the fundamental chamber and the oi; (j =1, ..., ¢) give a
basis of R. The root system is determined by the Cartan matrix, namely
[(&j, o )]jk=1,...¢; on account of (2) the entries are integers, and one can
show that the off-diagonal entries are less than or equal to zero. Let ¢, g
be the angle between o and 3. Then 4 cos® ¢, 5 = (B,a)(a, B).

* The Cartan matrix determines the complex semisimple Lie algebra up
to isomorphism.

Remark. (Killing-Cartan classification). Killing classified the semisim-
ple Lie algebras that give compact Lie groups of rank n, and Cartan filled
the lacunae in his proof. There are four infinite series A, , B, ,C, and
D,, that give Lie groups of rank n, and five exceptional algebras G5, Fy,
Eg, E7 and Eg which we shall not discuss further. Dynkin showed how
to classify the algebras in terms of fundamental root systems, for which
the Cartan matrices have a diagrammatic representation; see [110].

Cartan type Lie algebra dimg |W|
A, sun+1) nn+2) (m+1)!
B, so(2n+1) n(2n+1) 2 n! (2.6.18)
C, sp(n) n(2n+1) 2"n!
D, s0(2n) n(2n—1) 2"~In!

Exercise. Let G and H be compact and semisimple Lie groups, and let
¢ : G — H be a bijective and differentiable map such that ¢(eq) = ep.

(i) Show that the derivative Dg(eq) gives a nonsingular linear map
between the Lie algebras g — h.

(ii) Let dx be some version of Lebesgue product measure on g and dy
be some version of Lebesgue product measure on h. Prove that the
Jacobian of Dy(eq) is | det Dp(eq ).

2.7 Dyson’s circular ensembles

¢ Circular ensembles live on tori.
* The circular ensembles arise from actions on the unitary group by
various compact groups.
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e The probability measure for the circular unitary ensemble is given by
Weyl’s integration formula.
* CUE describes integer spin and asymmetric time reversal.

Dyson [64, 116] introduced three ensembles based upon classical com-
pact Lie groups, namely the orthogonal, circular and symplectic circular
ensembles. Whereas their properties are similar, their definitions are sub-
tly different. So we begin by stating how they can be defined in terms of
the general construction via group actions, and then consider each one
in turn.

The circular ensemble consists of the space M with the probability
measure v. The joint eigenvalue distribution is given by a probability
measure of the form

o@ey=d? [ 1" &% Pdrddy -, (2.7.1)

7,k:1<j<k<n

ensemble circular orthogonal circular unitary  circular symplectic
M U(n) U(n) U(2n)
G O(n) U(n) Sp(n)
action: Bn:g— hg ap g hghil Br:g— hg
M/G O(n)\U(n) T S5p(n)\U(2n)
symmetric U(n) maximal torus self-dual U(2n)
v Haar measure Haar measure Haar measure
on U(n) on U(n) on U(2n)
invariance O(n) action on conjugation Sp(n) action on
under: symmetric matrices in self-dual U(2n)
U(n) matrices
o ot ol? oM
(2.7.2)

As an application of Theorem 2.6.2, we can now introduce the unitary
circular ensemble. For each U € U(n) there exists V' € U(n) such that
V*UV = diag(e'?7), where e'% are eigenvalues of U with 0 < 6; < --- <
0, < 2.

Definition (Circular unitary ensemble). The unitary circular ensemble
is the probability measure on T* that is induced from the Haar proba-
bility measure on U(n) by the eigenvalue map A.
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The circular ensemble is used to describe some physical systems that
have integer spin and are not symmetric under time reversal.

Proposition 2.7.1 (Ezistence of CUE). The group SU(n) has rank
k=mn—1, the Weyl group has order n! and with 0,, = — 25:1 0;, the
natural measure on the maximal torus associated with Haar measure on
the group s

1

o5u(n) (d0) = — [T 1€ — e Pas; ... db;. (2.7.3)
T1<j<t<n

Proof. Each U € SU(n) has eigenvalues on T, and det U = 1, hence a
maximal torus is

T— {diag(e%“’l sy @) 370,20 mod 27r}. (2.7.4)
j=1

Evidently 7 has rank n—1, and N(7) is generated by 7 and the permu-
tation matrices which swap around the diagonal entries, hence |W| = nl.
The Lie algebra is

su(n) ={A e M, (C): A* = —A; trace(A) =0}, (2.7.5)

and hence su(n) has dimension n? — 1 as a real vector space. The expo-
nential map A — exp A is surjective and open, so su(n) has dimension
n? — 1 as a real manifold.

Let (e;j) be the standard unit vector basis of R"; then e; gives rise
to the linear functional (61,...,60,) — 6;. Hence each pair {j, ¢} with
1 <j < ¥ <n gives a root r;-‘j:ej—eg or

diag(e>™01) s 210 =00) (2.7.6)
and there are ('21) choices of such pairs. Hence we obtain A(u) in the
Weyl denominator. By applying the formula n = 2m + k, we recover the
reassuring identity
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M=G G compact semisimple
G actson M Bp i g hgh™!

M/G T* = maximal torus
phase space periods (2.7.7)
v on M Haar measure of G
c on M/G AlAwg(l—))dG)
invariance conjugation

The Weyl denominator is
A(X) = H (eim(x) — e_“”’(X)), (2.7.8)
a€EP,

P, is the set of positive roots and W is the Weyl group.

Example 2.7.2 Let
N .
0y 2 S o - SMEN+1)6/2

Inle )_.Z < T simei2
j=—N
and let U be the (2N + 1) x (2N + 1) matrix U =
[ewjk]]‘:l.,...,21\“‘+1;/c:7zv ,,,,, ~- Then by a simple calculation we have

UUu* = [QN(ei(“}J —91«)]
and hence
detlQu (¢ ) = detUP = T e —e™ P
1<j<k<2N+1

The operator

fro [ Qe pe)

gives the orthogonal projection onto span{e”‘g :j=-=N,...,N}, and
hence has rank 2N + 1.

2.8 Circular orthogonal ensemble

* COE describes integer spin and symmetric time reversal.

The circular orthogonal ensemble was introduced to describe some phys-
ical systems that have integer spin and are symmetrical under time
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reversal. The COE is not quite the joint eigenvalue distribution of eigen-
values from the groups O(n). In this section only we write S(n) = {u €
U(n) : u' = u} and let U(n) act on S(n) by 3,(s) = usu!. Dyson showed
that there exists a unique vg(,) € Prob(S(n)) that is invariant under £, .
See [18].

Definition (Circular orthogonal ensemble). The orthogonal circular en-
semble is the probability measure 07(11) = Afvg(,) that is induced from
vs(n) by the eigenvalue map A : S(n) — T".

We observe that S(n) is not a group, so we construct ol by intro-
ducing a suitable coset space. For each s € S(n), there exists w € U(n)
such that w'w = s; furthermore, w'w = v'v with w,v € U(n) if and
only if there exists r € O(n) such that w = rv.

Let H = O(n) and let G = U(n), so that H is a closed subgroup
of G, and let H act on G by left multiplication 3;(g9) = hg to give
orbits the right cosets Hg = {hg : h € H} and the space of right cosets
H\G. There is a natural bijective correspondence between S(n) and
H\G given by u'u <> Hu; hence any continuous function f : S(n) — C
may be identified with a continuous function F' : G — C that is invariant
under the action of H, and conversely.

Proposition 2.8.1 (Ewistence of COE). Let vg,) be the probability
measure on S(n) that is induced from py () by the quotient map U(n) —
O(n)\U(n) followed by the natural isomorphism O(n)\U(n) = S(n).
Then vg(yy is invariant under the action B of U(n) on S(n).

t

Proof. Since s = w'w corresponds to Hw, u’su corresponds to Hwu;

hence

/ fu'su)v(du) = F(Hwu)v(dHw)
S(n) H\G

= [ Powpetin)

/ F(w)pe (dw)
/S f(s (2.8.1)

Q
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2.9 Circular symplectic ensemble

e CSE describes half integer spin.

By following the construction of the preceding section, we can introduce
the circular symplectic ensemble. The CSE was introduced to describe
physical systems that have half integer spin. A complex matrix v is
symplectic if v'v = I. The symplectic group Sp(n) is the subgroup of
U(2n) that consists of symplectic matrices. Let P(n) = {U € U(2n) :
UR = U}, and let U(n) act on P(n) by B.(s) =
show shortly, there exists a unique vp(,) € Prob(P(n)) that is invariant
under S.

usu®. As we shall

Definition (Circular symplectic ensemble). The symplectic circular en-

semble o(*) is the probability measure that is induced from Vp(n) by
A:P(n)—T".

For each s € P(n), there exists w € U(2n) such that w’w = s; further,
wlw = vFv with w, w € u(2n) if and only if there exists r € Sp(n) such
that w = bv.

Let G = u(2n) and H = Sp(n), and let H act on G by left multi-
plication 5 (g) = hg to give right cosets Hg and space of right cosets
H\G = {Hg : g € G}. There is a bijective correspondence between P(n)
and H\G given by ufu < Hu; hence any f € C(P(n)) may be identified
with a F' € C(H\G) that is invariant under 3, and conversely.

Proposition 2.9.2 (Ezistence of CSE). Let vp(,) be the probabil-
ity measure on P(n) that is induced from jiy2,) by the quotient
map U(2n) — Sp(n)\U(2n) followed by the natural isomorphism
Sp(n)\U(2n) = P(n). Then vp(, is invariant under the action (3 of
Sp(n) on P(n).

Proof. This follows by a similar argument to Proposition 2.8.1. g

o0

Exercise 2.9.3 (i) Show that G = [] U(n) is a compact metric group.
n=1

(ii) Describe the Haar probability measure on G.
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Entropy and concentration of measure

Abstract

In this chapter we introduce the notion of entropy, and then relative
entropy. We then introduce the fundamental concept of concentration
of measure in the context of Lipschitz functions on metric probability
spaces. We consider the transportation problem for probability mea-
sures on metric spaces. The dual form of a concentration inequality is
a transportation inequality. In order to prove such transportation in-
equalities, we use the Brunn—Minkowski inequality on Euclidean space.
We formulate concentration inequalities for matrix ensembles with uni-
formly convex potentials, including Gaussian ensembles. We state some
concentration inequalities for measures on compact groups which follow
from the Gromov—-Lévy isoperimetric inequality in differential geometry.
Surface area measure on the spheres in R" provides a contrasting ex-
ample of the concentration of measure phenomenon in high dimension.
An important aspect of this approach is that we can move measures
and inequalities from one space to another; for instance, we can deduce
concentration for eigenvalue distributions from concentration of the cor-
responding measures on the random matrices.

3.1 Relative entropy

Definition (Entropy). Let p be a probability density function on R".
Then the entropy of p is

S(p) =~ [ pla)togpla) da (3.1.1)

when this integral is absolutely convergent. In this case, we say that
p has finite entropy. Shannon entropy involves the (—) sign, whereas
Boltzmann entropy involves the (+) sign.

84
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For probability densities p; on R™ and p, on R", the tensor product
p=p1 ®peis p(z,y) = p1(x)p2(y). An immediate consequence of the
definition is that p satisfies

S(p) = S(p1) + S(p2); (3.1.2)

an identity which corresponds to the thermodynamic property that en-
tropy is an extensive variable [3].

Simplifying notation, we write ; for the probability density function
of the N(0,1) random variable.

Proposition 3.1.1 Amongst all probability density functions on R with
finite second moments that have variance one, the standard Gaussian
density v1 is a mazimizer of the entropy. Furthermore, S(yv1) =

log 2me.

Proof. We shall introduce the Gaussian as the candidate maximizer,
and then prove rigorously that 7, attains the maximum. The entropy is
invariant under translation, so we seek to maximise S(p) subject to the
constraints

p>0; (3.1.3)
/p(m) dzx = /pr(x) de =1 (3.1.4)
/xp(x) dx = 0. (3.1.5)

By calculus we have {logé& > —1/e for £ > 0, so with £ = pe™" any
such p satisfies

—/plog pdx < — /vpdx + / e’ (3.1.6)
in particular with v = 1 — 22 /2 — log v/2m we deduce
1
S(p) < B /pr(x) dx +log V21 = log v/ 2me. (3.1.7)

When p = 7, we have £ = 1/e and there is equality throughout. U
In the next result, we consider another notion of the average of log p(z).

Proposition 3.1.2 Let p be a probability density function on R™ that
has finite entropy, and for e > 0, let

Ex. ={(@)), € )Y ’}Vimgp(@) +8()| <e}. (318)
j=1
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Then

1 1

~ logvol (En.) —e < S(p) < ~ logvol (En:)+¢  (3.1.9)
holds for all sufficiently large N.

Proof. See [152]. We regard the z; as mutually independent random
variables with identical distribution specified by the probability density
function p. By hypothesis, log p is absolutely integrable with respect to p;
hence the log p(x;) have finite expectation. Let p®V be the probability
measure p(z1)...p(xyx)dz; ...dzy. By the strong law of large numbers
[88]7

Z og p(z;) —>/1ogp p(z) dx (N —o00) (3.1.10)

in probablhty; hence
N(Ey.)—1 (N — ). (3.1.11)

Now for (xj)év:l € Ex ., we have

eNep(xy) ... plan) > e NI > e Nep(a)) o p(zy)  (3.1.12)
hence by integration with respect to Lebesgue product measure we have
NEpEN (Ex ) > e NSWvol(Ey ) > e Ve p®N (B ), (3.1.13)

SO

exp(S(p) + ) (0™ (En o)™ > vol(Ey )Y
> exp(S(p) — ) (p®~ (EN,E))l/N7 (3.1.14)
hence result. O

Definition (Convezity). Let £ be nonempty subset of R™. Say that
is convex if tx + (1 — t)y belongs to Q for all z,y € Qand 0 <t < 1. We
define a continuous function V' : 2 — R to be convex if

tV()+ (1 =t)V(y) = V(tz+ (1 —t)y) >0 (3.1.15)
holds for all distinct z,y € Q and 0 < ¢t < 1, and strictly convex if the

inequality is always strict.

Exercise. (i) Show that the functions ¢(x) = xlogx for > 0 and €”
on R are convex.

(ii) Show that a strictly convex function on R cannot have a strict
local maximum.
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(iii) Show that a positive strictly convex function on R has at most
one strict local minimum.

Lemma 3.1.3 (Jensen’s inequality). Suppose that p € Prob(Q)), where
(Q,d) is a Polish space, and that ¢ : (a,b) — R is convex. Then for any
f:Q — (a,b) such that f and p o f are integrable with respect to p,

o[ routin) < [ etaputn). @11
Proof. See [71]. O

Definition (Relative entropy). Let 1 and v be probability measures on
a Polish space (€2, d), with u absolutely continuous with respect to v and
let dp/dv be the Radon—Nikodym derivative. The relative entropy of u
with respect to v is

Ent(u |v) = /log %du; (3.1.17)

when this integral converges absolutely. We take Ent(u | v) = oo when
the integral diverges or when pu is not absolutely continuous with respect
to v.

Proposition 3.1.4 Relative entropy has the following properties:

(i) 0 < Ent(u | v), with equality only if p = v;
(i) for pyi,pa,v1,vs € Prob () the product measures satisfy

Ent(p @ po | 1 ® o) = Ent(py | v1) + Ent(us | 12);  (3.1.18)

(iii) the variational formula

Ent(p | v) = sup{/ﬂgdu : /Q efddv <1l;g € C’(Q;R)}. (3.1.19)

Proof. (i) The function exp is convex, and hence by Jensen’s inequality,

d d
exp/log#du < /d—:du: 1, (3.1.20)

hence Ent(u | v) > 0. Further, we have equality only if dv/dp = 1 holds
on a set of measure one with respect to p; that is, u = v.

(i) One integrates the identity
d(p ® pa) o B

og — + log — (3.1.21)

1 =
8 d(l/1 X VQ) dVl d’/2

with respect to v; ® vs.
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(iii) By calculus we have £logé > —1/e for £ > 0, with equality only
at &€ = 1/e; hence,

w <wulogu+e'~' (u>0,ve€R). (3.1.22)

Let v = g+ 1 and w = dp/dv and obtain

d
/gdu < /log d—’:dz/—i—/egduf 1, (3.1.23)

with equality only when g = logdu/dv. O

Exercise (Lower semicontinuity of relative entropy). Let o € Prob(2)
and let f and f, (n = 1,2,...) be probability density functions such
that f,0 — fo weakly as n — oo. Show that

Ent(fo | o) <lim inf Ent(f,o | o). (3.1.24)
Exercise (Joint convexity of relative entropy).

(i) Let U(z,y) = xzlog(x/y) for x,y > 0. Show that HessU > 0.

(ii) Let fo, f1,90 and g; be probability density functions with respect
to o where o € Prob(Q2), and let f; = (1 —¢)fo + tf1 and ¢ =
(1 —1t)go + tg1 for 0 <t < 1. Show that

U(fiog) <X =8)U(fo,90) +tU(fi,91) (0<t<1) (3.1.25)

and hence that

Ent(f; | 1) < (1 —t)Ent(fo | go) +tEnt(f1 [ g1)  (0<t<1).
(3.1.26)

Definition (Gibbs measure). Let V : R — R be a measurable function
such that, for some 3 > 0 there exists a constant Z(3) such that

v (da) = Z(8)" exp(~BV (a)) da (3.1.27)

defines a probability measure on R. Then py is called a Gibbs measure
with potential V' and partition function Z at inverse temperature (.

Proposition 3.1.5 (Partition functions). Let Vi and Va be potentials
that give rise to Gibbs measures py and ps respectively. Then the corre-
sponding partition functions satisfy

5 [0a(o) = Vil ) < tox 2 < 5 [ (Va(0) = Vile)en ),
(3.1.28)
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Proof. By Proposition 3.1.4(i), we have

0< Ent(ur | ) = [ (3Vale) — Vi (o) +log Za(5) — log Z1(3)) )

(3.1.29)
which implies the right-hand inequality, and one can obtain the left-hand
inequality by interchanging uq and pus. U

The property Proposition 3.1.4(ii) is special to product measures, and
admits of some generalization.

Definition (Marginal densities). Let 2" be a product of Polish spaces,
let o € Prob(2") and let f be a probability density function with respect
to 0. We define f; to be the 4" marginal probability density functions
of f; so that

fi(xj)hj(z;)o(dx) = hj(x;) f(z) o(dx) (3.1.30)

Szll QH
for any bounded and continuous h; : 2 — R that depends only upon
the j'" coordinate x; in (z3)?_, € Q". The j'* marginal measure o; for
j=1,...,n of ¢ is induced by the map Q" — Q: (zx)}_, — z;, and

hkevvlse the 4" marginal measure of fdo is fido;.

Theorem 3.1.6 (Subadditivity of relative entropy). Let o € Prob(Q")
and let f be a probability density function such that fdw has finite relative
entropy with respect to do. Suppose that 1 < p < co satisfies

1/p

/ Hf] ;)P o (dx) _(H TfJ ) dx)) =1 (3.1.31)

(i) Then
n

pEnt(fo | o) > Ent(fjo | o). (3.1.32)
j=1

In particular, the inequality (3.1.31) holds:
(i) with p =1 when o = ®}_,0; is a product of o; € Prob({2);
1) with p=n for all 0 € Pro

h for all P b(Q");

(iv) with p = n/(n — 1) and n > 2 when o is a standard Gaussian
measure on the hyperplane

P= { 2))y Zx, - o} C R, (3.1.33)
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(v) with p = 2, when o is normalized surface area measure on the
sphere S"~1 in R".

Proof. (i) We let

n

= () Pw(da 1
¢~ [ TLs) " utdo) (3.1.34)

Jj=1

so that g(z) = C~ H;L L fi(x;)1/? is a probability measure, and so by
Proposition 3.1.3(1) we have

0 < Ent(fo | go)
— [ f(a)og f(x)o(dr) - / f(2) log g(z)o (dx)

Qn

= | [flz)log f(z)o(dr) + (log C) | f(x)o(dx)

Qn Qn

—Z z)log fi(x;)YPo(dx) (3.1.35)

Qn

and hence by the definition of the marginal measures we have

72 fi(x;)log fj(z)o(dx) < | f(z)log f(x)o(dx) + log C.

Qn Qn

(3.1.36)
Now C <1 by the main hypothesis, so
1 n
EZEnt(fja | o) < Ent(fo | o). (3.1.37)
j=1
(ii) The j** marginal measure o; for j = 1,...,n of w is induced by

the map Q" — Q: (z3)}_, — z;, and likewise the fh

marginal measure
of fdo is fjdo;. Hence fi(x1) ... fn(x,) is a probability density function
with respect to o(dr) = ®}_,0;(dz;). Hence the inequality holds with
p = 1. This p = 1 is the optimal constant.

(iii) By Holder’s inequality we have

/,, ]j[f; )" o) < (H [ hi) Jo(dn)) =1 (3.1.39)

since the f; are probability density functions. This result is in some sense
trivial, and indicates that some should strive for p < n, and preferably
p independent of n.
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(iv) A special case of the Brascamp—Lieb inequality [45, (1.15)] gives

/Hf (n—=1)/n dx < H /f] x} d;]j 1)/n (3139)

Villani [162] gives a detailed discussion of how to prove such inequalities
by the techniques that we shall discuss later in this chapter, so we omit
the proof. The coordinates (:v]-);?:l € P are dependent, but only weakly
so; hence the constant n/(n — 1) — 1 as n — .

(v) By a theorem of Carlen, Lieb and Loss [42],

)1/2 1/2
/S,, IHfJ zj)!?o(dz) < 1_[(/5_1 fj(xj)U(dx)) . (3.1.40)

j=1

In this case the coordinates of x = (x1,...,x,) are clearly not mutually
independent since " i1 a: =1, and ¢ is not a product measure in R".

In fact 2 is the smallest conbtant that works in all dimensions n, so
the mutual dependence of coordinates does not appear to diminish with
increasing dimension. O

Exercises 3.1.7 (a) Let w be Haar probability measure on SO(n), and
let U = [&,...,&] € SO(n) have j" column &; € S"~!. The distri-
bution of ; is the 4" marginal measure of w, namely normalized area
measure on S" L.

(b) The following probability measures arise in joint eigenvalue dis-
tributions from random matrices. Suppose that v : R — R is contin-
uous and grows like 2° as ¥ — Zoo. Then there exists ¢ > 0 such

that

w;(dA;) = ¢ exp(—nv();))dA; (3.1.41)

is a probability measure on R; further for > 0 there exists Z, > 0
such that

1
o) = A I | IAj — M|/ exp( E nv( )d/\1 .d\,
" 1<Gk<nj#k

(3.1.42)
defines a probability measure on R™.
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)

(i) Show that the first marginal probability density of 051‘3 with respect

to the product measure w(d\) = ®}_,w;(d);) is

i) = ZC/R [T =l Zexn(= Y no(y) )dr .. da,
n =2

"< k<nij#k
(3.1.43)

and deduce that
Ent(c!?) | w) > nEnt(fiw; | wp). (3.1.44)

(ii) Let p be a continuous probability density function on R that has
compact support, and let z > 0 be such that

a;(A\;) = 27" exp(—no(A) +nd / log |\; — plp(u)dp)dA;  (3.1.45)

defines a probability measure on R, and let Q(d\) = ®/_,q;(d);).
Repeat (i) with @ in place of w.

Problem. What is the appropriate version of Theorem 3.1.6 for the joint
eigenvalue distribution of generalized orthogonal ensembles? Is there a
version for Haar measure on SO(n)?

Proposition 3.1.8 (Csiszdr’s inequality). Suppose that f and g are
probability density functions on R" such that f is of finite relative en-
tropy with respect to g. Then

/,, |f(z) = g(z)|dx < Q(Ent(f | g))w. (3.1.46)

Proof. Let ¢(u) = ulogu for u > 0; then by the mean value theorem
there exists a v between 1 and u such that
1
plu) = @(1) + (u=1)¢'(1) + 5(u - 1)%¢" (v), (3.1.47)
SO
(u—1)

ulogu=u—1+
2v

(3.1.48)

Hence with u = f(x)/g(x), we have

fa), f@)  f@) 1@ r ()
2 ) 2 e~ el ) (LT 61

)
g(z) and integrating, we find that

[ - o) mind s LY (@150
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We observe that

J(mind 5550 251) " o= [max{s@) g} <2 @150
and so by the Cauchy-Schwarz inequality
([17@) - gta)las)
< | (mm{ L }) i [ - g mind L e

)’
<4/f Jlog i)) dz. (3.1.52)

|

Remarks. (i) The result actually holds with an optimal constant /2
instead of 2, but the proof we give is more natural.

(ii) Suppose that (f;) is a sequence of probability densities such that
Ent(fx | g) — 0as k — co. Then we say that fi converges to g in relative
entropy. By Csiszar’s inequality, the limit ¢ is uniquely determined by
the sequence (fy). However, relative entropy does not define a metric
since it is asymmetrical and does not satisfy the triangle inequality;
nevertheless, relative entropy dominates the L' metric on the probability
density functions.

(iii) We have occasion to use three measures of distance on probability
densities:

e L' norm [ |f — g|dz;
* relative entropy Ent(f | g);
* transportation cost Wi (f(x)dx, g(x)dx).

In Section 3.3 we compare the relative entropy with transportation cost.

3.2 Concentration of measure

e The moment generating function is used to define concentration in-
equalities.

Definition (Logarithmic moment generating function). The logarithmic
moment generating function of y € Prob(R) is A(t) = log [; €' u(dx),
where this is finite.
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Definition (Legendre transform). Let A : (a,b) — R be a convex func-
tion. Define the Legendre transform A, : R — R U {c0} by

A (s) = sup {st —A(t)}.

te(a,b)

Choose a slope s and find the point on the graph of A such that the
tangent T has slope s; then let —A,(s) be the intercept of T with the
axis t = 0. By convexity, A(t) > ts — A.(s) for all t € (a,b) and s € R.

Exercise. Let ;1 € Prob(R) have infinite support and mean zero, and
suppose that A(t) = log [ ' pu(dzx) is finite for all ¢ € (—0,9).

(i) Show that A : (—d,d) — [0,00) is strictly convex.

(ii) Let ¢’ = lim;_s_ A’(t), which may be infinite, and define the
Legendre transform of A as above. Show that the supremum is
uniquely attained at the point ¢ such that s = A’(t), and that
A, :]0,0") — [0,00) is convex.

(iii) Compute the following table of Legendre transforms.

A(¥) Ai(s)

t2/2 t € (—oo,00) s%/2 s € (—00,00)
tlogt t €1]0,00) es 1 s € (—00,00)
VI+t?2 -1 —oco<t<oo 1—v1-¢g? se(—1,1)
t—log(l+t) te(—1,00) —s—log(l—ys) s € (—o0,1)
—log(1—#*) te(-1,1) V1+s2—1+log 1+\/2,s2T s € (—00,00)

The domains of the functions have been adjusted to make them more
natural; note that tlogt < 0 for some ¢t > 0.

Definition (Concentration inequality). Suppose that (Q,d) is a Polish
space with o € Prob () such that there exists a > 0 such that

/etﬂw)g(dm) <e'/)  (eR) (3.2.1)

holds for all 1-Lipschitz functions f : @ — R with [ f(z)o(dz) = 0.
Then o satisfies the concentration inequality C(«).

Examples 3.2.1 Given a L-Lipschitz function g with mean a, we can
apply this inequality to f = (¢ — a)/L. The form of this inequality
is suggested by (1.5.3) for Gaussian measure, where f is a linear
function. Lévy showed that the probability surface area measure on the
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sphere (S™(r),|| - ||gn+1) satisfies the concentration inequality C'(«) with
a = (n —1)/r%. Gromov and Milman considered a more general phe-

nomenon, which they described in terms of Lévy families and isoperi-
metric inequalities; see [74, 117]. For suitable Riemannian manifolds, «
coincides with Ricci curvature.

Exercise 3.2.2 Suppose that u € Prob () satisfies C'(«), and that F :
Q — R is L-Lipschitz, where L* < « and that [ F(z)u(dz) = 0. Let v
be the probability density function of the Gaussian N (0, 1) distribution.
By considering

/ / SE @)y (de)pu(dz), (3.2.2)
aJR
show as in [61] that
/ eF(‘”)Q/Qu(dw) < 0. (3.2.3)
Q

The concentration inequality expresses the fact that most of the o
measure is concentrated near to the mean value of f namely zero. The
following result gives an essentially equivalent formulation.

Lemma 3.2.3 Suppose that o satisfies C(a), and let f : Q@ — R be a
1-Lipschitz function such that [ f(x)o(dz) = 0. Then

o{zeQ:|f(z)<e} >1- 2exp(—a7€2) (e>0). (3.24)

Proof. By Chebyshev’s inequality we have

efo{r e Q: fx) >e} < / Do (dr) < el /(2a) (e,t>0)
Q

3.2.5
and we choose t = e to optimize this inequality. Hence ( )
o{rxeQ: f(x)>e} < e /2 (3.2.6)

and likewise
of{xeN: f(x) < —e} < e /2, (3.2.7)
these inequalities combine to give (3.2.4). O

The following result is in the same spirit as the isoperimetric inequality
for R™ as shown in 1.4.3, although the functions involved are Gaussian
rather than powers that depend upon dimension. See [172].
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Proposition 3.2.4 (Isoperimetric form of concentration). Suppose that
o satisfies C(1/a). Then any closed subset A of 0 such that o(A) > 1/2
and any enlargement A, with € > 0 satisfy

o(A.) > 1 —exp(—a/(2e?)). (3.2.8)
Proof. Let B® be the complement of a set B. The distance function
d(z, A) = inf{d(z,a) : a € A} is 1-Lipschitz, so f :  — [0,1] defined by
{d(xg,A),1+ d(z, (A:) )}

f(z) = min 5
is 2/e-Lipschitz. Further, f(z) = 0 on A and f(z) = 1 on (A.)¢, so

J fdo <1/2, hence

(3.2.9)

(A.)e C [f - /fdcr > 1/2] (3.2.10)
By the proof of Lemma 3.2.3, the measures of these sets satisfy

o((A)°) < exp(—a/(2e?)), (3.2.11)
hence the result. (]

In applications to random matrix theory it is very important to know
how the constant o depends upon the size of the matrices. To describe
this we make a definition that was proposed by Gromov and Milman in
[74].

Definition (Concentration of measure phenomenon). Let (Q,,d,) be
Polish spaces and o, probability measures on {2, that satisfy C(«,) for
n=12,....1f a, = 00 as n — oo, then we say that (0,)S2; exhibits
the concentration of measure phenomenon.

Suppose that F, : Q, — R are L-Lipschitz and that [ F,,do, = 0.
We introduce the logarithmic moment generating functions

An(t) = log / ¢ g (dr)  (t€R) (3.2.12)
QH
and their Legendre transforms
A (s) = sup(st — A, () (seR,n=1,2,...). (3.2.13)
teR

Proposition 3.2.5 The o, satisfy concentration of measure with o, —
oo if and only if

(s €R). (3.2.14)
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Proof. The inequality (3.2.14) is equivalent to
2

ap s
st— A, (t) > 572 (s,t € R) (3.2.15)
which is equivalent to
L
> A, (t te R). 2.1
5o Z A0 (teR) (3.2.16)
O

Remark 3.2.6 (Concentration and deviations). In the theory of large
deviations [59], one considers quantities such as
lim sup o, 'A% (s), lim inf o, 'AZ(s) (3.2.17)
n—00 n—0oo
and obtains asymptotic estimates on probabilities; whereas in the theory
of concentration of measure, one wishes to have uniform inequalities for
all s and n.

Example 3.2.7 As in Proposition 1.6.1, the normalized surface area
measures o, 1 on the spheres S™(1) satisfy concentration of measure
with «,, > c¢n. We shall sort out the details in Theorem 3.8.2.

Whereas the definition does not require any specific connection be-
tween the €2,, in applications the €2, are typically spaces with a com-
mon geometrical structure and with dimension increasing to infinity as
n — oo. The merit of this definition is that it applies to a wide class
of objects such as graphs, manifolds or spaces of measures. The sig-
nificance in random matrix theory is that the main matrix ensembles
involve matrices of increasing size, and the measures sometimes exhibit
concentration of measure.

There are several routes towards concentration inequalities with many
subtle connections between them. The main approaches involve:

¢ isoperimetric inequalities in the style of Gromov, Lévy and Milman,
as in [117] and Theorem 3.8.3 below;

¢ logarithmic Sobolev inequalities as introduced by Gross [75], as in
Theorem 6.3.2;

e transportation inequalities, as considered by Marton and Talagrand
[162], as in Theorem 3.4.4 and Corollary 3.5.4.

In Section 3.5 we shall systematically prove concentration inequalities
by taking the Prékopa—Leindler inequality as fundamental and introduce
transportation inequalities, which are dual to concentration inequalities.
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This line of development is effective for the generalized orthogonal, uni-
tary and symplectic ensembles; whereas for the circular ensembles we
shall use results from Riemannian geometry. In Section 6.8 we shall ul-
timately reconcile these two approaches.

Remark 3.2.8 (Scalings). (i) There is a cheap way of replacing the
metric on (€, d), namely by introducing é(x,y) = 7d(x,y) where 7 > 0
is fixed. This does not materially affect the concentration inequality,
since the Lipschitz constant of a given f is scaled likewise. To avoid
trivial examples, we often scale the metrics on compact spaces (2, d,)
so that the diameter is independent of n. In particular, the diameter of
(U(n),c*(n))is2forn=1,2,....

(ii) For Riemannian manifolds, we adopt a slightly different scaling,
whereby the Ricci curvature is computed in natural coordinates and
the metric d(x,y) is the infimum of lengths of all piecewise smooth
curves between x and y. For each y € Q, the function f(z) = d(z,y)
is 1-Lipschitz. Myers showed that if 2, is complete n-dimensional Rie-
mannian manifold with Ric > kI for some k > 0, then €2,, is compact
and diameter (Q,) < mv/n — 1/y/k. So we often want the curvature to
grow with increasing n. In Theorem 3.8.3 we state a suitable concentra-
tion inequality.

Another merit of the formulation in terms of Lipschitz functions is that
we can move easily from one space to another. In particular, we can
replace (Q2,d) by any Polish space (®,d) that is bi-Lipschitz equivalent
to (Q,d).

Lemma 3.2.9 Let (Q;,d;) for j = 1,2 be Polish spaces and let A :
Q1 — Q be a L-Lipschitz function. If o1 € Prob(€y) satisfies C(ay),
then Afoy satisfies C(as) where g > oy /L*.

Proof. We observe that any 1-Lipschitz function g : Qs — R gives rise to
a 1-Lipschitz function f : Q; — R, namely f(z) = g(A(x))/L. Then we
use the definition of induced measure to obtain the required inequality
for (3.2.1) applied to f. O

Exercise 3.2.10 Suppose that (£2;,d;) are Polish spaces and that
o; € Prob(£);) satisfy the concentration of measure phenomenon with
constants a; — 00 as j — oco. Now let (®;,0;) be Polish spaces and
@ : Qj — ®; be maps such that

dj(xj,y5) < 65(wj(w;), 05 (y)) < Ldj(xj,y;) (x5, € Q)
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for some L < oo and all j = 1,2,.... Use Lemma 3.2.9 to show that

(p,tio;) satisfy the concentration of measure phenomenon with constants
@ /L2 .

3.3 Transportation

We now introduce metrics on the probability measures on a Polish space,
motivated by the following question.

Problem (Monge). Consider a pile of sand with unit volume and shape
represented by a probability measure p, and a hole in the ground of unit
volume and shape represented by a probability measure v. Suppose that
the cost of moving a grain of sand from z to y is proportional to |z —y|®.
The problem is to devise a strategy for filling the hole with the sand, at
the lowest possible cost.

In one dimension, a possible strategy is to take a monotonically in-
creasing function ¢ that induces v from p and take a grain of sand from
z to ¢(x). Depending upon the value of s, this may or may not be a
good strategy. See [162].

The reader will be aware that the costs of transportation involve both
the cost of loading the vehicle and the cost of moving the vehicle. We
can account for this by defining a cost function ¢ on a Polish space (2, d)
to be any function such that

(i) c¢: Q2 xQ — Ry U{oo} is lower semicontinuous.
Now suppose that ¢; : @ x @ — RU {co} is any cost function such that
(i) ei(x,z) =0 for all z € Q;

(iii) and that L : Q) — RU{oo} is lower semicontinuous, and represents
the loading and unloading cost at z.

Then c(x,y) = a1 (z,y) + L(x) + L(y) is a cost function, which takes
account of both the loading and the unloading cost. Suppose that 7 €
Prob (2 x ) has marginals m; = p and my = v and represents a strategy
for moving distribution p to v; then the cost is

JI ottt = [[ ey
+ [ Lt + [ Lwtay),

Evidently the loading and unloading costs depend only upon L, u and
v, and not upon the strategy which we adopt for transportation; so we
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simply accept these costs, and concentrate on minimizing || fQ wq C1(z,y)m
(dzdy). A possible choice of cost function is ¢ (x,d) = d(z,y)* for s > 0.

Definition (Transportation cost). Let (Q,d) be a Polish space, let
Prob,(Q) be the set of all p € Prob(Q) such that [, d(zo,z)"p(dz)
is finite for some, or equivalently all, 2y € Q. Given u,v € Probs (), the
cost of transporting u to v with respect to the cost function d(x,y)* is

W (p,v)’ = hﬂlf{//gxg d(z,y)’m(dzdy) : 71 = p,m9 = 1/)} (3.3.1)

where m € Probs(Q x ) has marginals p and v. When 1 < s < oo,
W, gives the Wasserstein metric on Probs(€)). The names of Tanaka,
Kantorovich and Monge are also associated with these metrics.

Example. Let Q = {1,...,n+1}, with the metric |m—k|, and introduce
p=n"t Y0 6 and v =n"t 300 4.

i) If [a;;] is an n x n doubly stochastic matrix such that a;; > 0,
j J
So_iaje=1and >, ay =1for j,k=1,...,n, then [a;;] takes
w1 to p. In particular, we can consider permutation matrices.
(ii) Let G be the group of permutations on €2, and consider the sub-
groups

{l9eG giu=py={9€G:gn+1)=n+1},
{heG:hv=v}={heG:h(l)=1}

One way of transporting p to v is by the cyclic permutation ¢ =
(1,2,...,n+1); then others are hoo og where h(1) =1 and g(n+1) =
n+1, and a notable example is the transposition 7 = (1,n+ 1). Indeed,
for the cost function |m — k|, the strategies o and 7 both have cost 1;
whereas for |m — k|?, o costs 1, while 7 costs n.

Proposition 3.3.1 (Upper bound on Wasserstein metric). Let p €
Probs(R) have cumulative distribution function F, and v € Prob(Q)
have cumulative distribution function G, where F and G are continu-
ous and strictly increasing. Then for 1 < s < oo, the inverse functions
satisfy

W, v)* < /0 FY(2) — G~ ()] da. (3.3.2)

(In fact equality holds here.)
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Proof. Let ¢ be a strictly increasing and continuous function such that
F(z) = G(p(x)), namely ¢ = G~! o F; then ¢ : R — R is bijective with
inverse F~! o G. Further, ¢ induces v from p since

p(a,b) = F(b) — F(a) = G(p(b)) — G(p(a)) = v(p(a),¢(b).  (3.3.3)

The map x +— (7, ¢(x)) induces a measure 7 on R? which has marginals
m = p and m = v, hence

W, (1, 0)° < / & — yl*m(dedy)

= /|<p(a:) — z|*p(dx). (3.34)

Now F~! induces x from the uniform distribution on (0, 1), so
1
W) < [ e o) = P o a

_ /1 G~ (t) — F (1)) dt. (3.3.5)
0

The transportation strategy takes points to points monotonically. One
can show that this gives the optimal transportation strategy for W, when
s > 1; whereas for s < 1, this strategy is not optimal. Later we shall use
a deep result of Brenier and McCann which shows that for probability
density functions on R" monotone transport gives the optimal strategy
for W, when 1 < s < cc. O

Theorem 3.3.2 (Kantorovich). Let (2,d) be a Polish space. Then for
all p,v € Probs(Q)

W.ev)* = s [ f@wtdo) = [ gwtdn): .9 € o).
f(@) = gy) < d(@,y)}  (3.3.6)
Proof. Villani [162] provides a detailed discussion of this result. ]
There are some special cases worthy of note.
Proposition 3.3.3 (Formulae for the Wasserstein metric.)
(i) Let (2,d) be a Polish space. Then for u,v € Prob (£2),

W) =sup{ [ F()(ude) = vido)) - £ € o)l <1}
(3.3.7)
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(i1) Let v € Probi(R) have cumulative distribution function F, and let
v € Prob;(R) have cumulative distribution function G. Then

Wi (1, ) = [ F(z) — G(a)| da. (3.3.8)

(iii) Let d(z,y)? = (z — y)*/2 for x,y € R; let F(z) = 2*/2 — f(x)
and G(y) = y*/2+g(y). Then f(z) —g(y) < d(x,y)* if and only if
F(z) + G(y) > zy, as in the definition of the Legendre transform.

Proof. (i) See [162].
(ii) We have

/Oo F(z) — Glz)|da

— 00

—sup{ [ @) (F@) — G@) o o € R el <1

- (3.3.9)

while
Wi (1, dv) = / () (u(dr) — v(dz)). (3.3.10)
(iii) This is clear. O

Proposition 3.3.4 (Characterization of weak convergence [88]). Let
pup € Prob([a,b]), and let Fy(t) = pu([a,t]) and F(t) = plla,1]) be
their cumulative distribution functions. Then the following are equiva-
lent.

(i) pn — p weakly as n — oo.
(ii) F,(t) — F(t) as n — oo at all points of continuity of F.
(#ii) W1(pn,p) — 0 as n — oo.

Proof. (i) = (i1) Let § > 0. We choose continuous functions ¢, ¢ : R —
[0,1] such that

I(—oo,t—(S] (3]) < 90@) < I(—ooﬁt] (:E) < w(x) < I(—ooﬁt+6] (LB), (3311)

and by integrating against p,, we deduce that

F,(t—0) < /Do e(@)pn (dz) < Fo(t) < /DO Y(@)pn (do) < Fy(t + 0).
- - (3.3.12)
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Similarly, we deduce that

F(t—a)g/ o(2)pn (dz) < F(t / W(@)p(dz) < F(t+0).
B (3.3.13)
Letting n — oo, we have [ ¢dp, — [ ¢dp and [dp, — [1dp, hence

F(t—6) <liminf F, () <lim sup F,(t) < F(t +4); (3.3.14)
so at points of continuity we have
F(t) =lim inf F,(t) =lim sup F,(t). (3.3.15)

n—o00 n—00

(#4) = (i4i) Since the cumulative distributions functions are increas-
ing, there exists a countable set F such that F;, and F' are continuous on
[a,b] \ E, hence F, () — F(z) as n — oo on [a,b] \ E. Then by the
bounded convergence theorem,

p717 / |E1 - )| dr — 0 (3316)

as n — oo.

(#91) = (i) Suppose that p, — p in W; metric. Let f € C[a,b], and
given £ > 0 let p be a polynomial such that || f — p|lec < € on [a,b]. Now
let L = ||p||zip and observe that

b b b b
/ fdpy, —/ fdp‘ < p(dp, — dp)‘ +/ |f — pl(dpn + dp)
< LWi(pn,p) +2¢ (3.3.17)

by Proposition 3.3.3(i). Hence p,, — p weakly as n — co. d

3.4 Transportation inequalities

¢ Transportation inequalities are dual to concentration inequalities.
e Transportation inequalities bound transportation cost between prob-
ability measures by their relative entropy.

Definition (Transportation inequality). We say that v € Prob () satis-
fies a transportation inequality for cost d(z, y)* if there exists & = a(v, )
such that

@) W) < (ZButiu) )" (3.4.1)

for all u € Prob ().
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Whereas the left-hand side is symmetrical in p and v, the validity of
this inequality represents a special property of v as we shall see below.

Examples 3.4.1 Talagrand showed that the standard Gaussian 7y, sat-
isfies Ty (1), and used the following result to generate further examples;
see [162].

Proposition 3.4.2 Suppose that v satisfies To(«). Then the product
measure v®" satisfies Ty () for all s € [1,2] and n > 1.

This follows from repeated applications of the next Lemma.

Lemma 3.4.3 (i) Suppose that v satisfies Ts(«). Then v also satisfies
T.(a) for 1 <r <s.

(i) Suppose that v; on (§2;,d;) satisfies Ty (o) for j =1,2. Then v ®
vy satisfies Ts(a) on (9, d) where @ = Oy x Qy, a = 25/> " min{ay, a}
and

d((z1,22), (Y1,92))" = di(z1,91)" + do(z2,2)". (3.42)
Proof. (i) By Holder’s inequality applied to (3.3.1), we have
Wi (p,v) < Wy(u,v). (3.4.3)
(ii) If we are so fortunate as to have y = 1 ® p2, then
Wi, v)* = Wi(pa,v1)* + Wi(p2,12)° (3.4.4)

and we can use Lemma 5.3.1 to conclude the proof. In general we intro-
duce the marginal m i on € and disintegrate p as an integral

[ @ vntasdy = [[ 1wy |oms) @49

where ps(dy | ©) € Prob(£)2) is the conditional measure. The theory of
measures on Polish spaces ensures the existence of this decomposition.
Then we take f =logdu/d(v ® ve) and write

dpa(y | )
dva(y)

dp (x)

log f(z,y) = log a1 (2) + log (3.4.6)

hence
Ent(p | v @ ve) =Ent(u | 1) + /Ent(p2(~ | z) | vo)pa(dx). (3.4.7)

There is a matching inequality for the transportation costs

Wi (p, 1 @ 12)° < Wi (pa,v1)° +/Ws(u2(' | z),v2) i (dz)  (3.4.8)
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and hence by the transportation inequality

s 2\%/2 s/2
W (p, 1 @ v9)" < (071> Ent(u | 1)

+(<122)S/2</Ent(u2(' | 2) | 1) /“(d””))

2 \5/2
< (=) Bt )2
Qi
2 \5/2 s/2
+ (072) (/Ent(u2(~ | ) | l/z)ul(dx)) (3.4.9)
by Holder’s inequality. By applying the elementary inequality a®/? +
b*/? < 22=9)/2(q + b)*/2, one can obtain the stated result. O

Theorem 3.4.4 (Bobkov-Gdtze [25]). Let (2,d) be a Polish space and
let v € Prob (). Then v satisfies Ti («) if and only if v satisfies the
concentration inequality C(«).

Proof. Suppose that v satisfies C(«) and that f : Q@ — R is 1-Lipschitz
with mean [ f(z)v(dz) = 0. Then

/ @)=/ ydz)y <1 (t€R) (3.4.10)
and hence by Proposition 3.1.4 we have
But(u |9) > [ (1) - #/@a)u(dn)  (teR)  (341)
SO
/fdu <ty Ent(u| v (t>0). (3.4.12)
Optimizing this inequality, we obtain
2 1/2
/fdu < (aEnt(,u | u)) (3.4.13)

and hence by Kantorovich-Rubinstein theorem Proposition 3.3.3(i)

Wi, v) < (%Ent(u | 1/))1/2; (3.4.14)

so v satisfies Tj («). This argument also works in reverse, and we obtain
the stated result. O

The following refinement of Theorem 3.4.4 shows that all probability
measures that have Gaussian decay at infinity satisfy a T} inequality; in
particular, all probability measures on compact metric spaces satisfy a
T inequality.
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Theorem 3.4.5 (Djellout, Guillin, Wu, [61]). Let (Q,d) be a Polish
space and let v € Prob(Q). Then v satisfies Ti («) for some a > 0 if and
only if there exists € > 0 such that

//QZ exp(ed(z,y)?)v(dz)v(dy) < cc. (3.4.15)

Proof. See [61]. O

In Section 3.5 we provide examples of measures on R" that satisfy
the concentration of measure inequality.

3.5 Transportation inequalities for uniformly
convex potentials

¢ The Prékopa—Leindler inequality implies transportation and concen-
tration inequalities for Gibbs measures with uniformly convex poten-
tials.

* The standard Gaussian measure on R" satisfies a concentration in-
equality with constants independent of dimension.

In this section we produce examples of Gibbs probability measures that
satisfy transportation and concentration inequalities. The method orig-
inates in [27].

Definition (Uniform convezity). Let £ be a convex subset of R" and
let V : Q — R be continuous. Then V is uniformly convex if there exists
a > 0 such that

V(@) + (1= V() = V(tz+ (1-1)y) > St0— 1)z -yl (35.)
holds for all z,y € Q and 0 <t < 1.

Proposition 3.5.1 Suppose that V : Q@ — R is twice continuously
differentiable with Hessian matriz

0’V
HessV = | ] 3.5.2
o O0x;0xy, ( )
Then V is uniformly convex with constant o > 0 if and only if
HessV > ol (3.5.3)

as operators on €.
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Proof. By Taylor’s theorem, we have
1
Vie+z)=V(z)+ (VV(z),z) + §<HessVz, z), (3.5.4)

where the Hessian is computed at some point between x and x4 z. Hence
o(t) = V(tr + (1 — t)y) is convex with ¢”(t) > « if and only if

(HessV (z —y), (z —y)) > al|z — y||*. (3.5.5)
O

Theorem 3.5.2 Let V : R" — R be uniformly convex with constant
a > 0. Then there exists Z < oo such that

v(de) = Z ' exp(—V(z))dx (3.5.6)

defines a probability measure. Further, v satisfies Ty(t) for the £* metric,
s0

Wa(p,v)? < %Ent(p | v). (3.5.7)

Proof. By (3.5.5), liminf V(z)/aljz|* > 0 as ||z|| — oo, so V can be
normalized. We write s + ¢ = 1, where 0 < s,t < 1 and introduce the
expression

1
Li(z,y) = o (tV(z) + sV (y) — V(tz + sy)). (3.5.8)
By uniform convexity, there exists €, such that e, — 0 as s — 0+ and
@
Ly(w.y) 2 51+~ ylP.

Now suppose that F, G : R" — R are continuous and bounded functions
such that

Fy) = G(x) < Sz =yl (3.5.9)

Then by the Prékopa—Leindler inequality

1= /e_v(s”)dm/Z > (/e_sg_vdm/Z)t(/etF_de/Z>S (3.5.10)

Taking power 1/s and letting s — 0+, we deduce that

1> (exp(—/GdV)) /ede, (3.5.11)

so h(x) = F(x) — [ Gdv has [e"dv < 1. Hence by Proposition 3.1.4(iii)

we have

[ Fpts) - [ Gt < Entip | ).
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Finally, by the Kantorovich duality theorem we have
%m (p,v)? < Ent(p | v). (3.5.12)
O

Corollary 3.5.3 Let v be as in Theorem 3.5.2. Then v satisfies the
concentration inequality C(c).

Proof. By Proposition 3.4.2 and Theorem 3.5.2, v satisfies T («). Hence
v satisfies the concentration inequality C(«) by the Bobkov—-Gotze
theorem. O

Corollary 3.5.4 (Talagrand). Let v, be the standard Gaussian on R".
Then 7y, satisfies the transportation inequality T (1) and the concentra-
tion inequality C(1).

Proof. Here V (x) = ||z||? /2 has Hessian equal to the identity, so Theorem
3.5.2 and Corollary 3.5.3 apply with a = 1. O

Our first application to random matrix theory covers a variety of models,
including the Gaussian orthogonal ensemble.

Proposition 3.5.5 (Concentration for GOE). Suppose that X €
M:(R) has entries Xji, and that X is random subject to probability
measure p such that

(1) Xji are mutually independent for 1 < j <k <n;
(i) the distribution pji, of Xji satisfies To(a) for some o > 0 and all
1<j<k<n

Let F : (M?(R),c*(n)) — R be an L-Lipschitz function such that
[ F(X)u(dX)=0. Then

/exp(tF(X))u(dX) < exp(t*L*/(na)) (teR).

Proof. The product measure w = ®1<j<i<nftjk ON R™("=1)/2 gatisfies
Ty(cr) and hence Ty () by Proposition 3.4.2. Let X = >0 | Xjjej; +
> i<jer<n Xjk (€jr +ex;). Then the map (R*(n=1)/2 42y _, R given by
(Xjr) — F(X) is Ly/(2/n)-Lipschitz; so by Theorem 3.4.4, the concen-
tration inequality holds. (I

In particular, Proposition 3.5.5 applies with o« = 2 when the Xj;
have a N(0,1) distribution and the X;;, have a N(0,1/2) distribution
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for 7 < k. In Section 2.2, there are examples of Lipschitz functions on
(M; (R), ¢*(n)).

Exercise 3.5.6 Suppose that X is as in Proposition 3.5.5 and let
F(X) = trace, f(X) where f : R — R is 1-Lipschitz. Obtain a con-
centration inequality for F' that improves with increasing dimension.

3.6 Concentration of measure in matrix ensembles

We now have the analytical tools that we require to prove the main
concentration theorems concerning concentration of measure for matrix
ensembles. The cases of the orthogonal, hermitian and symplectic en-
sembles are all treated likewise. For the orthogonal ensembles, there are
four main levels:

¢ generalized orthogonal ensemble v, (dX) on M (R);

* joint eigenvalue distribution o, (d\) on A";

* empirical eigenvalue distribution p, = %Z?ﬂ oy, on R;

* integrated density of states p, on R (which we introduce in the next
chapter).

We begin at the level of eigenvalue distributions. The space (A", ¢2(n))
is noncompact, and the scaling is chosen so that [[(1,...,1)z) = 1.
We scale up the potential v to nv so as to balance the n summands from
the A; with the number of pairs A; < A of distinct eigenvalues which
contribute to the Vandermonde determinant.

Theorem 3.6.1 Suppose that v : R — R is twice continuously differ-
entiable with v’ (z) > « for all x and some o > 0; let 3 > 0. Then there
exists Z(n, 3) < oo such that

aﬁl‘a)(d)\) = Z(n, exp( Z ) H (A — )‘j)ﬂd)‘l codA
1<j<k<n

defines a probability measure on (A", ¢*(n)) and o satisfies Ty (an?)
and C(an?).

Proof. We can apply Theorem 3.5.2 to the potential

—nz i)+ 5 Z log)\ 1)\ (3.6.1)

1<j<k<n

on (A", ¢%(n)), which is uniformly convex with constant an?. To check
that the potential is convex, we introduce A = (A1,...,A,) and
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= (tt1,..., ) in A", and join them by the straight line segment
( ) = (1L —t)pr + tA. Then for indices j < k, the components satisfy
op(t) —o;(t) = (1 —t) (e —pj) +t(Ae —X;) >0 (0<t<1) (3.6.2)
so t +—log1l/(ox(t) — o;(t)) is convex. O
Hence the sequence of ensembles (07(1‘6)) on (A", ¢?(n)) exhibits the con-

centration of measure phenomenon since an? — oo as n — oco. We recall

the special cases:

e 3 =1: the eigenvalues from the generalized orthogonal ensemble;
e 3 = 2: the eigenvalues from the generalized unitary ensemble;
* 3 =4: the eigenvalues from the generalized symplectic ensemble.

We now obtain a concentration inequality for the empirical eigenvalue
distribution.

Corollary 3.6.2 Let f : R — R be an L-Lipschitz function, and let
F\) = %Z?Zl f(A\;). Then

of {rear: |F(A)—/ F()o\) (dg)] > e} < 2exp<—%2262) (e >0).
(3.6.3)

Proof. The function F : (A", ¢?(n)) — R is L-Lipschitz since
1 n
= 1F) = f&)
j=1
L n
- Z 1A; = &l

< L(l i\)\ — gl ) v (3.6.4)

j=1

[F(A) = F(©)

IA

IN

Now we can use Lemma 3.2.3 and Theorem 3.4.4 to obtain the stated
result. O

Moving up to the level of random matrices themselves, we have a coun-
terpart of the previous result. Recall that the metrics are scaled so that
M ]|e2ny = 1.

Theorem 3.6.3 Let v : R — R be twice continuously differen-
tiable, suppose that v"'(x) > « for all x € R where a > 0 and let
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V(X) = tracev(X)/n. Then there exists Z, < oo such that
vy (dX) = Z, ' exp(—n’V (X)) dX (3.6.5)

defines a probability measure on (M? (R),c*(n)) and v, satisfies To(an?)
and C(an?).

Proof. We shall use Proposition 3.4.2 to verify that n?V is uniformly
convex with constant an?, and then Theorem 3.6.2 to establish the con-
centration inequality.

Let (¢;) be an orthonormal basis of eigenvectors of X that correspond
to eigenvalues A1, ..., \,; the eigenvalues are distinct, except on a set of
Lebesgue measure zero. Then

n

%V(X +Y) = % Y VYL (3.6.6)

Jj=1

by Proposition 2.2.4. Now the Rayleigh—Schrédinger formula Theorem
2.2.5 gives the variation of \; and &; with respect to X, and in particular
leads to the formula

7d2 1 & " 2
(dt2)t:0V(X+tY) = ﬁz;v MY E)
iz

2 ) M<Y€ja§k>2- (3.6.7)

i — A
1<j<k<n J k

By the mean value theorem (v'(A;) — v'(Ax))/(A; — Ax) > o and hence

d? 1
(57), VX +0) == 3 (vg e =alYly,.  (368)
dt? /=0 n P
The result now follows from Theorem 3.5.2. O

Remark. Theorem 3.6.3 is formally stronger than Theorem 3.6.1, since
in the cases § = 1,2,4 we can use the eigenvalue map A to obtain
concentration inequalities for a,(f’) from the corresponding results for
v, on M$!(R), M!(C) and M (H). For other 3 > 0, the ‘eigenvalue
distribution’ an‘g does not emerge naturally from a matrix ensemble, so
this approach is not available.

A fundamental property of Gaussian measure v is that [ exp(e||z|?)
~(dx) is finite for some € > 0. The following result generalizes this fact
to ensembles with uniformly convex potentials.
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Theorem 3.6.4 Let v be a continuously differentiable and even function
such that v’ (z) > « for all real x and some o > 0. Then for0 < e < /8
there exists M < oo, independent of n, such that

/ exp(e]| X |12, ) vn (dX) < M. (3.6.9)
M3 (R)
Proof. We have a simple bound || X|l,, < v/n|X|.2(,) which we need
to refine. The unit sphere 5" (1) = {£ € R" : ||£]| = 1} is compact and
hence has a finite 26 net for each 6 > 0. We can select a maximal sequence
{& 7 =1,...,N} in S"(1) such that [|§; — &/ > 20 for all distinct
pairs j,k € {1,..., N}. Now the sets B(§;,0) ={n € R" : ||n—&;|| < ¢}
are mutually disjoint, and all contained in B(0, 1 + §); hence

< vol(B(0,1 4+ ¢)) _ (1+5>n

vol(B(0,5)) 5 (36.10)

Now we choose £ to be a unit real eigenvector of X, corresponding
either to Ay or \,, so that || X|,, = [(X&,&)]; then we choose j such
that ||§; — &]| < 24. The last step is possible, since we could otherwise
enlarge the maximal collection {{;}. By simple estimates we have

[ XTlop < XE; &) + (X5, €5) — (XE,6)

< 2l — €l X + (X5, €5}, (36.11)
SO
XE&: &
Xy < 1820

The function f; : (M:(R),*(n)) — R given by f;(X) = (X¢&,&;)

n
satisfies

[ 5:00m@x) =0 (3.6.12)
by symmetry, and has || fj||ri, = v/n; hence by Theorem 3.6.3 we have
v [ £ (X)] > s] < 2exp(—ans®/2) (s >0).

Taking 6 = 1/8 in (3.6.10), we deduce that N < 9" and so

N
vn | X]op > 2s] < ZVanj(X)l > s]
j=1

< 2.9" exp(—ans®/2). (3.6.13)
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Now we choose K so large that aK? > 8log 9, and split the integral
| el nax) = [ 2ese v 1X ]y > o] ds
M (R) 0

K oo
< / 2eset% ds + 4.9"5/ sele=ne/8)s" gg
0 K

cK? — 1+ 169" e*(ﬂ&*BE)KQ/g.
no — 8¢
(3.6.14)

We observe that the right-hand side is bounded as n — oo, hence we
can select M independently of n. O

For a large random matrix, there is the remote possibility that some
eigenvalue is very large. The following result shows that even this occurs
with small probability. We introduce the space [[)2, M;:(R) of se-
quences (X,,)%2 of real symmetric matrices of increasing size, endowed
with the probability measure ®72 ;v,. The corresponding sequence of

empirical eigenvalue distributions in (p, )52 ;.

Corollary 3.6.5 Let v be as in Theorem 3.6.4. Then for all § > 0 and
A >0, the event

[ttn  has support in [—n®A,n° A]  for all but finitely many n|
(3.6.15)
has probability one with respect to @3 vy, .

Proof. Clearly the support of p, is contained in [—|| X, lop, | X0 |lop], SO
we use Theorem 3.6.4 to bound the probability that u, has support
outside [—n® A, n? A], thus obtaining

exp(€n26A2)V7l[HXn||0P > néA] S /exp(‘s”Xn”?)p)Vn(an) S M

(3.6.16)
Hence

> vnlllXnllop > n’A] <) Mexp(—en® A%) < o0;  (3.6.17)

n=1 n=1

so by the first Borel-Cantelli Lemma (Theorem 1.1.7), the event
11X llop > n’ A for infinitely many distinct n] (3.6.18)

has probability zero. Taking complements, we obtain the stated
result. d
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3.7 Concentration for rectangular Gaussian matrices

¢ Wishart considered rectangular matrices with IID Gaussian entries.
* The joint distribution of the singular numbers is known.

¢ Concentration inequalities hold for the joint distribution.

* The distribution of the smallest singular number is hard to deal with.

In previous sections we have considered normal matrices, which are uni-
tarily similar to diagonal matrices. In this section we consider probability
measures on the space M, «, (R) of real m x n matrices, for which the
singular numbers are important. In particular, we obtain some results for
rectangular Gaussian matrices which are consequences of the preceding
theorems on symmetric Gaussian matrices. Rectangular Gaussian matri-
ces were introduced by Wishart and others in the context of multivariate
statistics, and have been studied by many authors.

We begin with an elementary case from [104]. Suppose that Y is an
m x m real matrix with entries that are mutually independent N(0,1)
random variables Yj;; then certainly we have ||Y|| > max; |Yj;|. The
asymptotic distribution of the right-hand side is given as follows.

Definition (Gumbel distribution). The Gumbel distribution is the prob-
ability distribution on R that has cumulative distribution

G(z) = exp(—e™") (r € R).

Proposition 3.7.1 Let Z; (j = 1,...,m) be mutually independent
N(0,1) random variables, let M,, = max{Zi,...,Zy} be their mazi-

mum and introduce the scaling constants a,, = (2log m)l/2 and

by = (2logm)'/? — 271 (21ogm)~'/2 (log log m, + log 47). (3.7.1)
Then

P[am (Mm - bm) < I] - G(gj) (m - OO)

Proof. We observe that the tail of the Gaussian distribution satisfies

> e=5" /2
s V2T
6—52/2

= T (1 + 0(8*2)> (s — 00) (3.7.2)

U(s) =
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due to elementary and familiar estimates. Likewise, one can easily show
that

P Mm Sbm+i:| :P[Z] Sbm+i7j:1,,m:|
Qa

" an
_ (1 _ w(bm n %))m (3.7.3)

where

T 2z — loglogm — log 4w
m + — = (21 1/2
b + Qm (2logm)7~ + 2(21logm)/2

has b,, + z/a,, — oo as m — oo and
2
(bm + i) = 2logm + 2z — loglogm — log 47
a/m

(22 — loglog m — log 47)?

3.74
8logm ’ ( )
hence
N2
exp(—%(bm + ﬁ) ) e—o+o(1) m - o0)
= — ,
(bm + ﬁ) V2 m
S0

(1 - \I/(bm + %))m — exp(—e™") (m — o0).  (3.7.5)
0

Let Y be a m x n real matrix with mutually independent standard
Gaussian N(0,1) random variables as entries, and let S = Y'Y have
nonnegative eigenvalues s1 < s9 < --- < s,,. If m < n, then rank S < m,
so at least n—m of the s; are zero. We suppose henceforth that m = |An|
where A > 1, so m > n. Let

Al ={s=(s1,...,8,) ER":0< 51 <--- < s},
be endowed with the ¢2(n) norm.
Proposition 3.7.2 (i) EY}_, s; = mn.

(i) There exists g > 0 such that for 0 < & < g there exists M.,
independent of n and A, such that

Eexp(ﬁ) < M..

(iii) For 6 > 0, the largest eigenvalue of S satisfies

5 —6716
P[s, > n'"%] < M. exp (1 n )\). (3.7.6)
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Proof. (i) We have

n n

Z s; = trace S = trace Y'Y = Z Z[Y];{]2 (3.7.7)

j=1 j=1k=1

where the entries [Yj;] have a N(0,1) distribution; hence the result.
(ii) Let X € M; ., (R) be a matrix from the Gaussian orthogonal

m-+n

ensemble as in Section 1.5. Then we obtain Y/4/2(m + n) as the top
right corner of X, so
Sn 1

= Y'Y ||,

sl e ol
C2m4n)ll LYt 01, ®)
X1 () (3.7.8)

m+n
The result now follows directly from Theorem 3.6.4.
(iii) This follows from (ii) by Chebyshev’s inequality. O

A

Olkin [123] provides a survey of the distributions of random matrices,
using algebraic arguments similar to the following proof.

Lemma 3.7.3 (Hua). Let f(X'X) be a probability density function with
respect to Lebesgue product measure dX on the entries of X € My, «n(R)
form >mn;let S = X'X. Then there exists C(m,n) > 0 such that S has
distribution

C(m,n) f(S) det(S) " ="~/ L5 dS (3.7.9)

where dS is the product of Lebesgue measure on entries on or above the
leading diagonal of S € M} (R).

Proof. The joint distribution of the elements of S on and above the
leading diagonal is f(S)h(S) dS, where h is a function to be determined.

For each row §; of X and nonsingular A € M, »,, (R), the linear trans-
formation &; = n; A of the row 7; has Jacobian | det A|; hence the trans-
formation X = Y A has Jacobian | det A|"™. With V = Y'Y, we find that
the distribution of the entries of V' is f(A'V A)h(V)| det A|™dV .

Now the scaling transformation S = a?V where a > 0 gives dS =
a""*1dV since there are n(n + 1)/2 entries of S on and above the
leading diagonal. More generally, the linear transformation S = A'V A,
with A € M, x, (R) nonsingular, gives the joint distribution

f(S)h(S)dS = f(A'VA)h(A'V A)| det A" T1dV. (3.7.10)
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Equating these expressions, we find that
(V)| det A|™ = h(A'V A)|det A|" 5 (3.7.11)

so that with V.= I and B = A'A we have h(B) = C(m,n)
(det B)(m="=1)/2 where C(m,n) = h(I). O

Definition (Chi-squared distribution). A random variable ¢ has a x2(k)
distribution when it has probability density function
@) 2(k/2) =1 =2 /2
PR = Dok (k/2)
0, =x<0. (3.7.12)

x> 0;

A standard result states that if (; (j = 1,...,k) are mutually indepen-
dent N(0,1) random variables, then Z?:l ¢? has a x*(k) distribution.

Exercise. (i) Show that py(z) is largest at x = k — 2 when k > 2.
(ii) Use integration by parts to show that

00 k/2,—a/2
dz < k—2>0).
/a p(@)de < ) (@ >0)
(3.7.13)

(iii) Suppose that £ = X* where X ~ x?(k). Show that

L D((k+9)/2)
as k — oo.

The following gives a noncommutative x? distribution.

Proposition 3.7.4 (Wishart). Let S be as in Proposition 3.7.2. Then
the joint eigenvalue distribution of S is

on(ds) = Z(n,\)~ exp( Z )(Hsj)

X H (s — Sj)IAg (s)dsy ...ds, (3.7.14)

1<j<k<n

m—n—1)/

where the normalizing constant is
2m\n/2 m+1 n+1l—j
Z(n,\) ( ) HP( )r( > ) (3.7.15)

Proof. In Lemma 3.7.3 we let S = X*X and

FX'X) = (2m)7""/? exp(—2 7 trace(X' X)) (3.7.16)
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so that the entries of X € M,, «,(R) are mutually independent Gaus-
sian N(0,1) random variables. The ordered eigenvalues of S satisfy
trace(X'X) = >0, s; and detS = [[}_, s;; furthermore, the Jaco-
bian of the map S + (s;) contributes a factor J[,;_;<,(sk — ;).
These give the variable terms in the probability density function. We
omit the lengthy calculations that are needed to compute the numerical

constants. 0

We change variables to s; = nz; and introduce the potential function

V(z) = %Z(x] — (A —1)logx;) +§ Z

j=1 J#k:g,k=1

__x| (3.7.17)

In view of Proposition 3.7.2(ii) the scaled eigenvalues x; are concen-
trated on a bounded interval of the real line, so there is no great loss in
truncating the distribution to a bounded interval [0, K] where we can
use previous theory to obtain a more precise concentration inequality.

Theorem 3.7.5 (Eigenvalue concentration for the Wishart distribution
[170]). For 0 < K, < oo and n =1,2,... there exists Z > 0 such that

v(de) =2Z"" exp(—V(a:))IM no0.x] ()dzy ... dxy, (3.7.18)

defines a probability measure. Furthermore, v satisfies the transportation
inequality on (A" N[0, K]", (*(n))

4 2
W- < ——Ent . 7.1
2(p7’/)—(>\_1)n2 Il(p,l/) (37 9)
Proof. The function v(z) = (z — (A — 1) log )/2 satisfies
A-1_2x-1
!
Hence V is uniformly convex on (A7 N [0, K]",¢*(n)) with constant
n?(A —1)/(2K?), so we can apply Theorem 3.5.2. O

Proposition 3.7.6 (Polar decomposition). Let Y be a n x n Gaussian
random matriz with mutually independent N(0,1) entries. Then with
probability one, Y has a polar decomposition Y = USY? where S is a
nxn real symmetric matrix with eigenvalues jointly distributed according
to o, and U is a real nxn orthogonal matriz that is distributed according
to Haar measure on O(n).

Proof. We choose S = Y'Y, which is invertible with probability one, and
the eigenvalue distribution of S is specified in Proposition 3.7.4. Now we
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observe that U = Y (Y*Y) /2 satisfies UU* = I; so there exists a Borel
set K C M, (R) of full Gaussian measure such that ¢ : K — O(n) :
oY) = Y(Y'Y)"/2 is well defined. For V € O(n), the matrices VY
and Y have equal distributions, and hence the maps Y — ¢(Y) and Y —
©(VY) induce the same probability measure on O(n) from the Gaussian
measure on K; but o(VY) = Vo(Y), so the induced probability mea-
sure is invariant under translation and hence must be Haar measure

on O(n). O

Remarks. In Proposition 3.7.6, we do not assert that U and S are
independent. In Exercise 3.9.7, we give an alternative approach to polar
decomposition.

The following result was used by Silverstein [140] to analyze the smallest
singular values of large Wishart matrices. General concentration theo-
rems are not ideally suited for dealing with smallest eigenvalues and
singular numbers, so his proof involves a reduction process that makes
use of the special invariance properties of Gaussians.

Lemma 3.7.7 (Silverstein). Let Y be a n x n Gaussian random ma-
triz with mutually independent N(0,1) entries. Then there exist random
matrices U,V € O(n) and nonnegative random variables & and ny such
that:

(i) the & and n; are mutually independent;
(it) & ~x*(j) for j=1,...,n, and n; ~x*(j) for j=1,...,n—1;
(tii) UY'V is lower triangular, with the & on the leading diagonal and
n; on the diagonal below, with all other entries zero; so

¢, 0 0 0 0
Thn—1 571—1 0 0 0
0 Mn—2 571_2 0 ‘e 0
Uyv= |, . : (3.7.21)
0 0 e 2 52 0
_0 0 e 0 m 51_

Proof. We select U and V' by the following iterative process. We let
Ry be the first row of Y, and let &, = ||Ri|lp2; so & ~ x*(n). Now
we let V; be an orthogonal matrix with first column R} /|| Ry || and the
other columns chosen by the Gram—Schmidt process; so that V; depends
statistically on the row Rj, but is independent of the other rows in Y.
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Then

§y 3 O

YV, =
Yo o

(3.7.22)

where C; is a (n — 1) x 1 random matrix with mutually independent
N(0,1) entries, Z; is a (n — 1) x (n — 1) random matrix with mutually
independent N(0,1) entries, and Cy,Z; and &, are mutually indepen-
dent. Next we let 0, _1 = ||C1]|,2 so that n?_; ~ x*(n — 1) and form

1 0

U: A
Yo 0

where U, € O(n—1) is chosen with first row C! /||Cy]|s» and the remain-
ing rows given by the Gram—Schmidt process. Then we have

571 0

UYV, = | o
1 1 0 Y1

(3.7.23)

where Y7 is a (n — 1) X (n — 1) random matrix with N (0, 1) entries, such
that the entries of Y7, &, and n,_; are mutually independent.

We repeat the construction for Y7 by choosing Vo € O(n — 1) and
Uy € O(n — 2) such that

§n—1 0

1 0 M —2
Yy

ViV =

where Y3 is a (n — 2) X (n — 2) random matrix with N (0, 1) entries, such
that the entries of Y5, &, _1 and 7, _o are mutually independent.

By repeating this process, we obtain smaller and smaller matrices Y;
and unitaries of the form

I 0
U, = { : 3.7.24
Lo UJJ ( )
such that U,,_y ... U1 Y V; ...V, has the required form. [l

Exercise. Let Y be a n x n Gaussian random matrix with mutually
independent N (0, 1) entries.

(i) Use Proposition 3.7.6 to show that for s > —1/2,

Eldet V[* = 2% [ W

Jj=1
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(ii) By differentiating this formula at s = 0, deduce that

I"(j/2)
I'(G/2)

1 n
Elog|detY| = glog2+ 52
j=1

Remark. Szarek [151] observed that the &; and 7, in (3.7.21) are close to
their mean values, so the singular numbers of Y are with high probability
close to the singular numbers of the constant lower triangular matrix

[n!/2 0 0 0 0]
(n—1DY2 (n-1)Y% 0 0 0
0 (n—2)"2 (n-2)Y/%2 0 0
A= . :
6 6 21/2 21/2 b
0 0 0 1 1]
SO
A = [diag(n — j + 1)'/?)(I + R) (3.7.25)

where R is the operator

00 0 0 0
100 0 0
R0 10 0 0

(3.7.26)

000 ... 10
Proposition 3.7.8 The singular numbers of A satisfy
nHk+ DY <s, 1 (A) < (k+2)n/vn  (k=0,...,n—1).

Proof. We express the previous equality as A = D(I + R), and observe
that [|[(I + R)|| <2 and

IT+R) " =|I-R+R*—---+(-1D)" 'R <n  (3.7.27)

Hence by Proposition 2.1.3, we have n='s, (D) < s, x(4) <
2s,,_1.(D) where s, (D) = (k4 1)!/2. For small k, we can improve
the right-hand side of this inequality.

We let B be the matrix that arises by replacing 0 by n'/? in the
top right corner of A, and let T" be the permutation matrix that arises

by replacing 0 by 1 in the top right corner of R; then B = D(I + T).
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Since B — A has rank one, the theory of singular numbers gives s, (A) <
$p—1(B). Further, T is a unitary matrix with eigenvalues given by the
roots of unity of order n; so I — T is unitarily equivalent to the operator
[diag(1 + e2™k/™)]. Now

|14 ¥ /" | = 2| cos(nk/n)|  (k=0,...,n—1)

gives the sequence of singular values of I + T in some order, so by
considering cases of odd and even n, one can determine the singular
numbers and show that s, (I +7T) <7w(k+1)/nfor k=0,...,n— 1.
Hence

Snfk(A) S Snflfk(B) S ||D||3n717k(I+T) S (k+ 2)7’(/\/5

O

From these and similar estimates, Szarek obtains detailed results on the
distribution of the upper bounds on singular values of Y. Lower bounds
on the singular values are more difficult to achieve, and are important
in applications to random numerical algorithms. At the time of writing,
the following result of Rudelson seems to be the best known; the proof
involves subtle arguments from the geometry of Banach spaces relating
to almost Euclidean sections of convex bodies. Note that the lower bound
on s, of n=! in Proposition 3.7.8 deteriorates to n=3/2
from the constant matrix A to the random matrix Y. For geometrical
applications of these results, the reader can consult [53].

once we return

Proposition 3.7.9 (Rudelson [136]). Let Y be a n x n Gaussian
random matriz with mutually independent N(0,1) entries. Then there
exist absolute positive constants c; such that for all k = 1,...,n and
3/2

an3% <t < ek/n, the singular numbers satisfy

C3 tk

vn

with probability greater than 1 — ¢y exp(—csn) — (cgtn/k)*.

S (Y) > (3.7.28)

Furthermore, for ecin™ Y2 < e < ¢y,
sp(Y) > cren~3/?
with probability greater than 1 — ¢4 exp(—csn) — €.

Proof. See [136]. O
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3.8 Concentration on the sphere

* The Gaussian concentration inequality gives the concentration of mea-
sure phenomenon for the spheres S (1).

* Riemannian manifolds with uniformly positive Ricci curvature satisfy
a concentration inequality.

In Section 1.4 we obtained the Prékopa-Leindler inequality for FEu-
clidean space. Cordero—Erausquin proved an analogue of this result for
the rotation invariant measure on the spheres in Euclidean space by con-
sidering the notion of optimal transport on the sphere. Given a suitable
Prékopa—Leindler inequality, one can follow the same path as in Sec-
tion 3.5 and deduce concentration inequalities. However, in this section
we take a short-cut: the concentration inequality for Gaussian measure
implies the concentration inequality for the Euclidean spheres.

The orthogonal group O(n) acts naturally on the sphere S"~1(1) by
x +— Ugz; hence there is a single orbit S"~*(1) = {Ue : U € O(n)}
for any e € S"!(1) and the stability group {U € O(n) : Ue = e} is
O(n —1). Thus the map U — Ue induces surface measure o, _; ; from
Haar probability measure jo(,) on O(n). Let (ex)j_, be the standard
orthonormal basis for the /2 norm on R".

Proposition 3.8.1 Under the natural actions of the classical groups on
the spheres, given by U — Ue, there are the following homeomorphisms:

50(n)/SO(n —1) = 8§""' SU(n)/SU(m —1) = 2",
Sp(n)/Sp(n —1) = §4n -1, (3.81)
Proof. See [36]. .

We continue with some comments on the metric structure. On
S"~1(1), there are several natural metrics that are invariant under this
action; in particular:

* ||z — ylls, the chordal distance between z,y € S"~1(1);
* p(z,y), the geodesic distance, namely the distance along the shorter
arc of the great circle that passes through x and y.

By simple geometry we have
T
lz —ylle < plz,y) < §H$ —Y|le2, (3.8.2)

with |[Uz — Uyl = [|x = ylle2, p(Uz,Uy) = p(z,y) and p(z,y)/||z —
Yllz = Lasz —y.
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Definition (Metrics). The standard metric on S"~!(1) is the chordal
metric for the 2 norm on R".

Theorem 3.8.2 (Lévy). Let f: S"~1(1) — R be a Lipschitz function
such that || f||Lip < L. Then there exists a universal constant ¢ > 0 such
that

On— ll{xesn 1( ) /de'n 11|>t}<46_(t2n/L (tGR)
(3.8.3)

Proof. Following [117], we deduce this result from the concentration
of measure for the standard Gaussian 7, on R™. Let £ = (&,...,&,)
be mutually independent N(0,1) random variables; then & has the
same distribution as U¢ for any U € O(n), by the basic invariance
properties of Gaussian measure as in Lemma 1.5.1. Hence we pick ey €
S"~1(1) and integrate with respect to U and obtain for any continuous
h:S" (1) — R:

[ wtehiehne = [ [ bwe/lehmdnon @)
R" O(n) JR"

= [ heoq(av); (38.4)
O(n)
hence we obtain the identity

/h(ﬁ/lléll)%(df)= / WQ)ow 1a(de).  (385)
R" Sn=1(1)

Suppose without loss that f fdo,—1,1 = 0; then the f vanishes at
some point on S"71(1) and hence f is bounded with upper bound
Ldiam (S"71(1)), so |f| < 2L. Next we introduce the function

o) = lellf () (3.86)

which is Lipschitz with constant 4L since

o) —gt) = lell (7 (yp) = () + Ul = )7 (o) (387)

and hence

T Y
l9(x) — 9(y)] < L||ac||HW - WH +2Llje — y|

1
ool = 1o vy~ )|+ 220 =l
<AL|lx —y||. (3.8.8)
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Further, one can check by calculation in polar coordinates that
foo e /2 dy
w(dr) = og 2
[ telbntan) = 2
_ V2((n+1)/2)
- T(n/2)
=+/n (n — 0). (3.8.9)

Now we have, for t > 0 and 0 < § < 1, the inclusion of events

[1£Ge/le)] > 1] € [lg(@)] > 1(1=8)va] U [zl < (1)), (3:8.10)

and hence by Corollary 3.5.4,

on-11[lf| > 1] < llgl > (1 = 0)v/n] + [z < (1 -0)v/n]
< 2exp(—nt? (1 —0)*/(32L /a)) + exp(—and® /2).
(3.8.11)

By choosing § = t/(4L + t) we obtain the inequality
on_11[|f] > 1] < 3exp(—nt’a/(2(t + 4L)?)) (t>0);

where only the values 0 < t < 2L are of interest due the upper bound
on |f]. O

The sphere S”~!(R) has constant sectional curvature R=2. The pre-
ceding result extends to other manifolds with positive curvature.

In Section 2.4, we defined the Ricci curvature tensor for Lie groups.
There is a corresponding definition for a Riemannian manifold M, where
the Lie algebra g is replaced by the tangent space to M at each point of
M. We shall state the isoperimetric inequality in general, and apply it
only in the case of Lie groups. The normalized Riemannian measure on a
compact Lie group coincides with Haar measure, since Haar measure is
the unique probability measure that is invariant under left translation.
In the next section we compare the Riemannian metric with the standard
metric on the classical compact Lie groups.

Theorem 3.8.3 (Gromov-Lévy). Let M be a smooth compact Rieman-
nian manifold, and let o be the Riemannian volume form, normalized so
as to be a probability measure. Suppose further that there exists Kk > 0
such that the Ricci curvature satisfies Ric > kI in the sense that the
Ricci tensor Rijre and the Riemannian metric gj. satisfy Y, Rejor >
kg;k at all points on M. Then any 1-Lipschitz function f : M — R such
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that [, f(x)o(dx) = 0 satisfies

/w exp(tf(z))o(dz) < exp(t?/r) (t € R). (3.8.12)

Proof. This statement appears in D. Cordero—Erausquin et al. [51]. See
also [69]. O

Corollary 3.8.4 (Concentration for Riemannian manifolds). Let M,
be smooth compact Riemannian manifolds with normalized Riemannian
measures o,, and suppose that Ric(M,) > k,I, where k, — oo as
n — oo. Then (o,) satisfies the concentration of measure phenomenon.

The sharp form of the Sobolev inequality for the sphere was obtained by
Beckner by a delicate symmetrization argument. Note that as n — oo,
the constant in the inequality improves, whereas the permitted range of
values of p contracts.

Theorem 3.8.5 Suppose that F € L*(S™) has gradient VF € L?(S™).
Then
p—2

IF N 50y < NFI (5n) + THVFHQL?(S“) (3.8.13)

where 2 < p < oo forn=1andn =2, and 2 < p < 2n/(n — 2) for
n > 3.

Proof. See [12]. O

Exercise 3.8.6 By differentiating this inequality at p = 24, deduce

that
2
F?log (FQ//F2d0> do < f/ IVF|?do.
Sn n n

These inequalities lead to concentration inequalities for Lipschitz func-
tions on the spheres, and to related isoperimetric inequalities.

3.9 Concentration for compact Lie groups

¢ The Riemannian metric is equivalent to the standard metric on com-
pact Lie groups.

* The Gromov-Lévy concentration inequality implies concentration of
measure for the families of classical compact Lie groups.

e Their eigenvalue distributions also exhibit concentration of measure.



Entropy and concentration of measure 127

We introduce the normalized Hilbert-Schmidt metric of ¢*(n) on
M, (C) by

1 N\ 1/2
X = ¥z (o) = (Etrace(X V)X -Y) ) . (39.0)

and the matching metric of £2(n) of C* by [|IA—pllez(n) = (- Y272 [N —
12y1/2

)1

Definition (Standard metrics on the classical groups). The standard

metric on O(n), U(n), SU(n) and SO(n) is the ¢(n) norm; the standard

metric on Sp(n) is the ¢*(2n) norm.

There are several invariant metrics on O(n), and the following give
equivalent formulae for the normalized Hilbert—Schmidt norm:

U= VI o) = trace, [ WUV VWi @)

- / 1T = Vel our1 (de)
Sm=1(1)

1 n
- Z |Uer — Ver|2.
k=1

Lemma 3.9.1 Let G = SO(n),U(n), SU(n) or Sp(n), and let g be the
corresponding Lie algebra. Then for all U,V € G, there exists A € g
such that UV~ =exp A and

2
;HAHcZ(n) < ”U - V”c'z(n) < ”AHcZ(n)' (3'9'2)

Hence the Riemannian metric d(U,V) is Lipschitz equivalent to the
standard metric, so

4 2
e < — 2 < — . 9.
T nd(U, V) <|U=V]. (n) = \/’Ed(U, V) (3.9.3)

Proof. Suppose that G = U(n). We introduce W € G and a diagonal
matrix D such that UV"' = WDW ! and D = diag(e'’’) where 0; €
(—m,m]. Then UV~ = exp A where A = WBW ™! with B = idiag(6;)
and

2721 o 1 1 <
) =Dy ek < - WP <=y 0,2 3.9.4
(£) DL M P
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so that

2
;”A”cz(n) < HD - I”cz(n) < ”Ach(n)v (395)

and the desired inequality follows.

In the case of G = SO(n), we replace D by some element of the max-
imal torus, and B by an element of the corresponding Lie algebra as in
Proposition 2.3.6.

With the standard Riemannian structure on G from Proposition 2.4.1,
d(U, V) is the distance along the one-parameter subgroup exptA from I
to UV™!. Further, the Riemannian metric is given by the invariant inner
product

1
(A,B) = —%trace(AB) = §trace(AB*) = g(A,B>Cz<n) (A, B eg).
(3.9.6)
U

Theorem 3.9.2 Let p, be Haar probability measure on U(n) and
let F : (U(n),*(n)) — R, be an L-Lipschitz function such that
fU(n) F(U)uyn (dU) = 0. Then there exists an absolute constant ¢ > 0
such that

/U L SO ) Sl L2t} (ER). (397)

Similar statements hold for SO(n), SU(n) and Sp(n).

Proof. By Lemma 3.9.1, we have
F(u) - F(v)] < f/’%dw, V) UV eUm) (3.9.8)

so F is (2L/+/n)-Lipschitz for the Riemannian metric. The Ricci cur-
vature of U(n) satisfies Ric > ¢n by Exercise 2.4.2, hence the result by
Theorems 3.8.3. The Ricci curvature of SO(n) is (n — 2)I/4 by Exercise
2.4.2. (]

For compact Lie groups G, there are probability measures at four main
levels:

e Haar measure on ug(dg) on G;

¢ the joint eigenvalue distribution og (d\) on the maximal torus 7*;
* empirical eigenvalue distribution 1 ijl dexp(in;) on T;

¢ equilibrium measure df/2mw on T.



Entropy and concentration of measure 129

Given a unitary matrix U, there is a unique way of listing the eigenvalues
according to multiplicity €%, ..., e sothat 0 < 6, < --- <6, < 2m;
hence we can introduce the eigenvalue map A : U(n) — T" : U —
(€' );-”:1. Let p, be a probability measure on U(n), and let o, be the
joint eigenvalue distribution; that is, the measure that is induced on T"
from p, by A so

Tn

FAW))on (dU) = /U W) (3.9.9)

When convenient, we can relax the ordering and permute the eigenvalues
on T.

Corollary 3.9.3 [18] Any 1-Lipschitz function F : (T",/*(n)) — R
such that [, F(©)o,(dO©) = 0 satisfies

/n exp{tF (e, ... e )}0,(dO) < exp{ct®/n*} (teR).
(3.9.10)

Proof. On account of Theorem 3.9.2 and Proposition 2.7.1, this follows
directly from the following variant on Lidskii’s Lemma. 0

Lemma 3.9.4 (Lidskii’s Lemma for unitaries). The map A : (U(n),

c(n)) — (T",0%(n)) is K-Lipschitz for some finite K that is indepen-
dent of n.

Proof of Lemma 8.9.4. Let u and v be unitary matrices, and let A and
B be self-adjoint matrices such that u = e'4 and v = ¢'. We suppose
that the eigenvalues of A and B are

0<60, <6 <--<0,<2r and 0<¢ << - <9, <27

(3.9.11)
respectively. By Lidskii’s Lemma [144], we have
IR i o\ 12 1 1/2
(=0l =) "< (22010 = 65) < A= Bl
j=1 j=1
(3.9.12)

To convert this into a condition involving u — v, we employ a functional
calculus argument. We form a partition of unity on T by taking the
overlapping quadrants Q; = {e' : 0 € [jr/4, (j+2)m/4]} forj=1,...,8
and introduce twice continuously differentiable functions h; : T — [0, 1]
such that h;(e’?) = 0 for ¢’ outside I; and Z?:1 hj(e'?) = 1. Next we
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let g;(e'?) = 0h; (") and extend it to give a 27 periodic function with an
absolutely convergent Fourier expansion g;(0) = >, .5 §;(k)e’*’. Then
we define

oo oo

gi(A) = D gkt = " gkl (3.9.13)

k=—00 k=—o00

likewise we define g;(B). Then we estimate

ng( - 9;(B ’ Z g;(k (u" = ")

k=—0c0

< ( > k%(k)ﬁ)”?

k=—o00

c*(n)

e B 1/2
(3 R =)
k#0;k=—o00
(3.9.14)

by the Cauchy—-Schwarz inequality. Using the fact that ¢?(n) is a matri-
cial norm, one can easily check that [|u* — v*||.2(,) < [K[[lu — v][c2 (s for

all k € Z, hence

27
0 do\1/2
. — 9 < — " 222 — 2 J.
9 (A) = g5 (B) 2 ) < \/3(/0 GO ) u=vloq (3915)

since 72 /6 = > o0 | k2.
Since 6 = ijl gj(8), we have A = 25:1 gj(A) and we can use the
preceding estimates to obtain a constant K such that

8
1A = Blle2 ) Z |9;(A (B)|| < Kllu—=vlle2

O

Exercise 3.9.5 (Alternative proof of concentration of measure on the
spheres). Let S"~!(1) be the unit sphere in R" with the ¢* metric, and
SO(n) the special orthogonal group with the Riemannian metric d, as
Lemma 3.9.1.

(i) Let e € R™ be a unit vector, and let A : SO(n) — S"~1(1) be the
map A(U) = Ue. Show that A is 1-Lipschitz, and that A induces the
normalized surface areas measure o,, on S"~1(1) from Haar proba-
bility measure on SO(n) .
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(ii) Deduce from Theorem 3.8.3 that if f : (S"71(1),/’) — R is 1-
Lipschitz, and that [ f(z)o,(dz) = 0, then

| ep(tf@)a,(ds) < explet/m)  (tER)
Sn-1(1)

where c is a constant that is independent of ¢ and n.

Problem 3.9.6 Can one deduce Theorem 3.9.2 from Corollary 3.5.4,
and thereby avoid the more difficult Theorem 3.8.37

Exercise 3.9.7 In the polar factorization of matrices, the orthogonal
factor can be expressed as the closest point in the orthogonal matrices;
see [162, p. 123]. Let X be an invertible n x n real matrix. Then there
exists a unique R € M?(R) and U € O(n) such that R > 0 and X = RU.
Further, U is uniquely characterized by the condition

IX = Ulleey < IX = V@ (V €O(m). (3.9.16)

(i) Show that the condition (3.9.16) is equivalent to trace(XU') >
trace(XV?") for all V' € O(n). By considering V = exp(S)U with
S skew-symmetric, deduce that XU? is symmetric, and hence that
the eigenvalues of XU' are nonnegative.

(ii) Let U = P(X); show that P(XW) = P(X)W for all W € O(n).

(iii) Let vjx (1 < j,k < n) be mutually independent N(0,1) random
variables, and let X = [v;,/y/n]. Show that P(X) is distributed
according to Haar measure on O(n).

Exercise 3.9.8 Let u, be Haar measure on T”. Use Lemma 3.4.3 and
the concentration inequality for T = SO(2) to show that any 1-Lipschitz
function F : (T",¢*(n)) — R such that [, F(©)u,(d©) = 0 satisfies

/ exp{tF (e ... e )V}, (dO) < exp{ct® /n} (teR).

Remark. In Exercise 3.9.8, the concentration inequality does not im-
prove with increasing n since the factor of 1/n in the exponent arises
solely from the scaling of the metric. Hence the measure o, in Corollary
3.9.3 has better concentration constant than does Haar measure p,, . At
the start of Chapter 4, we shall see why this is the case. In Section 10.6,
we shall show that the dependence of the concentration constant upon
n in Theorem 3.9.2 is optimal.



4

Free entropy and equilibrium

Abstract

In this chapter we are mainly concerned with one-dimensional electro-
static problems; that is, with measures on the circle or the real line
that represent charge distributions subject to logarithmic interaction
and an external potential field. First we consider configurations of elec-
trical charges on the circle and their equilibrium configuration. Then we
review some classical results of function theory and introduce the no-
tion of free entropy for suitable probability densities on the circle; these
ideas extend naturally to spheres in Euclidean space. The next step is
to introduce free entropy for probability distributions on the real line,
and show that an equilibrium distribution exists for a very general class
of potentials. For uniformly convex potentials, we present an effective
method for computing the equilibrium distribution, and illustrate this
by introducing the semicircle law. Then we present explicit formulae for
the equilibrium measures for quartic potentials with positive and nega-
tive leading term. Finally we introduce McCann’s notion of displacement
convexity for energy functionals, and show that uniform convexity of the
potential implies a transportation inequality.

4.1 Logarithmic energy and equilibrium measure

Suppose that NV unit positive charges of strength 5 > 0 are placed upon
a circular conductor of unit radius, and that the angles of the charges
are 0 < 0 < by <--- <0y < 2m. Then the electrostatic energy is

E=8 ) log; (4.1.1)

et — eifi |’
1<j<k<N

132
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As N — oo, one would expect the charges to seek a configuration that
minimizes the energy, and to move to a configuration in which they are
uniformly distributed around the unit circle. We can calculate the energy
exactly when the charges are equally spaced around the unit circle.

Proposition 4.1.1 Suppose that 6, = 2w(k — 1)/N for k =1,...,N.
Then

E = —gNlogN. (4.1.2)

Proof. The points €' are equally spaced around the unit circle, and
le?i — €% | depends only upon |j — k|, so we have

N
SIS TEERIEE S S

1<j<k<N
N-1

N k
:—% Zlog’Qsin%|. (4.1.3)

The Gauss—Legendre multiplication formula [169]

['(2)[(z 4+ 1/N)[(z 4+ 2/N)...T(z + (N —1)/N)
= (2m) VD2 NL/2- Mr(Nz) (4.1.4)

and the familiar identity I'(2)I'(1 — z) = wcosec mz combine to give

Aﬁl (2 sin %T) = N; (4.1.5)
k=1
hence
—B ) logle — e = w. (4.1.6)
1<j<k<N
O

We note that, as N — oo,

1 N-1

. Tk ! .
i 2 log | sin W| — /0 log | sinwf|df = —log 2, (4.1.7)

where the value of the integral is due to Euler [35, p. 245].
When we choose a random element of SU(N + 1), the eigenvalues
(e )N+1 have a distribution specified by Proposition 2.7.1, so that the
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6; are random, subject to the joint distribution

oSl @0) =2zt [ 1€ — | dordo, ..oy (4.1.8)
1<j<k<N+1

with 8 =2 and Z;.lel 0; = 0. Then we would expect that the §; would
tend to form a uniform distribution round the circle as N — oo since
the uniform distribution appears to minimize the energy. In Chapter 5,
we investigate this further.

The logarithmic term in the electrostatic energy is sometimes called
a Coulomb interaction, and some authors refer to the study of E as the

statistical mechanics of a Coulomb gas [94].

Definition (Logarithmic energy). Let v be a probability measure on R"
that has no atoms and is such that

1
/ /R o OB vV (dy) (4.1.9)

converges absolutely. Then we say that v has finite logarithmic energy.
The logarithmic energy satisfies, for suitable probability density func-
tions, the formula

//R YR log = i o f(@)f(y) dedy
B <%)p:0 // . mdxdy, (4.1.10)

which contrasts with the formula for entropy

(x)log f(z)dx = (%)p:l/ f(z)? dx. (4.1.11)

R”

4.2 Energy spaces on the disc

The best place from which to view the circle is the unit disc D = {z € C :
|z] < 1}. In this section, we review some basic results concerning function
theory on D which are involved in random matrix theory, specifically
the definition of free entropy. Some of these are particularly relevant to
circular ensembles; others provide models of abstract constructions that
we require later.

Let L*(T) be the space of measurable functions f : T — C such that
fo% |f(€?)|?df /27 is finite, with the inner product

27
g = [ Fe®)ge) .

4.2.1
0 2r’ ( )
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often we use the complete orthonormal basis (/%)% of trigonomet-

n=—oo

ric characters.

Definition (Poisson kernel). The Poisson kernel is

(o)
1—72

P (0-9¢) = 1 —2rcos(6 — @) + r? - Z ritlemtv=e), (4.22)

n=—oo

and the Poisson extension of v € L?(T) is

d¢

- (z=re’ €D). (4.2.3)

u(z) = Pu= /0 ’ P.(6— q[))u(ew)

Theorem 4.2.1 (Fatou, [102]). (i) For each u € L*(T), the Poisson
extension of u gives a harmonic function on D such that

27 ] da 27 } d9
sup / |u(7°ew)|2— —/ \u(ew)|2— (4.2.4)
0 0

- b
0<r<1 2w 2

and u(re’®) — u(e?) almost surely and in L? asr — 1 —.
(ii) Conversely, let U be a harmonic function on D such that

2T
sup / |U(re')|2do/ (2r) (4.2.5)
0o<r<1Jo

is finite. Then there exists u € L?(T) such that U(z) = P.u for all
z € D.

Proof. We omit the proof, which may be found in [102], but note the
formula

(o)
u(re?) = > rlilg, e’ (4.2.6)
n=—oo
where (a, )32 _ . are the Fourier coefficients of w. O

Thus we can identify L?*(T) with the boundary values of harmonic
functions that satisfy (ii). For many purposes, D is a more convenient
domain.

Definition (Reproducing kernels). A Hilbert space of functions on a
set () is a Hilbert space H such that each f € H defines a function
f:Q — C, and such that f — f(w) is a continuous linear functional on
H for each w € Q). By the Riesz—Fréchet theorem, there exists a unique
kw € H such that f(w) = (f, kw)m; furthermore K(z,w) = (ky, k. )g is
called the reproducing kernel for H.
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Evidently K satisfies K (z,w) = K(w, z) and K (z,w) = k, (), so may
be viewed either as a function Q x Q — C or as a family of elements of
H parametrized by . When (2 is a metric space, we normally require
w — ky, to be injective and continuous for the weak topology on H.

Example 4.2.2 (Harmonic functions). Consider L?(T) as a function
space on D via Theorem 4.2.1, and observe that u(z) = (u, k)2 where
k.(¢) = P.(¢ — ) when z = re!. Evidently u is continuous on D as a
harmonic function.

Definition (Hardy space). Let H? be the Hardy space of analytic func-
tions f : D — C such that supy_,.; [|f(re’?)[>df/(2m) is finite; evi-
dently each f has a Taylor series f(z) =Y -, b,2" such that

Z|bn| = sup /lf |2d9 (4.2.7)

Example 4.2.3 (The Cauchy kernel for Hardy space). By Theorem
4.2.1, we can identify H? as the closed linear subspace of L?(T) spanned
by (e ”Ig)n o- Furthermore, by Cauchy’s integral formula, H? is a repro-
ducing kernel Hilbert space on D with kernels h,, (z) = 1/(1 — wz) since

f(2)dz 1 [ f(e”)dd

i = AR S A it
2mi Jp z—w 2w Jy 1 — sei(v=0) (w=se"). (4.2.8)

flw) =

Definition (Hilbert transform on the circle [102]). Let sgn(n) = n/|n|
for n # 0 and sgn(0) = 0. Then the conjugate function operator H :
L? — L? is defined by

H: Z ane™? — Z —isgn(n)a,e™’. (4.2.9)

Clearly H is a linear isometry such that H? = Py — I; furthermore,
R, = (I + Py +1iH)/2 gives the orthogonal projection L?> — H?>.

Proposition 4.2.4 (Conjugate function). (i) Let u € L*(T), and let

’ i 2rsin(f — t) 4y dt
0y = gy 4.2.1
v(re”) /,W 1—2rcos(d —t) + rQu(e )277 ( 0)

Then f = u+ iv belongs to H?, and the boundary values of v are

v(e) =p.v. /cot %u(e”)ﬂ

: 4.2.11
o ( )
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(ii) Now suppose that u € L'(T). Then the principal value integral for
v exists almost everywhere, and there exists an analytic function f on
D such that f(re'?) — u(e'?) +iv(e?) almost everywhere as r — 1 — .

Proof. (i) By summing geometric series, one can prove that

o0

. ‘"l ind _ i2rsin0 4919
Z isgn(n)rle 1—2rcosf +r?’ (42.12)

n=-—oo

and that as r — 1—, this gives the formal identity
= ; inf . 0
Z —isgn(n)e™’ =icot 7 (4.2.13)
Now v = Hu is the harmonic conjugate of u in the sense that v + iHu
extends by the Poisson kernel to define the analytic function f(z) =
ap+ Y rey 2a,2"

(ii) See [102, p. 78]. O

Definition (Dirichlet space). Let Vu € C? be the gradient of a contin-
uously differentiable function of two variables u : D — C. Let Dy be the
space of harmonic functions u : D — C such that «(0) = 0 and the area
integral is finite, so

or [ Ivuta) Py < . (1210
2w D

Dirichlet spaces play an important role in the theory of orthogonal
polynomials on the unit circle, and hence in random matrix theory for
compact Lie groups. See [145].

Proposition 4.2.5 The harmonic function u has finite area integral if
and only if

oo

Y Inlla(m) < oo (4.2.15)

n=—oo

i this case

—// |Vul|*rdrdd =

Proof. We can express the gradlent in polar coordinates V =
(0/0r,—id/rdd), and then calculate

¢%) |2 df dg
e“‘) — €l¢ o 21

(4.2.16)

> e am)e™? (jn),n) (4.2.17)

n=-—oo
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S0
2T
/ [Vu(re?) ||2 Z on?|a(n)?r2nl=2  (4.2.18)
0 n=—oc
and
1 : -
o //D IV u(re®)|Prdrds n:z_oo AP, (4.2.19)
Using >’ to stand for a sum excluding the index n = 0, we observe that
u(ew) - u(eid)) ! . eintd _ gind
ol _oio > in) ol _ oio
oo n—1
_ Z a(n) Z eikt‘)+i(n—k—1)¢
n=1 k=0
-1 oo
+ Z a(n) Z e hO=ilinl=1=R)o (4 .9.90)
n=—o0 k=0

wherein all of these characters ¢’‘“*"™¢ are orthogonal with respect to
dfd¢/(27m)? hence

JLI

cO)[Pdo do _ S Inlla(m)P. (4.2.21)

e”’ - e“l5 2m 2w
(]
Example 4.2.6 The inner product on D is
1 — > .
(u,v)p = ;/D Vu(z)Vu(z)dzdy = n;oo [n|a,b, (4.2.22)
when v(re’®) = S°°°  rlnlp,em? and u(re) = 300 rlnlg,em?.

Evidently the subspace of Dy that consists of analytic functions
is a reproducing kernel Hilbert space on D with kernels g,(z) =
log1/(1 —wz).

The identity h,(z) = e (*) that relates the reproducing kernels of
H? and Dy is no coincidence, for in the next result we show that the ex-
ponential function operates on analytic elements to Dy to give elements
of H?. We prove that [ef |2, < exp||ul}, .

Theorem 4.2.7 (Lebedev—Milin [124]). Suppose that u : D — R belongs
to Dy. Then

2T
do 1
) — < - 2dady). 4.2.2
/0 ¢ 2Wfexp(ﬁ//D||Vu<z>|| vdy) (4.2.23)
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Proof. We prove the inequality

/ exp( Z ane mg) <exp( Z [n||an | ) (4.2.24)

where a_,, = a@,. Let oy, = V/2|ay|; then let p(2) = Z;’il 2" and
P(2) = Ypo, Bez", where the (3, are chosen so that 1(z) = e?(*). We
need to show that [[¢[|3, < exp|l¢|3, -
Then ¢/ (2) = e#?)¢'(2) = 1(2)¢’(2), so by equating coefficients in
the power series, we have
n—1

Bo =~ (n—k)an k. (4.2.25)
k=0

Hence by the Cauchy—Schwarz inequality, we have

n—1

Ol < T 50— )l 416 (4.2.26)

k=0

We write Ay = k|ag|? and observe that |3|*> < By, where (B},) is the
solution of the recurrence relation

n—1
1
B = — —_— . . .
. nZ(n k)A,_1. By (4.2.27)
k=0
By =1=fp.

Now this has a similar form to (4.2.25), so we deduce that

ZBkz —eXp(Z Ay 2" ) (4.2.28)

k=0

setting z = 1, we obtain

Z 1Bel” < ZB’“ = exp(Z Ak) = exp(i k:|ozk|2), (4.2.29)

k=0

as required. O

Clearly there is a natural contractive linear inclusion map Dy — L? since
I fllpy > I fllz2; hence each h € L* defines a bounded linear functional
on Dy by f+ [ fhdf/2r.

Definition (Sobolev space). The space of harmonic functions

%)
h(rew)z Z r|n‘bnei,n9 (423())

n=—oo
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such that h(0) = 0 and > ° |n|7'b,| < oo is the homogeneous

n=—oo

Sobolev space H~1/2 also denoted Dj{. This space has the inner product

oo

b7lé7b
(k)i = Y T (4.2.31)

where k(re’?) = 3220 rl*le, . Evidently H~'/? is the dual space of

n=—

Dy under the pairing (u,h) = 3°°° __a,b,. The Sobolev space H~!/?

n=-—oo

should not be confused with the Hardy space H? of (4.2.7).

Definition (Energy spaces). In subsequent sections, we also require mea-
sures on subintervals of the real line, and hence some function spaces that
have a similar role to Dy and Dj;. We introduce the Green’s function for
the disc, namely

1—zw

G(z,w) = log’ (z,w € D) (4.2.32)

zZ—w

and the energy space, for [-1/2,1/2] C D,

Bt — {,u € M, [-1/2,1/2] : //[_1/2‘1/2]2 G(z,y)p(dz)u(dy) < oo};

(4.2.33)
then let

e = | /[1/211/2]2 Gla,uldo)(dy)  (mveBY). (42.34)

The space of differences E = E* — FET = {u—v: u,v € ET} is an inner
product space with inner product

(1 — v, pe —vo)g = (1, po)e + (Vi,v0)E — (1, 2)E — (V2,11 E,
(4.2.35)

and has the norm ||u1 — v ||p = (1 — v1, 11 — V1>}5/2-

The relationship between weak convergence and convergence in energy
is described in the following theorem.

Theorem 4.2.8 (Cartan [80)). (i) ET is complete for the energy norm.
(ii) Let (pj) be a bounded sequence in E*. Then (u;) converges weakly
in ET if and only if it converges weakly in the sense of measures.

Remark. There are two subtleties concerning this result: first, the space
E may not be complete; secondly, the integral [ G(z,y)u(dy) can be
unbounded on [—1/2,1/2], even when p € E*.
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Definition (Equilibrium measure). Given a compact subset S of C, and
€ Prob(S), the logarithmic energy is

1
S = [ ton ety (4236)

when the integral is absolutely convergent; here we follow the sign con-
ventions of [137]. The energy of S is

E(S) =inf{Z(u) : u € Prob(S)}, (4.2.37)

and the p that attains the infimum is called the equilibrium measure.
In electrostatics, one thinks of S as a conductor and p as the distri-
bution of unit charge on S.

Examples 4.2.9 (i) Let S = {( : |¢| < 1}. Then the equilibrium mea-
sure of S is arclength measure df/2m on the unit circle {¢ : |(| = 1},
normalized to be a probability measure. This result is intuitively natural,
as the charge should tend to move towards the boundary of the conduc-
tor, and the equilibrium measure should be invariant with respect to
rotations of the disc.

(ii) Now let S = [—1,1], and let p be the Chebyshev distribution

dxr
V1 — 22

otherwise known as the arcsine distribution. Then p is the equilibrium

p(dx) = (x € [-1,1]), (4.2.38)

measure for [—1,1]; as follows from the previous example, by an argu-
ment which we now sketch. The unit positive charge on [—1, 1] distributes
itself so that most of the unit charge accumulates near to the endpoints
+1.

Note that the mapping ¢(¢) = 271(¢ + (1) takes {¢ : |[¢| > 1} onto
C\ [-1,1], and takes the unit circle {¢ : |{| = 1} onto [—1,1] twice
over. One can check that ¢ induces the Chebyshev distribution from the
normalized arclength, since

ol e\ d0 1 [N f(z)da
/0 f(i(eﬁ+e 6))%7; Bt (4.2.39)

By the principle of subordination, p must be the equilibrium measure
for [—1,1]; see [131, p. 107].

Definition (Chebyshev polynomials). Let Ty and Uy be the Cheby-
shev polynomials of degree k of the first and second kinds, so that
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Ty (cos ) = cos k@ and Uy (cos8) = sin(k + 1)6/ sin 6. Then

Un (x) Un—1 (37)

=2z n—2(x), (4.2.40)
T, (x) = 22T, 1 (x)

T, _s(x). (4.2.41)

Exercise 4.2.10 Use these identities to calculate the following.

To(z) =1 Up(xz) =1
Ti(z)==x U (x) =2z
Ty(z) =22 -1  Uy(w) =4a* -1
Ts(x) = 42° — 3z Us(z) = 82° — 4z
Ti(z) =8z — 82> +1  Uj(x) = 162" —122* +1 (4.2.42)

(ii) Show also that

/1 L@Thi@de gy, (4.2.43)

-1 T 17562

1 2
Tj(z)*de 1 .
—_— == =1,2,...). 4.2.44
Ao 2 ( ) ( )
Exercise 4.2.11 Let K be the space of continuous functions f : T — C
such that Y, |k||f(k)|* < oo. Show that K forms an algebra under
pointwise multiplication of functions.

Definition (Hardy space on the upper half-plane). The open upper half-
plane is C. = {z € C: Sz > 0}. Given an analytic function f : C; —
C, we say that f belongs to the Hardy space H?(R) if the expression

oo

/
[palbe 22}3(/00 |f(a:+iy)|2dx)l ’ (4.2.45)

is finite. Analogously, one can define the Hardy space for the right half
plane {z : Rz > 0}.

4.3 Free versus classical entropy on the spheres

Definition (Free entropy on circle). Let p and ¢ be probability density
functions with respect to df/2m on T, and such that p — g € Djj. Then



Free entropy and equilibrium 143

the relative free entropy of p and ¢ is

1 . . , o db d
0 = [ 108 o (ple) = o) (ple) — afe)) G52
(4.3.1)

when the integral is absolutely convergent.

Theorem 4.3.1 (Classical versus free entropy). Let [ be a probability
density function on T that has finite relative entropy with respect to
df/2w. Then X(f,I) < Ent(f | I).

Proof. By joint convexity of relative entropy [43], any pair of probability
density functions of finite relative entropy satisfies

, d
Ent(f | u) = /FPr(e“/))Ent(ﬂb | u@%
> Ent(P, f | Pru); (4.3.2)
so in particular
Ent(f |I) > Ent(P.f |I) (0<r<1). (4.3.3)

Hence it suffices to prove the theorem for P, f instead of f, and then
take limits as r — 1—. For notational simplicity, we shall assume that f
has a rapidly convergent Fourier series so that various integrals converge
absolutely.

Suppose that u is a real function in the Dirichlet space Dy that has
Jp u(e)df/2n = —t and |ju||p, = s; by adding a constant to u if neces-
sary, we can assume that s?/2 = t. Then by (4.2.23) we have

/ exp u(ew)ﬁ <exp(s?/2—t) =1 (4.3.4)
T 2m

and consequently by the dual formula for relative entropy

[ s o —sup{/ M) S (e '%%/Texph( o <1
/f Mu(e) d9 (4.3.5)

Introducing the dual pairing of H~'/2(T) with Dy, we write

w= [ e - [ g [ uengl ase
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so that by (4.3.2)

(o) <+ [ ) log s g (4.3.7)

We choose the @(n) for n # 0 to optimize the left-hand side, and deduce
that

112y Nlloy = sl F 11/

<sf2e [ fElof G (438)

so by choosing s we can obtain the desired result

25(£,0) = 1150 <2/Tf(ef9)1ogf(ei9);l: (4.3.9)

O

Problem. Let ¢ be a probability density function on T with respect to
df/2m. Under what further conditions does there exist C' < oo such that

Y(f,q) < CEnt(f | q) (4.3.10)

for all probability density functions f that have finite relative entropy
with respect to ¢7

The next step is to go from the circle to the real line. Given a + ib
with b > 0, there is a linear fractional transformation ¢(z) = (z — a —
ib)/(z —a+ib) that maps the upper half-plane bijectively onto the open
unit disc and ¢(a+ib) = 0; further, with ¢(x) = €’ the measures satisfy

bdx do
ha dr = ——m————— = —. 4.3.11
b(z)dz m((x —a)?+0b2) 27 (4.3.11)

Proposition 4.3.3 The entropy functional

/ / flx 10g|x7t|dacdt+/ f(z)log f(x) dzx

(4.3.12)
is defined for probability density functions with finite entropy and loga-
rithmic energy. The probability density function h, p, is a stationary point
of E, and E(h, ) = —log 2.
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Proof. We introduce a Lagrange multiplier A and calculate the functional

derivative of
/ / f(z)f(t)log |z — t| dzdt

+[ f(z)log f(x)dx + /\/jo f(x)dz, (4.3.13)

as in (6.1.1) below, obtaining

oF o
—:2/ f(®)log |z —t|dt + log f(z) + 1+ A (4.3.14)
of —c0
Now log |z — a + 4b| is a harmonic function in the upper half plane, so
m [ logl|z—t] .
— ————dt =1 — b|. 4.3.15
A =T
Hence
b 2b [ loglz — 1 b
log————~ = — ——————dt + log — 4.3.16
ng((a@—a)?—i-b?) 7r/_ (t —a)? + b? +Og7r ( )

80 hqp gives a solution to 6F/§f = 0 for suitable A\. Now we use trans-
lation invariance to suppress a and calculate

hav) / / p —I- bQ log |z — t| / 5 drdt + log(b/m)

b/m
—|—/ o log |z + ib| dz (4.3.17)
b [ logl|z +ib
= log(b/m) — log |2ib
= —log 2. (4.3.19)
O

The functions involved in the above proof suggest the correct result
for S™ and R", as we now discuss. The unit sphere S™ has surface area

or(n+1)/2
I((n+1)/2)
and we let 0, be the surface area normalized so as to be a probability
measure. The stereographic projection G : S — R™ U {oo} is given by

_ (S5 \"
G(s0,...,50) = (1 +sU>j:1 (4.3.21)

vol, (§") = (4.3.20)
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and its inverse has Jacobian Jg-1 (z) = 2" (1 + 2?)~"; hence
2 n
hx) = vol, (5") ™ (=) 1.3.22
is a probability density function on R™. There is a linear isometric bi-
jection f — F = (f/h) oG from L'(R",dx) — L'(S";0,) which takes
probability density functions to probability density functions.
The stereographic projection is conformal; that is, angle preserving.

Conformal maps of R" include translations, rotations, dilations and in-
version in the sphere.

Theorem 4.3.4 (Carlen and Loss, [45]).
(i) Suppose that F is a probability density function with respect to o,
such that F'log F' is integrable. Then

1
0= // g (F(w) —1)log M(F(C) — 1), (dw)oy, (dC)
1

< = F(w)log F(w)oy, (dw); (4.3.23)
SH
furthermore, the optimizers of this inequality all have the form
F(w) = |Jp(w)| where Jr is the Jacobian of a some conformal map
T . Sn — Sn
(it) There exist constants C, such that the inequality

// YR mf(y) drdy < % f(z)log f(z)dz + C,

R»

(4.3.24)
holds for all probability density functions that have finite entropy.
Furthermore, all the optimizers have the form f(x) = |J- (x)|hoT(z)
where 7: R" — R" is conformal.

Proof. (i) We are only able to prove a small part of this result by the
methods of this book, namely the left-hand inequality of (i). For unit
vectors w and ¢, we have [|w — (|| = 2(1 — (w,¢)) and hence

1 1 1 = (w, O)F
log—— = —=log2+ = . (4.3.25)
o~ 2 2; F

Now we recall that o, is induced from Haar measure p,, on O(n) by the
map U — Ue,, hence

J[ @0 ) - EQ) - Do) ) 1326)

= // <Uen,Ven>k(F(Uen) —1D)(F(Ven) — D (dU ), (dV)
O(n)x0(n)
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since
(Ue,, Ven>k ={Ue,® - -@Ue,, Ve, ® --®@Ve,) (4.3.27)

is the coeflicient of a representation of O(n), so the integral is nonnega-

tive. The rest of the proof involves a delicate rearrangement argument.
See [45]. O

The expressions in Theorem 4.3.4(i) give the logarithmic and classical
relative entropy of F' with respect to the constant function I.

Note that for n > 2, h(z) is not the Poisson kernel on R" and log ||z —
y|| is not the Green’s function for the standard Laplace operator. Hence
the proof of Proposition 4.3.3 does not easily extend to the present
context.

4.4 Equilibrium measures for potentials on the real line

In the remaining sections of this chapter, we consider electrostatics for
charges on the real line, subject to logarithmic interaction in the presence
of a force field which is represented by potential v. So we are concerned
with energy expressions of the form

%zn:v()\j) — % Z log(Ar — Aj) (4.4.1)
j=1

1<j<k<n

where A\; < A9 < .-+ < \,, such as arise as eigenvalue distributions for:

e 3 =1 generalized orthogonal ensemble:
* 3 = 2 generalized unitary ensemble;
* 3 =4 generalized symplectic ensemble.

More generally, we can take # > 0 and contemplate an electrostatic
energy associated with positive charges of strength § > 0 on a linear
conductor in an electrical field that has potential v. Throughout rest of
this chapter, v satisfies at least the following hypotheses.

(a) v is bounded below, so that v(xz) > —C for some C' € R and all
z € R.
(b) There exist € > 0 and M < oo such that

B+e

v(z) > log(x? + 1) (|z] > M). (4.4.2)
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(¢) v: R — R is absolutely continuous and v’ is a— Holder continuous
on [—A, A] for some o > 0 and each A < co.

Evidently (c) and (b) together imply (a).

Definition (Potential and electrostatic energy). Let pn € Prob(R). Then
the logarithmic energy is

1
E(p) = / / log —— p(dz)p(dy) (4.4.3)
[x#y] ‘x - y|
when the integral is absolutely convergent. The potential energy is

Fi(w) = [ vla)n(do) (1.4.4)

when the integral is absolutely convergent. If y has compact support
and belongs to Cartan’s space ET, as in Section 4.2, then the potential
energy and the electrostatic energy are both finite. When both energies
are defined, the electrostatic energy is

amn—/ﬁwmw@—g/[#H%z—mmmmuw. (4.4.5)

From our understanding of electrostatics, we should expect the system
to seek an equilibrium configuration that minimizes the energy. The po-
tential energy is relatively small when the measure is concentrated near
to the minima of v; whereas by (b), F,(u) is large when p places mass
on large values of x, so v acts as a confining potential. The logarithmic
energy is positive when p is concentrated on a set of diameter less than
one, reflecting the principle that charges of like sign repel one another.
Hence there should be a minimizer that balances these contrary effects.
The following problem is considered in detail in [137].

Problem (Equilibrium problem with potential). Given v that satisfies
(a), (b) and (c), find p € Prob(R) that attains the infimum in

E, =infE,(v) (4.4.6)

where the infimum is taken over all v € Prob(R) that have finite loga-
rithmic energy and finite potential energy with respect to v.

Theorem 4.4.1 (FEquilibrium measure given a potential). There exists
a minimizer p for the equilibrium problem for a unit charge on the real
line in the presence of a potential. This p has compact support S, and
s absolutely continuous with respect to Lebesgue measure. The density
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p = dp/dz belongs to L?, is a-Hélder continuous and is characterized
by:

po) =00 [ pe)do =1 (4.4.7)
o(z) > / loglz — ylp(w)dy+C  (z€R);  (448)
v(z) = ﬁ/log |z — ylp(y) dy + C (x €9) (4.4.9)

where C is some constant.

Proof. We introduce the functions

1

S 4.4.10
lz —y[+n ( )

Fule,y) = 5(0(z) +0(y) + 5 log

and observe that since |z — y| < (1 4+ 22)/2(1 + y?)!/? the functions
satisfy

o) = 3(0() + o)) — 2 log(1 +4%)(1 +5?)
> Zlog(1+x2)(1+y2). (4.4.11)

Now fy is bounded below, the energy satisfies

B, (u) = / fol,y) () () (4.4.12)

and there exists v € Prob(R) such that E,(v) < oo, so the infimum is
finite. Let 1, € Prob(R) satisfy

E?J (Nm) < Ev + ]-/m

and observe that the set
{u € Prob(R) : /log(l + 2% v(dx) < M} (4.4.13)

is relatively compact for the weak topology by Proposition 1.3.6. Hence
there exists a subsequence (u,,) and a p € Prob(R) such that p,, —
p weakly. Next we check that p is a minimizer, starting by using the
monotone convergence theorem to obtain

E.(p) = tim [ [ £, 0)ptdz)otay). (4.4.14)
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Now pin, ® tn, — p ® p weakly and hence

E,(p) = lim hm// fo (@, y) i, (d) i, (dy)

n—0+4+ ng

= lim lim / / Fo (@, 9) oy, (d) i, (dy)

ny n—0+

= lim / / fo(@, y)pin, (da) i, (dy)
= lim E, (i, ) = E, (4.4.15)

where we used monotone convergence to replace f, by fo.

Since fy(x,y) — oo as |z| + |y| — oo, the support S of p is compact;
otherwise we could diminish F,(p) by moving mass towards the origin
from far away.

Let v = (1 +th)p where —1 <t < 1, h € C.(R) has ||h|lcc < 1 and
[ hdp = 0; so v is also a probability measure. Then E, ((1 + th)r) has a
minimum at ¢ = 0, so

d
0= (%) _ El0+thw) = / h@) (v(w) - 8 / log |z~ ylp(dy) ) p(de);
(4.4.16)
hence there exists a constant C' such that

= 6/10g |z — y|p(dy) + C. (4.4.17)
Now by (c), the function v is differentiable and its derivative satisfies

v'(z) = p.v. Lp(dy) (4.4.18)
r—y

on each open subinterval Sy of S. There are standard formulae for invert-
ing this principal value integral equation, and here we report the conclu-
sions. Since v’ is locally an L? function, it follows from [137, Theorem
2.2, page 211] that p is absolutely continuous with respect to Lebesgue
measure and that the density p = Z—f is in L%(Sy;dx) for each proper
subinterval Sy of S; furthermore, p is a-Holder continuous on Sy by

properties of the Hilbert transform.
In principle, p could have singularities of the form 1/1/|b — x| at an
endpoint b of S. In the next Lemma, we show that this does not happen,
so p is actually in L*(R;dx). O

A crucial feature of the equilibrium problem in the presence of a po-
tential is that the equilibrium measure is free to choose its own support;
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that is, the equilibrium measure is not constrained to lie on any par-
ticular bounded interval and S is not specified in advance. Intuitively,
one sees that the energy will become large if the density p is unbounded
at the end of any interval, so instead the logarithmic term will tend to
force some of the mass away from the end and hence equilibrium mea-
sure should have a bounded density. To make this precise, we present a
more general result based upon mass transportation.

Lemma 4.4.2 (Endpoint regularity). Suppose that v salisfies (a) and
(b), and that b is the supremum of the support S of the equilibrium
distribution p,. Suppose further that (d) v is §-Hélder continuous on S.
Then there exist g, M, > 0 such that

/ po(dz) < M,e® (e € (0,&)). (4.4.19)
[b—e,b]

In particular, when v satisfies (¢) and hence v' is locally bounded, this
inequality holds with 6 = 1 and the equilibrium density is bounded at the
endpoint b.

Proof. We introduce the Lipschitz function ¢ : R — R that satisfies
plx) =x for x < b—e and ¢'(x) = 2 for z > b — e. The effect of ¢
is to shift some of the mass from [b — &,b] to outside S; clearly, ¢fp,
is an admissible probability measure only because b is a free end in the
equilibrium problem. By the mean value theorem, the function ¢ satisfies
the simple properties p(z) — z < 2¢ for x € [b — ¢, b);

p(x) — oY) { >1, forall z,y € Ry

x—y =2, forallz,ye€[b—eb]). (4.4.20)

Comparing the energies associated with the minimizer p, and ¢fp,,
we have

0< B, (obpy) — Eulpy) = / (0(0(@)) — v()) pu (der)

5l

which we can rearrange to give

B
//b » log’w ‘,OL (dzx)p, (dy)

<[ (o) - >>pv<dm> (14.22)
[b—e,b]

pv (dz)py (dy) (4.4.21)
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which gives

2
g o) x r)—x 0 X
) ( JC >> <C [ @ -

< C,(2¢)° /[b . p(dz). (4.4.23)

By cancelling the final integral, we obtain the stated result. O
Proposition 4.4.3 (Support of the equilibrium measure).

(i) Suppose that v is strictly convex. Then p is supported on a single
interval [a,b] and p > 0 on (a,b).

(i) Suppose that v is analytic. Then there exist finitely many intervals
laj,b;] (j =1,...,m) such that the support of p equals

m

S = Jlaj,b;] (4.4.24)

and p > 0 inside S.
(1) If v is a polynomial with degree 2k > 0 and positive leading term,
then m <k + 1.

Proof. (i) Suppose on the contrary that the support of p has a gap [c1, ¢2]
and observe that

e(s) = /6’[00 f(fdts) + 5/_01 pldt) (4.4.25)

t—s

is an increasing function on (¢1,c2). But
pler) = —v'(c1) > —v'(c2) = p(c2) (4.4.26)

holds by strict convexity of v. Hence the support of p is a compact and
connected set, so equals [a, b] for some a, b.

(ii) Deift et al. [57] show that the number of intervals in the support
of p is bounded by a quantity that depends only upon the number of
local minima of v. The details involve mainly potential theory, so are
omitted here.

(iii) See [57, Theorem 1.46 and p. 408]. O

Proposition 4.4.4 (Integral formula for equilibrium density). For S as
in Proposition 4.4.3(ii), let

m

R(z) = [[(z = a;)(z = b)) (4.4.27)

j=1
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and choose branches of square roots so that \/R(z) is analytic on C\ S,
and \/R(z)/z™ = 14 O(1/z) as |z| — oo. Then the density of the
equilibrium measure satisfies

po(z) = (z € 9). (4.4.28)

Py BWQ / VR (x—1)
Proof. This follows from [119, p. 252; 57, Theorem 1.34]. O

Exercise 4.4.5 (i) Let v be a polynomial of degree 2k with positive
leading coefficient, and let m be the number of local minima of v on
[—1,1]. Show that m < k.

(ii) Show that if v has degree 2k + 1, then m < k + 1.

Remarks. (i) As in Proposition 4.4.4, we introduce the algebraic equa-
tion

ﬁ (x —aj)(x —by)

Jj=1

so that S = {z : y* < 0}. The natural coordinates for such points
are cos6; since (aj + b;)/2+ ((bj — aj)/2) cosf; gives an element of S.
In particular, the quartics y> = (1 — 22)(1 — k%2?) with k? # 0,1 are
associated with the elliptic integrals

/m((l —2)(1 - k22)) " .

(ii) The Riemann surface for y/R(z) consists of a handle-body with
m — 1 handles, which is obtained by taking two copies of C U {o0} and
joining them crosswise along the cuts [a;, b;].

(iii) Starting from the equilibrium problem in the presence of a poten-
tial with v € Prob(R), we have shown that the minimizer is supported
on some compact subset S. Generally it is difficult to determine S, even
when one has a simple formula for v; as an illustration, in Section 4.7
we find S for v(z) = 22/2 + gz*/4. In the standard theory of singular
integral equations, one specifies S in advance and then solves the inte-
gral equation in terms of functions that are determined by S and the
index data; whereas in our problem we need to find S. We contrast this
equilibrium problem from the more standard ‘constrained’ equilibrium
problem which we consider in Section 4.7.

(iv) The Cauchy transform of a measure uniquely determines the mea-
sure by Propositions 1.8.6 and 1.8.9. In the next section we show how
to solve the singular integral equation on a single interval.
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Example 4.4.6 (Johansson, [94]) The minimization problem

mf {//TXT log ——— o7 = e“”| v(dO)v(de) : v € Pmb(T)}

has solution given by normalized arclength measure v(df) = df/(2mx).
By making the change of variables ¢t = tan /2 and s = tan ¢/2, one can
easily convert this to a minimization problem for probability measures
on R, namely

J = inf {/R log(1 + #*)u(dt)

n

1
+//RXR log 2t — 8|M(dt)u(ds) TpE Prob(R)} . (4.4.29)

This is essentially the map that was used in Section 4.3 to go from
the line to the circle. Here the potential v(t) = log(1 + #?) is of slower
growth at infinity than is required by (b), so Theorem 4.4.1 does not
apply. By the transformation, the minimizer is the Cauchy distribution
w(dt) = (m(1+ t?))~tdt, which is not of compact support.

In subsequent sections we introduce the standard equilibrium distri-
butions, namely:

¢ the semicircular distribution in Section 4.5;

e quartic potentials in Sections 4.6 and 4.7;

¢ the Marchenko—Pastur distribution in Section 5.5;
e Vershik’s ) distribution in Section 7.3.

4.5 Equilibrium densities for convex potentials

¢ The equilibrium measure for a convex potential can be found from a
singular integral equation on an interval.

* The semicircular distribution arises thus.

¢ Tricomi’s method gives the equilibrium density for convex polynomial
potentials.

If the support of the equilibrium measure is a single interval S, and
the density is strictly positive inside S, then the integral equation (4.4.9)
simplifies considerably. Without further loss of generality, we can reduce
the integral equation to

w(z) = 1/1 a(v)dy (z € (—1,1)) (4.5.1)

i -1 .I'*y
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where ¢ is a probability density function on [—1, 1], and w is the deriva-
tive of the potential. Here the Hilbert transform of a function is evaluated

n [—1,1], so the term finite Hilbert transform is often used; this is dis-
tinct from the Hilbert transform on the circle, as considered in Section
4.2.

First we show how to obtain an orthogonal polynomial basis for
L?([-1,1];q). Let W(0) = 2mq(cosf)|sinf| so that W(F) is a proba-
bility density function with respect to df/(2m) on T. We let ()22, be
the orthogonal basis of L?*(T; W) that is given by 4.2.5, and introduce
x = cosf and

pu (@) = e 0o, (€1) + €0 0y, (e77). (4.5.2)

Proposition 4.5.1 The (p,)32, are polynomials of degree n which are
are orthogonal with respect to the weight ¢ and have real coefficients.

Proof. See [145, p. 292]. O

By Proposition 4.4.4, we should expect ¢ to have the form ¢(z) =
V1 — a2h(zx) for some smooth function h that has h(z) > 0 for all z €
(—1,1). This suggests that the Chebyshev functions of Example 4.2.10
should be useful in this context.

Lemma 4.5.2 (The Aerofoil equations). The finite Hilbert transforms
of the Chebyshev polynomials satisfy

1 J—
qum:pml/‘U“ﬂ>V1 dy, (ve(=1,1);k=1,2,3,...),
T J-1

T—y

Uk,l(x)z—p.v.l/l f":;\/dyi ~1,1),k=1,2,...),
N dy re (-
0=p. .7T/_1 TR W (z € (~1,1)). (4.5.3)

Proof. The basic idea behind the proof is that for u € L%*(R), the
function f = u + iHu extends to define an analytic function on the
upper half plane. The idea is to select f such that w is supported on
[—1,1]. The basic idea is that v/1 — 22 is real for z € [—1,1] and purely
imaginary for z € R\ [—1, 1], so this is useful for constructing suitable
functions u.

The function

o(z) = (z—ivV1-22)" (4.5.4)
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is analytic on C\ [—1,1] and is real on R\ [—1, 1], where we choose the
root so that v/1 — 22 < —iz as |z| — 0. On [—1,1], we let = cosf
and

®(z) = coskf — isin k6
= Ty (cosf) — iUy_1(cos ) sin b
=T (x) —iUp_1(x)V1 — 22. (4.5.5)
Hence S®(x) = —Uy_1(2)v1 — 22Ij_; 1)(z), so

H: Uk_l(x)\/ 1-— 332 — Tk (1‘)1[,171](1‘) + mIR\[I’I](I)7
(4.5.6)

and hence the first identity holds.
Now let
— 1= 22)k
(= EZVIZE) (4.5.7)
V1— 22
is analytic on C\ [—1, 1] and is purely imaginary for x € R\ [-1,1]. On
[—1,1], we let £ = cosf and obtain

cos kf — isin k6
sin 0
Ty (x) .
= ——— —Ui_1(x). 4.5.8
S U 1(2) (4.5.8)
Hence RV (z) = Ty, (m)/\/(l—xz)l[,lﬁll(a:), so T, = HUj,—; on [—1,1] and
the second identity holds. The sign difference between the expressions is
ultimately due to the property H? = —1I of the Hilbert transform.
Finally, the function R(z) = 1/4/1 — 22 is analytic on C\ [-1, 1] and

U(z) =

1 . sgn ()
R(z) = —=I;_11)(x) — i——=Ir\(_1.1(2), 4.5.9
( ) m [ 1,1]( ) m R\[ 1,1]( ) ( )
so HR(x) vanishes for z € (—1,1). O

Proposition 4.5.3 (Tricomi [160]). Suppose that w is a polynomial
with expansion w(z) = Y ;- arTii1(x) as a finite sum of Chebyshev
polynomials. Then in LP(—1,1) with p > 1 the general solution of the
integral equation

wiw)=ps.t | LWy wsa0)
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18 given by

g(z) = V1 — a2 ];UakUk () + \/1%7332; (4.5.11)

further, if q belongs to L?(—1,1), then v = 0.

Proof. The fact that g satisfies the integral equation is immediate from
Lemma 4.5.2. The unique solution in L”(—1,1) with p > 1 of the corre-
sponding homogeneous equation

1

d

p.V./ Wy _ o (e (-1,1)) (4.5.12)
1 =Yy

is given by q(z) = v(1—2?)~/2. When ~ # 0, this ¢ belongs to L* (-1, 1)

for p < 2, but does not belong to L?(—1,1). O

Proposition 4.5.3 gives an effective means for determining the equi-
librium density for convex polynomial potentials w. We shall use this
result for quadratics in the remainder of this section then for quartics in
Section 4.6.

Example 4.5.4 (Semicircle law). Let v(z) = B2°, and note that the
integral equation for the equilibrium distribution p and v’ is

' Bp(t)dt
. -1

v'(z) = 2Bz =p.v. (x € (=1,1)). (4.5.13)

Since p € L*(—1,1), the unique solution is the semicircular law
2
00,1(dz) = =1 =221y yj(x)dz. (4.5.14)
™

Definition (Semicircular distribution). The probability distribution
that has probability density function

p(z) = 2 V1?2 = (x —a)’T o040 (2) (4.5.15)

_—
is the semicircular S(a,r) distribution.

Proposition 4.5.5 The moment sequence for the S(0,2) distribution is

0, for odd n;

my, = 2 n (4.5.16)
—_— , for even n.
n—+2\n/2
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Proof. This following computation dates back to Wallis, and is a familiar
calculus exercise. The odd case is clear. In the even case, we substitute
x = 2sinf and obtain

2n+1 /2
m, = / sin" 6 cos® 0 db
™ Jo
2"T'(3/2)I'((n+1)/2)
= , 4.5.17
I'(n/2+2)m ( )
and one can simplify the gamma functions. O

Definition (Catalan numbers). The Catalan numbers

cp =t (2:) (4.5.18)

n+1

arise in various problems in enumerative geometry. See [83].

Proposition 4.5.6 The Cauchy transform of the S(a,r) distribution is

G(z):g(z—a_ (Z_Q)Q—l), (4.5.19)

r r r

where the branch of the square root is chosen so that G(z) ~ 1/z as
|z| — oco. Furthermore

2 /2y — —2k—1
: Z(M) Ch. (4.5.20)
"=
Proof. By expanding the integrand as a geometric series, we have
(x —a)?
G(z) =
0= [Tyt

2

o —n—1 gl
;Z(zra) ! 1/ V1 —22dx (|Iz —a| >r).
n=0 -1
(4.5.21)

Plainly only the even terms contribute, and as in Proposition 4.5.4 we
obtain

Lz —a\ 21 2k
DB Bty
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By comparing with the binomial expansion, we obtain

G(z) = 72 i(_l)k (li/r?1> (z ; a)—Qk—l
= %(z ; a) i(il)kurl <k1—{_21> (z ; a>—2(k+1)

k=0

SED-0-(597) e

We choose /(2 — a)? —r? to be asymptotic to z — a as z — oo; hence
the statement of the Proposition follows from an identity of the form

1/(Ve+ V) = (Ve - VB)/(c - b). O

Corollary 4.5.7 The Hilbert transform of the S(a,r) distribution is

/r t_
pv/ @) Yt

w22 x—t
_ (2/m)sgn(z — a) (z—a] > 1)
oo+ /(e _ar =12
_ 2 (x —a) (|lx —al <r). (4.5.24)

2
O

Proof. The integrand f(x) is Holder continuous inside (a —r,a+r) and
hence we have

ft) &t _ G @)+ G ()
x—tm 2 ’

where by (4.5.21), we have

p.v. (4.5.25)

G(Z):z—a—l— (i_a)2_r2 (|z —a| >7). (4.5.26)

Note that the root has opposite signs on opposite sides of the cut [a —
r,a—+7], but is positive across [a+r, c0) and negative across (—oo,a—r).
|

4.6 The quartic model with positive leading term

In this section we consider an historically important example which in-
volves several important ideas. The even quartic potential

o gx'/4+ 2%/2 with g > 0 satisfies (a), (b) and (c) of Section 4.4;
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e ga*/4+ 2% /2 with g > 0 has an equilibrium measure supported on a
single interval;

e gat/4 — 2% /2 with g > 0 has an equilibrium measure supported on
one or two intervals.

For g > 0, we introduce the symmetric and uniformly convex potential

1

v(z) = %JJA + 53:2 (x € R). (4.6.1)
We shall determine the equilibrium measure by using the technique of
Section 4.4. Most of the results appear in [39, 83], and here we fill in
the details of the calculations that were reported there. Such potentials

have also been considered in free probability, as in [15].

Theorem 4.6.1 Let a,g > 0 satisfy 3ga* + a®> = 1. Then the density of
the equilibrium distribution for the potential v is supported on [—2a,2a]
and has the form

1

p(z) = 2—(9962 + 1+ 2ga®)V/4a? — 22, (4.6.2)

T
Proof. By Proposition 4.4.3, the equilibrium distribution of v is sup-
ported on a single interval which is symmetrical about zero, so we take
the support to be [—2a, 2a] and write

2a
v'(z) :p.v./72 21;(@/_);134’ (4.6.3)

where a is to be determined. Next we scale the support to [—1,1] by
writing ¢ = 2au

2 (' 7p(2at) dt
8a® gu® + 2au = p.V.*/ M, (4.6.4)

™), u-—t

which we express in Chebyshev polynomials as

a>gTs () + (a + 3a°g) T (u) = 1/1 mp(2at)dt

4.6.
™)1 u—t (4.6:5)

By Theorem 4.4.1, the equilibrium distribution of v belongs to L*(R.),
so in Lemma 4.5.2, we must have v = 0. By Lemma 4.5.2; the required
solution is

m™(2au) = (a®gUs (u) + (a + 3a®g)Up(u)) v/ 1 — u?, (4.6.6)
which reduces to

1
p(t) = o (14 2d°g + gt*) V/4a? — t2. (4.6.7)
0
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To ensure that p is a probability density, we need to substitute ¢t =
2a cos f and impose the condition

2a
1= / p(z)dz = a® + 3a’y. (4.6.8)
—2a

We note that p(z) > 0 provided that 1+ 6a?g > 0, where 1 + 6a’g =
/14 12g. When these conditions are satisfied, p,(dz) = p(z)dz gives
the equilibrium distribution, since one can show that there exists C
such that

2a
o(z) > / loglr—ybp)dy+C (e R) (4.6.9)

with equality if and only if 2 € [—2a, 2a], so p, satisfies the uniqueness
conditions of Theorem 4.4.1. O

Corollary 4.6.2 The Cauchy transform of p is

G(z) = 1(24'923) - %(1 +2ga® 4+ g2°) V22 — 4a®> (2 € C\ [-2a,2d])

2
(4.6.10)

where the root is so chosen that v/2%2 —4a®> < z as |z| — oco. The odd
moments moyp_1 are all zero, whereas the even moments are

2(1 22 n+2 2 2 n+4
S R k) (R &= I R P
n/2 n+2 n+2)/2) n+4

Proof. By the calculation of the moments for the semicircular law, we
have

1 2a
M = - t"(1 + 2ag + gt*)V/4a? — 12 dt
T J—-2a
> dt ? —dt
_ (1+2a2g)avz+2/ tn 4_t27+gan+4 t71+4 4—752*.
) 2w —92 2
(4.6.12)
The given G(z) satisfies:
(i) G(z) =1/2+0O(1/2?) as |z| — oc;
(ii) G(z) is analytic on C\ [—2a, 2al;
(i)
-1
= lim — ih) — —ih)). 4.6.1
p(x) hlir& 57 (G(z + ih) — G(x — ih)) (4.6.13)
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We choose the square root so that v/22 — 4a®> = z(1 — 4a®/2?)"/? and
one can use the binomial theorem to verify (i). Then (ii) is clear, and
(iii) follows immediately. The stated result on moments follows from the
expansion of G(z) by the binomial theorem. O

Now consider the potential w(z) = ga*/4 — 2? /2 with g > 0. When 2
is large, the quartic term predominates; whereas when |z| is small, w(z)
is concave and has a local maximum at 0. When g > 1/4, the local max-
imum at 0 has little effect, so the equilibrium measure is supported on
a single interval and has a density that is given by a formula resembling
that in Theorem 4.6.1. When 0 < g < 1/4, the equilibrium measure is
supported on two disjoint intervals which surround the local minima of
w, as we prove in the following result.

Proposition 4.6.3 Suppose that 0 < g < 1/4. Then the equilibrium
distribution for w(z) = gx*/4 — 2% /2 is an even function p that is sup-
ported on the pair of disjoint intervals given by {x € R : 1 —-2,/g <
gz? <1+ 2,/g}, and on these intervals

p(x) = gl KM - mQ) ($2 - ﬂ)}lm. (4.6.14)
27 g g

Proof. By means of a trick whereby we exploit the symmetry of the prob-

lem, we construct a solution to the integral equation by using Lemma

4.5.2, and then invoke uniqueness to show that this gives the density of

the equilibrium measure. Suppose that p is an even probability density

function that is supported on [—b, —c] U [¢, b]; then

b
w'(z) = p.v./ W (z € (¢, b)) (4.6.15)

and with the substitutions z = /€ and y = /1 we obtain
bZ
2p(y/n) dn
—1= p.v./ — 4.6.16
o o E— i (1010
We introduce the variables X and Y by
5 —_ 2_1(62 + b2) T 2—1(b2 _ CQ)X, n= 2_1(62 T b2) 4 2—1(b2 _ 02)Y

(4.6.17)
so that

2 - 1 [ q(Y)dY
b < ¢ (0" = *)gX +g(* +b°) —2) :p.V.—/ %, (4.6.18)
I _1 —

3
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where ¢ is a probability density function in L?(—1, 1). By comparing this
with Lemma 4.5.1, we deduce that the constant term on the left-hand
side must vanish, and

g(v* — )

q(Y) = o

1-Y? (-1<Y <1), (4.6.19)

SO
g(b?* =) =16, g(>+b*)=2. (4.6.20)

Writing 1 = y?, from the equation

p(y) 2 4 1/2
—=—qY)=——((1-Y)(1+Y 4.6.21
| (22— 62)(]( ) (2 — &) (( )1+ )) ( )
we recover
8|y 1/2
p(y) = m((b2 S RL) (¢ <y <), (4.6.22)
which is equivalent to the stated result. O

Exercise 4.6.4 Let w(z) = gz*/4— 2% /2 where g > 1/4. Show that the
equilibrium measure is supported on [—b, b] where

bt —— =1 (4.6.23)

and that the equilibrium density is

1 gb?
p@) = 5= (92> + 5 -

1) Vb — 22, (4.6.24)
2 2

Show further that as g — 1/4+, b> — 8— and p(0) — 0 + . Hence there
is a phase transition at g = 1/4.

Example 4.6.5 The double-well potential v(x) = 47!(z% — 1)? has
minima at +1 and is even. By Exercise 4.6.4, the equilibrium distribution
is supported on [—b, b], where

b= (2(1 + \/ﬁ))l/z. (4.6.25)

Carlen et al. [46] have considered displacement convexity for this poten-
tial in a model for binary fluids.

Exercise 4.6.6 Let v be an even polynomial of degree 6 with positive
leading term; so that v(z) = w(z?) for some cubic w. Let p, be the
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equilibrium measure for v. Show that there exist 0 < a < b < ¢ such
that

Pv(ﬁ)dn

w'(€) = p.v. /[(),a]U[b,c] m (€ €10,a] U b, ). (4.6.26)

4.7 Quartic models with negative leading term

In this section we consider even quartic potentials with negative leading
term. In particular the potential v(z) = gz*/ + 2% /2 with g < 0 violates
hypotheses (a) and (b) of Section 4.4 and does not have an equilibrium
measure in the sense of Section 4.4; so in this section we constrain the
support of the measures in the equilibrium problem to be contained in a
compact set S. Thus we obtain an equilibrium measure which depends
upon v and S.

We can regard v(z) = 2% /2+ ga* /4 as a perturbation of the quadratic
potential 22 /2, and seek to expand various quantities as power series in g
for small |g|. Later, we consider whether the energy thus obtained relates
to a meaningful variational problem. We continue with the notation and
conditions from Section 4.6.

Proposition 4.7.1 (i) For |g| < 1/12, a® is an analytic function of g
with

a? = %(—1 +/1+ 129). (4.7.1)

(ii) With p(z) = (1 + 2a®g + ga®)V4a® — 2% /(27) the energy function

2a
E(g) = / v(z)p(x) dx + // log ﬁp(x)p(y) dxdy (4.7.2)

—2a
satisfies E(0) = 3/4 and

1 1
E(g) = B(0) + 55 (¢ = 1)(9 = a?) — 5 loga™. (4.7.3)
Proof. (i) From the condition that ff;a p(z)dz = 1, we have 3ga* +a® =
1 and as a consequence we have p(x) > 0. Then we recover a* from this
quadratic equation, choosing the root such that a> — 1 as g — 0.
(ii) Since v(0) = 0, we can integrate (4.4.18) and obtain the identity

o) =2 [ " (1og |z — | — log ly])p(y) dy, (4.7.)

—2a
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and hence

2a 2a
Bo) =5 [ o@p@)do- [ (oglahp@)ds.  (475)

—2a —2a
In the first of these integrals we substitute z = 2asinf and obtain
after some elementary integration

2a
% /2a v(x)p(z) de = 204 + %GQ(I —a®) + %(1 —a?)’. (4.7.6)

In the other integral we need an identity due to Euler [35, p. 245]
w2 -
/ log | sin 6]df = —3 log 2 (4.7.7)
0

and two consequences of integrating this logsine integral by parts,
namely

/2 -7 m
/ sin® flog |sin 0| df = —log2 + —, (4.7.8)
/2 _
/0 sin® @ log | sin A|df = %GW log2 + Z—Z (4.7.9)
Hence with = 2asin 6 we have
2a
/ log |z|p(z) dz = log |2al|
—2a
4a® [T/ 2 2 )
+ — (142a”g) + (2a’g — 1) sin* 0
T Jo
— 4a’sin" 0) log | sin 0| do
1
=loga — Z(1+a2). (4.7.10)
When g =0, we have a = 1 and E(0) = 3/4, Hence
1 5 1 1 a® 3
E(9)—E(0) = —a' + —a?(1—a®)+ (1 -a?)? + = + — — = —1
(9) (0) & —1—12&( a)+8( a)+4+4 1 " loga
(4.7.11)
which reduces to the formula
1
E(g9) — B(0) = ﬂ(a2 —1)(9 —a®) - 3 loga®. (4.7.12)
|

When ¢g < 0, the potential does does not satisfy the condition (b)
stated in Section 4.4, so Theorem 4.4.1 does not apply. We consider v
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to represent an electrical field and p to be the distribution of electrical
charge on a conductor S.

Problem. (Constrained equilibrium problem with potential). We choose
S to be some interval and consider the variational problem of finding
p € Prob(S) that attains the infimum

irplf{EU,g(p) c B, s(p) = /S(x2/2+gx4/4)p(dx)

+1/y£XSlongi%znp(dx)p(dy)}- (4.7.13)

The constrained variational problem is considered in detail by Saff and
Totik in [137], and the paper [57] contains some subtle refinements; here
we summarize the conclusions without attempting to fit together the
proofs needed to address the different cases. Clearly we can make E, s(p)
tend to —oo when S = R and g < 0 by moving mass towards Foo; so
we choose S = [—A,A] to make the problem nontrivial. There are a
few intuitive observations concerning the solution of this constrained
minimization problem.

(1) The minimizer p, will be symmetrical about 0.
(2) The support Sy of p, can consist of several intervals

Sy = [—)\, —CLJ‘] @] [—bjfl, —(ljfl] Uu---u [CL]‘, )\] (4714)
(3) On Sy, the integral equation
. d
gﬁ+x:pv/lww (4.7.15)
Sy T Y

holds, so p must be absolutely continuous on Sy and have a L?
density on compact subsets inside Sy.

(4) When we replace the potential by v = 0, leaving only the loga-
rithmic energy, by [137, page 25] the equilibrium distribution is the
Chebyshev (inverse sine) distribution

1
TVAZ — 22
by [137, page 25]. Thus Lemma 4.4.2 does not apply to =\ in con-
strained variational problems on [—A, A].

po(dx) = Iy (2)de (4.7.16)

Proposition 4.7.2 Let Sy be the support of p,. There exist critical
values go < g1 < go such that:

(i) for g > go, there exists b < A such that [—b,b] = Sy;
(i1) for g1 < g < go, So =[—\A];
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(iii) for g2 < g < g1, there exists 0 < b < ¢ < X such that Sy =

[=A, =] U [=b,0] U [e, Al;

(iv) for g < g2, there exists 0 < ¢ < A such that Sy = [\, —c] U e, A].

Definition. We choose the radicals so that (2 — A?)'/2 > 0 for real
z > ), then we write (22 — )\2)1+/2 for the value of this radical on the top
half of the cut [—A, A]. To deal with case (ii), we introduce the function

F(Z) _ _(22 _ /\2)1/2 /)x ’U/(y) dy N i’}/

272 A2 = APy (2 A

(4.7.17)
In the notation of case (iii), let
1/2 /
G(z) = 27T2 / 0 1/2 - (4.7.18)
where
R(z) = EHOEHDE-bE—C (4.7.19)

22— )\2 ’

and we choose the radicals so that R(2)'/? > 0 for real z > \.
In the notation of case (iv), let

H(z):T(Z)1/2 /S vly) _dy (4.7.20)

272 T2 z—y
where
22 2
T(z) = 2 (4.7.21)

We choose the radicals so that T'(z)'/? > 0 for real z > . Given a radical
K(z) on a neighbourhood of (a,b), we let K, (z) = limp_o; K(z + ih)
for x € (a,b).

Theorem 4.7.3 In case (ii), the minimizer p, is absolutely continu-
ous with respect to Lebesgue measure and its density p satisfies p(x) =

RF(z)+, so

N _ o2
p(x) = T(g(16a:2 —7X) + 1) +

ﬁ (—A <z < N).

(4.7.22)
Furthermore, the interior of the support of p, equals {z : RF(x)+ > 0}.
Corresponding results hold in the cases (iii) with F replaced by G and

(iv) with F replaced by H.
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Instead of providing a proof of Theorem 4.7.3, we consider how the
various cases arise and give some indication of how the various parame-
ters are related in the specific cases.

Remarks. (i) Suppose the A > 2, and let g decrease from g = 0.
The constrained variational problem on [\, A] is essentially equivalent
to the free variational problem since the potential is either convex or
sufficiently close to convex that the equilibrium distribution is supported
on the single interval [—2a, 2a] which is contained in [—\, A]. Hence the
equilibrium distribution is given by Theorem 4.6.1, so

1
p(z) = %(gsc2 + 1+ gb*/2)V b2 — 22,

Then in the notation of Section 4.6, b = 2a where a = 1 at ¢ = 0 and
2a = 2v/2 at g = —1/12.

(ii) As g decreases, b increases so that the support of p fills out (=, \)
and +\ become endpoints. To find the equilibrium distribution p, we
substitute z = Acosf and y = Acos ¢ in the formula for F' so that

v'(Acos @) = gA\*(4cos 3¢ — 3cos B) + Acos ¢ (4.7.23)
then
—sinf (™ v'(Acos¢)de 5
F(Acosf) = 4.7.24
(Acosf) 272 /0 cos0—cos¢>+/\sir197 ( )
which we evaluate with the help of Lemma 4.7.1 to obtain
1 . .
F(Acosf) = 3.7 (4g)\3 sin 30 — 3gA® sinf + Asin6) + ﬁ, (4.7.25)
which in the original variables is
A2 —a? 2 2 gl
F(z) = T(g(mx —TN) + 1) tom— (72)

Now F is a probability density function on [—A, A], only if

1:/A Fz) da

-

= / F(Acosf)Asin 6 db
0

™

1
=5 (4gX\* sin 30 sin 0 + (A\* — 3gA\*) sin” ) df + my
T Jo
A2 —3gA\*

=0+ (4.7.27)
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and F(x) > 0 only if ¥ > 0. When v > 0, F'(z) behaves like a Chebyshev
(inverse sine) distribution as x — £\, indicating that the equilibrium
distribution tends to accumulate towards the ends of the interval S =
[—A, Al

Suppose now that A < 2. Then v > 0 for |g| sufficiently small and one
can check that F' does define a probability density function on [—A, A].

(iii) Note that v(x) is convex near to x = 0, so we would still expect
the equilibrium distribution to accumulate near to the local minimum of
v at © = 0. As g decreases further, two gaps open up in the support of
p on either side of the local minimum of v, so there are Chebyshev type
singularities at +\, and semicircle type endpoints at +c and +b inside
(= N).

(iv) As g decreases further still, the central interval [—b, b] disappears
from the support of p, leaving only the intervals [—\, —c| and [e, \] at
the ends. When |g| is large, p will have mass accumulating at +\, so
dp/dz is unbounded near to £, indeed the equilibrium density grows

like C/\/A —|z|.

e The notion of an equilibrium measure can depend upon the potential
and on the constraints imposed upon the support.

4.8 Displacement convexity and relative free entropy

In this section, we use a special kind of affine structure on the cone of
probability density functions, which was introduced by McCann in the
context of gas dynamics. See [114, 162, 174].

Example 4.8.1 Let & and ¥ be strictly increasing and continuous
cumulative distribution functions, and let ¢ : (0,1) — R be the inverse
function of ® and ¢ : (0,1) — R be the inverse function of ¥. Then for
each 0 < t < 1, the function R;(z) = (1 — t)®(z) + t¥(x) is likewise a
strictly increasing and continuous cumulative distribution function. The
corresponding Riemann—Stieltjes integrals give the standard notion of
convexity on the space of probability measures on R; so that

/v(x)th(x) =(1 —t)/v(:zc)dfb(x) +t/v(m)d\ll(x)
1 1
— (-1 / o($(y))dy + 1t / o()dy  (48.1)

0 0

for all bounded and continuous real functions v.
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In contrast, p;(y) = (1 — t)p(y) + te(y) is a strictly increasing and
continuous function from (0, 1) onto R, and hence is the inverse of some
cumulative distribution function S;; but the corresponding integrals
satisfy

Jrasi= [ oy = [ o(@-new + ww)a. @s2)

In each case, we obtain a one-parameter family of measures which
interpolates between d® and d¥, but the properties of the intermediate
measures dR; and dS; are different. Whereas (4.8.1) is an affine function
of ¢, one can easily choose example of f such that (4.8.2) is not a convex
function of ¢.

Definition (Displacement interpolation). Let p and v be probability
measures on [a, b] that have no atoms. Then by the proof of Proposition
1.6.1, there exists an increasing ¢ : [a,b] — [a,b] such that piu = v;
then we let

vr(z) = (1 —t)x + to(x) (t € [a,b],z € [a,b]) (4.8.3)

be increasing functions and let v; = . We say that the family
(v1)o<t<1 interpolates between p and v. In Section 6.1 we shall return
to this concept and formulate it more generally for probability measures
on R", where we need a less obvious choice of inducing map .

Proposition 4.8.2 (Displacement convexity of energy). Let v be twice
continuously differentiable on [a,b] with v"(x) > « for all x € (a,b) for
some o> 0. Then t — E, (1) is convex on [a,b] with

d? 9
EEU(W) > aWs (v, p)°. (4.8.4)

Proof. We use the definition of induced measure to write

E, () = /v(m) v (dz) — g// log |z — y|v: (dx)v (dy)

= [weommtan) - 5 [ [ 108lan@) - o)l ntdn)utan)
(4.8.5)
Now (d/dt)pt(x) = p(z) — x, hence
d !
B ) = [ V(@)@ - o uldo)

72/ ﬂi¢£—§8¢ymmmww (4.8.6)
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and so
d2

B ) = [ Vo)) - 0 ulde)

+ g / / (@(w;tzxx) — gt(?y);r y)zu(dx)u(dy)

Za/w@rmVMM>
> aWs (v, p)?. (4.8.7)
[

Definition (Relative free entropy). Let v be a potential with equilibrium
measure p as in Theorem 4.4.1. Then for an arbitrary v of finite energy,
we define the relative free entropy with respect to p by

S| p) = Bu(v) — Eu(p). (48.8)

By definition of p, we have 0 < 3(v | p); note that some authors
reverse the signs.

Theorem 4.8.3 (Free transportation inequality). Let v be twice contin-
wously differentiable on [a,b] with v"(x) > «a for all x € (a,b) for some
a > 0. Then p satisfies the free transportation inequality

Wa (v, p)? < 22(” | p). (4.8.10)

Proof. There exists an increasing function that induces v from p, so we
can introduce a one-parameter family of measures vy with vy = p and
v1 = v. By Proposition 4.8.2, the function E, (1) is convex and takes
its minimum value at 0, hence by the mean value theorem

E,(n) = E, (1) + %%Eq;(w) (4.8.11)
for some t, so
B, () = E,(w) > 5Wa(vi,)’ (4.8.12)
and hence
S(v | p) = SWa(v. p)?. (4.8.13)
U

We can now recover a formula for the relative free entropy which
resembles more closely the definition of relative free entropy over the
circle.
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Proposition 4.8.4 Suppose that v has finite energy and that the support
of v is contained in the support of p. Then

S p) =5 [[ 1o 12 () = plde) (v(d) = pla)- (4819)

[z -yl
Proof. On the support of p we have
v(x) = ﬂ/log |z — y|p(dy) + C (4.8.15)

for some constant C’; hence
[vta) (o) ptde)) = 5 [ [ 1og o = slotdy) (v(dx) ~ pldo). ~ (4:8.16)
We deduce that

E.() = Eulp) = [ v(o)(vAde) - p(do)

5 [ vy
- g // log z i ] p(dz)p(dy)

B 1
=5 // log H(V(dz) — p(dm)) (y(dy) _ p(dy)),
(4.8.17)

O

4.9 Toeplitz determinants

The subspaces of H? are traditionally described by prediction theory.
At each epoch n, we consider 0,1,...,n — 1 as the past and n as the
future and, for a given bounded and positive Radon measure w on with
infinite support on T, we wish to find

n—1
a, = inf{/ et — E a‘je”e
T =0

Our presentation is based upon [145], where one can find much more
detail.

2w(d@) ta; € C}. (4.9.1)

Definition ( Toeplitz determinant). A nxn Toeplitz matrix has the form
T = [ck—iljh=0.. n—1 (4.9.2)

for some complex coefficients ¢; so that the leading diagonals are con-
stant; the corresponding Toeplitz determinant is D, _; = det 7). In
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particular, given a measure w on T, we introduce the Fourier coefli-
cients ¢; = [ e~’w(df) and form the corresponding Toeplitz matrices
T and determinants D,, ;. Note that Dl/(77+1>
of the eigenvalues of T("*1),

We observe that T(") is self-adjoint, and hence that its eigenvalues are
real. Let w be absolutely continuous, so w(df) = W (e'?)df/(2r) where
W > 0 is integrable.

is the geometric mean

Exercise. Verify that 7" as a positive definite matrix.

Proposition 4.9.1 (Heine). (i) There exists a unique monic polynomial
®,, of degree n such that

o0 = [ 1@, W (1.9:3)

(i) This @, is given by

Cy C1 Co Cp,
1 C1 cy C . Cp—1
Cu(z) = 5 T : (4.9.4)
n . : . .
1z 22 Z"

(iii) The ®, are orthogonal in L*(W).

Proof. (i) Since the measure has infinite support, the /¢ give linearly
independent vectors in L? (W ). By elementary Hilbert space theory, there
is a unique element in span{1,e’, ..., e/» =10} that is closest in L? (W)

n% "and this closest element is orthogonal to the span. See [171].

to e
(ii) The given ®,, is monic by the definition of the D,, _;. Furthermore,

by substitution we obtain

Co C1 C2 N Cp
) - . d 1 c1 ¢ C1 . Cp—1
o 610 e—UHW 629 D
| auteme W g - 5
Cj Cj—1 Cj—2 ... Cj—n
(4.9.5)
where c_; = ¢, and since a determinant with two equal rows vanishes,
we have
do 0 for j =0,1,...,n—1,;
P 0y, —ij0 " s s Ly ) 3 4.96
/r n(e%)e o {D"/Dn_l for j = n. ( )

(iii) Given (i) and (ii), this is part of the Gram—Schmidt process. [
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It is convenient to write
1 p
oy = exp(%/ log W (e™) dG). (4.9.7)
T

Theorem 4.9.2 (Helson—Szegd, [102)]). Suppose that w is absolutely con-
tinuous with dw = W(em)% and that log W is integrable. Then

Op — Qo (n — o). (4.9.8)

Proof. 'We introduce P, = {3_7_, a;2’ : a; € C} and observe that

4 e Pn}. (4.9.9)

fo7% :inf{/ ‘1 +pn(ei9)|2w(€w)2 .
T i

As in Proposition 4.2.5(ii), we can introduce the harmonic conjugate v
of u =logW and then form the function

1 i
h(z) = exp(§qu + isz) (4.9.10)
which belongs to H? and satisfies
|h(e)]> = W(e) (4.9.11)
almost everywhere, and
B 1 ig+ do
h(0) = exp(§/rlog W(e )§> (4.9.12)

Hence for any p, € P,, the function (1 + p,)h belongs to H> and so we
have

a0 = |1+ 5 OO =exp( [ 1ogW(EF).  (@013)

The sequence (ay, ) is evidently decreasing, and to show that the right-
hand side of (4.9.7) is the limit, we exploit the fact that h is an outer
function. By Beurling’s theorem [102], there exist polynomials g, of de-
gree n such that

Gn (e")h(e") — h(0) (4.9.14)
in H% as n — oo, and hence ¢, (0) — 1 as n — oco. We now choose
an (Z)
nl(2) = —1€P, 4.9.15
P(2) = 0) ( )
such that
i0\(2 (5 (02 90 2
1+ pa (€7 [R(e™)" 5~ — |R(0)] (n — o0). (4.9.16)
T

O
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e The geometric mean of the eigenvalues of T(") converges as n — oo
to the geometric mean of the weight W.

Corollary 4.9.3 (Szegd). Let W be as in Theorem 4.9.2, and let D,, be
the corresponding Toeplitz determinants. Then

DV = s (n— 00). (4.9.17)

Proof. Using orthogonality as in (4.9.5), one can check that

- . . do
o, = / B, () B, ()W () L
T 2m
:/ q)n(em)e—mew(em)ﬁ
T 27T
DTL
=5 (4.9.18)

by Proposition 4.9.1(ii). Hence we have

Dn = (Dn/D7l,1)(Dn,1/D7l,2) . (DQ/DI)Dl = 0pQp_1... CVQDI,
(4.9.19)
where o, — @ as n — oo by Theorem 4.9.2; the result now follows by
elementary analysis. O

Lemma 4.9.4 Let w be as in Theorem 4.9.2. Then

_ / /T 1% — e 20(dfy) . . o(dBr_1).

U<]<k<n 1
(4.9.20)
Proof. The right-hand side involves the Vandermonde determinant

H (el — el = det[eiw]}j,k,:o,.“,n—l; (4.9.21)

0<j<k<n-—1

so the expression on the right-hand side of (4.9.20) is

do do,, _
d t 29;. z70k B . det AU . 0 n—1
*/ € ]kf(],..,, 1 e[ ]k[f() ..... 1727r or
(4.9.22)

so by Andréief’s Lemma 2.2.2, this expression reduces to

i(i—k 0 d0
D,,_; = det [/ Um0y () —=
T

. 4.9.23
271'L’,k:0 ..... n—1 ( )
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Definition (Linear statistics). Let f : T — R be a continuous function.
A linear statistic on SU(n) is the function F': SU(n) - R

F,(U) = trace f(U Z f(e™ (U eU(n)) (4.9.24)

where (e!¥/) are the eigenvalues of U.

Proposition 4.9.5 (i) The exponential integral over U(n) of a linear
statistic of [ satisfies

FTL(U) o i (2 dw

oy € P (@) = det| | exp(F(E) 105 = k)0 5

n 0

27r} 1<jk<n
(4.9.25)

(i) The linear statistic satisfies a law of large numbers in the sense
that

l10g(/ £ (U )/LU(n> dU /f i) 0 (n — 00). (4.9.26)
U(n)

n

Proof. (i) We can regard F), as a function on the maximal torus 7 and
replace the Haar measure by the expression in Proposition 2.7.1. Then
we have

/ 6F"(U)NU<n)(dU)
U(n)

n

L a3 T o -enpti de

. 2T 27
j=1 1<j<k<n

(4.9.27)

Now we can apply Lemma 4.9.4 to obtain the stated identity.
(ii) Given (i), this follows directly by Corollary 4.9.3 with W = e/. O

In Section 10.6, we shall state a stronger version of Szegd’s theorem
which gives more precise information about the fluctuation of linear
statistics; effectively we obtain a central limit theorem.
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Convergence to equilibrium

Abstract

In this chapter we combine the results from Chapter 3 about concen-
tration of measure with the notion of equilibrium from Chapter 4, and
prove convergence to equilibrium of empirical eigenvalue distributions of
n X n matrices from suitable ensembles as n — oo. We introduce var-
ious notions of convergence for eigenvalue ensembles from generalized
orthogonal, unitary and symplectic ensembles. Using concentration in-
equalities from Chapter 3, we prove that the empirical eigenvalue distri-
butions, from ensembles that have uniformly convex potentials, converge
almost surely to their equilibrium distribution as the number of charges
increases to infinity. Furthermore, we obtain the Marchenko—Pastur dis-
tribution as the limit of singular numbers of rectangular Gaussian ma-
trices. To illustrate how concentration implies convergence, the chapter
starts with the case of compact groups, where the equilibrium measure
is simply normalized arclength on the circle.

5.1 Convergence to arclength
Suppose that n unit positive charges of strength 8 > 0 are placed upon a
circular conductor of unit radius, and that the angles of the charges are
0<6; <0y <--- <6, <2m. Suppose that the §; are random, subject
to the joint distribution

o@ey=z" [ &% —¢% | do,db, ...do,. (5.1.1)
1<j<k<n

Then we would expect that the §; would tend to form a uniform distri-
bution round the circle as n — oo since the uniform distribution appears
to minimize the energy. We prove this for 5 = 2.

177
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We introduce the product of maximal tori for the circular unitary
ensembles, on which lives the probability measures given by the Weyl
integration formula as in Proposition 2.7.1:

(T,0) = (ﬁ T’uéaw(nﬂ)). (5.1.2)

n=1

The empirical eigenvalue distribution for the n'" factor is
1 n
MS = n Z (Scxp(i(i,)a (513)
j=1

so p € Prob(T), with © = (¢'/)"_, is a random point of T" which is
subject to o5y (n41)-

Theorem 5.1.1 (Metric convergence of empirical distribution). The
empirical distribution of the eigenvalues from the circular ensembles
SU(n) converges to normalized arclength measure almost surely; so that

Wi(u®,do/(2n)) -0  (n— o) (5.1.4)
almost surely on (T, o).

Proof. Let f : T — R be a 1-Lipschitz function and let € > 0. Then
F, : (T",£*(n)) — R defined by

F(©) =Y 5 - [

is a K—Lipschitz function for some K independent of n as in Lemma
3.9.4, and

(% Z f(em’/ ))USU(n+1) (d®’)  (5.1.5)

n

/Ez(@)JSU(71+1)(d@) =0. (5.1.6)

By the concentration inequality Corollary 3.9.3, there exists a universal
constant k such that

Osv(n+1) [[Fn(©)] > €] < 2exp(—ekn) (5.1.7)
hence
o0
Y sumen [[F(0)] > ¢] < oo. (5.1.8)
n=1

So by the first Borel-Cantelli lemma, the event
[|[F,(©)| >& for infinitely many distinct 7| (5.1.9)

has zero probability; hence F),(©) — 0 almost surely as n — oc.
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With the convention that efn+1 = =01+ +0) the maximal torus
of SU(n 4+ 1) and the measure gy (,41) are invariant under the trans-
formation 6; — 60; +2n/(n+1) for j =1,...,n+1, which we can apply
repeatedly to generate points on the maximal torus. So one can check
by a simple averaging argument that

1 ; e, . 1
’%/Tf(ew)dg,/n 5;f(620")USU(n+1>(d@) <~ (5110)

hence the equilibrium measure is indeed normalized arclength measure
on the circle, in the sense that

,Zf i, —>/f iy 46 (5.1.11)

almost surely as n — on (T, 0).

The Arzela—Ascoli theorem [141] shows that {g : T — R : g(1) =
0,lgllLip < 1} is a relatively compact subset of (C(T;R), | - ||«), and
hence for each € > 0 has a finite e-net fi,..., far(c) such that f;(1) =0
and || fjl|zip < 1. We shall spell out details of how to choose e-nets in
the proof of Theorem 5.5.3, so leave the details until then.

Suppose that Wi (u®,df/2r) > 2¢. Then by the Kantorovich dual-
ity Theorem 3.3.2, there exists g such that g(1) = 0, ||gllzip < 1 and
[ 9(u(df) — 42) > 2¢, so we can choose a j such that |lg — fjlle < €
and so [ f;(u9(df) — 2£) > . Hence

de
(Wi (4. d6 /2x) > 22] © / B @) — 5| > ]
(5.1.12)
Repeating the preceding proof with f; instead of f, we deduce that
(W, (1S ,dh/27) > 2¢  for infinitely many distinct n] (5.1.13)

has probability zero. O

Likewise, one can formulate almost sure convergence results for the
circular orthogonal ensemble and the circular symplectic ensemble.

5.2 Convergence of ensembles
The discussion in this section is carried out at three levels:
* the joint distribution o}’ (d)\) of A € A"™;

e the empirical eigenvalue distribution j;) (d:z:) LY 6y, (da);
e the integrated density of states.
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In the typical applications to random matrix theory, o’ (d)\) is the
probability measure on A™ that describes the joint distribution of eigen-
values from the orthogonal, unitary or symplectic ensembles; but without
worrying about the source, we simply assume here that

oP) = exp( Z ) [T —2)dA...dn, (520
i<k
where § > 0 and A = (Aq,...,A,) has Ay < --- < \,. Then we intro-
duce the probability measure y;), where X is random and subject to the
distribution 051‘5).
Let 1)) be the empirical eigenvalue distribution of a self-adjoint matrix
X, andlet |2I—X| = ((2I—X)(2ZI—X))'/2. Then by functional calculus,

trace, log |zl — X| = /log |z —w| ) (dw) (5.2.2)

since trace, log |2I — X| = n~! logdet |2] — X]|.

Definition (IDS). The integrated density of states p, is the probability
measure on R that satisfies

/f x)pp (da) /f z) ) (dz)oP) (dN); (5.2.3)

we use the term density although p, need not a priori be absolutely
continuous.

Definition (Modes of convergence). The principal modes of convergence
to equilibrium that are discussed in the literature are:

(1°) weak convergence of the IDS, so p, — p as n — oo weakly for some
p € Prob(R);

(2°) weak convergence in probability of the empirical distributions to
the equilibrium measure, so

Uﬁlfj) {)\ eA": ’/fdu;; — /fdp‘ > {—:} —0 (n— oc0) (5.2.4)

for all e > 0 and f € Cy(R);

(3°) almost sure weak convergence. Let (A )= ([]72 A", @2 LOdN).
Say that u) converges weakly almost surely to p as n — oo if, for
each f € Cy(R), the sequence of random variables [ f(z)u) (dz) on
(A, o) converges almost surely to [ f(z)p(dx).

(4°) Metric almost sure weak convergence occurs when Wi (u},p) — 0
almost surely on (A, o) as n — oo.
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Lemma 5.2.1 Suppose that all the measures are supported on [—A, A]
for some A < co. Then the modes of convergence satisfy

(4°) = (3°) = (29) = (1°). (5.2.5)

Proof. (4°) = (3°). This follows from Proposition 3.3.4.

(3°) = (2°). Almost sure convergence implies convergence in proba-
bility by the bounded convergence theorem or [88].

(2°) = (1°). Suppose that [|fllec < K. Then | [ f(z)u)(dz) —
J f(z)p(dz)| is bounded by 2K always, and is less than 2¢ on a set
with 07(,,ﬁ ) measure that converges to one as n — co. Hence the integral

with respect to o) (dA) converges to zero as n — oo, as in [88]. O

Remarks. (i) The probability measures in condition (1°) are not ran-
dom. In (2°),(3°) and (4°), the p are random; whereas their limit p is
not random. In Section 5.4 we introduce another condition (3') to deal
with this anomaly.

(ii) Conditions such as (4°) feature in Bolley’s thesis [29], and give a
metric notion of weak convergence. Bolley shows that for certain inter-
acting particle systems, these can improve upon the Sanov-type theo-
rems concerning large deviations.

(iii) On the probability space (A, ), the ordered lists of eigenvalues
An € A" and A\, € A™ are statistically independent when n % m. This
construction is artificial, but in practice one seldom considers eigenvalues
from distinct n and m simultaneously; more often, one is interested in
the p)) as n — oo.

Conclusion (1°) holds under very general hypotheses. First we identify
p, after restating the main hypotheses of Section 4.4.

(a) v is bounded below, so that v(z) > —C for some C € R and all
z € R.
(b) There exist € > 0 and M < oo such that

B+

v(z) > 5

“log(@®+1)  (jz| = M). (5.2.6)

(¢) v:R — R is absolutely continuous and v’ is «— Holder continuous
on [—A, A] for some a > 0 and each A > 0.

Proposition 5.2.2 Suppose that v satisfies (a), (b) and (c), and let
p be as in Theorem 4.4.1. Then the ground state energy of the statis-
tical mechanical system equals the minimum value of the electrostatic
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energy, so
. log Z, B
- tim B2, — [u(@)p(de) - 5 [ [ogle -yl plda) i)
(5.2.7)
Proof. See [37] and Section 5.3. O

Theorem 5.2.3 (Convergence of IDS). Suppose that v satisfies the hy-
potheses (a), (b) and (c), and let p be the equilibrium measure. Then
pn — p weakly as n — oo.

Boutet de Monvel, Pastur and Shcherbina [37] proved this theorem
using operator theory, and went on to establish convergence in proba-
bility (2°) for the ensembles. In [37] the result is stated for a hypothesis
weaker than (c), but Totik [155] showed that the stronger hypothesis (c)
really is needed. In Section 5.3, we shall prove some of the key steps to-
wards Theorem 5.2.3. Theorem 5.2.3 has equivalent statements in terms
of the Cauchy transforms and the eigenvalue counting function

N.(t)=4{j: A\, <t}  (teR). (5.2.8)

Corollary 5.2.4 Suppose that the hypotheses of Theorem 5.2.8 hold.

Then
/ paldz) / p(dzx) (5.2.9)

zZ—X zZ—X

uniformly on compact subsets of C\ R as n — oo, and
1
n (—o0,t]

as n — 0o at all points of continuity of the right-hand side.

Proof. By Lemma 1.8.7, weak convergence of the p, to the compactly
supported p is equivalent to uniform convergence of the Cauchy trans-
forms on compact sets. In another language, the normalized counting
function N, (t)/n is the cumulative distribution function for the empir-
ical distribution, so EN,, (t)/n is the cumulative distribution function
for the integrated density of states p,. Hence the result follows from
Proposition 3.3.4. |
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5.3 Mean field convergence
In mean field theory, we select a probability density function f and
replace

1< I&i 1
= p — log ——— 3.1
H;U(AJHW > BT (5.3.1)

jkij#k
by

ié(mm + g /log Y 1_ p f(z) da:) (5.3.2)

so that the eigenvalues decouple. This idea was previously mentioned
in Exercise 3.1.5, where the joint eigenvalue distribution 07(7;@) was com-
pared with a product measure. With a suitable choice of f, this gives a
sufficiently good approximation to the true potential since the interac-
tion between eigenvalues is controlled by a logarithmic term which has
a relatively weak effect.

Using this idea, we now sketch the main stages in the proof of
Theorem 5.2.3. Since by Corollary 3.6.5 and Theorem 4.4.1, the equilib-
rium measure is supported on [—A, A] for some A < oo, we can rescale
the variables to z; = \;/(24) and the potential to u(z) = v(Ax) so that
x € [-1/2,1/2] and w : [-1/2,1/2] — [Mp,00) for some My > —oc.
We consider probability density functions f such that: f(x) > 0 for all
x€[-1/2,1/2];

1/2
/ f(z)dz =1; (5.3.3)
—1/2

// log ﬁf(x)f(y)dxdy < 0. (5.3.4)

To formulate these in a Hilbert space context, we observe that each
nonnegative g € C([—1/2,1/2]) gives a bounded linear functional on
L?[-1/2,1/2], so

1/2
2 = 2[— : x)dr = 1; f(z
Pnrt={fer’ 1/2,1/2}-/1/2f( )do = 1; f(z) 2 0}
1/2
= L?[—1/2,1/2] x)dr = 1;
s e vtz /[,

1/2
X / f(z)g(x)dx > 0} (5.3.5)

—1/2

is a closed and convex subset of L*[—1/2,1/2].
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Lemma 5.3.1 Let £ : L*[-1/2,1/2] — L?[—1/2,1/2] be the linear
operator

1/2
ﬁf@%=/ logla =yl £(y) d (5.3.6)

Then:

(i) L is a Hilbert—-Schmidt and self-adjoint operator;
(ii) L is negative definite; so that for f, fo € PNL?, the quadratic form
associated with L satisfies

~(L(fr = f2), (L = f2)),. 2 0. (5.3.7)

Proof. (i) The kernel of £ is real and symmetric, so £ is self-adjoint.
Furthermore, one can check by direct calculation that

//[ o (log | — y|)*dady < oo. (5.3.8)

Hence L is a Hilbert—Schmidt operator, so is completely continuous and
maps weakly convergent sequences into norm convergent sequences.
(ii) Passing to the Fourier transform, we have the identity

// (fl(x)_f2($))(f1(y)—f2(y))dxdy
[—1/2,1/2]2

|z —yl*
_Cs) [ 1A = AP
“r g 034
where 0 < s < 1 and
Cs) = /_Oo %dm = 20(1— 8)sin 5= >0, (5.3.10)

so both sides of this formula are nonnegative. Since f; and f, are both
probability density functions, we have

J[ 6@ - me) () - sw)ddy =0, G310
(—1/2,1/2]2

so the right-hand derivative of (5.3.10) at s = 04+ must be nonnegative;
that is

_ //[_1/2 o log |z — y|(fi(z) = f2(2)) (fi(y) = f2(y)) dzdy > 0.

(5.3.12)
O
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Definition (Energy norm [80]). Let D{, be the completion of
{rert-1/21/2: /f(x)d:n o} (5.3.13)
for the energy norm || ||z associated with the inner product

1 _
(f,9)e = //[1/2’1/2]2 log P y|f(:v)g(x) dzdy. (5.3.14)

Say that a sequence (f;) in Dy converges in energy norm when || f; —
frlle — 0as j,k — oo. There is a natural map PNL? — D}, : f +— f—1;
so we say that (f;) in PNL? converges in energy when (f; —I) converges
in energy norm D}. [We do not assert that the limit is an L? function.]

For each n > 1, and f € P N L? we introduce the approximating
Hamiltonian

Hn(xlv"'uxn;f)

n

= > (ule) — B G) + 5 [ Fe)Lfw) do
=1
' (5.3.10)
this has properties that there is no interaction between each z; and the
other variables and H,, (; f) is a symmetrical function. In effect, we have
replaced one of the copies of i, by a mean field f, and allowed the other
to remain as an empirical distribution. The partition function Z, (f) for

the Hamiltonian n®H,, (; f) satisfies

,(f) = %IOan(f)

1 1/2 \
=3 log/_l/2 eXp(—n Hy(x1,. .. X f))dx1 ...dx,
-5 [ f@rs@
1 1/2
+— log/ exp(—nu(x) +nBLf(x)) dx. (5.3.16)
n —1/2

In particular, suppose that p, is a probability density function that
satisfies the molecular field equation

() =2y (pn)_l exp(—nu(z) + BnLlpy, (z)); (5.3.17)
then

- 1o
[ s =z | (n; )
x exp(—n>H, (z1, ..., Zy:py)dey ... dz,, (5.3.18)

S0 p, gives an approximation to the integrated density of states p,,.
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Lemma 5.3.2 The functional ®, has a unique minimizer p, such that
pn — I € DJ.

Proof. First we prove that ®,, is bounded below. By Jensen’s inequality

1/2 1/2 8 1/2
Wiz ws@dss [ cr@ay [ @
1/2 1/2 3
:/_1/21)( dx—/l/z DE(f = 1)(@) do+ 5
> M, + g, (5.3.19)

where we have used (ii) of the preceding Lemma 5.3.1.
Now we show that ®,, is convex. By Hoélder’s inequality, we have

1/2
1og/ exp(—nv(z) + ntBLf (z) + n(l — t)BLI (z))dx

~1/2

/
< tlog /1 : exp(—nv(z) + nBLf (z))dx

—1/2

1/2
+(1—1) log/ exp(—nv(z)) + nBLf (z))dx

—1/2
(5.3.20)

so by Lemma 5.3.1
1 (f1) + (1 =)@ (f2) = P (tfy + (1= 1) f2)
> -1 [(110) - £@) £ - )@ do 2 0. (.321)
We let f; be a minimizing sequence in PNL?, for ®,, so that @, (f;) —
inf; @, (f). Then (f;) is a Cauchy sequence in Dyg; hence (f; —I) is

likewise a Cauchy sequence and hence converges in energy to a unique
pn — I € Dy. O

There are in principle two cases to consider.
(1) If || fj]|r2 — oo as j — oo, then p, may be a singular measure.

(2) There exists a subsequence (f,,,) such that f,, — p, weakly in L?
as m; — 0o.

Then the infimum is attained at p, € PNL? since £ fm, — Lpp in norm
by Lemma 5.3.1(i), so @, (fm,;) — P, (p,) as m; — oo.
In fact (2) occurs, so the minimizer p, belongs to P N L?.
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Theorem 5.3.3 (Mean field convergence). The p, converge weakly in
L? to p, the equilibrium measure that corresponds to the potential v as
in Theorem 4.4.1.

The proof involves a few more Lemmas.
Lemma 5.3.4 There exists p such that p, — p in energy as n — oo.
Proof. By Hoélder’s inequality, we have ®,(f) > ®,,.1(f) for all f, and
P, (f) 2 (I)nJrl(anrl) by the choice of Pn+1, SO

1
(Pn (pn) Z q)n+1<pn+1) Z M(] + 5 (5322)

Hence (®,,(p,)) is a decreasing sequence which is bounded below, and
so converges to some limit my as n — oo. For m > n we have

én (pn) - (Pm (pm) (pm )

>4 / P () = D2 ()£ — p) ()
- 2CI) pm) + 2©m ((pn + pm)/2)
> _6/ pm pn ))E(pm _pn)(x)dx- (5323)

The left-hand side converges to zero as n — oo, hence (p, — I) gives a
Cauchy sequence in Dj, so there is a limit p — I in Dy. O

Lemma 5.3.5 (Molecular field equation). Suppose that (2) holds. Then
pn satisfies the molecular field equation

eXp( u(z) +nBLpy(z))
pn(z) = .
105 exp(=nu(y) +nBLp, (y))dy

Proof. Let p € PN L? and introduce ¢ = p — p,. We have
D, (pn) < (1 —t)py +tp) = Py Py + tq) (5.3.25)

for 0 <t<1,s0

(5.3.24)

0= (%)tzo(bn (P + 1)
hence
0= ﬂ/pn dzzl(ﬂpn)/exp(nu(a:)+ nB8Lp, (x))ﬁ(q)(a:) dx,

(5.3.26)

hence the result. O
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When we consider the limits as n — oo, there are again two possibil-
ities, either:

(3) llpnllz2 — oo; or
(4) there exists p € PN L? and a subsequence (p,,, ) such that p,,, — p
weakly.

When v satisfies (c), conditions (1) and (3) cannot hold, since by
Theorem 4.4.1, the equilibrium measure p belongs to L.

Proposition 5.3.6 Condition (4) holds, and there exists a constant M*
such that

g .
w@) 2 5 [ logle —ylp(y)dy — M (5.3.27)
with equality on the support of p.

Proof. By Theorem 4.4.1, (4) holds, and by Lemma 5.3.4 Lp,, — Lp
in L? as n, — oo. Then Lp is continuous since = +— log |z — y| is
continuous [—~1/2,1/2] — L?[—1/2,1/2]; hence we can introduce M* =
sup, {—u(z) + Lp(x)} and, for each € > 0, also introduce the set

S = {z: —u(x) + BLp(x) > M* —¢}, (5.3.28)
which has positive Lebesgue measure m(S¢)) > 0. Likewise we introduce

S = fo: —u(x) + BLp, (z) > M* — ¢}, (5.3.29)

which satisfies m(S,(f]) \ SE)) + m(SE) \S,(fj)) — 0 as n; — oo since
Lp,, — Lp in L?. By the molecular field equation, any z outside of

S,%E) satisfies

M* =2 -
Py (%) < f57<5]> eXIe)}({E(nnu(y) +ﬂTZjn (y)dy — e;(nl)(g’flgj) (5:3.80)
$0 Py, (z) — 0 as n; — oo. Finally, we have
D, (p,) — M — g p(x)Lp(x) dx (n — ). (5.3.31)
Hence we obtain the result, consistent with Proposition 5.3.2,
- lign D, (pp) = Ey =u(x) — g p(x)Lp(z) dx. (5.3.32)

d
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5.4 Almost sure weak convergence for uniformly
convex potentials

This section contains the main result of this chapter, which refines
Theorem 6.1 of [17]. In Section 5.3, we established convergence in the
sense of condition (1°) for the integrated densities of states, and we wish
to proceed to establish convergence in the sense of (4°) by using the
results of Section 3.6. We first introduce another notion of convergence,
which does not refer to the limit distribution p and which is well suited
to analysis by concentration techniques.

Definition (weak almost sure convergence). Let u) and p, on (A, o) be
as in Section 5.2. We say that u) — p, — 0 weakly almost surely when

@) [ £@0 ) - pudn) 0 (5.4.1)
almost surely on (A, o) for all f € C,(R) as n — oc.

Proposition 5.4.1 Suppose that the o\ on (A, o) satisfy the concen-
tration of measure phenomenon C(«,) of 3.2 with constants c, > Cn®
for some C,a > 0. Then ) — p, — 0 weakly almost surely as n — co.

Proof. Let f € C,(R;R) be uniformly continuous, and let ¢ > 0. Then
there exists L < oo and an L-Lipschitz function g such that || f — g|loc <

e/4; so
H/fd“ﬁ _/fdpn > 5} < H/gduﬁ —/gdpn

Now let G, : (A", ¢*(n)) — R be

> 5/2] (5.4.2)

Go () = > 900) = [ gdi, (5.43)
j=1

which is L-Lipschitz since

!
—
X
«
P
>
IN

1 n

52 lg(A5) — g(\))]
j=1

L n

- PBEYEP
j=1

n /
< L(ijzlxj —A;|2)1 . (5.4.4)

IN
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Now [ G, (A an = [ g(x)pn(dz) by definition of the integrated
density of states, so

HGn —/Gnda,(f)’ > g} = H/gd,u,’i —/gdpn > g} (5.4.5)

By the concentration of measure Corollary 3.6.2, and Lemma 3.2.3

ol “Gn - /Gndar(fw > g} < 2exp(—c’a, /(8L%)) (5.4.6)
and hence
Zaff’) UGn - /Gndaff’w > g} < Z 2exp(—e’a, /(8L7)) < <.
n=1 n=1
(5.4.7)
By the Borel-Cantelli lemma, the event
[|Gn - /G77 do(? | % for infinitely many n} (5.4.8)

occurs with probability zero with respect to ®7° 10,(L ; hence

/ gdu — / gdp, — 0 (5.4.9)

almost surely as n — oo. Likewise

/ fdu) — / fdp, — 0 (5.4.10)

almost surely as n — oo. O

Corollary 5.4.2 (Almost sure weak convergence of the empirical dis-
tribution). Suppose that v is twice continuously differentiable and that
there exists k > 0 such that v"(x) > k for allx € R. Then (3°) holds, so
that the empirical eigenvalue distribution i\ converges to the equilibrium
distribution p weakly almost surely as n — oco.

Proof. The hypotheses of Theorem 5.2.3 are clearly satisfied, so (1°)
holds. Further, by Theorem 3.6.1, the Uﬁl"g) satisfy the concentration of
measure phenomenon with constants kn?, so (3’) holds by Proposition
5.4.1. Clearly, we have

(3N&(1%) = (3%), (5.4.11)
hence the result. O

By refining the proof, we can obtain a stronger theorem, namely con-
vergence in the sense of (4°).
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Theorem 5.4.3 (Metric almost sure weak convergence of the empirical
distribution). Suppose that v is twice continuously differentiable and that
there exists k > 0 such that v"(z) > k for all x € R. Then

Wi, p) — 0 (5.4.12)
almost surely as n — oo.

Proof. By Theorem 5.2.3 we have p, — p weakly as n — oo, and
Wi(pn,p) — 0 as n — oo, so it suffices to prove that Wy (u},p,) — 0
almost surely.

By Corollary 3.6.5, the event that ) has support inside [-nA,nA]
for all sufficiently large n occurs with probability one. Hence we suppose
that p, and p, are probability measures on [—nA, nA], and let € > 0.

The Arzela—Ascoli theorem [141] asserts that a uniformly bounded and
uniformly equicontinuous subset of C([—nA, nA]) is relatively compact
for the || + ||oo norm. In particular, the inclusion map g +— g :

{g:[-nA,nA] - R:9(0)=0,|lgllip <1} = C([-nA,nd]) (5.4.13)

has relatively compact range K, hence K, is totally bounded for the
I - []oo norm. Further, empirical distributions define bounded linear func-
tionals on C'([—nA,nA]), so we can regard the Kantorovich formula as
a variational problem on the relatively compact set K.

Recall that

nA
Wishop) = sun{ [ otk —dp,) :9(0) = 0.l <1}, (5.414)
g —-n

and observe that for each n and € we can choose some such ¢ satisfying

[Wl (1, pn) > 45 c \/ gldp? — dpy)| > 45} . (5.4.15)
The next idea is to replace g at stage n by some f; which is to be chosen
from a net that depends upon ¢, and involves more terms as n increases.

Let |z] = max{m € Z : m < x}. We introduce the grid points (ke, le)

: kol = —([%JH),{%J,..., ({%thl); (5.4.16)

then we form the graphs of 1-Lipschitz functions f; such that f;(0) =0
by joining grid points with straight line segments. When we move
one step along the z-axis away from the origin, we have only three
choices available when constructing the graph of such a function: either
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a horizontal line segment, the segment that slopes upwards with gradi-
ent +1, or the segment that slopes downwards with gradient —1. Thus
one constructs functions f; : [-nA,nA] — R where j = 1,...,3M ()
where M(n) = 2|nA/e| + 3.

The (f;) form an e-net for the supremum norm on {g € C[-nA,nA]:
g(0) = 0}, so there exists j such that

nA

nA
’/ Ag(duﬁfdpn)* Afj(du?fdpn) <2)lg— filloo < 2¢; (5.4.17)

hence we have the inclusion

oM (n) N

nA n
H/ g(dpy — dpy) >4€} < H fiduy — dpn)| > 25},
—nA j=1 —nA
(5.4.18)
with the probabilistic consequence
3M () nA
olP) [Wl(,uﬁ,pn) > 4e] < Z ol H/ ) fi(dwy —dpy)| > 25}.
j=1 -
(5.4.19)
By the concentration inequality Theorem 3.6.1, this gives
Wi (), pn) > 4e] < 3M M2 exp(—4e2kn?/8), (5.4.20)
where M (n) < (2nA/e) + 4, hence
Z o (W1 (1), pn) > 4e] < oo. (5.4.21)
n=1
By the first Borel-Cantelli lemma, the event
[W1 (1, pn) > 4e  for infinitely many distinct n] (5.4.22)
occurs with probability zero. O

Problem. Is there an analogue of Theorem 5.4.3 for the generalized
orthogonal ensemble that has potential w as in Proposition 4.6.37

The technical problem here is that the concentration inequalities such
as Theorem 3.6.3 that are used in the proof of Theorem 5.4.3 depend
upon convexity of the potential. When the support of the equilibrium
distribution splits into two disjoint intervals, it is difficult to see how
this method of proof can be adapted to prove almost sure convergence
of the empirical eigenvalue distribution.
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5.5 Convergence for the singular numbers from the
Wishart distribution

¢ The singular numbers of rectangular matrices with Gaussian IID en-
tries satisfy the Wishart distribution.

* The corresponding equilibrium distribution is the Pastur-Marchenko
distribution.

Let Y be a m x n matrix with mutually independent standard Gaussian
N(0,1) random variables as entries, and let the real symmetric matrix
S = Y'Y have nonnegative eigenvalues 51 < s5 < --- < s5,. We let
m = [An| for A > 0, scale the eigenvalues to z; = s;/ min{n, m}, and
then form the empirical distribution p, = % Z?:I 0z, - Evidently, S has
rank(S) < min{n,m}, so S is singular when A < 1. Wishart considered
such random matrices in [170].

Definition (Marchenko—Pastur distribution [83]). The Marchenko—
Pastur distribution is

pr(day = YRZE@TLZN g (a0,

2rx
VAN = (2 — 1= ))?

2rx

pa(dz) = (1 —X)do + Ij(2)dx 0< A<,

(5.5.1)
where A = [(1 — V)2, (1+V))?].
Theorem 5.5.1 (Singular numbers of Wishart matrices).

(i) Suppose that X > 1. Then the empirical eigenvalue distribution p, of
Y'Y /n converges weakly almost surely as n — oo to the equilibrium
distribution py on the bounded interval A C (0,00).

(i1) Suppose that 0 < A < 1. Then the empirical eigenvalue distribution
o associated with Y'Y /(An) converges weakly almost surely asn —

oo to
(1 — )\)50 + >\p1/>\. (552)
Proof. (i) By Theorem 3.7.5, the potential function is
1
v(x) = 5(:5 —(A—1)logz) (5.5.3)

which is uniformly convex on (0, K] for each K. Since v(z) — oo as z —
0+, and since Proposition 3.7.2 shows that the eigenvalue distributions
are concentrated on bounded intervals, there is no loss in supposing
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that the equilibrium distribution is supported on [d, K] for some small
d > 0 and some large K < oo. Then v is uniformly convex on [d, K],
and we can follow through the proofs in Sections 4.4—4.7. In particular,
Proposition 4.4.4 shows that the equilibrium measure is supported on
a single interval A, and Theorem 4.4.1 characterizes p) in terms of the
integral equation

(z—(A=1)logz) = /A log |z — y|pa(dy) + C (zeA) (5.5.4)

DN | =

for some constant C'. We shall verify in Lemma 5.5.2 that p, furnishes
a solution.

(ii) Now suppose that A < 1, so m < n. Then rank(Y"Y") < m, so the
spectrum of S contains at least n —m zero eigenvalues, hence pu,, assigns
at least 1 — A of its mass to zero. Now by elementary spectral theory,
each nonzero eigenvalue of S is also an eigenvalue of YY! where Y is a
n X | An] matrix with mutually independent N (0, 1) entries. By (i), we
can obtain the limiting eigenvalue distribution of YY*/(An). O

We now complete the proof of Theorem 5.5.1 by verifying that the
Marchenko-Pastur distribution satisfies the integral equation.

Lemma 5.5.2 For A\ > 1, the Hilbert transform of the Marchenko—
Pastur probability density function is

(VD" AN (E—1—MN2 dt
M@ =p. [ VPR LELZAR A
(VA—1) (x — 1)t 27

and this is equal to

Tz+1-—A\
T+1-A—/(z—1-X)2 -4\

- — (r € R\ A). (5.5.5)

Proof. Consider the function

z4+1-A—/(z—=1-X)2—4)\
2z

G(z) = (5.5.6)

with square root such that

VE=1=2)?2 -4 =x2-1-) (|z]| = o0) (5.5.7)
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so that G(z) is analytic on C\ A and G(z) < 1/z as z — oo, due to the

power series. Then G(z) is real for z € R\ A, whereas for x € A we have

T+1—A—i\/4N— (. —1—))2
2z

G(z) = (xed),  (558)

hence G is the Cauchy transform of the Marchenko—Pastur distribution.
So with f(x) = \/4\ — (x — 1 — \)?/(2x) we have

Hf(w) = % (x € A);
_ 1 2sgn(x + 1 — )
IR R Y PR/ pray gy y EY (z € R\ A). (5.5.9)

O

Remarks. (i) The Marchenko—Pastur distribution is sometimes referred
to as the free Poisson law due to its representation as a limit of stable
laws; see [83].

(ii) Our analysis does not cover the case of square matrices, when
A =1, and we are not able to prove almost sure weak convergence by
this type of argument. But the formula for p; still makes good sense in
this case.

Exercise 5.5.3 Suppose that £ is a random variable with probability
density function

d(dj;4 = VA= 2T _p)(x)/ (2m). (5.5.10)

Show that £2 has distribution given by the Marchenko-Pastur p; law.
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Gradient flows and functional inequalities

Abstract

In this chapter we introduce various functionals such as entropy and free
entropy that are defined for suitable probability density functions on R".
Then we introduce the derivatives of such functionals in the style of the
calculus of variations. This leads us to the gradient flows of probability
density functions associated with a given functional; thus we recover the
famous Fokker—Planck equation and the Ornstein—Uhlenbeck equation.
A significant advantage of this approach is that the free analogues of
the classical diffusion equations arise from the corresponding free func-
tionals. We also prove logarithmic Sobolev inequalities, and use them
to prove convergence to equilibrium of the solutions to gradient flows of
suitable energy functionals. Positive curvature is a latent theme in this
chapter; for recent progress in metric geometry has recovered analogous
results on metric spaces with uniformly positive Ricci curvature, as we
mention in the final section.

6.1 Variation of functionals and gradient flows

In this chapter we are concerned with evolutions of families of prob-
ability distributions under partial differential equations. We use p for
a probability density function on R” and impose various smoothness
conditions as required. For simplicity, the reader may suppose that p is
C* and of compact support so that various functionals are defined. The
fundamental examples of functionals are:

e Shannon’s entropy S(p) = — [ p(z) log p(x) dx;

¢ Potential energy F(p ) = [v(z)p(x)dz with respect to a potential
function v;

* Fisher’s information I(p) = [ ||V log p||? p(z) dz;

196
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and in the special case of n = 1, Voiculescu introduced [163, 164]:

* free entropy x(p) = [[ log |z — y| p(x)p(y) dady;
e free information ®(p) = [ p(x)* dx.

We wish to calculate variations of these functionals by differentiating
with respect to p along the direction of some test function. The following
definition is suggested by the standard notion of Gateaux derivative, but
we adapt this since the probability density functions do not form a linear
space, hence do not have a dual in the classical sense.

Definition (Weak derivative). Let P be a subset of L?>(R"), let D be
a Banach space that is continuously included as a linear subspace of
L*(R"), and let D’ be the dual space of D so that D C L*(R") C D'.
(We do not require D to be closed as a subspace of L2.) Suppose that
for each p € P and h € D, a real functional F(p + €h) is defined for
sufficiently small e > 0 and that there exists F/dp € D’ such that

i Elpt+eh) = F(p) :<57F, > '
e—0+ € dp L2

(6.1.1)

Then F' is weakly differentiable on P and the domain of the weak deriva-
tive 0F'/dp contains D.

Examples 6.1.1 There exist suitable P and D such that the above
functionals are weakly differentiable with:

o (;;S:—logp—l,

. %F:v(m),

. %Xzz/loglx—ylp(y)dy;
. %®=3p(x)2-

We shall use these facts in calculations to follow. Before then, we intro-
duce a special metric structure on the probability densities.

Definition (Flows [162]). Let P, denote the space of probability density
functions p on R" such that [ ||z||*p(z) dz < co. Then P, has the metric
associated with Ws.

In this section we shall see that (P, Ws) is associated with a Rie-
mannian structure whereby suitable pg, p; € P» are connected by a path



198 Random Matrices: High Dimensional Phenomena

{(pt)o<i<1} in P» that has minimal length with respect to Wa; so

m—1

W2(p07p1) = 1/{1fsup{ Z WQ(pt7‘7pt7‘+1) = {0 = t() <<ty = 1}}
t s ]:O
We shall construct such a path by means of a differential equation.
Let & : R" — R"™ be a C! vector field for each ¢ > 0, and let ¢; be the
unique solution of the initial value problem

%%ﬂt(x) =& (@ (), wo(T) = 20. (6.1.2)

It helps to think of p as the density of a fluid that moves with velocity
&, where £ = & () depends upon position z and time ¢.

Proposition 6.1.2 (Continuity equation). For each bounded open sub-
set Q) of R™ there exists ty > 0 such that ¢, : Q — € is a diffeomorphism
to some open bounded set Q; for 0 <t < ty. For p a probability density
function on Q, the probability densities p; = pifp satisfy the continuity
equation

0]

Tl —div(&pr) (6.1.3)

in the weak sense.

Proof. For a smooth vector field ¢ : R" — R", let [V] denote the
matrix of derivatives of the components of ¢. By the existence theory
for ordinary differential equations, the solution ¢;(x) is a differentiable
function of the initial value x, and

%V@t = [V& (o ()] [Ver (2)], (6.1.4)
VQD() (l‘) =1.

Hence det[Vy;] > 0 for small ¢ > 0 and by the open mapping theorem
¢ is a diffeomorphism.

Probability is conserved under transportation, so for any f € C*°(9)
we have

o [ 1@n@ds= 3 [ fepp) d
= [V & (@))pta) da
~ [(V5@). &) (o) de (6.1.5)
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since p; = @ifip, so the continuity equation holds in the weak sense.
Furthermore, when p € C! the continuity equation holds in the classical
sense since all the terms in the expression

pi (i () det [V, ()] = p() (6.1.6)

are then differentiable.
O

The total kinetic energy associated with the flow (6.1.2) is

T = / /R (@) ()t (6.1.7)

Given py and p;, we wish to find a flow that takes py to p; and that
minimizes the total kinetic energy.

Theorem 6.1.3 (Optimal transportation). Let py,p1 € Py. Then there
exists a locally L* wvector field & that generates by (6.1.2) a flow of
probability densities (p;)o<i<1 such that

Wa(pt, po)? = 12 / g1 (x) — z||? po () da. (6.1.8)

Remarks. A rigorous proof of this result involves subtle points concern-
ing the regularity of solutions of the transportation partial differential
equations, so we give only a sketch that emphasizes the main ideas [44].
In earlier transportation arguments such as Proposition 3.3.1, the op-
timal transportation strategy was given by a monotonic inducing map,
and for R" the correct notion of a monotone function is given by the gra-
dient of a convex function. By a theorem of Brenier and McCann [162],
there exists a convex function ® : R" — R such that ¢;(z) = V®(z)
induces p; from py; this ¢ is defined except on a set of Lebesgue mea-
sure zero. Now we introduce an interpolating family of bijective maps
p: : R" — R™ by

pi(x) = (1 —t)z + to: (z) (6.1.9)
and a vector field & such that
&(pi(x) = pr(z) — 2, (6.1.10)

hence the differential equation (6.1.2) holds. In the special case in which
® is C?, we have a positive definite matrix

Vi (x) = (1 —t)] + tHess ®(x); (6.1.11)
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S0 ¢y is clearly bijective for 0 < ¢ < 1. In general, one can recover this
formula by interpreting the Hessian in Alexsandrov’s sense [162].

The merit of this construction is that the flow p; = ¢;fip gives the path
of shortest length in (P, W3) from py to p1, and ¢; gives an optimal
transportation strategy, hence

Wa(pos pr ) /n@ ) — 2|0z d:c—#/nsol ) — 2l po (2) do.

(6.1.12)
The reader wishing to see how this can be made precise may refer to
Carlen and Gangbo’s paper [44], or Villani’s book [162]. Our subsequent
analysis does not require the technical details of the proof.
We think of the paths {p; : 0 < ¢ < 1} as geodesics in (P2, Ws), and
investigate other functionals defined along these paths.

Definition (Displacement convezity). Let (p;) be as in Theorem 6.1.3,
and let ¥ : P, — R U {co} be a functional such that ¢ — ¥(p;) is
continuous [0, 1] — R. We say that ¥ is k-uniformly displacement convex
for some k > 0 if

U(prsn)+¥(pi—n) — 2¥(p;) > £h* Wy (po, p1)?
for all (0O<t—h<t<t+h<l). (6.1.13)

Example 6.1.4 (Uniform displacement convezity of electrostatic energy
and relative free entropy). Let v be twice continuously differentiable on
[a,b] with v”(z) > k > 0. Then we saw in Proposition 4.8.1 that the
energy

B, (u) = /[  Pna) - / / Bl —ylu(@n(dy) (6110

is k-uniformly displacement convex. Note that F, is an energy in the
sense of potential theory and may be considered as a free entropy in
Voiculescu’s theory [163, 164, 166]; but it is different from the Gibbs
or Helmholtz functions of equilibrium thermodynamics [3], which are
sometimes referred to as the free energy.

¢ If the potential is uniformly convex, then relative free entropy is uni-
formly displacement convex.

¢ Uniform displacement convexity for relative free entropy amounts to
the free transportation inequality.
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Exercise 6.1.5 (Displacement convexity of Boltzmann’s entropy). Let
(pt) be as in Theorem 6.1.3.

(i) Show that
pi (i (2))Jp, (x) = po(2) (6.1.15)

where J,, is the Jacobian of the transformation = — ¢;(x), which
induces p; from py; deduce that

80 = [ m(@ogpu(a)dz~ [ po(a)log.s, (z) da.
R‘H, n
(6.1.16)
(ii) By considering the eigenvalues of Hess ®(x), show that

log J,, (z) = tracelog((1 — ¢)I + tHess ®(x))

and deduce that
d2
e log J,, (z) = trace (Rt (Hess ®(z)—I) R; (Hess ®() —I)) >0,
(6.1.17)
where R, = ((1 — ) + tHess ®(z)) " is positive definite.
(iii) Deduce that ¢t — —S(p;) is convex.

Exercise 6.1.6 (Uniform displacement convezity of relative entropy).

(i) Let p; be a probability density function on R™ and let v be a
twice continuously differentiable function so that py(z) = e=*(*) is
a probability density function. Show that

But(or | m) = [(@hpr(e)do+ [ pi(@)logpi (@) do. (61.13)

(ii) Suppose further that v : R" — R is x uniformly convex; let (p:)
be as in Theorem 6.1.3. Combine Exercise 6.1.5 with the proof of
Proposition 4.8.2 to show that Ent(p; | py) is & uniformly convex.

(iii) Deduce that the transportation inequality holds, as in Section 3.4:

2
Wa(p1, po)? < —Ent(p1 | po). (6.1.19)

¢ If the potential is uniformly convex, then relative entropy is uni-
formly displacement convex.

* Uniform displacement convexity for relative entropy amounts to
the transportation inequality T5 (k).
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In Section 6.8 we return to this point, and give further conditions under
which relative entropy is indeed x-uniformly convex.

Definition (Gradient flow). Let F be a functional on the geodesic P =
{pt : 0 <t < 1} that is weakly differentiable and such that 6 F'/p defines
a C! function at each p;. Then the gradient flow is

8pt T oF
o= dlv(ptVE) (6.1.20)

In other words, the gradient flow is associated with the vector field

OF
=—-V|—) . 6.1.21
&@)=-v(3,), (6.1.21)
Let p be a probability density function on R” and let v be a continuously
differentiable function so that u(dz) = e~*(*)dz and v(dx) = p(z) dz are
probability measures.

Examples 6.1.7 (Fokker—Planck equation, [65]). Consider the func-
tional given by

F(p) = /v(:v)p(x) dm+/p(m) log p(x) dz, (6.1.22)

which is analogous to the expressions in Examples 6.1.4 and 6.1.6. Sup-
pose that  is a bounded open set, that p is supported on  and that
p(x) > 0 on Q; then for a compact subset K of 2 let

D= {h € C'(4R) : /h(m) de =0,h(z) =0 on K} (6.1.23)

Then §F/§p = logp + 1 + v defines an element of L?>(K), and hence a
bounded linear functional on D. The gradient flow is
apt

5 = div(Vp, + pVv) (6.1.24)

and there are two special cases of note. When v = 0, this is the standard
heat equation dp; /0t = ]| 8%p; /07,
When v(x) = ||z]|? /2 we have the diffusion equation
Ipi

B = divVp, + (Vp, z) + np, (6.1.25)

that is associated to the Ornstein—Uhlenbeck process which we consider
in Chapter 11.
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6.2 Logarithmic Sobolev inequalities

* Logarithmic Sobolev inequalities bound relative entropy by relative
information.

¢ Logarithmic Sobolev inequalities imply convergence to equilibrium
under the gradient flow associated with relative entropy.

¢ The logarithmic Sobolev constant measures the rate of convergence to
equilibrium.

Definition (LSI). Let p be a probability density function on R™. Then
p satisfies a logarithmic Sobolev inequality with constant a when

si)s [ g (f2 /[ f2p) pe)do <2 [ I9fPpte) do
(6.2.1)

holds for all f € L?(p) with distributional gradient Vf € L?(p, R").

Note that when we replace f by tf, where ¢ > 0 is a constant, we scale
up both sides of the inequality by t?>. Suppose that p is a probability
density function and E is the corresponding expectation. Then LSI(«)
asserts that

* E(qlogq) < (2/a)E||V,/q||* for all probability density functions gp.

Example 6.2.1 Gross [75] showed that the standard N(0,1) density
~ satisfies LST with o = 1. He deduced this results from a discrete
inequality by means of a central limit theorem. This approach has been
revived in [71, p. 214]. In Corollary 6.3.3, we shall recover this result by a
quite different argument from [27, 17] based upon the Prékopa—Leindler
inequality as in Theorem 3.5.2.

The constant a measures the rate at which the system converges to
equilibrium under a suitable gradient flow, in a sense made precise in
the following result.

Theorem 6.2.2 (Barron [10]). Suppose that ps satisfies LSI(«) and
that (pi)i>0 is a family of probability density functions that undergoes
the gradient flow associated with the relative entropy functional F(p) =
Ent(p: | poo). Then

F(p) < e F(p)  (t=0). (6.2.2)
Proof. With F(p;) = [ pilog(pi/poc)dx we find the variation

OF Pt
— =1+log— 6.2.3
op Poo (6.2.3)
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and hence the gradient flow

% = div(ptVIOg /%fo)

Under this flow, the relative entropy satisfies

ﬁF(Pt) = <57Pt’ E>L2

= /(1 +108(p1/ poo) ) div (pr V 1og(pe / poc) ) daz

which by the divergence theorem and Proposition 6.1.2 gives

GF ) = = [ (V10800 /). Vlog(p1/pe) ) do

= —I(pt | poo)-

The logarithmic Sobolev inequality gives

d
%F(m) < —2aF(py);

hence by Gronwall’s inequality we have
F(py) < e " F(po).

Corollary 6.2.3 Under the hypotheses of Theorem 6.2.2,

lor = pocllis < 2¢7** Emt(py | poc) (£ 20),

50 pr — poo in LY(dx) ast — oo.

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

(6.2.8)

(6.2.9)

Proof. This follows directly from the theorem via Csiszar’s inequality

Proposition 3.1.8.

O

Remarks. (i) Barron [10] used this result with po, = 71 to obtain a
quantitative version of the central limit theorem, where p; undergoes a

gradient flow associated with the Ornstein—Uhlenbeck process.

(ii) For probability densities on R, Bobkov and Gétze [25] found a rel-
atively simple characterization of LSI in terms of cumulative distribution

functions, including a formula for «. There is no such characterization

known for densities on R”, but the following result allows us to manu-

facture examples of LSI on product spaces.
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(iii) The following proposition is interesting because it leads to con-
stants that are independent of dimension. The converse is part of a
subsequent exercise.

Proposition 6.2.4 (Tensorization). Suppose that p1 on R™ satisfies
LSI(c) and that p; on R" satisfies LSI(c1). Then py ® pa satisfies
LSI(«), where o = min{ay, a2 }.

Proof. Let V, be the gradient operator with respect to the x variable.
Suppose that f(z,y) is a differentiable function on R™ x R" and let

= ([ f(z,9)*p2(y) dy)'/?; then

// R f* log (fQ//de(m ®m)) p1(2)ps(y) dzdy (6.2.10)
:/ (/ (z,y) log(f(g;,y)2/g(gg))p2(y)dy),01($) dx
R

+/ g(x) log // gmm z) dz

and by the logarithmic Sobolev inequalities, this is

< [ ([ V@Rt @)
3 X 2 X T
= [ 19 (@) da (6.2.11)

Now by the triangle inequality, the function ¢ is differentiable with

V(@) < / IV, £ )22 () dy, (6.2.12)

so the right-hand side of (6.2.9) is bounded above by

g// e (IVa f (@) |I? + IVy f(@,9)*) o1 (2)p2 (y) dady. (6.2.13)

o
0

Exercise 6.2.5 (i) Let o € Prob(Q) satisfy LSI(«) and let ¢ : Q — &
be L-Lipschitz. Show that pfio satisfies LSI(a/L?).

(ii) Let p(z,y) be a probability density function on R™ x R" that
satisfies LSI(«r). Show that the marginal density

pe)= [ plwn)dy (6.2.14)

also satisfies LSI(«v).
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6.3 Logarithmic Sobolev inequalities for uniformly
convex potentials

¢ Logarithmic Sobolev inequalities hold for Gibbs measures with uni-
formly convex potentials.

e This follows from the Prékopa—Leindler inequality by an argument
due to Bobkov and Ledoux.

e The are logarithmic Sobolev inequalities for matrix ensembles with
uniformly convex potentials.

The following theorem was important in the historical development of
the theory, as Bakry and Emery used it in their theory of Dirichlet forms
which linked diffusion processes with functional inequalities. Bobkov and
Ledoux [27] discovered the more elementary proof below, which depends
upon the Prékopa—Leindler inequality as in Theorem 1.4.2. In Section
6.8, we shall mention some more general logarithmic Sobolev inequalities
and related results from metric geometry.

Definition (Uniform convezity). A continuous function V : R" — R is
uniformly convex if there exists a > 0 such that

sta
sV(@) +V(y) = V(sz +1y) > —[lz — | (6.3.1)
for all x,y € R" and all 0 < s,t <1 such that s+¢=1.

Example 6.3.1 The fundamental example is the quadratic function
V(x) = ||x||*/2, which satisfies the condition with a = 1. This potential
gives rise to the standard Gaussian measure 7, , and it turns out that
uniformly convex potentials share several properties of the Gaussian.

Remark. The dual expression for the Wasserstein metric W5 on R
involves

1
9(@) = f() < 5lle — yll, (63.2)
or equivalently

o(e) <t {f () + lle — ol ). (633

This expression appears in the Hamilton—Jacobi partial differential equa-
tion, an observation which has been exploited by Bobkov, Gentil and
Ledoux [26] to prove various transportation and logarithmic Sobolev in-
equalities. We shall use the differential form of this condition in the proof
of the following result, and then give a free version in Section 6.6.
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Theorem 6.3.2 (Bakry—Emery’s LSI, [9]). Let V : R" — R be uni-
formly convex with constant o > 0. Then there exists Z < oo such that

p(x)=2""e VW (6.3.4)
defines a probability density function, and p satisfies LSI().

Proof. First we observe that V(z) grows like af|z|?/2 as |z| — oo,
so the existence of Z < oo follows by comparison with the Gaussian
density.

Suppose that g € CZ(R). Let x,y € R" have z = sz + ty on the line
segment between them, where 0 < s,¢ < 1 satisfy s+t = 1, where s will
be chosen to be small; then choose 0 < 8 < o — s||Hess g||. By Taylor’s
theorem we have z between y and z such that

82
9(y) = g(2) — s(Vg(y),r —y) + 5<Hess 9(2)(x —y), (x —y)) (6.3.5)

= —*lefx— )+ Vg(y /\fll2+2w|\V9 (2)|

+ %(Hess 9(z)(z —y), (z — y)); (6.3.6)

so by the choice of 3

sta
9(y) = = llz =y’

= 3 IVB —9) + Vo) VB + 551V (637)
Now on account of this we have
91(2) = sup{gly) — e~ yl? = = s+ 1y
< 9(2) + 551 VeI (6.3.8)

The inequality

o)~ (V@) + V)~ V() <o)~ e~y (639

gives rise to the inequality

exp(g(z) + (s/2t8)[|Vg(2)[|> = V(2)) > exp(—sV (z)) exp(g(y) — tV (y))
(6.3.10)
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and hence by the Prékopa—Leindler inequality Theorem 1.4.2 we have
[ exp(o(a) + (5/209) V() ) p(2) =
s t
> ([ o)) ([ explow/opwin) . (6311)

We take logarithms of both sides and differentiate at s = 0+; thus
1
25 [ IV )z = [ o) plepas

_ ( / e9(2) p(z)dz) log( / eg(z)p(z)dz). (6.3.12)

We can let 3 — a— to recover the stated result. O

Corollary 6.3.3 (Gross’s LSI [75]). The Gaussian density with covari-
ance matriz A satisfies LSI(a), where « is the smallest eigenvalue of
AL

Proof. Here
v(z) = %(A’%,x) + (b, x) (6.3.13)

for some b € R", and hence Hessv(z) = A~!. By applying Taylor’s
theorem to v, we deduce that « is the constant in (6.3.1). O

We finally arrive at the intended application to random matrix theory.
In the Definition (6.3.1), for consistency with previous scalings, we take
| - |l to be the ¢*(n) norm on Mg (R). Nevertheless, it is significant that
the constants in the following results genuinely improve as n increases.

Corollary 6.3.4 (LSI for generalized ensembles). Suppose that v : R —
R is twice continuously differentiable with v"(xz) > « for some a > 0,
and let V(X) = (1/n)tracev(X) for X € M:(R). Then for some Z, <
oo the probability measure

v (dX) = 27 exp(—nQV(X)> dX (6.3.14)
satisfies the logarithmic Sobolev inequality with constant n*a > 0.

Proof. As in the proof of Theorem 3.6.3, n?V is uniformly convex on
(M:(R),c*(n)) with constant n’a, hence we can apply Theorem 6.3.2.
O
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Corollary 6.3.5 (LSI for eigenvalue distributions). Suppose that v :
R — R is twice continuously differentiable with v (x) > a for some
a >0, and for 3 >0 let

() = exp( Z ) IT O —A)'dA .. dx.
j=1 1<j<k<n
(6.3.15)
Then there exists 0 < Z,(3) < oo such that cr,(lﬂ) is a probability mea-
sure that satisfies the logarithmic Sobolev inequality on (A", ¢?(n)) with
constant n*a .

Proof. The potential

—nz i)+ 0 Z log)\ i)\ (6.3.16)

1<j<k<n

is uniformly convex on A" with constant n’c, so we can apply

Theorem 6.3.2. O

Exercise 6.3.6 (Logarithmic Sobolev inequality for conditioned Gaus-
sians). Let A be a positive definite n x n real matrix and let z € R";
then let

Q(z) = 27 Az, z) — (2, 2). (6.3.17)
(i) Show that Q(z) > —271(A7!2,2), and the minimum value is at-
tained at x = A7z,
(ii) For k < n, let B be a k x n real matrix of rank k; let w € R*. Show
that the minimum of the constrained variational problem
minimize{Q(z) | Bz = w} (6.3.18)
is attained at x = xy where
zg=A"'2 - AT'B(BAT'B") "N (BAT 2 —w). (6.3.19)
(iii) Now let
a(y) =27 (Ay,y) + (Ay,z0) — (y, 2),
and let V = {v = B'u : u € R"}. Verify that z = y + x, satisfies
Bx =w for all y € V*, where V+ = {y: (y,v) =0,V € V}, and
that Q(z) = q(y) + Q().
(iv) Deduce that there exists a constant Z such that
y(dy) = Z7te1W dy (6.3.20)

defines a Gaussian probability measure on V -+, where the logarith-
mic Sobolev constant of v depends only upon B and A.
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6.4 Fisher’s information and Shannon’s entropy

¢ Logarithmic Sobolev inequalities bound relative entropy by relative
Fisher’s information.

* Gaussian densities have a special role in the theory.

* The logarithmic Sobolev inequality for the Gaussian measure implies
Shannon’s entropy power.

Logarithmic Sobolev inequalities may be expressed in many ways, and
in this section we express them in the language of information theory.
Indeed, some of the results were originally stated thus.

Definition (Fisher’s information). Suppose that p is a probability den-
sity function on R" such that ,/p has distributional gradient V,/p in
L*(dz). Then the information of p is

2
I@)/'?T do. (6.4.1)

If X is a random variable with probability density function p, then we
sometimes write I(X) for I(p).

Proposition 6.4.1 Suppose that py is a probability density function on
R™ and that ps is a probability density function on R"™ such that p; and
p2 have finite information. Then p = p1 ® pa also has finite information
and

1(p) = I(p1) + I(p2)- (6.4.2)

Proof. The reader should be able to extract the appropriate steps from
the proof of Proposition 6.2.4. (]

Proposition 6.4.2 (Carlen). Suppose that p is a probability density
function on R*" that has finite information. Then the marginals p1 and
p2 on R" have finite information, and

I(p1) + 1(p2) < 1(p). (6.4.3)

Remarks. The result asserts that I(p; ® p2) < I(p), so that p has more
information than the tensor product of its marginals. This eminently
natural result is due to Carlen, who also showed that equality occurs in
(6.4.3) only when p = p; ® p2. See [175].

In information theory, LSI is expressed differently.
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Theorem 6.4.3 (Shannon’s entropy power). Let p be a probability den-
sity function on R™ that has finite Fisher information. Then

—25(p)> i) (6.4.4)

n ~ 2mne’

exp(
with equality for the standard Gaussian density v, on R".

Proof. By Corollary 6.3.3, the standard Gaussian density -, satisfies
LSI(1). Into the logarithmic Sobolev inequality

@ og(£@P/ [ £ )n@hdo <2 [ IVH@)P0 (0o

Rn n
(6.4.5)

we substitute
f(@) = p(x)'?(2m)"* exp(|l]* /4) (6.4.6)

and thus we obtain
2 1 Vp 2
p(log p + (n/2)log 2m + ||z||* /2)dx < 3 H% —|—x\/ﬁH dx (6.4.7)
hence
1 L[V
plog pdx + (n/2)log2m < 5 ; dx + [ (z,Vp)dx. (6.4.8)

By the divergence theorem [(z,Vp)dz = —n, so

I(p)

—25
=290) | ogar 42 < L2 (6.4.9)
n n
Now we rescale the density, replacing p by t" p(tz) and thus obtain
—28 21
=25(p) +log2m +2 < —210gt+ﬂ; (6.4.10)
n n
then the optimal choice t = (n/I(p))"/? gives
-2 1
ﬂ + log 2me < log M, (6.4.11)
n n

as required. Further, we have equality in these inequalities when f = 1.
O

Definition (Relative Fisher information). Let f and g be probability
density functions on R" that are differentiable. Then the relative infor-
mation of f with respect to g is

1 | ) :/” [ 710 %HQJ@(J;) dx (6.4.12)

whenever this integral converges.
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Proposition 6.4.4 The logarithmic Sobolev inequality holds for p if and
only if

Enile| p) < 5-1(a | p) (6.4.13)

holds for all probability density functions q that have finite information
relative to p.

Proof. We note that ||[V|f||| < ||V f] holds in the sense of distributions,
so we have LSI(«) for real-valued functions once we obtain the case of
f=0.

Let f = +/q/p. Then LSI(a) reduces to the inequality

/qlog(q/p) dz < i /H% — %HQq(x) dx. (6.4.14)

O

Remark. In this notation, the logarithmic Sobolev inequality LSI(«)
for Z ~ N(0,1/a) asserts that

Ent(X | Z) < %I(X 1 2). (6.4.15)

Definition (Score function). Let X have probability density function f,
and suppose that f is positive and differentiable. Then the score function
of X is

¢(z) = Viog f(x). (6.4.16)

Let X,Y : © — R" be random variables, and suppose that X has
probability density function f and Y has probability density function g;
let ¢ be the score function of f and v be the score function of g. Then
we define

(X |Y) =E|¢(X) —0X)|* =1(f | 9); (6.4.17)
and likewise
= x)lo @ T
Ent(X |Y) 7/f( )1 gg(x) dx, (6.4.18)

where this integral converges.

Example. On (,P), let Z be a standard N(0,I,) random variable
on (Q,P), and let X be a random variable such that EX = 0 and
E(X, X) = n. Then the score function of Z is ¢(z) = —x, so

I(X|Z)=E|¢(X)+X|*=1(X) —n. (6.4.19)
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Exercise. (i) Let py and p; be probability density functions on R" that
have finite Fisher information, and let p; = (1 —¢)py +tp; for 0 <t < 1.

Show that
d2 2
a2 Ve dr = 2/
dt R” Pt n

where p; = p1 — pog, and hence that information is a convex func-
tional.
(ii) Deduce that p — I(p | q) is also convex.

Ve b th H

Dt

6.5 Free information and entropy

* Voiculescu introduced free information and free entropy.

* Free logarithmic Sobolev inequalities bound the relative free entropy
by the relative free information.

* Free logarithmic Sobolev inequalities imply convergence to equilibrium
under the gradient flow of relative free entropy.

in [163, 164] Voiculescu introduced the concepts of free information and
entropy in the context of non-commutative probability, and in Chapter 4
we saw how free entropy and relative free entropy arise in random matrix
theory. In order to emphasize the analogy between classical and free
functional equations, we introduce the concepts of free information and
relative free information by simple formulae and show that relative free
information arises in the gradient flow of relative free entropy. Before
presenting the complex Burgers equation, we pause to consider a form
of the Burgers equation that arises in fluid mechanics; see [62]. Consider
the motion of a fluid in one space dimension so that the velocity at
position z at time ¢ is u(x,t). When the density is p, and the mass of
the fluid is conserved, we also have the continuity equation

% + aﬁ(up) =0. (6.5.1)
If we follow the motion of a particle and consider a quantity w(z,t),
then the rate of change is

Dw  Ow ow
B oz
In particular, the acceleration satisfies an equation of motion Du/Dt =
f, where f is the force field which includes pressure and viscosity terms.

(6.5.2)
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The Burgers equation is
ou ou 0u
o o T Vo
where v is a constant. The case v = 0 is already non-trivial, since shocks

(6.5.3)

can occur.

In the next section, we consider a probability density function which
evolves under a chosen velocity field, and we analyse the effect on certain
functionals.

Proposition 6.5.1 (The complex Burgers equation). Let G be a solution
of the complex Burgers equation

oG oG
el 7 & .54
5 —|—04Gaz 0 (t>0,3z>0) (6.5.4)
and suppose that SGi(x) = pi(x) is a probability density function for
each t > 0. Then p;(x) satisfies
ap 0
i a(pHp) (6.5.5)
which is the gradient flow for the scaled free entropy 5-x.

Proof. The scaled free entropy

Q [0
sox(o) = 5= [ [ tog o~ yl p)oty) ddy (6.5.6)
T 2
has variation
J « o
ggx(p) = ;/log lz —ylp(y) dy (6.5.7)

and hence the gradient flow is

0 0 1 1
%"= %, (p(ﬂc); / . yp(y) dy)~ (6.5.8)
By comparison, G(z) = —(Hp) + ip satisfies
0 .Op 0 Op
0= —-(Hp) + i, +a((Hp)5-(Hp) ~ 3L )
.0 , dp
— azp%(Hp) — az(Hp)£, (6.5.9)
and the imaginary part is the gradient flow as stated. O

By analogy with the case of classical logarithmic Sobolev inequalities,
we introduce the free logarithmic Sobolev inequality. Then we shall
prove that the analogy extends to gradient flows for the appropriate
functionals.
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Definition (Free information). Let p be a probability density function
on R such that p € L3. Then the free information of p is

D(p) = /OO p(x)? dx. (6.5.10)

Voiculescu showed that the definition of the free information could be
expressed in a style similar to that of Fisher’s information, using the
Hilbert transform H of Theorem 1.8.8; see [163, 164].

Lemma 6.5.2 For all probability density functions p € L3(R.), the free
information satisfies

O(p) = 3/_DO (Hp)?p(z) d. (6.5.11)

Proof. By Theorem 1.8.8, the function f = p + iHp belongs to L3 and
extends by means of the Poisson kernel to an analytic function

L yf(t)

flx+iy) = - /_OO EETEEy dt (y >0) (6.5.12)

on the upper half plane. By Cauchy’s theorem, we have the identity
0= [ f@rdo= [ (pla) - 30040 p)do

+ z‘/oo (3p*Hp — (Hp)®) dz,  (6.5.13)

— 00

and the real part of the right hand side must be zero. O

Definition (Relative free information). Let p and ¢ be probability mea-~
sures on R such that p,q € L3. Then the relative free information is

O(q|p) =3 /OO (Hp — Hq)’q(x) da. (6.5.14)

— 00

The integral converges on account of Hoélder’s inequality and M.
Riesz’s Theorem 1.8.8 since

o 2/3 1/3
®(q|p) < 3(/ IH(p—q)I3dw) (/Q(ff)3 dﬂc)

< 342 (/Z g — pl? dm)2/3 (/ ¢ dx>1/3. (6.5.15)

For comparison, we have the relative Fisher information

(o) d 2
I(qlp)=/ (%log%) qdz (6.5.16)
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versus the relative free information

P(q | p) = i/oo (i /DO log [z — yl(q(y) —p(y))dy)Qq(x) da.
w2 J_ Ndz J_
(6.5.17)
Pursuing this analogy with Lemma 6.4.4, we make the following
definition.

Definition (Free LSI). A probability density function on R satisfies a
free logarithmic Sobolev inequality when there exists a > 0 such that

2(40) < 5 B(a.p). (6.5.18)

Example 6.5.3 Biane and Voiculescu [16] showed that the semicircle
law

o(dx) = (2/m)V1 — 22 dx (6.5.19)

on [—1,1] satisfies the free logarithmic Sobolev inequality. We shall re-
cover this result in Section 6.6, and also show that random matrix theory
links free and classical logarithmic Sobolev inequalities.

The constant o measures the rate of convergence to equilibrium under
the gradient flow for the relative free entropy.

Theorem 6.5.4 (Free convergence). Suppose that pso satisfies the free
logarithmic Sobolev inequality and that (p)i>0 undergoes the gradient
flow associated with the relative free entropy F(p:) = X(pt, poo). Then
pr converges to poo in relative free entropy, with

F(p) < e %™ 3 (py). (6.5.20)
Proof. With
1
F(pr) = //(pt(x) — poo()) (P (y) = poo(y)) log Ty ey (6.5.21)
the variation is
oF 1
= =2 [log—— — peo(y)) d 6.5.22
7 / 8T (Pe(y) = poo(y)) dy ( )
and so the gradient flow is
B = 25, (pt 5 /log P (Pt (y) = poc(v)) dy)
0
= =2 (o1 (& H(p1 = p))- (6.5.23)
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Hence the rate of change of F(p,) is

= -2 // logﬁ(pt(y)—poo(y)) dya%(pt(w)H(pt—poo)) dx
= —272 /(H(Pt - Poo))QPt(l') dx
= 2 | ) (6.5.21)

where the middle step follows by integration by parts. Hence by the free
logarithmic Sobolev inequality we have

%F (pr) < —(4am [3)F () (6.5.25)
hence F(p;) < exp(—(dam®t/3))F(po). .

Remarks. (i) For a given energy functional E defined on probability

density functions, the appropriate analogue of LST is
BElp) < — / Hv H dz. (6.5.26)

(ii) The following table converts classical to free quantities.

Classical

log p
Vlog p(z)
S(0) =~ [ pla)logplz)da

Ent(q | p) :/qlog(q/p)dx
I(q|p) = /q(Vlog(q/p))de

Free

Lp(z) = /log |z —y| p(y)dy
THp(x)

X0 = [ plo)Lola)ds
X(q,p) = /(q —p)L(q —p)da
®(q|p) = 3/(H(q —p))’qdz

(6.5.27)

Exercise. Let X be a random variable with probability density func-
tion p, and let f be a continuously differentiable and strictly increasing
function.

(i) Calculate the probability density function ¢ for f(X), and hence
obtain an expression for the information I(f(X)).
(ii) Calculate the free information of f(X); that is, find ®(qg).
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6.6 Free logarithmic Sobolev inequality

* The semicircle law satisfies a free logarithmic Sobolev inequality.

Whereas the statement of the free LSI involves probability density func-
tions on R, the proof uses the Prékopa—Leindler inequality on R" as
n — oo.

Theorem 6.6.1 (Ledoux [105]). Suppose that v is twice continuously
differentiable and that v"(x) > « for all real x for some o > 0. Then p,
satisfies the free logarithmic Sobolev inequality

pBr
2(a|po) <T@ po) (6.6.1)
@
for all probability measures q that have finite energy.

Proof. Recall that there exists a constant C, such that

o(@) > 8 1 log |z — ylow (W)dy + C, (6.6.2)

with equality on the support of v, so we introduce a real function r such
that

r(z) > ﬂ/jo log |z —ylg(y)dy  (x € R) (6.6.3)

with equality for & on the support of p,, and such that r(z) = v(zx)
whenever |z| > L, for some large L. Next we introduce, for some constant
C to be chosen, the function f(z) = v(z) —r(z) + C so that

[ rerawar= [~ @@ - sra@) o) do

= <I>_(q | pu)- (6.6.4)

Now let
2

o) = it ) + 20 (6.6.5)

and for z = 6z + (1 — 0)y, observe that

(1-0)
2at

g(x) < f(2) + (x —y)? (6.6.6)

where by continuity of v,

Ov(z) + (1 —0)v(y) —v(z) > =0(1 — 0)(z — y)* (6.6.7)

[\ o)

gi(z) = Ov(z) — (1 = O)o(y) < f(z) —v(z) (6.6.8)
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when
~ab(1—6) > (12af)2 that is ¢t > 299 (6.6.9)
Let
sy = JI x=2) (6.6.10)
1<j<k<n
By the Prékopa- Leindler inequality Theorem 1.4.2
([ exp(n_zlwn—v(Am)é(A)@dA)e
p=
x( / exp(—n U(/\j))(S(/\)ﬂd)\)lie
j=1
S/n exp(n Y )5(A)5dA (6.6.11)

j:1

We introduce the normalizing constant Z,, = [, exp(—n Z?zl v(Aj)) x
5(\)?d), and we recall that by the mean field theory of Proposition 5.2.2
—n~2log Z, — E as n — oo. Similar results hold when we replace v by
g—wvand f—wv, so

9E—g/6+v (p—g/9+w) + (1 =0)Ey(py) = Ev—s(pu—y). (6.6.12)

Now v — f = r — C and this has equilibrium measure ¢ since f = C on
the support of ¢, so

Ey_y(po—y) :/(T*C)qdfwg//log ﬁq(w)q(y)dwdy; (6.6.13)

furthermore,

Eup) = [vpdo+ >/ / log 100 @)y, (1)dody. (6614

By the definition of the minimizer, we have E_j/p.,(q) >
E_g/040(po—g/0), 50

0E, —g/0(q) + (1 = 0)Ey(pv) = Ev—s(pu—r), (6.6.15)
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or more explicitly

/(—g+9@)qdm +(1-6 /vpvdx + o5 // log %q(m)q(y)dwdy
5 [
/7"— qd:c—l—ﬁ//log

pl (dz)p, (dy)

(y)dxdy.
(6.6.16)

With g;(z) = inf{f(y)+(x—y)?/(2ta)}, the infimum is attained where
0= f"(y) + (y — x)/(ta), and since f, f’ and f” are bounded
I

f@) = fly) + (@ —y)f'(y) + O((z — y)*)
= f(y) + (x —y)*/(ta) + O((z — y)*). (6.6.17)
Hence g(z) = f(x) — atf'(x)*/2 + O(t*) and since f =v —1r + C,

—g(z) —r(z) + C + v(x)
= —f(a) + atf'(2)*/2 = r(z) + Chv(x) + O(#*)
= at2f'(z)?/2 — (1 — O)v(z) + O(t?). (6.6.18)

When we feed this into the energy inequality (6.6.16), we obtain

O‘t/f x)dr — ( 1—0)/qu:c+(1—9)/”ﬂvd$
. ﬁ//

pv (dz)p, (dy)

65 / / o(y) dedy. (6.6.19)
Hence
S a@) s @ de > (1 -0B() - (1 - OF.(0),  (6620)
which gives by (6.6.4)
%t q(z)f'(z)* dz > (1 - 0)2(q | po), (6.6.21)
where at/(2(1 — 0)) = 1/(2a) and 0 — 1— as t — 0+, hence
0% a4 ) = (a ] p). (6:6.22)

d
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Corollary 6.6.2 (Biane—Voiculescu [16]). The semicircular distribution
satisfies the free logarithmic Sobolev inequality (6.5.18).

Proof. The semicircular law is the equilibrium distribution for the po-
tential v(x) = x?/2, which satisfies the hypotheses of Theorem 6.6.1.
|

6.7 Logarithmic Sobolev and spectral gap inequalities
e LSI(a) implies the concentration inequality C(«).
¢ Uniform convexity of potential and curvature of a manifold imply

concentration for the corresponding Gibbs measure.
* A spectral gap inequality has the shape \;var(f) < E||[Vf|? for all f.

In this section, we compare the logarithmic Sobolev inequality with other
functional inequalities and some eigenvalue problems that are intensively
studied in metric geometry. Initially, we formulate results for Euclidean
space, and then mention without complete detail the corresponding re-
sults for Riemannian manifolds and other metric measure spaces.

One can show that for a probability density function on an open subset
of R", the following implications hold between the various inequalities
with the stated constants.

LSI(a) = Th(a) = Ti(a) & C(a). (6.7.1)

The first implication is due to Otto and Villani [162] under a techni-
cal hypothesis which was subsequently removed by Bobkov, Gentil and
Ledoux [26]; the final equivalence is Theorem 3.4.4 of Bobkov and Gétze
[25]. The converse implications are generally not valid.

Exercise 6.7.1 (LSI(a)) = C(«)). Suppose that ;1 € Prob(R") satisfies
LSI(a), and let g : R™ — R be continuously differentiable and satisfy
|Vg(z)|| <1 for all z € R, and [ g(x)u(dz) = 0. Let f,(z) = e9(*)/2
and J(t) = [ fi(z)*u(dz).

(i) Show that J(0) =1, J'(0) = 0, and that

tJ'(t) — J(t)log J(t) < %J(t). (6.7.2)

(ii) Deduce that J(t) < exp(t?/(2a)).

In the theory of Dirichlet forms, there is a simpler inequality which is
also weaker than LSI.
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Definition (Spectral gap). Let p be a probability density function on
R". Then p satisfies a Poincaré or spectral gap inequality with spectral
gap A\ > 0 if

scn) [ (@)~ [ fewan) sads < 5- [ [Vs@)]Poto)

(6.7.3)

holds for all f € L?(p) such that the distributional gradient Vf € L?(p).

Equivalently, A\ is the smallest positive eigenvalue of the operator L
where Lf = —divV f+(VV,Vf) and V = —log p. Hence \; is given by
a special case of the Rayleigh variational formula

M = ing L) ( )d”“" (6.7.4)
T f
where f : R®™ — R is a nonconstant smooth function such that
[ f(@)p(x)dz = 0. Here A, is called the principal eigenvalue or the
spectral gap.

Proposition 6.7.2 Suppose that u satisfies SG(A1). Then any Lipschitz
function f: R" — R with || f|lrip < K satisfies
2

pllf = [sdul > <55 >0 (6.7.5)

Proof. This follows from the definition when one applies Chebyshev’s
inequality to the left-hand side. O

Proposition 6.7.3 Suppose that p satisfies LSI(«). Then p also satisfies
SG(a).

Proof. By adding a constant to such an f we can arrange that
[ f(z)p(z)dx = 0; furthermore, there in no loss is then assuming that
f is bounded. Then we choose g = 1 + ¢f where € > 0 is so small that
g > 0, and apply LSI(a) to g. When we extract the terms of order &
from the inequality,

/ (1+ef)? log(1 + e f)? pdx—(1+52 f2pdx)

RH
2
<log(14 [ fpde) < %2/ IVf2pde  (6.7.6)
RrRn (6% RrRn
and we obtain the stated result. O

Exercise 6.7.4 (Bilateral exponential distribution). Let v(dz) =
~le~ll dz on R.
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(i) Show by integration by parts that v satisfies SG(1/4).
(ii) Show that v does not satisfy C'(«) for any 0 < o < 0.

Hence v does not satisfy 7. Talagrand showed that nevertheless v sat-
isfies a transportation inequality with a special cost function.

Exercise 6.7.5 Let X be a random variable with probability density
function ¢ and let Z be the standard normal ransom variable with prob-
ability density function ~.

(i) By applying Poincaré’s inequality with f = (q/v)'/?
show that

and p = 7,

/(«/q(x) — V(@) de < %I(X | Z). (6.7.7)

(ii) Use the Cauchy—Schwarz inequality to show that

/|q(w) — ~(z)|dz < 2(/(\/@_ m)mx)l/z (6.7.8)

The quantity on the right-hand side, aside from 2, is known as the
Hellinger distance between the densities.

6.8 Inequalities for Gibbs measures on
Riemannian manifolds

In this book we have followed an approach to the logarithmic Sobolev
inequality which appears to depend upon the special properties of the
Lebesgue measure, since the Prékopa—Leindler inequality is central to
the proof. Indeed, the details of the proofs require modification to make
them apply to other manifolds, so here we indicate the main principle
and refer the reader to [51] and [58] for a full discussion.

Let M be a complete Riemannian manifold, and let V be the gradient
operator that is associated with the Riemannian connection; let o(dx) be
the Riemannian volume form and let Ric be the Ricci curvature tensor.
We defined this in Section 2.3 for Lie groups, and the general definition
for manifolds is similar, [128]. The Ricci curvature gives the average of
the Gauss curvatures of all the two-dimensional sections containing that
direction, normalized by a multiplicative factor n — 1. See [172].

Examples 6.8.1 Let S"(r) be the sphere of radius 7 in R"*! with the
induced metric, so o is the standard rotation-invariant measure. Then
Ric(S"(r)) = r72(n — 1)1.
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By Exercise 2.4.2, the group SO(n) has Ric = (n—2)I/4, so the spec-
tral gap inequality holds with constants that improve with increasing
dimension; see [48, 69].

Ezxtension to Gibbs measures on Riemannian manifolds

In Section 6.2 we considered Gibbs measures on the flat space R", and
now we extend this to the context of Riemannian manifolds. Suppose
that V : M — R is a continuous function such that e~V (*)g(dz) is a
probability measure on M. Then there exists a second-order differential
operator L such that

[ wregta) e otdn) = [ (Vi) Vota)) e atdn) (65.)
M M

for all twice continuously differentiable f,g : M — R that have compact
support. Bakry and Emery proposed that functional inequalities should
be expressed in terms of the carré du champ

D(f.9) = 51719+ (L)~ L(fg)] (652)
and carré du champ itéré
Do) = 5[0U Lo) + T(LE.g) ~ I(fg)]  (6:83)

which in this case simplify to I'(f,g) = (Vf,Vyg), and the Bochner—
Weitzenbock formula is

1
Lo (f, ) = (V£ VL) = SL(IVFI)
= ||[Hess f||3; ¢ + HessV (Vf,Vf) + Ric(Vf,Vf). (6.8.4)
The modified Ricci curvature is defined to be Ric,, = Ric + Hess V.

Theorem 6.8.2 (Bakry—Emery). Let M be a Riemannian manifold with
no boundary, and let p(dz) = Z='e=V @ o(dx) be a probability measure
on M where Rico, > al for some a > 0. Then the spectral gap inequality

SG(a) / /fd,u (dx) / HVf H p(dx) (6.8.5)

holds for all f € L*(o) such that the distributional gradient V f € L*(o).

Proof. Let Lf = —divV f+(VV,Vf) for any twice continuously differ-
entiable ¥, f : M — R, and observe that

/ (LF)(@)g()u(de) = / (V1Y ou(dz). (6.8.6)
M M
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By the Bochner-Weitzenbock formula (6.8.4), we have

(VI VLE) ~ S L(IVSI) = [Hess flfys + HessV (V£, V)
+Ric(Vf,V); (6.8.7)

hence since LI = 0 we have

[ w)Putds) = [ (1Hess flfs + HessV (94,91

M

+ Ric(Vf,Vf))pu(dz) (6.8.8)

so by the assumption on the curvature, we have

[ (wiudn) = a [ 95a(da), (6.59)
M M

so [[ILf|I* > M (Lf, f)r2(u)- Hence the operator L has a gap containing
(0, ) in its spectrum, so

[ 05 = a [

M

(f - /fdu)Q,u(da:). (6.8.10)
O

* The spectral gap of a Gibbs measure depends upon the lower bound
of the Ricci curvature and the Hessian of the potential.

Deuschel and Stroock considered spectral gap inequalities for Gibbs mea-
sures on Riemannian manifolds in [58]. For classical groups, Rothaus
considered the relationship between the constants in various functional
inequalities in [135]. Bakry and Emery showed that Theorem 6.3.2 and
hence Proposition 6.7.3 extend to the case in which Ric,, > ol for
some uniform a > 0 on M; see [108] for a discussion of the results in
a more general setting, which are summarized in the following list of
implications.

[Rico, > al] = LSI(a) = Th(a) = SG(a). (6.8.11)

Conversely, Sturm has shown that Boltzmann’s entropy is a-uniformly
displacement convex on P, (M) if and only if M has Rice, > al; see
[149, 108].

Extension to measured length spaces. In the historical development
of the theory, concentration inequalities were first proved for objects
with a smooth structure such as Lie groups and Riemannian manifolds,
and the constants in the inequalities were expressed in terms of geomet-
rical notions such as dimension and curvature. The modern approach
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reverses this order, and seeks to define geometrical quantities on metric
spaces without smooth structure in terms of the constants in functional
inequalities. See [40, 108].

Let (2,d) be a metric space and ¢ : [0,1] — Q a continuous function;
then the length of ¢ is length (¢) = sup Z;;OI d(p(t;), o(tj+1)) where
the supremum is taken over all partitions {0 = t) < --- < ¢, = 1}.
Then (€, d) is called a length space if d(z,y) = inf, {length (¢) : p(0) =
x,p(1) = y}. Lott and Villani have introduced a notion of Ricci cur-
vature for measured length spaces such that uniformly positive Ricci
curvature implies a Poincaré inequality. In this context, one interprets
[V f(x)|| = limsup,_,, [f(x) — f(y)|/d(z,y) since there is no obvious
notion of the Laplace operator.
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Young tableaux

Abstract

In this chapter we consider the symmetric groups Sy and the Young di-
agrams which parametrize their irreducible unitary representations. The
RSK correspondence identifies the Plancherel measure for Sy in terms
of combinatorial formulae from representation theory. We describe the
typical shapes of scaled Young diagrams under the Plancherel measure
and obtain the Vershik distribution in the limit as N — oco. We express
the distribution of the longest increasing subsequence in a permuta-
tion in Sy as an integral over the unitary group with respect to Haar
measure; thus we link combinatorics to random matrices via the Schur
polynomials. Finally, we state various results concerning the asymptotic
distribution of the length of the longest increasing subsequence in a typ-
ical permutation from Sy as N — oco. These follow from the asymptotic
properties of Toeplitz determinants.

7.1 Group representations

Definition (The group algebra of a finite group). Let G be a finite group,
and let CG = {3 ;@99 : @y € C} be the group algebra with the
multiplication

(3 as9) (3 o) = 3 ayugh. (7.1.1)
geG heG g,h

A representation p is a group homomorphism G — GL(C, n) for some
n < 0o, which makes C" into a unitary left CG module via CG x C" —
c" . (Zg a,g,v) — Zg agp(g)v. Conversely, for any unitary left CG
module M that has dimension n over C, there exists a representation

227
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p: G — GL(C,n) and a linear isomorphism 7' : M — C" such that
T 'p(g)T = g.

In particular, the left regular representation A\, : h — gh makes CG
into a unitary left CG module.

A unitary left CG module M is irreducible if M # {0} and the only
CG submodules of M are M itself and {0}. A representation of G is
said to be irreducible if the corresponding CG module is irreducible. By
Maschke’s theorem, any finite-dimensional unitary left module M can
be written as a direct sum M = M; ® My @ - - - @ M}, where the M, are
irreducible CG submodules. The group algebra CG is semisimple; see
[91, Chapter 8].

Theorem 7.1.1 (Dimension formula). There exist irreducible CG mod-
ules Vj 1 with dim(V} 1) = d; such that no pair of the V1 are isomorphic
and CG may be expressed as a direct sum

k
CG=PWV1e- V)

Jj=1

where the irreducible CG submodule V; ¢ is isomorphic to Vj1 for £ =
1,...,d;. Hence the dimensions as vector spaces over C satisfy

#(G) = Zd;"-. (7.1.2)

Proof. See James and Liebeck [91, Chapters 10 and 11]. O

Elements g and h of G are conjugate if there exists k € G such that
g = khk™!. Let M be a finite-dimensional unitary left CG module, so
each g € G gives a linear transformation m — p(g)m; then the character
of M is the function x : G — C given by x(g) = tracep(g); this does
not depend upon the choice of basis for M. Note that x(e) equals the
dimension of the module. Elements g and h are conjugate in G if and
only if x(g) = x(h) for all characters x.

Let Sy be the symmetric group of permutations on N symbols
{1,...,N}. Each 0 € Sy may be expressed as a permutation in dis-
joint cycles, so that the structure of the cycles is unique and is specified
by integers m; > mo > --- > m, > 1 such that N = m; +---+m,

where m; is the length of the j' cycle. Furthermore, o and ¢’ have equal
1

7

cycle structures if and only if there exists w € Sy such that ¢/ = wow™
so that cycle structures correspond to conjugacy classes.
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Proposition 7.1.2 For a finite group G, there are bijective correspon-
dences between the sets of:

(i) inequivalent irreducible representations;
(ii) characters of irreducible representations;
(iii) conjugacy classes of G.

For G = Sy, these also correspond to:

(i) partitions of N;
(v) Young diagrams with N boxes.

Proof. See [91]. We discuss (v) in Section 7.2. O

Exercise 7.1.3 (Hamming meets Hilbert—Schmidt). Let S, be the sym-
metric group on {1,...,n} and let

d(o,7) = %#{j co(j) #£7()} (0.7 €S,). (7.1.3)

For o € Sy, let P, be the permutation matrix that is given by e; — e,

for the standard basis (e;)7_; of R". Show that

J)

Py = Prl2,) = 2d(0,7) (0,7 € Sp). (7.1.4)

7.2 Young diagrams

* Young diagrams A - N are used to parametrize the irreducible repre-
sentations of Sy .

The symmetric group has Haar probability measure uy (A) = (§A4)/N!
for A C Sy, so that each permutation is equally likely to occur. An
increasing subsequence in ¢ € Sy of length k consists of j; < jo <
-+« < Ji such that 0(j1) < 0(j2) < -+ < o(jr); note that we allow gaps
in these subsequences. Let £(o) be the length of the longest increasing
subsequence in o, which may be realized by several subsequences.

Problem (Ulam [5]). If we select a permutation o € Sy at random,
what is the most likely length ¢(o) of the longest increasing subsequence
in 0 when N is large?

On the basis of numerical simulation, he conjectured that ¢(o) is close
to 2v/N with high probability. There are various sorting algorithms that
suggest that v/N is the correct scaling factor with respect to N, but the
numerical value of 2 is more subtle. See [5].
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As an illustration, we consider a pack of cards, numbered 1,2,..., N.
A permutation amounts to a shuffle of the cards, so there are N! pos-
sible shuffles of the pack. Clearly the identity permutation has longest
increasing subsequence of length N; contrariwise the permutation that
reverses the pack has longest increasing subsequence of length 1.
Numerical simulations indicate that for randomly selected shuffles from
a standard pack of 52 cards, the expected length of the longest increas-
ing subsequence is about 2v/52. Ulam asked whether from a pack of N
cards, the expected length of (o) is 2v/N. Vershik and Kerov proved
this as a consequence of the argument that we now sketch over the next
few sections. Using random matrix theory, Johansson and others found
apparently different proofs which depend upon the asymptotic proper-
ties of Toeplitz determinants, and which give detailed information about
the k' longest increasing subsequence for k = 1,2, . ...

Definition ( Young tableau, [68]). By a partition w of N, denoted 7 - N,
we mean a list my > my > --- > m,, > 1 such that my +---+m, = N.
Each partition gives an array of N square boxes of unit side, arranged
in left-justified rows such that the j** row down from the top has mj
boxes. Such an array is called a Young diagram A. Numbering a A means
putting one positive integer in each of the boxes such that:

(i) the rows are weakly increasing from left to right;
(ii) the columns are strictly increasing from top to bottom.

A Young diagram, so numbered, is called a Young tableau. We use the
phrase distinctly numbered to indicate that the numbers are used once
only, and in this case the rows are strictly increasing.

Definition (Standard Young tableau). A standard Young tableau P is a
numbering of a Young diagram 7p such that each of the integers 1,..., N
is placed in one of the boxes so that the rows are increasing from left to
right, and the columns are increasing downwards. The Young diagram
7, is called the shape of P.

Theorem 7.2.1 (Robinson—Schensted—Knuth). There is a bijection ¢
from Sy to the set of ordered pairs (P,Q) of standard Young tableauz
such that mp = mg, where wp is any Young diagram that has N bozes.
The length of the longest increasing subsequence in o € Sy equals the
length of the longest row in the Young diagram wp where (o) = (P, Q).

Proof. Each o € Sy produces a word; that is, the ordered list o(1),. ..,
o(N) of the numbers {1,..., N}. The most profitable question to ask is:
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How do we add a new entry to a Young tableau P so as to obtain another
Young tableau P'? (The Young tableaux are generally not standard.)

The process involves the following steps, where the k** step is applied
to x = o(k):

(1) If z is greater than all the entries in the first row of A, then add z
to the end of the first row;

(2) otherwise, x is less than some entry in the first row, and we let y be
the smallest such entry. We replace y by z, and attempt to add y
to the Young tableau p that arises from A by deleting the first row.
We say that y is bumped out by z. We repeat steps (1) and (2) to
add y to p.

After N steps, the process stops, where possibly the final step may in-
volve

(3) adding a box to the vacant row below the Young tableau.

At each stage in the construction, we have a distinctly numbered
Young tableau. Ultimately, we obtain a standard Young tableau P(o),
since we have used each of {1,..., N} exactly once.

Meanwhile, we construct another sequence of standard Young
tableaux with the same shapes by placing k into the box that is added
in the k' step in the construction of P(c). Thus we obtain a standard
Young tableau (o), called the recording tableau, that has the same
shape as P(c), and we can map ¢ : 0 — (P(0),Q(0)).

From the construction of ¢, particularly rule (1), it is evident that
the length of the top row of P(c) is the length of the longest increasing
subsequence in o.

We show that ¢ is bijective by constructing the reverse RSK corre-
spondence. Let @) be a standard Young tableau and P a distinctly num-
bered Young tableau; suppose that P and @ have equal shape. Let k be
the largest entry in @ and x the entry of P that is in the corresponding
position.

(4) If x is at the end of the first row, then = was the entry that was
added at step k; so we let o(k) = x.

(5) Otherwise,  was bumped out of the row R of A that is directly
above z. By condition (ii), there exists ¢’ in R such that 3’ < z, and
we let y be the largest such y’. Then z was bumped out of R by
the addition of y, and either: R is the first row, in which case y was
added most recently, or there exists z in the row R’ directly above



232 Random Matrices: High Dimensional Phenomena

R such that z < y. Proceeding in this way, we identify the element
o(k) as the element that was added most recently to make P.

We now remove o(k) from P and restore P to what it was before o (k)
was added; likewise we remove k from @, and thus obtain two Young
diagrams that have the same shape and one box fewer than P or Q.
Then we repeat the process.

Given Young tableaux A and p with IV boxes and of equal shape, one
can check that there exists o € Sy such that p(o) = (A, p). O

For Sy, the conjugacy classes are precisely the set of elements that
have the same cycle structure; hence irreducible representations corre-
spond to partitions of N. For each Young diagram A, we now construct
a complex vector space H), called a Specht module, on which Sy acts
irreducibly.

Definition (A-tableau). A A-tableau consists of a Young diagram A\ with
numbers 1,..., N placed in the boxes, with no special condition on or-
dering, so a standard Young tableau is a special kind of A-tableau.

Each o € Sy operates on the A-tableaux by taking j to o(j). We let
C\ be the subgroup of Sy consisting of the permutations that permute
the entries in each column of A\, but leave the column fixed.

Given A-tableaux P and @, we say that P ~ @ if there exists 0 € Sy
such that o takes the entries in row j of P to the entries in row j of
Q for all j. An equivalence class is called a A-tabloid T, and amounts
to a partition of the set {1,..., N} into unordered rows j = 1,2,... of
length \y > Ay > .... The action of Sy on the A-tableaux gives rise
to an action on the A-tabloids where o € S, permutes the entries of T'.
We introduce basis vectors ey, indexed by the A-tabloids, and form the
complex vector space span(eT); then we introduce

ér = Z sign(o)e, (1) (7.2.1)
oeCy
and H) = span{ér : A\ — tabloids T7}.
Definition (Schur polynomial). Suppose that A = N has n rows, where
n < t. A numbering P assigns 1,...,t into the boxes of A, and p; is

the number of occurrences of j. Then the Schur polynomial of A in ¢
indeterminates is

S,\(arl,...,xt):lefl...zf’, (7.2.2)
P
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with the sum over all such numberings. We write ¥ = z'...2}" for
short.

One can show that S) is symmetric, and that the S\ give a basis for
the vector space of symmetric polynomials in (z1,...,z;).

Proposition 7.2.2 (Specht modules). For each A\ = N there exists a
finite-dimensional complex Hilbert space Hy called a Specht module and
an irreducible representation of Sy on Hy such that distinct Young dia-
grams correspond to inequivalent representations. Furthermore, the H)
satisfy

N!= " (dim Hy)*; (7.2.3)
AN

so the Specht modules give a complete set of inequivalent irreducible mod-
ules.

Proof. See [68] for a proof that the representations are well defined,
inequivalent and irreducible. To prove that this gives a complete set of
such representations, we count dimensions and prove (7.2.3).

One can choose a basis of H) consisting of standard Young tableaux
p with shape 7(p) = A. The dimension of Hy equals the number f* of
standard Young tableaux p that have shape A.

We expand 1/(1 — z;yx) as a geometric series, then gather terms to-
gether and find

N 1 N
_ U T
-2 ¥ « v
Gk=1 TIR - n=0 AR Uin(U)=A  T:n(T)=X

N
= Z Sx(z)Sx(y). (7.2.4)

Now we consider the coefficient of 21 ...xyy; ... yn on each side of this
expression and we find that only standard numberings can give con-
tribute to this coefficient, and the z; and y, may be permuted paired in
any order, so

Ni= " (). (7.2.5)

AAEN

This proves (7.2.3), and the dimension formula Theorem 7.1.1 from rep-
resentation theory then shows that we have a complete list of inequiva-
lent irreducible representations. O
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Definition (Plancherel measure). The Plancherel measure vy of Sy is
the probability measure on Ay = {7 : 7+ N} such that

ox ({r}) = (L)

Proposition 7.2.3 Under the RSK correspondence, the map o +—
(P,Q) — 7p induces vy from the Haar measure puy on Sy.

(7.2.6)

Proof. This holds since for each 7 there are (dim H,)? pairs (P, Q) that
have shape 7. ([

Note that there are various natural maps from Sy to {m : # = N},
such as the map considered in Exercise 7.2.9, which induce probability
measures on {7 : 7 = N} that are different from vy . We can regard the
Plancherel measure as a probability measure on the space of inequiva-
lent irreducible representations of Sy, and the name derives from the
fact that one can prove an analogue for compact metric groups of the
Plancherel formula for abelian groups; see [130, p 445].

We introduce ¢; = n+ A; — j, and consider the coefficient x (1) of

¢

él a M
Ty - 'In” m

(x1 4+ 2,)V H (x; — ). (7.2.7)

1<j<k<n

Then y, (1V) equals the dimension of Hy by a special case of Frobenius’s
character formula.

The dimension of H, can otherwise be found from the hook length
formula, which we state in various forms. For each box b in the Young
diagram 7, we form a hook consisting of b, the boxes that lie directly
below b in the same column and the boxes that lie directly to the right
of b in the same row; the length of this hook is h;, the total number of
boxes in the hook.

Proposition 7.2.4 (Hook length formule). Suppose that A = N has
rows Ay > --- > A\, > 0. Then with {; = \; +n — j, the dimension of
the corresponding Specht module is given by

N!
dimH) = =——
HbEA hy
or equivalently
) N!

J=1%" 1<j<k<n
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Proof. See [68]. O

Proposition 7.2.5 (Frobenius’s formula [138]). For A+ N, the dimen-
sion of the corresponding Specht module is given by
1

dim Hy, = N!det| ——— )
i ¢ N —j+ k)M jre=1,.n

(7.2.9)
Proof. In [138, p. 132] Sagan shows by induction on n that this is equiv-
alent to the hook length formula. A basic observation is that A\; —j 4+ n
is the hook length for the 5" entry in the first column. |

Frobenius’s coordinates

For various applications in Chapter 10, we use another system of coor-
dinates for Young diagrams. Given A - N, we introduce the diagonal of
boxes (j,7) with j = 1,...,d, and count the number P; of boxes in row
j that lie to the right of (j,j); then we count the number @Q; of boxes
in column j that lie below (j,j). Evidently A is determined by these
numbers, which satisfy Py > P, > -+ > P;, Q1 > Q2 > -+ > @4 and
Y (P 4+ Q) =N—d.
We write
/\:(Ph...,Pd;Ql,...,Qd). (7210)

Definition (Conjugate or transpose). The transpose of conjugate A' of a
Young diagram \ is the Young diagram A} > --- > X! that has columns
of height A1, A, ..., \,. We can take A} = n and A\; = m for convenience.
(The notation ) is also in common use.)

Evidently, \! still has N boxes and also has d boxes on its diagonal,
and one can easily see that

)\t:(Ql,...,Qd;Ph...,Pd). (7211)

We now consider o = {—1/2,—-3/2, ...} and introduce the sets of differ-
ences

D={\+s:j=1,...;ms€0},D' ={-N,—s:k=1,...,m;s € o}.
(7.2.12)

Proposition 7.2.6 The sets D and D' are complementary in Z + 1/2.
Proof. By some simple counting arguments, one can show that

Aj+n—j (j=1,...,n) and n—1+k—\, (k=1,...,m)
(7.2.13)
together give all of {0,1,...,m+n —1}.
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Suppose that y € {—n —1/2,...,m —1/2}. Then either there exists a
unique j € {0,1,...} such that y = A; —j —1/2, or there exists a unique
ke {0,1,...} such that y =k — A, — 1/2.

Ifye {m+1/2,m+3/2,...}, then y = =\, +n+ ¢+ 1/2 for some
te{mm+1,...}.

Likewise, if y € {-n—1/2,—n—3/2,...},theny =X\ —m —£—1/2
for some £ € {n,n+1,...}. O

The Frobenius coordinates can be obtained by means of Proposition
7.2.6 from the set of differences. For A = (A; > Ay > ...), we introduce
the symmetric difference

Fr(\) ={\—j:j=12..}A{-1,-2..} (7.2.14)
which satisfies
Fr(\) = {P,...,Pi; =1 = Q1,...,—1 = Qa}. (7.2.15)

Thus Frobenius’s coordinates are the symmetric difference of the set
of differences with respect to the negative integers; this is significant in
Chapter 10.

Our final version of the hook length formula is in terms of the Frobe-
nius coordinates.

Proposition 7.2.7 (Hook length formula in Frobenius’s coordinates).
For A\ = N, the dimension of the corresponding Specht module is given
by:

1
(P +Qr + I)Pj!Qk!L,k:L‘..,d'
Proof. See [30, p. 489]. O

dim Hy = Nldet (7.2.16)

Exercise 7.2.8 Use the Cauchy determinant formula from Lemma
2.2.1(ii) to express the right-hand side similarly to Proposition 7.2.4,
namely

N! 1w (P = P T14 (Q5 — Qi)
L 115 s I L+ B+ Qn) '

Exercise 7.2.9 (i) Suppose that in the decomposition of o € Sy into

dim H, = (7.2.17)

disjoint cycles, the distinct cycle lengths are r; (j = 1,...,¢), where
there are s; disjoint cycles of length ;. Show that the number of distinct
T € Sy that are conjugate to o equals

N!

. (7.2.18)
HFl T 55!
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(ii) Let v : Sy — {7 : # b N} be the map that takes ¢ € Sy to
the Young diagram that has shape given by the decomposition of ¢ into
disjoint cycles. Describe the probability measure that 1 induces from
Haar measure puy on Sy.

Exercise 7.2.10 Show that, with ¢; = A\; +n — j,

|
—-

n

v ({A) = Nidet| 1 S0 60

. 7.2.19
éj! ek!]j,kzl,...,n ( )

I
=

r

7.3 The Vershik (2 distribution

* Vershik’s {2 distribution arises in various card-sorting algorithms.

* The 2 distribution describes the typical cycle structure of elements of
Sy for large N.

e The Q distribution satisfies a variational problem suggested by Plan-
cherel measure on the symmetric group.

The Vershik Q distribution [107, 99, 161] is important in analysis of the
Plancherel measure of the symmetric group on N letters as N — oo,
and hence arises in random matrix theory. The purpose of this section is
to introduce the Vershik distribution by means of variational problems
related to Section 4.4, and to explore the limits of what one can achieve
by the general methods of this book.

Next we consider the shapes of the Young diagrams 7 - N as N — oc.
Each Young diagram 7 gives a decreasing probability density function
fr on (0,00): we reflect the diagram in the z axis to obtain a polygonal
curve which resembles a descending staircase, then we scale the boxes
so that they become squares of side 1/ V/N, and then we introduce a
function that has such a scaled diagram as its graph. Finally, we can
smooth off the edges so that f; is continuous and strictly decreasing.

Suppose that f is a decreasing probability density function on (0, 0o).
Then for x > 0 and 0 < y < f(z), the point (z,y) lies underneath the
graph of f, and f(x) — y represents the vertical distance to the graph,
while f~!(y) — = represents the horizontal distance; thus f(x) —y +
f~1(y) — x represents the hook length. The functional

B oo pf(x)
H(f) = / / log(f(x) —y + /"' (y) — ) dyds  (73.1)

represents the integral of the hook lengths over all points under the
graph.
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Lemma 7.3.1 Under the above correspondence,

vy ({m}) & (27 N)"/? exp(=N — 2N H(f,)), (7.3.2)
for large N.

Proof. Suppose that under the above correspondence the box b is
mapped to a scaled box with centre (z3,y;). Then we have approxi-
mately

D oghy = log(NY2(fr(x) =y + f (s) — )

bem bem
o fx (-77)
~ (1/2)NlogN+N/ / log | fx ()
0 0
—y+ ;7 (y) — z|dyda (7.3.3)

and hence by Stirling’s formula logI'(z) = (z—1/2) logz —z+log V27 +
o(1), and the hook length formula

vy ({m})=exp(log N! — 2 Z log hy)

beT
0o pfx(x)
~ (2rN)/? exp(—N — 2N log(fx
eN) P exp( <N =28 [ [T (s (0)
— Y+ J7 () - @)dyda). (7.3.4)

O

By Lemma 7.3.1, the representations 7 that are most probable with
respect to vy are those that give f, that make H(f;) close to its min-
imum. The Vershik distribution is the f that minimizes H (f) over all
decreasing probability density functions f on (0, 00). We shall show how
to obtain f from the solution of an integral equation in the new variables

z=g(&) + (1/2)¢ + (1/2)[¢],
f(@) = g(&) — (1/2)¢ + (1/2)[¢]. (7.3.5)

More precisely, Logan and Shepp [107] considered the problem of min-
imizing
e, € 1 1.,
I(g) = g'(§)§log = d¢ + 5 [ [ log 9'(&)g'(n)dédn  (7.3.6)
—o0 iy 2 1€ = nl
where g is a probability density function on R that is unimodal with

mode at £ = 0 and is differentiable with |¢'(£)| < 1. By calculus, they
show that minimizing I(g) is equivalent to minimizing H(f) over the
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given sets of functions. The functional I is bounded below on the spec-
ified set of functions and has a unique minimizer. Evidently, the mini-
mizer satisfies

e (o]
€log 1 = | toglé —ulg/(nyan+ € (7.3.7)

—o0
on the support of ¢’(£), where C' is some constant. Further, C' = 0 when

g is an even function.
For ¢ > 0, we introduce the potential

_[(3/4)a2 — (1/2)a*log |z, for|z| < e;
v(z) = { (6/2)(|2] — €)% + (¢2/4), forlz| > e: (7.3.8)
which is piecewise differentiable with
! = Z‘lOg(e/|aj‘|)’ fOI";IJ| < e;
v'(z) = {5sgn(x)(x| —e), for|z|> e (7.3.9)

hence v satisfies (a), (b) and (c¢) of Chapter 4. The graph of the function
v has a single well, with the minimum at (0,0), and is convex on the
interval (—1,1). By Theorem 4.4.1, there exists a unique minimizer p,
for the functional

° 1 1
/_Oo v(x)p(z)dz + B // log Hp(z)p(y) dxdy, (7.3.10)

and the solution satisfies

V(2) = p.v. /_OC 'O;(g);ly (7.3.11)

on the support of p,. Fortunately, this p, is supported on [—2,2], and
pv = g also gives the solution to the Logan—Shepp problem.

Lemma 7.3.2 The integral equation

2
e g(t)
log — = p.v. ——dt —2,2 7.3.12
riog iy =pv. [ La @e(-22) (7:3.12)
has a unique solution in L*[—2,2], given by

2

2 z 1/2 T il ||
,( _T) +Zsin" § - 5, for |z| < 2;
0, for |x| > 2.

(7.3.13)

Proof. Logan and Shepp prove this by considering the function

2 22\1/2 gz 1z z iz 22\1/2 4z
Gae) = {(1-T) "+ gl - Tlee{(1-) T+ 5}

(7.3.14)



240 Random Matrices: High Dimensional Phenomena

which is analytic in the upper half-plane, and where the roots may be
chosen so that Gq(z) = O(1/z) as |z| — oo. They verify that g(z) =
RG(x), and that

x

3G (r) = = - ilog iz, (|2 <2) (7.3.15)

so that the Hilbert transform is Hgq (z) = v(x) /7 for || < 2, as required.
0

One can easily check that gg has the following properties:

(1) ga(&) = ga(=£), so ga is even;
(if) 0> g,(&) > —1 for € > 0, so gq is unimodal;
(iii) go maps [0, 2] onto [0, 7/2];
) go is a probability density function since gq(¢§) > 0 and
f,m a(€)dg = 1.
(v) Further, go minimizes I and I(gq) = —1/2.

(iv

To prove (v), one writes

I(g0) =/ log |z|ga () dm+%/_2 go (z)Hga (x) dx (7.3.16)

-2

and then evaluates these integrals using the substitution z = 2sin 6. See
Exercise 7.3.7 and Section 4.7.

Definition (Vershik’s Q distribution). The Vershik Q distribution has
probability density function fq, where the function fq : [0, 00) — [0, 00)
satisfies the pair of equations

z = ga(§) + (1/2)€ + (1/2)[¢],
fa(®) = ga(§) — (1/2)§ + (1/2)[¢]. (7.3.17)

Proposition 7.3.3 Here fq satisfies the corresponding properties:

(i) fa(fa(x)) =z, so that the graph of fq is symmetrical about y = x;
(i1) fq is decreasing;
(iii) fo maps [0,2] onto [0,2];

(iv) fq is a probability density function since fooo fa(x)dz = 1.

(v) fo minimizes H and H(fq) = —1/2.

Proof. (i) This follows from the fact that gq is even.
(ii) From the above formulae, we have

dfiQ — 96,6) /(1 + g4 (&), for &> 0;
de { (gs/z ©) - 1)/25/2 (§), for & <0; (7.3.18)
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o) ‘Zf—;’ < 0 in all cases.

(iii) For £ > 2 we have gq(§) = 0, so x = £ and fq(z) = 0; further,
x=0at {=—-2s0 fo(0)=2.

(iv) We introduce zy such that fq(x¢) = zo. Then from the graph of
fa it is evident that

fa(z), for z > mzg;

3.1
x, for x < x; (7.3.19)

90(§) = %(x—FfQ(HJ) — |x—fg(x)|) = {

SO

/ " gal€)de = / " (1~ fh (@) + / " fa(@)(1 - fia))de

= x%/Q + fa (I0>2/2 — / ' :L'fé (I) dx + / fa (:E)dx

0
(7.3.20)

So by integrating by parts and using the choice of x(, we obtain

/OO ga(§)d¢ = /Ooo fo(z) de. (7.3.21)

(v) This follows from the corresponding result for go, since H(fo) =
I(gq)- O

The relevance of these results in random matrix theory becomes clear
with the following expression for the Plancherel measure, which resem-
bles the expression in Proposition 2.4.3.

Proposition 7.3.5 Let A be a Young diagram that has n rows and let
l; = \j+n—j; so that, {; is the hook length of the box in position (j, 1)
from the first column of A\. Then the Plancherel measure for Sy satisfies

un(\) = exp(log Nt-2Y logT(4 +1) —2 Y log(t; — ek)).

j=1 1<j<k<n

(7.3.22)

Proof. This follows from the hook length formula Proposition 7.2.4.
O

The function w(z) = 2logT'(x 4 1) is uniformly convex on [§, K] for
each 0 < 0 < K < o0, and w(z) =< log(2nz) + 2z log(x/e) as x — oo.
For a more detailed discussion of this potential, see the author’s paper
[20].
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Example 7.3.6 The function v(z) = xlog(z/e) is uniformly convex on
[0, K] since v"(x) = 1/x > K. Hence by Theorem 4.8.3, the equilibrium
density hg satisfies

Wa(h, hg)? < 2K%(h | h) (7.3.23)

for all probability density functions h that have finite relative free en-
tropy with respect to hq.

As in Section 4.5, we consider the set of absolutely continuous func-
tions ¢ : [0, K] — [0, A] such that g is decreasing with ¢g(0) = A and
g(K) = 0. Then h(z) = —g'(x)/A gives a probability density function on
[0, K]. Suppose that g and go have this form, and introduce h = —¢'/A
and hg = —g¢,/A. Then we find

B0 =5 [ g @alon(e/ayis

ca ] [

which resembles the functional I(g) of Logan and Shepp. By Proposition
3.3.3, we have

'( Vg (y) dady — (7.3.24)

K
W (h hgl) > W1 (h hQ A/ ggl( )|d£L' (7325)

In view of the formula for g, we should take A = 2/m and K = 2.
The Vershik—Kerov Theorem 7.4.6 uses sharper estimates than this; so
that, the statement involves the L™ rather than the L' norm, and has
an effective error bound. Transportation inequalities are not designed to
give uniform bounds on probability densities.

Exercise 7.3.7 (i) Show that I(gg) =271 fEQ ga(x)log|z| dx.

(ii) Given that f:{% log |sinf|dd = —mlog2, by [35] show by inte-
grating by parts that

w/2 T T
/ cos® @log | sinf|df = —log2 — —, (7.3.26)
—7/2 2 4

/2 T T
/ 0sin @ cosflog |sinf|df = —log2 — —.
/2 4 4
(iii) Hence show that I(gq) = —1/2.

Remark. In this section we have drawn analogies between Plancherel
measure on the irreducible representations of Sy and certain random



Young tableaux 243

matrix ensembles. The sharpest results about partitions are obtained
from complex analysis and appear beyond the scope of transportation
methods. The distribution of lengths of rows in random Young diagrams
have been thoroughly investigated by the Riemann—Hilbert technique [1,
7, 8, 56].

7.4 Distribution of the longest increasing subsequence

e The distribution of the length of the longest increasing sequence can
be expressed as an integral over U(N).

e The Poisson process is used to express such integrals as Toeplitz de-
terminants.

In this section we show how to obtain the distribution of the length
of the longest increasing subsequence in a permutation. The techniques
essentially use random matrix theory, and the Poisson process.

When gazing at the night sky through a telescope, an observer can
count the number p(A) of bright stars within a given sector A. This p(A)
appears to be a random non-negative integer, and when A and B are
disjoint sectors, p(A) and p(B) appear to be statistically independent.
A common model for this is the Poisson process as in [101].

Definition (Random point field). Let (€, d) be a Polish space such that
all bounded and closed subsets of €, are compact. Let v be a measurable
mapping from a probability space (£2,P) to the set of Radon measures
on (2p; the distribution is the probability measure that is induced by v.
(Hence A — v, (A) is a Radon measure for each w € Q, and w — v, (4)
is a random variable for each bounded Borel set A.) If v, (A) belongs to
{0,1,2,...} for all bounded Borel subsets A of Qy and all w € Q, then
v is a random point field on .

Definition (Poisson process [101]). Let (£2,P) be a probability space,
and let ms be Lebesgue area measure. For § > 0, a Poisson random
variable with mean 6 is a measurable function R : 2 — {0,1,...} such
that P[R = n] = e=?0"/n! for n = 0,1,.... A Poisson process p with
unit rate in the plane is a random point field on R? such that:

(i) p(A) is a Poisson random variable with mean mgy(A);
(ii) p(4;) (j =1,2,...) are mutually independent and
(i) p(A) = 372, p(A;) whenever (4;) (j = 1,2,...) are disjoint
bounded Borel sets with bounded union A = U32, A4;.
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The probability generating function g4 satisfies
g4 (2) = Ez"™) = exp((z — 1)my(A)), (7.4.1)

so that A — log g4 (z) determines the mean measure ms(A). Area mea-
sure is a suitable choice since it has no atoms; the Poisson random vari-
ables p(A) can take any positive integral values, but they assign values
with multiplicity one. (In this respect, the Poisson process does not pro-
vide an ideal model of stellar counts, since visual binary stars occur
relatively frequently.)

For large 6 > 0, we consider the Poisson process on [0, /8] x [0, /8], so
that N = p([0, ] x [0, /0]) has a Po(#) distribution. For each outcome,
there exist points (z,y;) € [0,v0]x[0,V0] for j = 1,..., N at which the
process jumps; regard (z;,y;) as the coordinates of the stars. Without
loss of generality, we can choose the indices so that 71 < s < -+- < zy
and then we can choose a unique o € Sy so that y,(1) < y,(2) <+ <
Yo (n)- For each given N, the distribution of o is Haar measure on Sy .

We introduce a probability measure u?_ on S, = US_oSn by select-
ing N according to a Poisson law with mean 6, then we select elements
of Sy according to Haar measure; by convention S; = {e}. Later we
shall consider S, as an inductive limit group. The distribution of ¢ as
given by the above Poisson process is p?_.

To be more explicit, we write Ny for N.

Proposition 7.4.1 Ny/0 — 1 almost surely as 6 — co.

Proof. This is a special case of the strong law of large numbers. Indeed,
for each € > 0, Chebyshev’s inequality gives

Np2 1
and hence by the First Borel-Cantelli Lemma we deduce
N2 P
P[| 2 1’ > ¢ for infinitely many k} =0. (7.4.3)
Taking an integer k such that & < v < k 4 1, we observe that N;» <
Ny < N(j41)> and k/v6 — 1 as § — oo, hence the result. O

Each increasing subsequence o(n;) < o(ng) < --- < o(ng) in 0 may be
identified with a zig-zag path with steps (z.,, Yo (n,)) t0 (Zn,. 1, Yo(n,, 1))
going eastwards and northwards in the plane. For each s < t we let /,; be
the number of points in the longest such path in [s, ] x [s, t]. Hammersley
used this device in various percolation problems.
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Theorem 7.4.2 (Hammersley). There exists a constant ¢ such that
— —c (7.4.4)

almost surely as t — oo.

Proof. Kingman introduced the subadditive ergodic theorem to prove
this result. By joining paths together we see that

lou > Lst + Ly (3 <t < u) (745)
The numerical sequence —E/,; is subadditive, in the sense that
_Egsu S *Eésf — Egtu (S < t < ’LL), (746)

and hence Efy; /t — c for some constant ¢ by elementary results. By
considering shifts of the plane along the North-East diagonal, we see
that the process is strongly stationary in the sense that the joint distri-
bution of (—fs+11+1)s<¢ is equal to the joint distribution of (—fs;)s<;.
The invariant o-algebra for the diagonal shift is trivial, so the pro-
cess is ergodic. By the subadditive ergodic theorem [100], we have
ly/t — c almost surely as ¢ — oco. Generally, ¢ is known as the time
constant. Due to Theorem 7.4.6 presented below, this constant ¢ turns
out to be 2. O

Lemma 7.4.3 (Rains, [5]). Let £(c) be the length of the longest increas-
ing sequence in o. Then

1

un{oc € Sy : L(o) <r} = N1

/ ltrace(U)[*™ gy oy (dU).  (T.4.7)
U(r)

Proof. 'We choose an integer < N. Let the eigenvalues of U € U(r)
be €%, ... €  so that trace(U) = > i €% . The first elementary
symmetric polynomial in r variables is P (x) = 23:1 xj, and we can
express its N*" power as a linear combination of the Schur functions

(P@)Y = Y xa(1')sa(x) (7.4.8)

AFN A <r

where )\ is summed over all partitions of N such that the transpose \’
has less than or equal to k£ rows and Y is the character that corresponds
to A. Now x,(1") = dim(H, ), and the Schur functions are orthonormal
with respect to ug (). Hence we have

1 i i0, V12N 1 . 2
N!/U(r) [P (e, ... e I’I‘U(’!‘)(dU)_ﬁ Z (dlm(H,\)) ,
AFN AL <r
(7.4.9)
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in which we recognise the right-hand side as

UNIAFN: A <r}=vy{AFN:)\ <7}
= uy{o € Sy : l(o) <71}, (7.4.10)

where the final equality follows from the RSK correspondence as in
Proposition 7.2.3. O

Definition (Poissonization). Let (Qy,Px) be discrete probability
spaces for N =0,1,2..., and let Q = LUF_,Qx be the disjoint union of
the Qy. Then for each # > 0 we introduce the probability measure P?
on 2 by

P'({wy}) =€ G—PN({MN}) (wy €Qn, N =0,1,...). (7.4.11)

In effect, we choose the index NV to be a Poisson random variable with
mean 0, and then choose from Qy according to the law Py .

Definition (Plancherel measure on partitions). Let Ay = {\F N} and
Ao = {1}; then let A = U¥_,Ay. To select a partition A, we first choose
N = |)\| according to the Poisson law with mean 6, then we choose
A € Ay according to Plancherel measure; thus we define the probability
measure P’ on A by

PY({A}) = 00 (d”TA(ﬁIA)) , (7.4.12)

Under the RSK correspondence, we can regard P? as a measure on
Soo = UR_1SN-

Definition (Bessel function of integral order [167, p. 19]). Bessel defined
Jm with integral order m by

I () = /07T cos(ma¢ — a:singb)%, (m=0,1,...;2 € C) (7.4.13)

and the relation J_,, () = (—=1)™J,, (x); the general definition appears
in Section 9.2.

From this definition, one can recover the .J,, as the coefficients in the
Laurent expansion [167, 2.11]

exp{”;(z—l)} +Zz’”J Z —m g (x). (7.4.14)

m=1 m=1

Proposition 7.4.4 (Gessel [5]). For > 0, let
®.0)=P'{NcA: )\ <r} (reN) (7.4.15)
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be the cumulative distribution function of the longest row in the parti-
tions under P?. Then

3, (0) = e~ det [J, p(— 219)} . (7.4.16)
Proof. By definition of P?, we have

PN <r}=¢"! ZN'MN{UESN:K(U)Sr} (r e N).

(7.4.17)
Lemma 7.4.3 suggests that we can express this as an integral over the
groups U(N). First we observe that by the binomial theorem

2N .
[ twrace(t+ 0 )= ) [ farace() PV ),
Ul(r) Ul(r)
(7.4.18)

since we need an equal numbers of factors U and U* to produce a non-
zero term, and of course trace(U + U*) = 237, cos¢);. By Lemma
7.4.3 and the Weyl formula Theorem 2.6.2, we have

L un{o €Sy to) <1}

N!
1 2N
i 2N
11 ’ dp dy,
= e 2 ; i _ givr 2 2% G¥r
! (2N)!/T ZCOW-’ H e o o
j=1 1<j<k<r

(7.4.19)

When we replace 2N by an odd power, the resulting expression vanishes

by symmetry, so when we multiply by e=?6" and sum over N, we obtain

RN A
e 0Zﬁ,uN{UESN:€(J)§r}

—0 T
_e | i _ g p @1 A
= /Texp QGECOS% H e e'vr | 5o 5

1<j<k<r

(7.4.20)

where the integral is taken over the maximal torus 7. Next, we convert
the right-hand side into the Toeplitz determinant by Proposition 4.9.5,



248 Random Matrices: High Dimensional Phenomena

and obtain
i 2 " dip
e det[ exp (20 cos v + i(j — k)v) —} : (7.4.21)
0 2 ljk=1,.r
Next we observe that
/ﬂ- 626 cos+i(j—k)v @ — ,L-jfk /77 6729 sinp+i(j—k)y @
x 27 o 2
=M1 (—2i6), (7.4.22)
and by the multiplicative property of determinants
e’ det [/ 20 cospHi(i=k)y %] =e " det {ijk(—%lg)} :
r 2wl k=1,...r Gok=1,...r
(7.4.23)
O

The determinant surges in value as r passes through 2v/8; more precisely,
D, (0) satisfies the following lemma.

Lemma 7.4.5 (Johansson [94, 8]). There exist constants §,e > 0, which
are independent of r and N, such that

0<®,.(0) <Ce  ((1+e)r < 2V0);
0<1-@.(0) <C/r ((L-e)r>2V0). (7.4.24)

Proof. The proof is a lengthy deviations estimate on the determinant
in Proposition 7.4.4, hence is omitted. [l

Theorem 7.4.6 (Vershik—Kerov [161]). The scaled length of the longest
increasing subsequence converges in probability to 2 as N — oo; that is,
for each e > 0,

MN{O'N € Sy : ‘657%) —2‘ > 6} —0 (N — 0). (7.4.25)

Proof. We introduce the expression
an (r) = pn{on € Sy : l(o) <1} (7.4.26)

which is decreasing with respect to increasing N, and increasing with
respect to increasing r. Clearly 0 < ay (r) < 1. We shall prove that a) (r)
jumps from a value close to 0 to a value close to 1 as r passes through

21/6.
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By a simple application of Chebyshev’s inequality, we have for each
k£ > 1 the bounds

0+rV0 91\7 2
‘cp, O- Y e < 5 (7.4.27)
N=0—rV0
which gives the estimates
2 2 2
Qo)+ 5 200 0) 2 (1= S oy, 5() = 5. (T4.28)
By Lemma 7.4.5, we have
2 2 2V/0
—50 |, “ _Z V7
O+ 2 (1= S )ap(1): (7.4.29)
and
2v/0 C(l—e) 2
Y )>1-———_ = A.
avi(72) =1 VT (7.4.30)

so by taking k = 6'/* and letting § — oo, we obtain the stated result
that ag(r) jumps near to r = 2v/0. O

In Section 10.4 we shall revisit these ideas and give a more precise
version of Theorem 7.4.6 which deals with the delicate topic of the edge
distribution. The first proof of Theorem 7.4.6 did not use random matrix
theory, instead it relied upon combinatorial results concerning partitions,
and gives some more precise information.

Theorem 7.4.7 (Vershik-Kerov [161]). Under the Plancherel measure
vy on {\F N}, the scaled Young diagrams f) converge in probability to
fa as N — o0, so

WW{AFN ||y = fallw <CN7Y0} =1 (N —o0). (7.4.31)

Proof. See Vershik—Kerov [161]. A key ingredient of the proof is the
Hardy-Ramanujan asymptotic formula [6, 79] for the number py of par-
titions of IN. There exists ey such that

py = A F N} = exp (w(%)lﬂ(l + &:N)), (7.4.32)

where ey — 0 as N — oo. The statement of the result implies conver-
gence in Wasserstein metric due to Proposition 3.3.3(ii). O

Having established that £(o) is often close to 2v/ N, the next step is
to find the variance of (o) — 2v/ N and the asymptotic distribution. As
a result of numerical simulations, the variance was found to be of order
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N'/3 as N — oo. The nature of the asymptotic distribution is rather
surprising in that it emerged in analysis of Gaussian random matrices,
not in combinatorics. In Section 9.4 we introduce the Tracy—Widom
distribution in the context of the GUE, and in Section 10.4 sketch how
this distribution arises for measures on the space of partitions.

Exercise. Calculate the integral
/ (trace(X))*" v, (dX) (7.4.33)
M3 (R)

where v, is the probability measure for the Gaussian orthogonal ensem-
ble, and compare with the result for (7.4.18).

7.5 Inclusion-exclusion principle

¢ The inclusion-exclusion principle is a basic counting tool which is later
used in the next chapter to deal with point processes.

Let (L, <) be a finite and partially ordered set, and let ¢ : Lx L — {0,1}
be the function
1, for m < mo;

Clmi,me) = {O, (7.5.1)

else.

Lemma 7.5.1 (Mobius’s function). There exists a function p: L X L —
R such that any pair of functions f,g: L — R satisfy

fm) =Y gw) (rel) (7.5.2)
wiw>T

if and only if

g(m) = Y wlmw)fw) (rel). (7.5.3)
wiw>T
Proof. This is by induction on §L; see [6, p. 218]. O
Given a probability measure P on L, we can consider the correlation
function

p(r) =E((m,.) =P{w:m <w} (7.5.4)

By the inclusion-exclusion principle, p determines P via the equivalent
formulae

p(m) =Y P({w}) (7.5.5)

wiw>T
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and
P((r}) = 3 ulmw)plw). (7.5.6)

Typically, the Mobius function will take both positive and negative
values, which make inequalities tricky to deal with. There follow two
significant cases in which p is known.

7.5.2 Subsets of a finite set

Let L be the collection of all subsets of {1,...,n}, partially ordered by
inclusion; see [90]. Then the Mobius function is

(=) VAU - for U C V;
U,Vv)= 7.5.7
uw.v) ={§ for | (7.5.7)

7.5.3 Partitions of a finite set
By a partition of the set {1,...,n} we mean a decomposition into the
union of disjoint non-empty subsets; by a block we mean a nonempty

subset of {1,...,n}. For each n, there are natural bijections between:
(i) equivalence relations on {1,...,n} with r distinct equivalence
classes;

(ii) partitions of {1,...,n} into disjoint blocks By, for k =1,...,r;
(ili) polynomials in commuting indeterminates ; that have the form

r

ST = (7.5.8)

k=1j€B;
where Uj,_, By = {1,...,n}.

Given a partition 7, with blocks of length A = (A; > --- > A\, (5) > 0),
we can introduce a A-tableau with r(7) rows that are given by the blocks
of 7 in some order. The lack of uniqueness is specified by the equivalence
relation ~ on A-tableaux, where 71 ~ 75 if 75 can be obtained from 7 by
successively interchanging numbers in each row and interchanging the
rows that have equal length.

Given partitions m; and 7 of {1,2,...,n}, we say that 7 refines m
and write m > m if each block of s is a subset of some block of 7. Let
L, be the set of partitions of {1,2,...,n} with this partial order. The
maximal element is I = [{1},...,{n}], which has n equivalence classes.
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We introduce the notation (z)(;) = z(z—1)...(z—k+1). The number
of injective maps ¢ : {1,...,w} — {1,...,m} is (m)(y). Given 7 € L,
and a finite set T such that §T° = ¢t > r(w), we consider the maps
v :{1,...,n} — T such that ¢(j) = ¢(k) if and only if j and k both
lie in the same block in the partition 7. The number of such functions
is f(m) = ()(r(r))-

Definition (Stirling’s numbers). The Stirling numbers of the first kind
s(n, k) satisty

n

(X)) = Y _ s(n, k) X" (7.5.9)
k=0

whereas the Stirling numbers of the second kind S(n, k) satisfy

X" =S, k) (X)) (7.5.10)
k=0
Proposition 7.5.3 The Stirling numbers satisfy
S(n,k) =t{m € L, : r(w) = k}; (7.5.11)
sink)y = > pm). (7.5.12)
T €Ly r(m)=k
Proof. See Andrews [6]. O

Exercise 7.5.4 Find the number of partitions of {1,...,n} that have
blocks of length k; > --- > k., with k; appearing n; times.

These ideas have been considered in detail by Borodin, Olshanski and
others; see [33] and [34] for further developments.
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Random point fields and random matrices

Abstract

The distribution of the eigenvalues of a random matrix gives a random
point field. This chapter outlines Soshnikov’s version of the general the-
ory. Starting with kernels, we introduce correlation functions via deter-
minants. Gaudin and Mehta developed a theory of correlation functions
for the generalized unitary ensemble which is known as the orthogonal
polynomial technique, and we show that it fits neatly into the theory
of determinantal random point fields. Particular determinantal random
point fields are generated by the sine kernel, the Airy kernel, and the
continuous Bessel kernels; in random matrix theory these are widely
held to be universal kernels in that they describe the possible asymp-
totic distribution of eigenvalues from large Hermitian matrices. In the
final section we introduce an abstract framework in which one can de-
scribe the convergence of families of determinantal random point fields,
and which we apply to fundamental examples in Chapters 9 and 10.

In Sections 8.1 and 8.2, we describe how kernels can be used to form
determinantal random point fields, and in Section 8.3 we express some
classical results about unitary ensembles in terms of determinantal ran-
dom point fields. In Sections 9.3, 9.4 and 9.5 we look at these specific
examples in more detail, and see how they arise in random matrix theory.

8.1 Determinantal random point fields

In this section, we introduce Soshnikov’s theory [148] of determinantal
random point fields as it applies to point fields on Z. The idea is that,
by starting with a matrix such that 0 < K < I, one can define joint

253
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probability distributions of random arrays of points in Z. We begin by
introducing the formalism needed to describe random arrays of points.

Definition (Configurations). Let (€2, d) be a Polish space such that any
closed and bounded subset A of Q is compact. A configuration A is a
function v : @ — {0,1,2,...} such that for each compact set A, the
support of v|4 = {x € A : v(x) > 0} is finite. We call v(z) the multi-
plicity of x and observe that {z € Q : v(x) > 0} is finite or countably
infinite since €2 is the union of a sequence of closed and bounded subsets.
When v(z) <1 for all z € Q, we say that A has multiplicity one; some
authors use the more suggestive term multiplicity free. Evidently each
such configuration v : Q — {0, 1} is the indicator function of its support
{s € Q:v(s) =1}, so we can identify the configurations of multiplicity
one with the subsets of Q2 via Ig < S.
We define
v (A) =Y v() (8.1.1)
r€A
to be the number of points, in A, counted according to multiplicity, and
write vp ({}) = v(z). We let Conf(Q2) be the set of all configurations A
on €2, with the o-algebra generated by the counting functions vy . Then
A — vy (A) is a random variable for each Borel set A, while A — vy (A)
is a measure.

Definition (Random point field). A random point field is a Borel
probability measure on Conf(€2). There is a family of Borel measures
A+ vy (A) defined for A € Conf(92).

Exercise. Let v,w and w be configurations on (2.

(i) Show that the configurations are partially ordered by defining @ <
vif w(z) <wv(z) for all z € Q.

(ii) Show that v+ w, max{w, v}, min{w, v} and the pointwise product
wv are all configurations.

(iii) Let @ = {1,...,n} and consider the configurations of multiplicity
one. Show that the configurations of multiplicity one give a Boolean
algebra with largest element I for the operation wAv = min{w, v}
with complementation w +— I — w.

Exercise. For any nonempty set €2, let Confy(Q) = {v : Q@ — {0,1} :
> jeq v(j) < oo}, and let @ = {X C Q:4X < oo}. Show that X — Ix
gives a bijection € < Confy (), and deduce that if  is countable, then
Confy () is also countable.
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We now convert the above concepts into the language often used in
random matrix theory.

Definition (Linear statistics). Suppose that v : R — {0, 1} is a configu-
ration such that v(R) < oo. Letting {r € R: v(x) =1} = {z1,..., 21},
we observe that

[mjaxacj <t] =[v(t,00) =0]. (8.1.2)

For a continuous and bounded function f : R — R, the corresponding

linear statistic is
k

> ) = [ faplde). (8.1.3)
j=1
Further, when v(R) = k, the empirical distribution pu; = k~! 2521 Oz,
satisfies pug (a,b) = k~'v(a,b).

Given a probability measure on such configurations, the characteristic
function is

Eexp (z / fdu). (8.1.4)

Examples 8.1.1 (i) Let Y be a n xn random matrix from the Gaussian
unitary ensemble, with eigenvalues A = {A\; < --- <\, } € A". We take
Q) = R and consider the counting function

va([a,b]) =t{j:a < A; <b} (8.1.5)

for the eigenvalues. Under the Gaussian unitary ensemble, double eigen-
values occur with probability zero and may be neglected. So v gives a
random point field on R with multiplicity one.

(ii) For 1 < n < m, let Y be a random n x m matrix with mutually in-
dependent N (0,1) entries, and let s; be the singular numbers, so s; = 0
for j =n+1,...,m. Then vy([a,b]) = #{j : a < s; < b} has v({0}) >
m — n, so the configuration can have multiplicity greater than one.

|

Given a compact set A containing vy (A) points, the number of ways
of picking n distinct points randomly from A is the random variable

vA(A)(va(A) = 1)... (va(A) — n+ 1), (8.1.6)

Definition (Correlation measure). For a given random point field
(Conf(€2), P), the n'" correlation measure is

pn(A") = E(va(A)(wa (A) — 1) ... (va(A) — n +1)) (8.1.7)

with the expectation taken over configurations A subject to P.
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By the axioms of probability theory, 0 < P(B) < 1 for any event B.
The correlation measures satisfy p,(A") > 0, but need not be bounded
by 1. The first correlation measure p; (4) = Ev(A) is the expected num-
ber of particles in A.

The probability generating functions f4(z) = Ez"Y) and the cumu-
lants

ga(z) = logEexp(zv(A)) (8.1.8)
are important in the theory.

Proposition 8.1.2 (i) If X :  — {0,1,...} is a random variable such
that the probability generating function f(z) = EzX defines an analytic
function on some neighbourhood of z =1, then

e o] o — k
f) =1+ %E(X(X ~1)(X-2)...(X—k+1)) (819
k=1 )

and coefficients of the series determine the moments of X uniquely.

(i) Furthermore, if f(z) defines an analytic function on the annulus
{z : 1 =06 < |z| < 1+ 6}, then f(z) determines the distribution
of X.

Proof. (i) We calculate the Taylor expansion of f(z) = Ez¥ about
z =1, and find f*(1) = EX(X —1)...(X — k 4 1). Hence we can
express the moments as

EX" = Z S(n, k) fF*) (1), (8.1.10)
k=0

where S(n, k) are the Stirling numbers of the second kind from (7.5.10)
and thus the derivatives of f determine the moments of X.

(ii) In this case, Ez* determines the characteristic function Ee
and hence the distribution. O

it X
)

On account of Proposition 8.1.2, the existence and uniqueness of random
point fields on R soon reduces to the classical moment problem. Under
the hypotheses of Proposition 1.8.4, the moments also determine the
distribution.)

Definition (Poisson process [101]). Let p be a locally integrable and
positive function and v a random point field such that:

(i) v(A) is a Poisson random variable for each bounded Borel set A;
(ii) Ev(A) = [, p(x)dz;
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(iii) v(41),...,v(A,) are mutually independent whenever Ay,..., A4,
are mutually disjoint and bounded Borel subsets of R.

We say that v is a Poisson process, and p is the intensity function.

Example 8.1.3 Let v be a Poisson process with intensity function
p(z) = 0 in the interval [a,b], and let m be Lebesgue measure. Then
Ez') = exp((z — 1)0m(AN [a,b])) and hence the n correlation mea-
sure is

dn

E(v(A)(w(A) —1)... (W(A) —n+1)) = (dzn )ZZlEz”(A)
=0"m(ANJa,b])". (8.1.11)

Lemma 8.1.3 There is a bijection K < L between bounded linear op-
erators K and L on Hilbert space such that

L=K+KL (8.1.12)

where L > 0 and 0 < K < I with I — K invertible. Furthermore, K is
of trace class if and only if the corresponding L is of trace class.

Proof. We have L=K(I — K)™' and K = L(I + L)~ !. O
The theory now divides into two basic cases:

e the discrete case, where we take ) = Z and consider matrices K :
*(Z) — 1*(Z);

* the continuous case as in Section 8.2, where we take 2 = R and
consider integral operators K : L?(R) — L*(R).

Definition (Determinantal random point field). A determinantal ran-
dom point field on Z consists of a matrix (or kernel) K (x,y) such that
K(x,y) = K(y,z), K determines a trace class operator on ¢*(Z) such
that 0 < K < I and

Pn(T1, ... Ty) :det[K(xj,xk)]Zkzl. (8.1.13)

Note that if z; = x), for some j # k, then p,, (z1,...,x,) = 0. Hence we
define a sum over n-tuples of distinct integers by

pr(AY) = > palmr,.. @) (8.1.14)

Under the hypotheses of Lemma 8.1.3, there exists L > 0 that equiv-
alently specifies the random point field determined by K, and some au-
thors [30] regard L as the fundamental object when formulating defini-
tions. In the next result we show how to introduce a probability measure
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on the configurations given a suitable L, and how K gives the appro-
priate correlation functions. In general, we follow Soshnikov’s approach
[148], taking K as the fundamental quantity, for reasons that will emerge
in Section 8.4.

e The trace of K roughly corresponds to the number of particles.

The determinantal point field associated with a positive matriz
Let L > 0 be a finite matrix and for each finite subset X of Z, let

(xX) = det[L(xj, 21)]e; oy ex
pia)= det(I + L) ’

(8.1.15)

with the convention that p((}) = 1/det(I + L); naturally det( + L) =
det(6;1 + L(j, k))jrez. Then p gives a probability mass function on
O ={X C Z:$X < oo} by basic facts about determinants. Next
we introduce space of finitely supported configurations with multiplicity
one by Confy(Z) = {v: Z — {0,1} : 3°7° _ v(j) < oo}, and observe
that the map X — Iy gives a bijection Q < Confy(Z). Thus (€2, P)
determines a random point field on Z. We define p(A) = P{Y : ACY}.

Furthermore, for a subset X of Z we write Ix for the diagonal matrix
that has entry 1 for the j** diagonal entry when j € X, and 0 else. We
write det(Ix LIx ) for the principal minor that has §X rows and columns,
indexed by the set X.

Theorem 8.1.4 Let v(A) : Y — §(ANY) where Y € Q is random,
subject to P, and let K = L(I + L)™',

(i) Then
p(A) = det[K (), Tx )]z, 2, eA- (8.1.16)
(i) The probability generating function satisfies
E2"™ =det(I + (2 — 1)K 14). (8.1.17)
(iii) The probability that A contains exactly k points is

dk

P{Y : (Y NA) =k} = %(w

) det(I+ (= 1KL4). (8.1.18)
Proof. (i) Suppose that A = n, and observe that

W(A) =n] ={Y :4(ANY) =n} = {YV : AC Y}, (8.1.19)
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SO
pn(A") =E(v(A)(v(A) = 1)...(v(A) —n+1))
=nlP{Y:ACY}
= nlp(A). (8.1.20)
To avoid technical complications, we shall prove the result in the spe-
cial case in which L has only finitely many nonzero entries. Let Z be a
finite subset of Z which is chosen so large that L may be regarded as a
matrix with indices from Z. Let A be any diagonal matrix on Z. Then
by substituting the formula L = K(I — K)~!, we obtain
det(I + AL)
det(I + L)
with I = Iy. With A¢ = Z \ A, we choose A = A4 + I4., where ) is a
real variable, and we expand the series to obtain

(det(I+L))™" Y det(Iy (A4 + Lae)LIy) = det(I + (A — 1)1 K);
Y:YCZ

=det(I + (A - 1)K), (8.1.21)

(8.1.22)

so the term A" arises from those Y such that A C Y C Z, and the
coefficient is

(det([ + L))_l Z det([yLIy) = det(IAKIA), (8.1.23)
Y:ACYCZ
p(A)= > p(Y)=det(IaK1I4). (8.1.24)
Y:ACYCZ

(ii) As in the preceding computation, we have

det(I 4+ (z—1)K1y)
. det(I + zLI4 + LIye)
det(I + L)

= (det(I+Y))™" > det(ly L(zI4 + Ia)Iy)

= (det(I + L))" > " det(Iy (214 + Ix-)Iy ) det(Iy LIy ))
Y

= (det(I +L))™* Z Z4ANY) det(Iy LIy )

_ Zp u(AmY

=Bz, (8.1.25)
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(iii) This is similar to Proposition 8.1.2 with X = v(A). For each k,
we need to extract the term in z* from the power series from (ii), as in

P{Y :§(Y NA) =k}

Il
]
-1
=

Y:H(YNA)=k
1/d"
= — | — (Y NA)
B k'(dz )Z_OXY;Z p(Y)
1/ d¥
- H(E)Zzodet(f+ (z—1)KI,). (8.1.26)

O

Remark. If A C B, then p(A) > p(B); so p is not a measure.
The preceding result can be paraphrased as follows.

* The principal minors of L give probabilities, while the principal minors
of K give correlation measures.

We list some basic examples which arise in random matrix theory, as
we shall discuss in detail in subsequent sections.

Example 8.1.5 (Vandermonde’s determinants). Let T, =

[} j4=1....n for z; € R. Then K,, = T, T, has

det K, = [ (a5 —a1) (8.1.27)

1<j<k<n

by a familiar calculation involving the Vandermonde determinant. Sup-
pose that x1 > xy > --- >z, > 0 are integers such that >37_, z; = N,
and let D, be the diagonal matrix D,, = ((z;!)~")7_,. Then the positive
definite matrix D} K, D, has

N 1
det(D" K",Dn) = W <Hk< (1,'] — Ik)2, (8128)
)= 1<j<k<n

as in the formula for Plancherel measure on Sy .

(ii) For infinite matrices, we need to adjust the definitions, taking
T = [x}];4=1.... where (x;) € £* has |x;| <1 for all j. Then T defines a
Hilbert—Schmidt matrix such that K = T*T is of trace class with

TjTk

K= [ (8.1.29)

1— l'jlfk]j?k:l,Q,m.
O

We now extend these ideas to multiple sets. Given disjoint subsets F;
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for j =1,...,k and integers n; > 0 such that Z?:l n; = n, we consider
A € A such that v(E;) > n; for all j =1,..., k. Then

k
I/)\(E')!
NEj,n, d=lnk = H W

| 7)) (8.1.30)

gives the number of ways of choosing n; points from the set of v\ (E;)
points from A\ = {z;} that are in E; for j = 1,..., k. The correlation
function p, : Z" — R, for P satisfies

= Z Z Z on(T1, ... @),

(.’L‘l., J,, )GE i (177;,.7+1,.4.,Lv,,1+”2)EE;Q (1771—nk+l:--'7a771)EE;k

(8.1.31)

Proposition 8.1.8 The corresponding generating function satisfies
Bz () et (1+ Z —Ip, K). (8.1.32)

Proof. This is an extension of Theorem 8.1.4(ii). See [148]. O

8.2 Determinantal random point fields on the real line
In this section we revisit the notion of a determinantal random point

field, this time with the emphasis on point fields on R.

Definition (Correlation measures). The symmetric group S, acts on Q"
by oz(") = (Tg(1ys- - To(n)) for z") = (xy,...,2,). For given random
point field (2, ) the n'" correlation measure is

pu(A") = E(va(A)(wa (A) — 1) ... (v (A) — n + 1)) (8.2.1)

with the expectation taken over configurations A subject to P. For a
continuous and bounded function F': 3 — R, we have

F(z™)p, (dz'™)) = E( Z F(oz™): A of multiplicity one)

Qn oaz(n)

(8.2.2)
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where the summation is over all the orderings of the distinct points
) = (21,...,2,) € A"

Definition (Correlation function). Suppose that @ = R and that
pn is absolutely continuous with respect to Lebesgue measure; then
pn = Ry (x1,...,2,) dxy ... dx,, where R, : R" — R, is an integrable
function which is symmetrical with respect to its variables. Then R, is
the n-point correlation function.

Suppose that py (RY) < N!ICY for all N where O is some constant
and let f : R — C be a continuous function such that | f(z)| < 1/(Cy+9)
where § > 0. Then from the definition, one can easily check that

o0

EH(I—&—f(J@-)) = Z %/ Hf(gcj)RN(xl,...,xN)dxl cooday.
N=o RN 5o

j=1

(8.2.3)

Suppose that we consider a small box B of sides (dxy,...,dz,) with
one vertex at (x1,...,x,). Then the probability that there is exactly one
particle in each interval [z, z; + dz;] for j = 1,...,n is proportional to
R, (x1,...xy)dxy .. .dx,.

Example. Given a symmetrical probability density function
PN ($1, ‘e ,JZN), we let

N!
Rn.N(xla"'vxn) = m

/ . pn (1, ..., N )dTyyq .. day

N (8.2.4)
be the n point correlation function, which describes the ways in which
one can choose n points from N without replacement, respecting the
order of selections. Evidently R,, y is positive and integrable, but not
a probability density function for 1 < n < N — 1 due to the initial

combinatorial factor.

Definition (Determinantal random point fields). Let R, be the corre-
lation functions for a random point field on R, and suppose that there
exists a measurable kernel K : R X R — C such that K(z,y) = K(y,x)
and

n

R, (x1,...,2,) = det [K(xjvxk)]j,k:r

(8.2.5)

Then the random point field is determinantal.
The classical theory of determinants of integral operators includes the
following fundamental results.
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Theorem 8.2.1 (Mercer). Let K be a continuous function on [a,b] x
[a,b] such that K(z,y) = K(y,z) and
o b
o< [ K@ @)Wy < [t@Pds (7€ ).
(8.2.6)

Then K defines a self-adjoint and trace-class linear operator on
L?[a,b] such that 0 < K < I, and there is a uniformly convergent ex-
pansion

K(z,y) = wa (©)@i(y)  (z,y € la,b]) (8.2.7)

where ()32, gives an orthonormal basis in L?[a,b]; furthermore

b )
trace K = / K(x,z)de = Z,uj. (8.2.8)
a j=1
Proof. See [103, p.343]. O
Theorem 8.2.2 (Fredholm). Let K be as in Theorem 8.2.1. Then
det(I — zK) = H(l — zlj) (8.2.9)
j=1

defines an entire function that has all its zeros on the positive real axis
at 1/p;, and has Taylor expansion

det(I — zK)
=1+ i (=2)7 det[K (z;,x0)]; dz dz
- ot NI x jol))je=1,... NQL] ... N -

(8.2.10)

Proof. By Theorem 8.2.1, K is a trace class operator. We observe that
there exists M such that |K(z,y)] < M for all z,y € [a,b] and hence
that

0 < det[K (zj, 24)]jpe1... v < MY NN/? (8.2.11)

by Hadamard’s inequality. Hence the series on the right-hand side con-
verges absolutely and uniformly on compact sets. See [103] for the re-
maining details. ]

For a determinantal random point field, the Fredholm determinant has
a simple probabilistic interpretation.
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Lemma 8.2.3 Let K be the continuous kernel of a determinantal ran-
dom point field on R, and let K;(z,y) = 1;(z)K(z,y)1;(y).

(i) Then the probability generating function satisfies, for each bounded
interval J,

Ez"Y) = det(I 4 (z — 1)K}). (8.2.12)
(ii) Hence

_1\k k

( kl!) (%)z:l det(I — 2K) (8.2.13)

equals the probability that J contains exactly k particles.
(iii) In particular, det(I — K[, o) equals the probability that all the
particles are in (—oo, x].

Proof. See [116], where the proof involves manipulation of generating
functions and the inclusion-exclusion principle. The corresponding result
in the discrete case was Theorem 8.1.4(ii). O

Exercise 8.2.4 Let K be the kernel of a determinantal random point
field on R, and suppose that K is as in Theorem 8.2.2. Show that the
property K up = K4 + Kp where Ky Kp = 0 for disjoint A and B
translates into

Ez/AVUB) — gr (g, (B) (8.2.14)
for the corresponding random point field.

In several important cases, K is given by a finite rank orthogonal
projection, as described in the following result.

Proposition 8.2.5 Let K be the kernel of a continuous function on
J x J such that K(z,y) = K(y,z) and

K(z,y) = /] K(z,2)K(z,y)dz (x,y € J). (8.2.15)

Then Ry (x1,...,x,) = det[K(xj,2k)]jk=1,..n gives the n-point corre-
lation function of a N-particle system for some N < oo, where the joint
probability density function is

py(z1,. ., on) = (N det[K (z), 2p)]j k=1, N (8.2.16)

Proof. The operator K with kernel K (z,y) is self-adjoint and satisfies
K? = K, hence is an orthogonal projection. Since K (x,%) is continuous,
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K is of trace class by Theorem 8.2.1, hence of finite rank N, where N
is equal to

rank(K) = trace(K) = /]K(x,x) dz. (8.2.17)

Since K = K*K is positive semi-definite, det[K (z;,zy)]j r=1,.~n is
non-negative and integrable. Furthermore, the Fredholm determinant
satisfies

(1—2)N =det(1 - 2K)

N k
—Z
:1+Z( k') //]}‘ det[K(l'j,CC[)]]‘_[:l 11111 kd1'1...dl'k;
k=1 ¢
(8.2.18)

so by equating the coefficients of 2" we deduce that

1 det[K (2, zp)ljk=1,..,.vdz1 ... daN, (8.2.19)

TN

and hence that py (z1,...2y) is a probability density function.
Integrating out the last variable, we shall prove next the identity

det[K(xj’mk')]jxkzlwwn_l = (N —n+ 1) / det[K(x.j7xk)]j,k:l,.“,ndxn-
J
(8.2.20)

By expanding the determinant on the right-hand side, we obtain

Z sign(o) K (z1,25(1)) - - - K(2Zn, To(n)) (8.2.21)
gES,

where for each o € S, there exists a unique j such that o(j) = n. If
o(n) = n, then we say that ¢ € G,,; otherwise, o belongs to the coset
G, - (jn) for the transposition (jn). Since G,, is isomorphic to S, _1, the
terms in G,, contribute

Z sign(T)K(xh:ET(l))...K(mn,l,xT(n,l))/K(xmxn)dxn
TES, —1

= Ndet[K(xj,xk)]j k=1,...,n—1 (8222)

to the integral of the sum (8.2.21); whereas the terms in the coset G, -
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(jn) typically contributes

— Z sign(7)K (21, 27(1)) - - K(Tn—1,Tr(n—1))

TES, —1

X /K(x]—,xn)K(%umr(j))dxn

=— Z sign(7)K (21, 2,(1)) - - K(Tn—1,Tr(n—-1))

TES, —1

= —det[K (z¢, zx)]ok=1,...n—1, (8.2.23)

since sign(7(jn)) = —sign(7).
Using (8.2.21) repeatedly, we can integrate out the variables of largest
index and show that

det[K(l‘j,fEk)]j,k:I ..... n

— (N—n)!/.../\v det[K (zj,x)]j k=1, NdTpyi1 ...dTy,
JN —n

(8.2.24)

hence we can recover the n-point correlation function as

N!
(N —n)! /Jy pa@isean)den g dey = det[K (g, wp)]r=,ne
(8.2.25)
O
Example 8.2.6 Let
0 sin(2N +1)0/2
=" 2.2

@ (<) sin 0/2 (8.2.26)
Then Qy gives the projection onto span{e’? : j = —N,...,N} in

L2([0,27]; d8/2). In example 2.7.2 we saw how det[Q, (% ~%))] is in-
volved in the distribution of eigenvalues of the unitary circular ensemble.
O

We state without proof the following general existence theorem for
determinantal random point fields from [148].

Theorem 8.2.7 Suppose that K is a continuous kernel such that

(1) K(z,y) = K(y,z);
(ii) the integral operator with kernel K(x,y) on L?(R) satisfies 0 <
K<I:
(iii) the integral operator with kernel Xj, ) (x) K (2,y)j, 4 (y) on L*(R)
is trace class for all finite [a, b).
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Then there exists a determinantal random point field such that the
correlation function satisfies

Ry (z1,...,2n) = det[K(xj,xk)]n

e (8.2.27)

Furthermore, the correlation functions uniquely determine the random
point field.

Proof. See [148]. O

Theorem 8.2.8 (Bochner). The function ¢ : R — C is the character-
istic function of a probability measure p on R if and only if

(1) [p(x; — x)]jk=1,..n is positive definite for all x1,...,x, € R;
(2) ¢ is continuous at x = 0;

(3) (0) =1

(i) Suppose further that u is absolutely continuous with density p, where
p(t) < 1/(2m) for allt € R. Then K(z,y) = ¢(x —y) is the kernel of a
determinantal random point field on [a,b] for all finite a,b.

Proof. (i) See [88, p. 91].
(ii) There exists a probability measure p on R such that o(z) =
70 et u(dt), so we have

/w/mf“%wﬂmf@mﬂ@

/// " p(t)dtf () f(y) dady
- [ liwpsoa

< [ (5.2.28)

hence by Plancherel’s formula, the operators satisfy 0 < K < I on
L*(R). When we cut down K (z,y) to some bounded interval [a, b], then
we obtain a trace class operator on L?[a, b] such that 0 < K < I and by
Theorem 8.2.1,

trace(K) = b —a. (8.2.29)
O

Exercise 8.2.9 (See [147]). Let K be the correlation kernel of a de-
terminantal random point field, and for a bounded and continuous real
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function f, let F(A) = 377, f();), where the A = ()\;)7_; are random

j=1
points in the field.
EF:/K(x,x)f(:zz) dx
and that

(i) Show that
var(F) :/K(x,x dm—//f )| K (x,y)|? dedy. (8.2.30)

(i) Suppose further that K is as in Theorem 8.2.8. Show that

1

7[(3 (1= (@)2()|f (1) at. (8.2.31)

var(F) = 5
7r

Using Theorem 8.2.2, one can express det(] — zI;K) in terms of a
series of integrals involving det K,,. Tracy and Widom [156] observed
that there is a more compact way of expressing the determinant.

Proposition 8.2.10 Suppose that J is a bounded interval and let K be a
continuous kernel as in Proposition 8.2.5, while py is the corresponding
joint probability density function on JN. Let My be the operator on
L%(J) of multiplication by f € C(J;C).

(i) Then

N
/ pn(T1,...,T H1+f x;))dxy ... dey = det(] + KMy),
RY iy
(8.2.32)
(ii) and the linear statistic associated with f satisfies

N
/V exp(Z f(:zzj))pN(xl, coyxy)dry ..odey = det([Jr Kj\/'Mef_l).
J? =
(8.2.33)

Proof. (i) An equivalent version of the formula is Edet(I + f(X)) =
det(I+Ky M) where the expectation is over the X € M (C). To justify
this formula in a heuristic argument, we take f(z) = Z;V:I 20, (x). By
Mercer’s theorem, K has an expansion K(z,y) = Z;; 1 d; (2)d; (y)
where (1) is a positive and summable sequence and where (¢;)52, gives
an orthonormal basis for L?(J). Then

det(I + KMy) = det[(I + K M;)d, éx) e ()]
N

= det [@-k + 3 wzed; (ye) (yg)]. (8.2.34)

(=1
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We introduce the matrices A = [2¢;(y,)] and B = [uy, ¢x (y¢)], and write
the previous as

det(f + KMy) = det( + AB)
— det(I + BA)
= det | + Zﬂjzk‘gj(yf)ﬁbj(yk)}
j=1
= det {(5;% + sz(ybyk)]M:l ..... N (8.2.35)
On the left-hand side of (8.2.32) we have
N N
/V pn (z1,...,ZN) H(l + Z 2k Oy, (:v]-))dxl ..dzy (8.2.36)
a j=1 k=1

where we can express the product as a sum of 2V terms, which are
indexed by the subsets S of {1,...,N}. Let S¢ = {1,...,N} \ S, and
let #S be the cardinality of S. When we integrate with respect to all
the variables xj, the Dirac point masses contribute only when z; = y;
for £ € S, and the variables x; for k € S¢ are integrated out; so the
expansion is

Z /}\ LGP w (ygsen) [T daw I 2. (8.2.37)

S:SC{1,..., keS¢ keS

where in particular the coefficients of z1 25 ... zx is

Nlpn (1, yn) = det[K (v, yr)]jk=1....N (8.2.38)

as in Proposition 8.2.5. Now one can repeat the analysis of Proposition
8.2.5 to identify the remaining coefficients of [], g 2 for various S and
establish equality of the coefficients of []; ¢ 2; between (8.2.36) and
(8.2.38), and thus deduce (8.2.32).

(ii) An equivalent version of the formula is E exp(tracef (X)) = det(I+
KxM,;_1). We take e/ — 1 in place of f in (i) and simplify the left-hand
side. O

Example 8.2.11 Let H be a reproducing kernel Hilbert space on a
domain 2, as in Section 4.2, and suppose that K (z,w) is the kernel such
that ky, (2) = K(z,w) satisfies f(w) = (f, ky)n. Then for wy,...,w, €
Q, the matrix [K(w;, w¢)]j¢=1,...» is positive definite since K (w;,wy) =
(kw, , kw,) and Proposition 2.1.2 applies.



270 Random Matrices: High Dimensional Phenomena

Example 8.2.12 Let f; : R — C be continuous and let F(z )y =
[fj (@) k=1, n for (") = (x1,...,2,) € R". Then K(z (")) F(z™)

F(x<”"))* > 0 and
det[K (2, 04)]jo,n = det[ S fie)fo(@)] . (3:239)
=1 '

As we shall see, this case often arises in random matrix theory.

8.3 Determinantal random point fields and
orthogonal polynomials

¢ The generalized unitary ensemble gives a determinantal random point
field.

By reformulating results of Gaudin and Mehta [116, 153], we show that
the generalized unitary ensemble is given by a determinantal random
point field. The best way to see this is to consider some classical results
concerning orthogonal polynomials.

Example 8.3.1 (Orthogonal polynomials). Let p be a probability mea-
sure with infinite support on R such that [ e1*l;(dz) is finite for some
£ > 0. Then the natural inner product on L? () is

/f p(dz) (f,g € L*(w)). (8.3.1)

By the Gram—Schmidt process, there exists a unique sequence of or-
thonormal polynomials p; such that p;(z) has degree j, and p; has lead-
ing coeflicient k; > 0; further, the p; give a complete orthonormal basis
for L?(u) as in Proposition 1.8.4. Heine showed that with

_ < itk
D, = det [ [ K (dz)Lk:OMn (8.3.2)
the polynomials satisfy po = 1 and
1 o0
o (2) = —————det — )y Fu(d 8.3.3
Pa(2) (D, _1D,)"/2 ¢ [/_Oo(x vy y)]j,k:(),...,nq ( )

and the leading coefficient of p, (z) is k, = (D, _1/D,)"?; see [153,
(2.2.9)].

Lemma 8.3.2 There exist constants A, , B, and C, such that the p,
satisfy the three-term recurrence relation

Pu(x) = (Apz + By )pn—1(x) — Cupp—2(x) (n=2,3,...). (8.3.4)
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Moreover, the constants satisfy

C, = . (8.3.5)

Proof. See [153, p. 42]. O

Proposition 8.3.3 (Christoffel-Darbouz formula). The kernel K, of
the orthogonal projection of L?(u) onto

n—1
H, = {jzoajxj;aj e c} (8.3.6)

is given by

n—1 - kp—1 Pn (:E)pnﬂ(y) —pnfl(x)pn (y)
j;pj(z)pj(y) —( i ) " (837

Further, H,, is a reproducing kernel Hilbert space and K, gives the
reproducing kernel.

Proof. This follows from the three-term recurrence relation by an in-
duction argument; see [153, page 42]. O

Let w be a weight on an interval I such that [(coshtz)w(z)dz < oo for
some t > 0. Then by the Gram—Schmidt process, there exists a sequence
of orthonormal polynomials (p;)72, in L*(I;w) where p;j(x) has leading
term kja/.

Theorem 8.3.4 The function

n

n—1
(n!)~* H k? H (z; —x)* | | w(z)) (8.3.8)
j=0

1<j<k<n j=1
s a probability density on I".

Proof.  We introduce ¢;(z) = pj(z)w(z)'/? and let K,(z,y) =
27]::—01 ¢;(x)¢;(y). Then by orthonormality, we have

/Kn (z,9) K, (y, 2)dy = K, (z, 2) (8.3.9)
I
so by Proposition 8.2.5

/ det[K, (xj,xk)]?kzldxl ...dz, =nl (8.3.10)
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Now introduce the matrix

A=A(zy,...,zn) = [x'-”_lw(xj)l/Q]T.L (8.3.11)

J jym=1

so that by elementary row operations
k‘o .. k” 1 det A = det[¢m 1( )]J m=1 (8.3.12)

and

n

k% .. k%_l det A" A(zy,...,2,) = det{ Om—1(2;)Pm—1 () ;
m=1
= det[K, (v, 20)]} o1 (8.3.13)

We deduce from Lemma 2.2.1 that

n—1 n
() det[K (wy, )] oy = () [T R [T (5 —a2)® [T w(=)
j=0 1<j<k<n j=1

(8.3.14)

is a probability density function. O

There are two other significant cases in random matrix theory in which
one can calculate the determinants in such an expansion: the expansion
of logdet(I —zK1;) in Lemma 10.1.2, and Gaudin’s Theorem, which we
now discuss.

We recall that for any positive measure g on R such that
J cosh(st)u(dt) < oo for some s > 0, the polynomials form a dense
linear subspace of L?(u). The Gram-Schmidt process gives a unique
system of orthonormal polynomials of degree n = 0,1,2,... with pos-
itive leading coefficients. We can carry out this construction with the
measures fi, (dt) = e """ dt when v(t) > s|t| for all sufficiently large |t|.

Next we introduce the orthonormal polynomials (p;, 77) 2o of degree j
for the weight e ~"*(*)  so that Pjn(x) has leading term kjﬁnﬂ In Section
10.6 we shall consider the growth of k;, as n — oo.

Corollary 8.3.5 (Gaudin). The joint eigenvalue distribution of a nxn
generalized unitary ensemble is given by a determinantal point field with
kernel

((+nv

K,(z,y)=2;" exp( ) ij n(@)pja(y).  (8.3.15)
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Proof. See also [116]. The joint probability density function for eigen-
values from the n x n generalized unitary ensemble has the form

exp( Z ) I - (8.3.16)

1<j<t<n

by Theorem 2.5.3. Note that we scale the potential to nv(x) where n is
the number of eigenvalues of the matrix. By Theorem 8.3.4, K,, gives a
determinantal random point field with probability density function

n—1

(n)™ H 2 | YRk ﬁ e~ () (8.3.17)
i=1

1<j<k<n

on R", and so by symmetry of the variables we do not need the factor
1/n! when we integrate over {\; < Ag < --- <\, }. O

One can use Proposition 8.3.3 to obtain an equivalent expression for
K,.

Corollary 8.3.5 is the basis for the orthogonal polynomial technique
in random matrix theory, as developed in [116, 56]. Note that it works
most effectively in the context of unitary ensembles, since the proof of
Theorem 8.3.4 involves squaring the determinant; less familiar variants
are known for orthogonal and symplectic ensembles. Many results con-
cerning generalized unitary ensembles have natural generalizations to
determinantal random point fields since Theorem 8.3.5 captures suffi-
cient information concerning the joint eigenvalue distribution, and the
origin of the problem in random matrices is inconsequential.

Exercise 8.3.6 In the notation of Corollary 8.3.5, let

ky(z) = Pnn(2)Pn—1.n (1(12 :g;fl-,n (2)Pn,n (w) . (8.3.18)

Show that for an entire function f, there exists C' such that |f(2)|> <
Ck,(z) for all z € C, if and only if f is a polynomial of degree less than
or equal to n — 1.

Exercise 8.3.7 Let P be a random point field on €2, and let f =
>j_1tiLa, be a step function with disjoint Borel sets A;. Then the
stochastic integral of f with respect to the configurations v, is the ran-

dom variable

/fduA = tiva(4)). (8.3.19)
j=1
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(i) Use Kac’s theorem to show that the v(A;) are mutually independent
under P if and only if

Eexp(i/fdz/) = [[Eexlitiv(4;)) (5 €R).  (8:3.20)
j=1
(ii) The generating function of the random point field is

O(f) = Eexp/fdy (8.3.21)

for any continuous and compactly supported real function. Let v
be a Poisson process with intensity function p on the real line. By
considering first the case in which f is a step function, show that

B(f) = exp / (/™) — Dyp(a)da. (8.3.22)

8.4 De Branges’s spaces

* De Branges [38] introduced axioms for some reproducing kernel
Hilbert spaces that satisfy a type of spectral theorem.

¢ In random matrix theory, some important kernels are reproducing
kernels in Hilbert spaces that satisfy de Branges’s axioms.

Examples 8.4.1 (Universal ensembles). The eigenvalues distributions
from generalized unitary ensembles are described in terms of the follow-
ing fundamental examples. In Chapter 9, we shall discuss how they arise
from fundamental examples in the theory of unitary ensembles; now we
introduce them in a common style.

(i) (Spectral bulk) [116] The sine kernel

sinwb(z — y) /1 imbte  —irbty Ot
D _Smmolr —y) inbta ,—inbty 40 8.4.1
b(irvy) ﬂ'b(l'*y) . e e 2 ( )
defines a trace-class operator on L?([—1,1],dt/2) such that 0 <

D, <1I.
(i) (Soft edge) [157] The Airy kernel (see (9.2.18))
~Ai(x)Ai'(y) — Al (2)Ai(y)
= p—

defines a trace-class operator on L?(0,00) such that 0 < W < I.
(iii) (Hard edge) [158] The Bessel kernel

2(z —y)

defines a trace-class operator on L?[0,1] such that 0 < F < I.

W(z,y) (8.4.2)

F(z,y) (8.4.3)
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Definition (De Branges’s Axioms [38]).

Let H be a reproducing kernel Hilbert space such that the elements of
H are entire functions f : C — C, and such that H obeys de Branges’s
axioms, as follows.

(H1) If f € H satisfies f(w) = 0 for some w € C \ R, then
(z — w)f(2)/(z — w) also belongs to H and has the same norm
as f.

(H2) f+— f(w) is a bounded linear functional for all w € C\ R.

(H3) f*(z) = f(2) belongs to H for all f € H, and ||f*||lg = || fllz-

Condition (H2) asserts that H is a reproducing kernel Hilbert space on
C\ R, while (H1) asserts that one can divide out zeros of functions in
H. The condition (H3) is related to the Schwarz reflection principle, as
applied to the real axis.

Definition (De Branges’s spaces [38]). Let E be an entire function such
that |E(x — iy)| < |E(x +dy)| for all x € R and y > 0 and introduce
entire functions A and B, which are real on the real axis, such that
E(z) = A(z) — iB(z). In particular, E(z) has no zeros in the upper
half plane. Then there is a reproducing kernel Hilbert space Hp with
reproducing kernel

K(zw) = A(w)B;’Z_i wAE) (8.4.4)
and with norm given by
I, = [ @)/ E@P (5.4.5)

such that an entire function f belongs to Hp if and only if || f||7;, < oo
and |f(2)]* < [|fll}, K(2,2) for all z € C. De Branges showed that
for any non-zero Hilbert space H that satisfies (H1), (H2) and (H3),
there exists such an E so that H is isometric to Hg; see [38]. We do not
describe de Branges’s result in detail here, since we are mainly concerned
with particular examples of kernels that arise in random matrix theory,
rather than the general theory of entire functions.

In the table below, we list how Examples 8.4.1 and 8.3.6 fit into de
Branges’s framework and mention the names commonly used in ran-
dom matrix theory. The following reproducing kernels K operate on L?
spaces which contain closed linear subspaces Hg such that K(z,w) is
the reproducing kernel on Hg. The final column gives the association
with random matrix theory.



276 Random Matrices: High Dimensional Phenomena

Name B(2) A(w) r? RMT
Sine sin wbz cosmbw  L*(—1,1) spectral bulk
Airy Ai(z) Ai'(w) L*(0,00) soft spectral edge
Bessel Jy (VZ) VwlJ,(yw) L*(0,1) hard spectral edge
Christoffel  k,—1pn (2)/kn  pn—1(w) L*(p)  orthogonal polynomials

~Darboux
Exercise 8.4.2 Let E(z) = e~ for b > 0. Find K(z,w).

Exercise 8.4.3 See Section 12.1 for the case of the Hermite polynomials
in Corollary 8.3.5.

Definition (Canonical system) [133]. Let

J= [(1) _01] (8.4.6)

and let Q(x) be a 2 x 2 real symmetric matrix for = € [0, b] such that
Q(z) > 0 and the entries of 2 are in C([0, b]; R). Then a canonical system
is the differential equation

J%u(m; z) = 2Q(x)u(z; 2). (8.4.7)

Suppose further that

(s 2) = [“1 (W)] L w(0:2) = m : (8.4.8)

ug(x; 2)

and let Ej(z) = uq(b; 2) 4 duz (b; ). Then under various technical condi-
tions Fj(z) gives an entire function as in the definition of a de Branges
space. We can use canonical systems to construct kernels that satisfy
Theorem 8.2.7.

Proposition 8.4.4 The continuous kernel

b; Q)" Ju(b; 2)

Kz ) = 4 = (8.4.9)

gives a positive operator on L*(0,b).

Proof. First suppose that 3z, 3¢ > 0. From the differential equation,
we have

b b
(Z_O/o u(m,g)*Q(x)u(x,z)dx:/ %(u(gg’c)*Ju(x,z))dx

= [u(w; )" Ju(:2)];  (8.4.10)
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where u(0;¢)*Ju(0;z) = 0 by the initial condition. Hence K(z,() is
given by
u(b; ¢)* Ju(b; z)
z=C
where z +— u(z;z) is analytic and such that u(z;z) = u(z;2). We can
therefore extend both sides of this identity by continuity to all z,{ € C,

and observe that K;(z,() is a continuous function. Evidently the right-
hand side of (8.4.11) gives a positive kernel. O

b
_ /O wlz; ) Q) 2) da (8.4.11)

A particularly important source of examples arises from Schrédinger’s
equation.

Let V € C([0,b]; R) be the potential, let y; and y, be solutions of
the equation —y” + Vy = 0 such that y;(0) = y5(0) = 1, and y;(0) =
y2(0) = 0; then we let

(8.4.12)
so T(0) = I, and
Q(z) = {yl (z)? " (x)yQ(x)] . (8.4.13)

yi(@)y2 () y2(x)?

Let f(x;2) be a solution of Schrodinger’s equation —f” + Vf = zf,
and let

u(z;z) = T(x) ™! [;,((322)] . (8.4.14)

Proposition 8.4.5 The vector function u(x;z) satisfies the canonical
system

J%u(w;z) = 2Q(x)u(z; 2). (8.4.15)
Proof. By Proposition 2.1.2, Q(z) > 0. We have
iua:‘z = -T(z)! i T x)~! f(@;2)
pute2) = T (7)) | 10|
+T(z)_1% Hffﬁ;] ; (8.4.16)

so Schrodinger’s equation gives

%u(x,z) =-T(x)! [ } T(x)u(x; 2). (8.4.17)
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The Wronskian detT'(z) is a constant, namely detT'(z) = 1, so this
reduces to the differential equation

y1 (z)? y1(2)ya(x) u(z; 2). (8.4.18)

d
T& "B =7 @D(@) () ’

dx
O

8.5 Limits of kernels

* Pairs of self-adjoint projections gives rise to K with 0 < K < I.
¢ The compression of the projection ) to the subspace PH is K =
PQP, where 0 < K < 1.

In particular, Theorem 8.2.7 shows that we can introduce determi-
nantal random point fields by taking pairs of orthogonal projections P
and @, which do not commute, and forming K = PQP. The operator
K can sometimes be of trace class and of infinite rank. The next result
shows that this is in some sense the typical form of the kernel for a
determinantal random point field.

Proposition 8.5.1 Suppose that K is an operator on Hilbert space H
such that 0 < K < I. Then there exists a projection QQ on H ® H such
that K = PLQP, where P, : H® H — H® 0 C H ® H is the projection
onto the first summand.

Then K is trace class if and only if QP) is Hilbert-Schmidt. In this
case, the spectra satisfy

Spec(K) = Spec(QP). (8.5.1)
Proof. We choose
B K K(I-K)
©= [ K(I-K) K } (85.2)

which is an orthogonal projection with the required properties.

We evidently have K = (QP)*(QP,), so that K is trace class if and
only if QP is Hilbert—Schmidt. Then QP; is compact, so its spectrum
contains zero, and so the spectrum of QP? is equal to the spectrum of
P QP;, namely K. O

Kernels associated with families of projections
Any separable and infinite-dimensional complex Hilbert space is unitar-
ily equivalent to L?(R). The eigenvalues of random Hermitian matrices
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give random point fields on R, so it is natural to work with kernels that
reflect the structure of subintervals of the real line. Let R; be the or-
thogonal projection onto the subspace L?*(—o0,t) of L?(R), and then let
Py = Ry — R, be the projection onto L?(a,b). Then for a suitable
unitary U, we take Qq,p) = U*P,3,)U, and then consider kernels such
as

Kyt = Pli,00)Q(=s.5) Plt,00) (8.5.3)

which satisfies 0 < K, ; < I. If K, is of trace class, then we can form
the determinant det(I — K ), which is increasing as a function of ¢
and decreasing as a function of s. In the next few sections, we use ¢ to
identify the interval (¢,00) where the eigenvalues of the random matrix
lie; whereas we use s to describe scaling properties of the eigenvalue
distribution. Common choices for U are:

¢ the Fourier transform f — ffooo e~ f(x)/\/27 for the sine kernel;

* the Airy transform [ Ai(z + y) f(y)dy for soft edges as in [157];

¢ the Hankel transform [~ J, (xy) f(y)ydy for hard edges as in [158].

The importance of Theorem 8.2.7 is that the operator K can have
infinite rank, as in Section 9.1 we shall present a systematic means for
generating examples. We include hypothesis (iii) so that Theorem 8.3.1
gives useful probabilistic information.

Definition (Finite model for a random point field). Let K be a self-
adjoint operator on a Hilbert space H such that 0 < K < I. Then a
finite model for K is a sequence (K, ) of self-adjoint operators on H such
that:

(i) 0< K, <I;
(ii) rank(K,) < n;
(iii) | K — K, |lop — 0 as n — oo.

In particular, the Airy kernel arises as the pointwise limit of finite-rank
kernels associated with the Gaussian unitary ensemble. The Bessel kernel
arises as the pointwise limit of kernels associated with the Laguerre
ensemble. Often it is necessary to scale operators and restrict them to
specially chosen intervals to display the required convergence.

The following result gives realistic conditions under which we can
convert pointwise convergence of kernels into convergence in trace norm
of the associated operators.
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Proposition 8.5.2 Suppose that Ky (N =1,2,...) and K are contin-
uous kernels on a closed and bounded interval J and that Kxy > 0 as an
operator on L*(J;dx) for N =1,2,.... Suppose further that

/KN(:L‘,x) dx—>/K(x,x) dx (N — o0) (8.5.4)
J 7

and (Kn f,9)r21) — (Kf,9)12(5) as N — oo for all f,g € L2(J).

(i) Then
1Ky — Ko —0 (N — o) (8.5.5)

and the ordered sequences of eigenvalues satisfy
(g (KN ) = pi (K) 724 lle =0 (N — o0). (8.5.6)

(1) The sequence of entire functions (det(I —zKx))¥_, converges uni-
formly on compact subsets to the function det(I — zK).

Proof. (i) First we observe that (K f, f) > 0 for all f by weak conver-
gence, so K is also positive semidefinite. Since Ky > 0 and the kernels
are continuous, we have by Mercer’s theorem

[Knlle = trace(Ky) = / Ky (z,z)dz, (8.5.7)
J

and likewise with K in place of Ky.

Hence Ky — K in the weak operator topology and || Ky [|.1 — || K ||
as N — oo. By a result from [143], we have convergence in trace norm,
so |[Ky — K|l — 0 as N — oco. Finally, we can use Lidskii’s Lemma
2.1.5 to deduce the last part.

(i) The map T + det(I — T) is continuous for the norm on ¢!, and
hence we have uniform convergence under the stated conditions. O
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Integrable operators and differential
equations

Abstract

The most important examples of kernels in random matrix theory in-
volve integrable operators, as we describe here. Tracy and Widom con-
sidered a particular class of integrable operators and found a method for
computing the correlation functions in the determinantal random point
field. Here we extend their method and make systematic use of Hankel
operators in the theory. We apply these methods to:

* the sine kernel, which represents the bulk of the spectrum;

e the Airy kernel, which represents the soft edge of the spectrum of
GUE;

e the Bessel kernel, which represents the hard edge of the spectrum of
the Jacobi and Laguerre ensembles.

We emphasize differential equations as a unifying theme, since the
above kernels arise from some second order linear differential equations
with rational coefficients. In particular, Weber’s differential equations
can be scaled so that suitable limiting forms give the bulk and soft edge
cases. The chapter begins with integrable operators, as in [55].

9.1 Integrable operators and Hankel integral operators

* We give a sufficient condition for an integrable operator to generate a
determinantal random point field.

e The Airy, sine, Bessel and Laguerre kernels arise from integrable
operators.

281
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Definition (Integrable operators). Let S be a subinterval of R. An in-
tegrable operator on L?(S;dz) is a bounded linear operator W with
kernel

n

fi(x)g;(y)
W(x,y)=22ﬁ (r,ye Six#y)  (9.1.1)

j=1
where f;,g; are bounded and measurable functions and such that
> i1 fi(x) g;(x) = 0 almost everywhere on S.

Thus an integrable operator is a particular kind of integral operator
that has a special choice of kernel. In most examples below, W is a
continuous function, and we refer to W(x,z) as the diagonal of the
kernel.

Example 9.1.1 (i) Of particular importance is the case when n = 1

and

A(x)B(y) — A(y) B(x)
r—=y

(ii) The reproducing kernels mentioned in Section 8.4 are integrable
operators.

(iii) The Christoffel-Darboux kernel of Proposition 8.3.3 gives an in-
tegrable kernel, which has the additional special property of giving a
finite-rank orthogonal projection on L*(R)).

(iv) Let K be the integral operator that has kernel 377, f;(x)g;(y).
Then K has finite rank, and the diagonal of K is Z?Zl fi(@)g;(x).

W(w,y) =

(9.1.2)

Proposition 9.1.2 Suppose that K is an integrable operator on L*(S)
that is of trace class. Then the set Z of zeros of det(I — (K) is countable
with no limit points in the finite plane. For ( € C\ Z, there exists a
trace-class integrable operator L such that I + Le = (I — CK)™'.

Proof. Mostly, this follows as in Lemma 8.1.3, but we need to check that
L. is integrable.

Let M be the operator on L?(.S) of multiplication by x, so M : f(z) —
zf(x); so that an operator T' with kernel T'(x,y) has MT — TM with
kernel (x — y)T'(z,y). Hence T is integrable if and only if TM — MT
is of finite rank with a kernel that is zero on the diagonal x = y. For
¢ € C\ Z, the operator Lc M — ML; has a kernel that is zero on the
diagonal; furthermore, we observe that

LeM — MLy = (I —(K) "¢(KM — MK)(I — (K)™ (9.1.3)

is of finite rank, as required. ([
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Lemma 9.1.3 Suppose further that the f; and g; are real-valued. Then
W is self-adjoint if and only if W may be written as

(Ju(z), v(y))

W(z,y) = pr—y (z,y € S;z #y) (9.1.4)
where v(z) = col[f1(x),..., fn(@);91(2),...,gn(x)] and
J= [2 _OI"} (9.1.5)

with the identity matriz I, € M, (R).

Proof. Clearly the kernel of W is symmetric if and only if the numerator
of W(x,y) is skew-symmetric, in which case we can write

2 Z fi(x)g; (y) = Z fi(x)g;(y) — Z fi(w)g; (@), (9.1.6)

and the matrix expression follows directly. O

Given an integrable operator, it can be difficult to determine whether
or not it satisfies Theorem 8.2.7 and thus gives a determinantal random
point field. Tracy and Widom [157, 158] observed that some important
kernels could be expressed as products of Hankel operators which are
easier to deal with.

Definition (Hankel integral operator [127]). Let H be a separable
Hilbert space, and let ¢ € L%((0,00); H). The Hankel operator with
symbol ¢ is the integral operator

T, f(s) = /OOO é(s + 1) f(t) dt (9.1.7)

from a subspace of L*(0,00) into L?((0,0); H). We sometimes refer to
o(x + y) as the kernel of I'y; whereas the Fourier transform ¢ is known
as the symbol.

Proposition 9.1.4 Suppose that there exists a Hankel operator
[y : L2(0,00) — L*((0,00); H) such that |[Ty|| <1 and

ITolfs = [ sllots) 13 ds < o (9.1.8)
Then the hypotheses of Theorem 8.2.7 are satisfied by

K(z,y) = /0m<¢(x+t),¢(y+t)>}1 dt, (9.1.9)

50 0 < K < I and I}, ) (2) K(z,y)[0 ) (y) is a trace-class kernel.
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Proof. Clearly K = I'jI';, satisfies 0 < K < I as an operator on L*(0,00).
The Hilbert—Schmidt norm of I'y satisfies

ITyl2s = / / 16(s + B[ deds < oo, (9.1.10)

so K is of trace class. O

Tracy and Widom [159] observed that most integrable operators in
random matrix theory can be transformed into the form

A(z)B(y) — A(y)B(z)

K(z,y) = pr (9.1.11)
where A and B satisfy
dfa@] _[a@ @ (4@
") G| By | T [—v(x) —a() | | B(x) (6.1.12)

for some real polynomials a(x), 8(z),v(z) and m(z).

Definition. We call a differential equation of the form (9.1.12) a Tracy—
Widom system and the associated kernel of the form (9.1.11) a Tracy—
Widom kernel.

We associate these kernels with the names Tracy and Widom since
they identified the importance of the kernels in random matrix theory.
Several familiar differential equations can be cast in this form. Tracy—
Widom systems of (9.1.11) are a generalization of the classical theory of
orthogonal polynomials with respect to weights

w(x) = H |z — 2% e (). (9.1.13)
j=1

Suppose that w(x) is a weight function on an interval S such that w(z) —
0 as x tends to the ends of S from inside. Suppose further that v is a
real polynomial, and that w and S are as in the table below.

name S m(x) w(x)

Hermite (—00, 00) 1 e’ /2

Laguerre (0, 00) x xve™" (a>0)
Jacobi (-1,1) 1—-2> (1-2)*(1+x) (o, B3> 0)

pseudo-Jacobi (—o0,00)  x? (1+2%)~N- (N eN,o>0).
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The pseudo-Jacobi ensemble does not quite fit the pattern, so we dis-
cuss it as a special case in Section 11.2. In the other cases, let (p, (¢))32,
be orthogonal polynomials with respect to the weight w with leading co-
efficients k,,, and ¢ (z) = pi(z)w(x)'/? the corresponding orthonormal
basis of L?(S;dz).

Proposition 9.1.5 For the Hermite, Laguerre and Jacobi systems with
the stated m(z) and w(x) on S, there exist real polynomials o, , B, and
Yo form=1,2,... such that

dz | o1 (x) (@) —an ()| | pn-1()

m(x)d[ on (2) ‘| _ [an(x) Bn () ‘| [ en () 1 (z €8),

(9.1.14)

and the corresponding normalized Tracy—Widom operator, which has ker-
nel

k'nfl ©n (-r)@nfl(y) - (Pnfl(x)(pk(y)

K, s = ’
(z,y) o Ty

(9.1.15)

is the orthogonal projection onto span{zyz_ol ajp;tin L*(S;dz) as given
by the Christoffel-Darbouzx formula (8.3.7).

Proof. See [159] for the general result. The explicit formulas for the differ-
ential equations appear in (9.3.21) for the Hermite function, in (9.5.18)
for the Jacobi polynomials, and (9.6.3) for the Laguerre functions. In
each case, we can invoke Proposition 8.3.3 to obtain the formula for the
kernel that represents the projection. O

Since orthogonal polynomials give rise to determinantal random point
field as in Theorem 8.2.7, it is natural to construct other determinantal
random point fields from (9.1.11) via Theorem 8.2.7.

In Chapter 4, we considered the support of the equilibrium measure
of a generalized unitary ensemble, and found it to have the form S =
Ui_aj, bj]; consequently, one can consider Tracy-Widom systems on
S as a subset of C U {oo}. Here for simplicity we work on a single
interval. Normally, we take z € (0,00), and we can transform to u € R
by letting x = e“. To deal with circular ensembles, one can substitute
e’ for x. This still allows a wide range of possibilities regarding singular
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points where m(z) = 0, so we need to restrict to special cases to make
progress.
The matrix

Qz) = — l”ix; a(x)] (9.1.16)

Theorem 9.1.6 (/157, 21]). Suppose that 1 and Qq are real symmetric
2 x 2 matrices with Q1 > 0 and € of rank one. Suppose further that A
and B are bounded and continuous real functions in L*(0,00) such that
A(z) — 0 and B(xz) — 0 as — oo and that

4
dzx

Alz) | A
B(.’l?) —J(91$+Qg)

B(z) (z > 0). (9.1.18)

Then the integral operator K on L?(0,00) with kernel

A(z)B(y) — Aly) B(z)

K(z,y) = pr—"

(9.1.19)

is self-adjoint and bounded. Furthermore, there exists ¢ € L*(0,00) such
that the Hankel operator I'y is bounded and self-adjoint with K = Ffb.

Proof. The integral operator with kernel 1/(z — y) is bounded on L*(R)
by M. Riesz’s theorem. Since A and B are real and bounded by hypoth-
esis, it follows that K is a bounded and self-adjoint linear operator on
L*(0,00).

We recall that J satisfies J* = —J and J? = —1I. For the purposes of
the following calculation, we have

L L
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Hence by the differential equation and (9.1.17), we have

T A)] Aw)
_<3x+8y><<J B() | | By) >/(x_y)>
_ Az) | | Aly)
- <<J2(le+Q0) Bx)|" | Bl >/(m—y)>
Az) A(y)
+<<J B(x) Sy + Q) B(y) >/($ZJ))
- <<<—91x—90+my+90> okt o s >/(x—y>>

A(z)
B(x)

A(y)

— <_Ql ) > (9.1.21)

Since €0 is real symmetric of rank one, we can choose an eigenvector
col[cos 0, sin 0] corresponding to the eigenvalue A > 0, then introduce the
function

)

d(z) = VA(A(x) cos 6 + B(z) sin 0) (9.1.22)

which by hypothesis is real and belongs to L?(0,00). Furthermore, we
have

(35 + 50 ) K @) = 0@t (9.1.23)

so integrating we obtain

K(z,y) = /000 oz 4+ uw)oly +u)du + h(x —y) (9.1.24)

for some real function h. Now K(x,y) — 0 as ¢ — oo or as y — o0;
likewise, the integral converges to zero as © — oo or as y — oo by the
Cauchy—Schwarz inequality since ¢ € L?(0,00); hence h = 0.
We deduce that K =T? and that T'y is a bounded Hankel operator.
O

Corollary 9.1.7 Suppose further that '/? A(x) and x'/?> B(z) belong to
L?(0,00). Then K is of trace class, and

trace(K) = /000 up(u)? du. (9.1.25)
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Proof. By the proof of Theorem 9.1.6, '/2¢(z) belongs to L?(0,c0)
and hence by Proposition 9.1.4, I'y is a Hilbert-Schmidt operator.
Consequently, K is of trace class, with the stated formula for the
trace. U

The hypotheses of Corollary 9.1.7 and hence Theorem 8.2.7 hold in
some significant examples, which we shall discuss. Furthermore, when
H=Rand W = Fg), the spectral resolution of the self-adjoint op-
erator I'y determines the spectral resolution of W, so we can find the
eigenvalues of W from the eigenvalues of I'y. This is the basis of the
successful calculations in [21, 22, 157, 158], which also exploited the fact
the eigenvectors of I'y can be comparatively easy to analyze.

Theorem 9.1.6 enables us to use the spectral theory of Hankel oper-
ators to describe the eigenvalues of the kernels K, as in [127]. To de-
scribe the eigenvectors of K, we need to use quite different techniques.
In several cases of interest, K commutes with a second order differential
operator, and hence one can obtain the asymptotics of the eigenvectors
of K by the WKB method. In Section 9.3 we present a familiar example
of this when we introduce the prolate spheroidal functions, which are
eigenvectors for the sine kernel. In Section 9.4 we present a sufficient
condition for a Hankel operator to commute with a second order dif-
ferential operator; this applies in particular to the Airy kernel and the
Bessel kernel.

In the following sections, we shall consider some fundamental ex-
amples of determinantal random point fields. The analysis will go
from differential equations to kernels, and then from kernels to
determinants. In some cases, we require convergence results from
the theory of orthogonal polynomials proper, but in all cases the
differential equations suggest the special functions that appear in the
analysis.

When K is the sine kernel, Airy kernel or Bessel kernel, we
introduce:

* finite rank operators from the scaled Gaussian unitary ensemble such
that K, — K in ¢' as n — oo;

* a self-adjoint and Hilbert-Schmidt operator T'y such that I =
K; ‘

e a second order self-adjoint differential operator L such that KL =
LK.
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Exercise 9.1.8 Suppose that K = I‘i7 where ¢ € L*((0,00); R). Show
that the kernel of K satisfies

det[K (z;, o5)]jh=1,....n (9.1.26)
1

= o) det[¢(x; + yo)lj=1....n det[@(@r + yo)lks=1...ndy1 - dyn

. 0,00)"

for all (z1,...,z, > 0).

9.2 Hankel integral operators that commute with second
order differential operators

Theorem 9.2.1 Let Ty be the Hankel operator that has kernel ¢(x+7y),
let L be the differential operator

L) =~ (ale) ) 4 b(a) (), (9.2.1)

where o' (x) = Cd'(x) and a(0) = 0.
(i) Then there exists a real function o such that

a'(x) — a'(y)

alx +y) = (@) —ay) (9.2.2)
(ii) Suppose further that
_ b(x) —b(y)
Ble+y) = 2(2) —aly) (9.2.3)
for some real function B and that
¢"(u) + a(u)¢'(u) — B(u)p(u) = 0. (9.2.4)

Then the operators I'y and L commute.

Proof. We introduce the expression

®(x,y) = (a(y) — a(x))d" (x +y) + (a'(y) — d'(x))
x ¢'(x+y) — (bly) — b(z))d(z +y); (9.2.5)

then by successive integrations by parts, we obtain
(LD =T L)f(x) = [6(a + v)al)f () - &'« + )a(w) f )],
+ / (2, y)f(y) dy. (9.2.6)
0

o
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The term in square brackets vanishes since a(0) = 0; so if ® = 0, then
the operators commute. The next idea is to reduce the condition ® =0
into the differential equation

(a(z) = a))(¢"(x +y) + alz +y)d (v +y) - Bl + y)d(a +y)) =0,
(9.2.7)
involving only one variable v = z + y. The following lemma guarantees

the existence of such a and 8 under suitable hypotheses. The proof is
by elementary calculus.

Lemma 9.2.2 Suppose that a and g are twice continuously differentiable
real functions such that

a'(x)g"(y) — ¢"(2)d'(y) + a"(2)g'(y) — g'(x)a"(y) = 0. (9.2.8)
(i) Then there exists a real function h such that

( a 0 )g(:r) —g(y) h(z) — h(y)

dr Oy

a@) —aly) ~ (alx) —a())?’ (6.2.9)

(i) When h is constant, there exists a real function f such that

9(x) —g(y)

a(z) — a(y)
Conclusion of the proof of Theorem 9.2.1 In the special case of g(x) =
a’(z), the hypothesis of the Lemma reduces to the condition a"'(z) =
Cd'(z) for some constant C, and one can verify that both (i) and (ii) of
the Lemma apply; so a exists. Having identified the suitable choices of
a, one can use the hypothesis on b to obtain a suitable 3, and hence use
the differential equation for ¢ to make & = 0. O

= f(z +y). (9.2.10)

Fortunately, Theorem 9.2.1 covers many cases that are of interest in
random matrix theory. There are three main families of solutions of the
differential equation o' (z) = Cd'(z), with a(0) = 0, depending upon
the sign of C:

(1) quadratic: C =0 and a(z) = 2’ + c17;

(2) hyperbolic: C' > 0 and a(z) = ¢ coshtx + ¢ sinhtx — ¢y, where
teRhast? =C;

(3) trigonometric: C' < 0 and a(z) = cg costx + ¢ sintr — ¢y, where
t € R has t? = —C.

In Proposition 9.4.3 we show that the Hankel operator Iy commutes
with the differential operator L,, which involves a(x) = z, as in (1). In
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the Section 9.5, we consider a differential operator with a(z) = €** — 1,
as in (2). Theorem 9.2.1 is most useful when Ty is compact and L has a
discrete spectrum, which happens in the main applications, but not in
some of the cases in the next exercise.

Sonine [167, p. 82] considered the one-parameter families of functions
Z,, that satisfy the system

2v

Zu—l + Zu+1 = 7Zu

Zy A — Zypr =27, (9.2.11)
which gives rise to the Tracy—Widom system
|- z
-z v-1
see [167, p. 82]. This and related systems give many of the examples
that arise in random matrix theory.

d
Pl
dz

Zy

v—1

Zy

; 2.12
PN ERCEBE)

Definition (Bessel functions) [167, 3.1(8)]. The Bessel function of the
first kind of order a@ > —1 may be defined by the series

o 2n+a

Jo(2) = Z(_l)" 22ntel(n+ DN (a+n+1)

n=0

(z€ Q). (9.2.13)

There are also integral formulee which apply for general real order a and
which extend the definition in which we previously made in (7.4.13) for
integral order o. The modified Bessel function, also known as MacDon-
ald’s function, may be defined by [173, 8.432]

K,(2) = /U e* Ot cosh(at) dt (Rz > 0). (9.2.14)

The Bessel function J,, satisfies [167, 2.13]
22 I+ 2!+ (2* —a*)J, =0, (9.2.15)
whereas the modified Bessel function satisfies
P’ K! + 2K!, — (2 + o*)K, = 0. (9.2.16)

Bessel’s equation (9.2.15) may be regarded as a transformation of a
special case of the confluent hypergeometric equation.

The general solution of Airy’s equation 3" + zy = 0 is

y—c1x1/2J1/3(3 5/2>+ch1/2J 1/3(3 3/2) (9.2.17)
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One solution of 3" = xy is given by the oscillatory integral

1 [
Ai(x) / 3 gy, (9.2.18)

T or

which by [167, p. 190] may be expressed as

Ai(z) = i\/gKl/g (§x3/2) (z > 0). (9.2.19)

Exercise 9.2.3 In this exercise, we present some choices of ¢ and b such
that ¢ satisfies some relatively simple differential equation.

(i) Let a(z) = —2? and b(x) = —4~'x + . Show that ® = 0 when
ug” (u) + 2¢' (u) + 47 p(u) = 0, (9.2.20)

and that ¢(u) = u~'/2J; (u'/?) gives a solution.
(ii) Let a(x) = 2% and b(x) = —4~ 'z + ~. Show that ® = 0 when

ud” (u) + 2¢ (u) — 47 p(u) = 0, (9.2.21)

and that ¢(u) = u~'/2K;(u'/?) gives a solution where K, is the
modified Bessel function.
(iii) Let a(x) = —2? and b(x) = —2” + 7. Show that ® = 0 when

ug” (u) + 2¢' (u) + up(u) = 0, (9.2.22)

and that ¢(u) = u’l/QJl/z(u) gives a solution.
(iv) Let a(z) = 2% and b(z) = —2? + . Show that ® = 0 when

ug” (u) + 2¢' (u) — ug(u) = 0, (9.2.23)

and that ¢(u) = u*I/QKl/Q(u) gives a solution, where K/, is the
modified Bessel function.

(v) Let a(x) = as2® + a;x where as > 0 a; > 0, and let b = 0. Show
that ¢(u) = C/(agu+a;). When ag = 1 and a; = 0, we thus obtain
Carleman’s Hankel operator with kernel 1/(z + y); see [127].

(vi) Let a(x) = cos2mx — 1 and b(z) = acos 2wz + [sin 2wz + . Show
that ® = 0 when

@" (u) + 27 (cot mu) @’ (u) + (B cot Tu + a)p(u) = 0. (9.2.24)

The following theorem constrains the possibilities for ¢.
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Theorem 9.2.4 Suppose that a and b are as in Theorem 9.2.1. Then the
differential equation (9.2.4) may be transformed by change of variables
to the hypergeometric equation

d? d
P(1-2) 25+ (A~ (M+V+1)x}£ — e =0 (9.2.25)
or Whittaker’s form of the confluent hypergeometric equation
d*W 1k m?-1/4
—_— = -4+ — |W. 9.2.26
dx? (4 T + x2 ) ( )

Proof. In [23] we consider the quadratic, hyperbolic and trigonometric
cases in detail. In all cases, the differential equation reduces to a linear
differential equation with rational functions as coefficients which has less
than or equal to three singular points, and we determine the nature of
the singularities. See [172, 9.220] for solutions of (9.2.26). O

The hypergeometric and confluent hypergeometric equations cover
many classical families of special functions. Theorem 9.2.4 states that
the differential equation for ¢ can be reduced by changes of variable
into a standard form, and in [23] the author provides several examples
of commuting pairs L and I'y. However, the problem of deciding which
kernels W factor as W = I';T'; involves some subtle analytical points
which are not stable under changes of variable, so there is currently no
simple criterion for deciding which Tracy—Widom systems lead to
kernels W that factorize as W = I'? where I' commutes with L. See
also [22].

9.3 Spectral bulk and the sine kernel

* The bulk of the spectrum for the Gaussian unitary ensemble is de-
scribed by the sine kernel.

* The eigenfunctions for the sine kernel are the prolate spheroidal func-
tions.

e The prolate spheroidal functions satisfy differential equations for
which the limiting form is Webber’s parabolic cylinder equation.

In Section 9.3, 9.4 and 9.5 we show how the bulk, soft and hard
edges arise from unitary ensembles. Before introducing the integrable
operators, we review the Gaussian unitary ensemble. Let z;; and y;
(1 < j <k < n) be a family of mutually independent N(0,1/n)
random variables. We let X, be the n x n Hermitian matrix that
has entries [X,];x = (wj% + iy;)/V2 for j < k, [X,];; = z;, for
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1 <j<mnand [X,Jkj = (w0 — iyjr)/V2 forj < k; the space of
all such matrices with the probability measure I/n ) forms the Gaussian
unitary ensemble. The eigenvalues of X are real and may be ordered
as A\ < --- < \,, so their positions are specified by the empirical dis-
tribution p, = (1/n) Z?:1 dx,. As n — oo, the empirical distributions
converge weakly to the Wigner semicircle law

pldz) = x)V4 — 2?dx (9.3.1)

2

for almost all sequences (X,,) of matrices chosen from these ensembles;
see [116, 77, 166].

Sine kernel

The bulk of the spectrum is [—2, 2]. To describe the distribution of neigh-
bouring eigenvalues within small subintervals of [—2, 2], we introduce the
sine kernel. This operator arises in many contexts in harmonic analysis.

Definition (Sine kernel). Let D, be the operator on L?(R) that has
the (Dirichlet) sine kernel

sin brx cos by — cos brx sin by
m(z —y)
where b is known as the bandwidth. An entire function f has exponential

type if there exists constants ci,cs > 0 such that |f(z)] < cie®*! for all
z € C.

Dy(z,y) = : (9.3.2)

Proposition 9.3.1 The operator Dy, on L*(R) is an orthogonal projec-
tion. The range of Dy, consists of those f € L*(R) that extend to entire
functions of exponential type such that

lim sup |y|~'log|f(iy)| < mb. (9.3.3)

y—too

The range of Dy forms a reproducing kernel Hilbert space on C with
reproducing kernel

kw (2) = W (9.3.4)

Proof. The operator F*I|_r 13 F is an orthogonal projection, and one
can easily check the identity

/_"O sinﬂb(x—y)f(w dy =

L&L
g FiE)ds. (935

=l
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Replacing = by z = x + ty on the right-hand side, we obtain an en-
tire function F'(z) of exponential type that satisfies (9.3.3). The Paley—
Wiener theorem [102] characterizes such F' as those with Fourier trans-
form supported on [—7b, 7b].

The range of Dy is known as the space of band limited functions. For
a band limited function, we have

 sinwb(w — y)

Fw) = (f,ku)pe = / f(y) dy; 9.3.6)

oo T =)
hence f — f(w) is continuous for w € C, so we have a reproducing
kernel Hilbert space. g

The frequencies £/2m of D, f lie in the band [—b/2,b/2]. Likewise,
L*[—a,a] is known as the space of time limited functions. When we
compress Dy, to L?[—a, a], the range consists of functions that are both
band and time limited; the functions that satisfy both these severe re-
strictions have very special properties.

Proposition 9.3.2 The compression of D, to L*[—a,a| gives a trace
class operator such that 0 < Dy < I. The eigenfunctions of D, are the
prolate spheroidal functions, namely the eigenfunctions of the differential
operator L, where

Lf(z) = -~ ((a2 - xQ)%f(x)) + 1202t f(x) (9.3.7)

such that f is bounded on [—a, a.

Proof. The operators I' with kernel (b/2a)'/2e!7**%/@ and T* with kernel
(b/2a)'/?e~imtv=/ are Hilbert-Schmidt on L?[—a, a], and I'T* has kernel

b ‘ 6i7rb(zfy)z/adz _ sinwb(:c — y) ]

2] P~ (9.3.8)

Hence Dy is trace class, and since Dj, is the compression of an orthogonal
projection, we have 0 < D, < 1.
The operator L commutes with D, since by direct calculation we have

d ((a2 7x2)isin7rb(m—y)> n d ((a2 ) d sinwb(x—y))

dax dr  w(x—y) dy dy w(z—y)
d* sinb(z —y) d sinmb(x —y)
2 _ 2
= - PR N 2 - N I/
(= )dx2 m(x —y) 2z +y) der  m(x —vy)
sinwh(x — y)

— —n2p? (xZ — y2) (9.3.9)

m(z —y)
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By compactness, each eigenspace of D; is finite-dimensional and the
eigenfunctions that correspond to non-zero eigenvalues are continuously
differentiable functions on [—a,a]. Hence the eigenfunctions of D, are
also eigenfunctions of L and give a complete orthonormal basis of
L?[—a,al. O

By a simple scaling of variables, we can reduce further analysis to the
case a = 1. We introduce the kernels

sin b (z — y) N sin b (z + y)

Bl =762y * ety

(z,y € (0,1));2 #y),
(9.3.10)

which are clearly continuous and symmetric.

Proposition 9.3.3
Let T, : L*(0,1) — L*(0,1) have kernel Ty (z,y) = v/2bcosbrzy and
let T_ : L*(0,1) — L*(0,1) have kernel T_(z,y) = v/2bsin bray.

(i) Then T+ are self-adjoint and Hilbert-Schmidt, and unitarily equiv-
alent to Hankel integral operators on L?(0,00).
(ii) Their squares satisfy T? = K, and T? = K_.
(iii) Let N\, be the eigenvalues of the integral equation

1 .
sinbr(x — y)

A flx :/ ——= f(y)dy, 9.3.11

@)= =L i) (9:3.11)

ordered so that 1 > Ny > A > .... Then K. has eigenvalues Ny >

X2 > ... as an integral operator on L?(0,1), whereas K_ has eigenvalues

A1 > A3 > ... as an integral operator on L*(0,1).
Proof. (i) Let U : L?(0,1) — L?(0,0) be the unitary operator U f(x) =
e~*/2 f(e=*), and observe that

/0/0 V2b cos(bruv) f (u)g(v) dudv
= 00 oo e_(.’v+y) CoS We—(:ery) = \a(e=Y) da N
\/%/0 /o (b )fe™®)g(e™)dxdy  (9.3.12)

expresses T’ in terms of a Hankel operator. By replacing cos by sin, we
obtain a similar conclusion about 7-_.

(ii) A simple direct calculation shows that the kernel of T3 satisfies
(9.3.10).
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(iii) By (ii), the operators Ky are trace class and positive semidefi-
nite. Since K_(x,—y) = —K_(x,y) and K_(—=z,y) = —K_(z,y), any
eigenfunction f € L%(0,1) of

1
Nowa1 f(2) = /0 K_(z,9)f(y) dy (9.3.13)

extends naturally to an odd eigenfunction of (9.3.11) in L?(—1,1) with
the same eigenvalue. Similarly, K, (—z,y) = K (z,y) and K, (z, —y) =
K. (z,y), so any eigenfunction of K, in L?(0,1) extends naturally to
an even eigenfunction of (9.3.11) in L?(—1, 1) with the same eigenvalue.
By results of [116, p. 244], the eigenvalues that correspond to odd and
even eigenfunctions interlace. (I

The prolate spheroidal functions were introduced to solve the
Helmholtz equation

9u N 0*u N Pu

or?  oy? 022

in an ellipsoid that has two axes of equal length. Due to the interpreta-

—u (9.3.14)

tion of Proposition 9.3.2, the prolate spheroidal functions are important
in signal processing; so numerical values for the eigenvalues and eigen-
functions of L have been calculated for this application. The eigenfunc-
tion equation for L is

—(a® =2 () + 2z f'(x) + 7?22’ f(z) = Mf(z). (9.3.15)

We choose b = 1/(27), then write = y/as and A = a(p + 1/2), so that
g(s) = f(y/as) satisfies
1 1
—(a—s%)g"(s) +2s9'(s) + 1(1829(5) = a(§ +p)g(s); (9.3.16)
so the limiting form of this equation as a — oo becomes the Weber’s
parabolic cylinder equation

2

—g"(s) + Szg(S) = (p + é)g(sx (9.3.17)

which is also associated with the quantum harmonic oscillator and Her-
mite functions; see [167]. Let the monic Hermite polynomials be
v .-
H,(z) = (—1)”6‘”2/2d—e_‘” 2 (n=0,1,2,...), (9.3.18)
xn

and let

2

bn(x) = ()" V2@2m) "V H, (x)e ™ /Y (n=0,1,...,2 €R)
(9.3.19)
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be the Hermite system of orthonormal functions in L?(R), which other-
wise arises by applying the Gram—Schmidt process to (xke_"“”z/ L/2m)Vh
in L2(R).

The Hermite functions (¢, )32, satisfy ¢o(z) = (27r)’1/4e*”2/4 and
the identities

- d);z (x) + (x/2)¢n (I) = \/m¢ﬂ+1(m)7
&, (@) + (2/2)¢n (2) = Vg1 (z); (9.3.20)

these are known as the raising and lowering operations as in [112]. Equiv-
alently, they satisfy the Tracy—Widom system

)[R Al

Combining these equations, we see that ¢, gives a solution of (9.3.17)
with p = n.
We introduce

0 =3 65(@)65 (). (9.3.22)
j=0

Theorem 9.3.4 Let X,, be matrices from the n X n Gaussian unitary
ensemble with potential v(z) = x2 /2.

(i) Then the k-point correlation functions for the eigenvalues satisfy

Rn,k(xh ce T ) det[\fKn (\ija \F‘rm )]J m=1,....k- (9323)

(i) The equilibrium measure is the semicircle law on [—2,2].
(iii) The k-point correlation functions for eigenvalues in the spectral bulk
satisfy

Ror(zr,... z1) = det[\lf (\x} fﬁ” . (9.3.24)

where

Ry g (z1,. . xr) — det[Dyr (2, m )] jm=1,...k (n — c0). (9.3.25)

Proof. (i) The kernel /nK,, (v/nz,/ny) gives an orthogonal projection
of rank n. As in Theorem 8.3.4, there exists a constant C), such that

det[\/ﬁKn (\/ﬁl‘j, \/ﬁxm )]j m=1,.
=C, H (xj — ) exp( ZxQ/Q) (9.3.26)

1<j<m<n
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is proportional to the joint probability density function of the determi-

nantal random point field associated with the kernel /nK, (v/nz, /ny).

In terms of Theorem 2.5.3, we have the joint eigenvalue distribution of

generalized unitary ensemble on M/ (C) with potential v(x) = 22 /2. The

k-point correlation functions are given by the minors of the determinant.
(ii) The equation for the equilibrium measure reduces to

T v 271'/ Vit ydy (—2 <z <?2), (9.3.27)

as in Theorem 4.4.1.

(iii) The bulk of the spectrum is therefore concentrated on [—2,2],
and the typical separation of adjacent eigenvalues there is O(1/n). To
analyse the eigenvalue distribution at this level, we replace the scaling
of (i) by & — x/+/n, and the corresponding scaled functions satisfy

% Lot =L o) Lsom] - 0329

which is comparable to the sinusoidal system

S e

on compact sets as n — oo. By the Christoffel-Darboux formula in

Proposition 8.3.3, we have

G G ) =V e=

(9.3.30)
then the Plancherel-Rotach formula [153, p. 199] and [116, A10] gives

1 % ( x oy ) _ sin(z —y)
Vo t\ynt ) (e —y)
Hence we have convergence of the kernels in the sense of Proposition
8.5.2. 0

+o(1) (n — 00). (9.3.31)

9.4 Soft edges and the Airy kernel

* The edge of the spectrum for the Gaussian unitary ensemble is de-
scribed by the Airy kernel.

¢ The Hermite equation can be rescaled so as to converge to Airy’s
equation.
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e The Airy kernel is the square of a self-adjoint Hankel operator.

¢ The Airy kernel commutes with a second-order self-adjoint differential
operator.

e The Airy kernel is universal as a soft edge distribution for diverse
unitary ensembles.

While most of the eigenvalues of a random matrix from the Gaussian
Unitary Ensemble lie in [—2, 2], the largest and smallest eigenvalues can
lie outside; in this sense, the edges £2 are soft. We wish to describe in
more detail the distribution of the largest eigenvalue, and we introduce
the Airy kernel and determinantal random point field to do this.

Definition (Airy kernel). Let W be the integral operator on L?(R)
defined by the Airy kernel
A. A./ . N .
W(a,y) = 2DATW) ~ AT @A) (9.4.1)
r—y

Proposition 9.4.1 The kernel W defines a trace-class operator on
L?(0,00) such that 0 < W < I. Hence W gives a determinantal ran-
dom point field on (0, 00).

Proof. From the asymptotic expansion [153, p. 18] the Airy function

satisfies
_ %z:s/z

= 2/mal/4
so we deduce that the Hankel operator ' : L?(0,00) — L?(0, ), as in

M) = [ Aita+ sy (943)
is self-adjoint and Hilbert—Schmidst.
Clarkson and McLeod proved the identity
Ai(z)Ai' (y) — AY
r—=y
and Tracy and Widom [157] showed how it follows from the differential

equation
% [ﬁii’((?)} - [2 (1)} |:AA11,((:§7)):| (9.4.5)

Ai(z) (z — o) (9.4.2)

(z)Ai(y) _ /°° Aiz + w)Ai(u + y) du, (9.4.4)
0

as in Theorem 9.1.6. Hence W = I'?, so W is nonnegative and of trace
class with

trace(W) :/ zAi(z)? de.
0
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Further, we have

/ / (i€ [3+ig () \;lif( )\/ﬂ

= i85ty e ()<= 9.4.6
e ; A.
/. (GR= (94,6
so that I'f(y) = }"*eifs/?’}"*f(f). Since F is a unitary operator, and
¢€’/3 is unimodular, this proves the inequality ||| < 1, which shows
that W =T2<TIT;s00<W <. O

Let A; be eigenvalues from a n x n random matrix of the Gaussian
Unitary Ensemble, and let §; be the scaled eigenvalues such that
&

Aj =2+ 273

(G=1,...,n). (9.4.7)

When §; > 0, the eigenvalue A; lies outside the bulk of the spectrum;
whereas when —2 < & < 0, the eigenvalue A; lies inside. The edge 2 is
soft since A; > 2 occurs with positive probability, and when n is large,
we should expect this probability to be small, as reflected by the scaling

factor n=2/3.

Proposition 9.4.2 (Aubrun). Let K,, be the kernel such that det[K,, (z;,
Tk)|jk=1,...n gives the random point field that describes the distribution
of the (§;)}_,. On compact subsets of C, there is uniform convergence

det(I — zK,1;) — det(I — z2W1y) (n — o) (9.4.8)
for all intervals J C (0, 00).

Proof. The Hermite functions ¢,, are solutions to the parabolic cylinder
equation (9.3.17) with p = n, so

2
—4/1(@) + 60 (@) = (n+1/2)n (), (9.4.9)
The scaled Hermite functions

o, (x) = n'/12¢, (2(n +1/2)Y2 n_l/Gx) (9.4.10)

satisfy the differential equations

1 \1/2 x?

o 14— P ——F 4.11
@)= (14 577) e @)+ ) (0.4.11)

the coefficients of which converge to the coefficients of the Airy differen-
tial equation [153, page 18] y” = zy. One can show that

D, (y) = Ai(y) + O~ (y — o), (9.4.12)
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so @, (y) converges uniformly on compact sets to Ai(y) as n — oo; see
[153, page 99]. By following the proof of Theorem 9.1.6, one can deduce
that

On (CC)an,_l (y) — ¢n_1 (x)d)n (y)
vn o
n o]
= {/ ((bnfl(x'i_u)d)n(y‘i‘u) +¢n($+u)¢n71(ﬁy+u))du'
0

(9.4.13)
The left-hand side represents the projection onto span{¢; : j =
0,...,n — 1} as in the Christoffel-Darboux formula 8.3.3, and hence

defines an operator K, such that 0 < K,, < I; whereas the right-hand
side is a sum of products of Hankel operators. By (9.3.20), we have

¢n (x)d)nfl(y) - ¢n71(x)¢n (y) _ (bn*l(x)d);v,—l(y) B ;v,—l(x)gi)n*l(y)
T—y r—y
1
_m¢7171(x)¢7171(y)' (9414)

Letting 7, (z) = 2(n 4+ 1/2)%/2 + n=1/%2 in (9.4.13), we obtain after
applying (9.4.14) the identity

_ Pn—1 (70 ()1 (70 (y)) — &1, 1 (70 (%)) -1 (70 (y))

K, =
n(T,9) T —y
+ ¢n71 (Tn (x))(bnfl (Tn (y)>
2vn
n1/6 00
= T ((bnfl(’rn(x +v))¢n (TTl(y+U))
0
+ G (T (. + ) Pr—1 (T (y + v)) ) dv, (9.4.15)
and in the limit as n — oo, one obtains the Airy functions, by (9.4.12),
SO
Kn (x7 y) - W(Z’,y) (9'4'16)
where
W(x,y) = / Ai(z + v)Ai(y + v) du. (9.4.17)
0

By means of some more detailed analysis, Aubrun showed that

det(I — 2K,1;) — det(I — 2W1y) (9.4.18)

uniformly on compact sets as n — oo for each interval J C (0,00). O



Integrable operators and differential equations 303

In particular, the distribution of the largest eigenvalue A, of a ma-
trix from the GUE is described by the random variable &, with A =
24+ n~2/3¢,, where the cumulative distribution function of &, satisfies

Pl¢, <t] > det(I — W, o))  (n— o0). (9.4.19)

One can calculate the eigenvalues of the operator
I(t,oo)WI(t,oo) — / Al(l’ + U)Al(y + u) du, (9420)
t

and hence compute the right-hand side of (9.4.19). Since Ai(t) decays
rapidly as ¢ — oo, the eigenvalues of I(; oo)W1(; o) decay rapidly as
t — oo.

Remarkably, Tracy and Widom [157] identified this determinant in
terms of a solution of the Painlevé II equation, as we shall see in Section

9.7. Next we give a method for finding the eigenfunctions and eigenvalues
of W.

Proposition 9.4.3 Let A, be the Hankel operator on L*(0,00) that has
kernel Ai(x + y + s) and let Ly be the differential operator

d

Lo f(z) = —%<x%f) +a(z + 8) f(@) (9.4.21)

with boundary condition f(0) = 0. Then A and Ly commute; so eigen-

functions for Ag are eigenfunctions of L.

Proof. First we consider A, L, f. By integrating by parts, we obtain
Rl d d
/0 Ai(z +y+s)) (—@ (y@f) +yly + S)f(y))dy

= /OOO (— (yd%Ai(fﬂ +y+ S))) +yly +s)Ai(z +y+ s))f(y) dy,
(9.4.22)

which reduces by the Airy equation to

o0
- / (Ai'(x +y+s)+ayAilz+y+ S)) f(y)dy, (9.4.23)
0

and one can obtain the same expression by computing Ls A, f(x).

Since the Airy function is of rapid decay as x — oo, the operator A, is
Hilbert—Schmidt. In particular, A, is compact and self-adjoint, and its
eigenfunctions give a complete orthonormal basis for L2 (0, co). Likewise,
the operator (il + Ly)~! is compact and normal, and its eigenfunctions
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give a complete orthonormal basis for L?(0,00). As A, and (il +
L,)~! operators commute, they have a common orthonormal basis, as
required. U

9.5 Hard edges and the Bessel kernel

* The Bessel kernel describes the hard edges of the Jacobi ensemble.

* The Jacobi polynomials satisfy a differential equation which converges
to a variant of the Bessel equation.

e The Bessel kernel is the square of a Hankel operator.

* The Bessel kernel commutes with a self-adjoint second order differen-
tial operator.

Definition (Jacobi’s weight) [153]. For o, 3 > —1 we introduce the
probability density function on (—1,1) by

_o(atpsn_Lla+B8+2) — ) z x € (—

(9.5.1)

When 0 > a, 3 > —1 the density is unbounded as z — 1— and as x —
(—=1)4. This weight is used to model an electrostatic system on (—1,1)
in which there is a negative charge at (—1) and a negative charge at
(4+1), so a positively charged particle is attracted to the ends of interval.
When there are several positively charged particles, we have the following
ensemble.

Definition (Jacobi’s Ensemble). For n a positive integer, we introduce
the simplex

A" ={(z;)j-, eR" : =1 <z <--- <z, <1}

and let o, 3 > —1. Then there exists Z,, < oo, which depends upon these
constants, such that

n
) (dw) = Zin H(1 +a;) (1 =) H (z), — ;)" day - - d,
j=1 1<j<k<n
(9.5.2)
determines a probability measure on A™. We define the Jacobi ensemble
of order n with parameters o, 3 > —1 to be the probability measure
ugf) as in Theorem 8.3.4. One can regard the (xj);?zl as the ordered

eigenvalues of some n x n Hermitian matrix which is random under a
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suitable probability measure. So the Jacobi unitary ensemble of order n
is such a space of random matrices.

When a, 3 < 0, the density of ufp is unbounded at 1— and (—1)+;
further, the eigenvalues are constrained to lie inside A™. The following
electrostatic interpretation of the factors is illuminating:

(i) (1 + ;)7 arises from the attraction between a negative charge at
—1 and a positive charge at x;;
(ii) (1 —;)" arises from the attraction between a unit negative charge
at 1 and a unit positive charge at x;;
(iii) (wy — z;)* arises from the mutual repulsion between the positive
charges at z; and .

Hence the charges z; all lie in [—1,1] and are attracted towards the
ends £1, but are prevented from all accumulating there by their mutual
repulsion; so at equilibrium, the charges are sparse in the middle of
[-1,1] and denser near to £1. For these reasons, the spectral edges 41
are said to be hard.

The polynomials that correspond to this ensemble are the Jacobi poly-
nomials.

Definition (Jacobi polynomials) [153]. The Jacobi polynomials P%” are
the orthogonal polynomials of degree n = 0, 1,2, ... with positive leading
terms that are defined by the Gram—Schmidt process with respect to the
weight w, and subject to the normalization
'n+14+a) _  n°

(n+1)I(1+a)  T(a+1)
On account of this normalization at the right-hand end, some subsequent
formulee appear to be asymmetrical in « and S. In particular, when
a = f = —1/2, we observe that the pl2oLe
the Chebyshev polynomials 7T,,, which suggests that the substitution
x = cost should be helpful.

PoP(1) = (n — o). (9.5.3)

are proportional to

‘We introduce the kernel

Pflzﬁ T R?LS y) — Pﬁx,ﬂ y _Ps.;ﬂ
K, (z,y) = Cu(a, B) ) 1(iy &2 .

5

) (w(a)wy)?,

(9.5.4)

where we have introduced the constant
Co(o ) = A’ (n+DIn+1+a+ B (a+1)I'(B+1)
e 2n+a+B)(n+a)l(n+ ) (a+ B +2)
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from [153, p. 71] since the P*# need rescaling so as to become orthonor-
mal with respect to w on (—1,1).

Proposition 9.5.1 The kernel K,, generates the determinantal random
point field associated with the eigenvalues from the Jacobi ensemble on
(-1,1).

Proof. The kernel K,, gives the orthogonal projection of rank n onto the
span of 1,...,2" ! by Proposition 8.3.3. The rest follows from Theorem
8.3.4. 0

We now introduce the kernel that describes eigenvalue distributions
at the hard edge at x = 1; later in the section, we shall show how it
arises for the edges of the Jacobi ensemble.

Let J, be the Bessel function of order a; then f(z) = 27%/2J,(\/2)

satisfies
Z% U'} - [—?/4 —(az+ 1)] [H (9.5.5)

on C\ (—o0,0].

Definition (Bessel kernel). The Bessel kernel is

R ANCN AN BN AV AN
Flay) = 2(x —y)

for all O<z,y<lz#y). (9.5.6)

In the context of Jacobi ensembles, we are principally interested in the
behaviour of eigenvalues for small z > 0, so it is natural to restrict
attention to operators on (0, 1).

Theorem 9.5.2 (i) The integral operator T, : L*(0,1) — L?(0,1) given
by

T.f(x) = /O Jo (2V'tx) f(t)dt (9.5.7)

has a square with kernel T?(x,y) = 4F (4x, 4y).
(ii) The integral operator on L*((0,1),dx) with kernel F defines a
determinantal random point field.
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Proof. (i) The following identity can be deduced from the differential
equation

ST Z WSOV _ [ (031, 0/
0

r—=y

(9.5.8)

The left-hand side is 4F (4, 4y), while the right-hand side is the kernel
of T?. (The author made a sign error in (5.8) of [22].)
(ii) Since F = T? is the product of self-adjoint operators, we have
0 < F. Further, F is of trace class since the operators on the right-hand
side are H1lbert Schmidt.
Let g(x fo Jo (2V/zt) f(t)dt, and introduce the functions §(y) =
g(y?/4) and f( ) =2f(u )I[o 17(). Then we have a Hankel transform

i) = [ ulww)F(wyuda, 959)
0
so by Hankel’s inversion theorem [146]
| awrvdy= [ fwrudn (95.10)
0 0
so reverting to the original variables we have
1 1
/ g(v)2dv < / F(0)2dt: (9.5.11)
0 0
hence ||F|| < 1,800 < F < I. We can now use Theorem 8.2.7 to deduce
the existence of a determinantal random point field. O

Proposition 9.5.3 Let L, be the differential operator

Lo f(z) = —%(m(l - x)%f) + (:v - % - 2,u)f(x) (9.5.12)

with boundary conditions f(0) = f(1) = 0. Then T,, commutes with L.

Proof. We apply a unitary transformation so that we can work on
L*(0,00). The formula

o0
e T, fle™?") = 2/ e~ 1 (2e” Y FeT e dy (9.5.13)
0

suggests that we change variable to v, where * = e~2". Then ¢(v) =
2e7vJ, (2e77) satisfies

€9/ (1) +2¢" ¢/ (1) + (47 + (1 - a®)e" ) (o) =0,
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so we apply Theorem 9.2.1 with a(z) = €** — 1 and b(z) = 4e™2* —
(1—a?)e*” + u to obtain an operator L that commutes with the Hankel
operator 'y that has kernel ¢(x + y).

The unitary transformation S : L?(0,1) — L?(0, 00) is given by Sf =
g, where g(v) = v2e7? f(e~?"), and the quadratic form associated to L
has principal term

/ooo(e% )¢ (0)2 dv = /01 (3 -1)@ef @) + f@)’dr (95.14)

x
1 19 1
- / dz(1 — 2)f' ()2 dz +/ (; + 1)f(3c)2d:v + [2(1 - a)f@)] .

0 0
as one shows by integrating by parts. The term in square brackets van-
ishes on account of the boundary conditions, and we recover the operator
L, by polarizing; hence the said operators commute. O

Now we return to the Jacobi ensemble. Focusing our attention on the
edge at 1, we introduce the scaled eigenvalues &; by z; = cos¢;/v/n, to
ensure that the mean spacing of the &; is of order O(1) near to the hard
edge at z; ~ 1. Then for some C, > 0, we rescale the kernel K,, to

K, (z,y) = %Kn (cos \/75, cos @) (9.5.15)

2 n

Theorem 9.5.4 The kernel K, generates a determinantal random point
field such that the k point correlation functions satisfy

Ry k(x1,...,x1) = det[f(n (@) jm=1,.. k> (9.5.16)

and

Ry w(z1,. .. ) — det[F(zj, 2m)]jm=1,.k (n —o00). (9.5.17)

Proof. The main idea is that IN(,L — F in trace class norm on L? (0,1) as
n — o0o. The details of the proof are in [113]; Lemma 9.5.5 is the crucial
step.

The Jacobi polynomials P, = P satisfy the differential equation

(1=2*)B)(x) + (B — a+ (a+ B+ 2)z) P, (z)
+n(n+a+p+1)P,(xz)=0. (9.5.18)

O
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Lemma 9.5.5 Let f,(z) =n"*P,(cos ?) Then

da fy/ () + (2 - %(ﬁ — av)cosec %

+ %(a + 6+ 1)y cot %)fé(x)
bt B+ D)f() =0, (9.5.19)

As n — oo, the coefficients of this differential equation converge umi-
formly on compact sets, so the limiting form of this differential equation
18

Az f"(z) + 4(a+ 1) f'(z) + f(x) =0 (9.5.20)
with f(0) =1/T(a + 1).
Proof. We have

.4 [fz(z)} =0, (2) [fz(z)} (9.5.21)

dz | f(2) fa(2)
where
Qn (2)
0 z
- —(n+a+pB+1)/(4n) ;f((ﬂ — a)cosecTﬁf(a + 8+ 1)cot %) — J
satisfies
0 z
Q,(z) — [_1/4 (a4 1)} (n — 00) (9.5.22)
uniformly on compact sets. O

Lemma 9.5.6 The scaled Jacobi polynomials converge, so

n~ P, (cos ﬁ) — 20272 ] (Vz) (n — o0) (9.5.23)
n
uniformly on compact subsets of C.

Proof. This is due to Mehler and Heine; see [153, p. 190]. By direct calcu-
lation one can show that f(z) = 2=%/2.J,(\/z) satisfies the differential
equation (9.5.20), or equivalently the matrix form (9.5.5). By Lemma
9.5.5, the solutions of (9.5.19) converge uniformly on compact sets to
the solution of (9.5.20). When 0 < o < 1, f(2) = 2°2=%/2J,(\/z) is the
unique solution of (9.5.20) that is bounded at z = 0 and that satisfies
the initial condition, so the result follows from Lemma 9.5.5. O
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We can recover Theorem 9.5.4 by using the further identity

(0 + 0 ) 1 Pa(z) = 2+ a)(n + )P (0)

—n(2n+a+ Bz + B —a)P,(z), (9.5.24)
which leads to
Py (cos Y2) Py _y (cos Y2) — P, _y (cos YL) P, (cos ¥2)

n
COos L — COSs f

2(n+ a)(n+P)

=—n(2n+a+ B)P, (COb X/TE)P" (COS %)
+2n(2n + o+ F)

(B,, (cos %)\/Qem ‘{ddyP (co L) P, (cos @)\/Eqm v AP (cos f))
X )
L—COS \/;

(9.5.25)
where cos YL — cos YZ = =4 4 O(-%) as n — co. Hence the right-hand
n n ~ 2n? nt . g

side is asymptotic to a multiple of the Bessel kernel

xia/QJa (\/E)y%(yiaﬂ‘]a (\/@) - yia/QJa (\/y)x%(xiam*]a (\/E))

rT—y

(9.5.26)

These are the main steps in the proof of Theorem 9.5.4, which appears
in more detail in [113].

9.6 The spectra of Hankel operators and
rational approximation

* A Hankel integral operator has a natural expression in terms of the
Laguerre basis.

* Hankel integral operators are unitarily equivalent to Hankel matrices.

* The spectra of Hankel operators have special properties.

Definition (Hankel matriz [127]). For any (c;) € (*(Z.), we can de-
fine a Hankel matrix [cj1—1]$%_, Which gives a densely defined linear
operator in £%(Z, ) with respect to the standard orthonormal basis.

The symbol of the Hankel matrix is some function 1 € L?(T; C) such
that

_ 0 7in€d9 _
cnf/rd)(e Je o (n=1,2,...). (9.6.1)

Note that the Hankel matrix does not determine the negative Fourier
coeflicients of 1, hence one can choose them advantageously. There are
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different conventions in common use concerning the role of H? and L? &
H? as the codomain of the Hankel operator.

There is a simple relationship between Hankel integral operators and
Hankel matrices.

Definition (Laguerre functions) Let Lgfy ) be the Laguerre polynomial
of degree n, so that
1/,*0[ dn

« _ -z .(n+a
LSL )(x) = e’ T (e 2 )) (s >0)

. a+n+1 "
- z:: (n— /i)'F(Oé + /i + 1) ' (962)

and let h, (z) = 21/2e=5L{" (2s), so that (h, )%, gives a complete or-
thonormal basis for L?(0, 00).
The Laguerre polynomials satisfy the differential equation

L) (@) 4 nL@ (@) =0,  (9.6.3)

5 d?
L(a) 1—
P L0 (@) + (a1 - 2) o

dx 2

hence the function u(z) = we_“'/QLSIl)(:E) satisfies

% [H - [1/4— (2+1)/x (1)} Lﬂ ' (9.6.4)

The right half-plane is C, = {z : Rz > 0}. The Hardy space H> on
C. may be defined by modifying (4.2.45) in the obvious way.

Proposition 9.6.1 (i) There is a unitary map U : H*(D;df/2r) —
L?((0,00); dz) given by

Zanz Hzan 0 (9.6.5)

n=0

(ii) the Laplace transform gives a unitary map L : L?((0,00); dx) —
HQ(C+ ; dy/Zﬁ)7

(iii) the composition ® = LoU gives a unitary map H?(D;df/2mw) —
H?(C,;dy/2r) such that

Df(N) = ,\{1f(,\ n 1) (9.6.6)

Proof. (i) The (h,) give a complete orthonormal basis for L?(0,00) by
Proposition 1.8.4.
(ii) This is essentially the Paley-Wiener theorem [102].
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(iii) One can calculate
8] s/2 qn
Lhy () :/ eAs S e *s"ds
0

= \f(i +_1)1331 . (RA>0) (9.6.7)

so that
_ 1)71
D Zanz HZ \f Tyt (9.6.8)

from which the result is clear. O

Exercise 9.6.2 (i) Let ¢(x) = p(x)e”*" where p(x) is a polynomial
function of degree n. Show that the Hankel integral operator with kernel
¢(x + y) has rank less than or equal to n + 1.

(i) Let ¢(x) = >°7_ya;jh;(z) and consider the Hankel operator with
kernel ¢(x + y). Show that for a typical f(z) = Z;io bjh;j(x) we have

Ty f(z Z ajbjh;( (9.6.9)

Proposition 9.6.3 (i) A bounded Hankel integral operator is unitarily
equivalent to an operator that is represented by a Hankel matriz with
respect to some orthonormal basis.

(ii) The Hankel matriz [bjiy-1]55—, has finite rank if and only if the
symbol F¢ may be chosen to be a rational function.

Proof. (i) See [127].
(ii) This is Kronecker’s theorem; see [127]. O

The self-adjoint and bounded Hankel operators on Hilbert space have
been characterized up to unitary equivalence by Peller, Megretskii and
Treil [127].

For a real sequence (vy;) the multiplicity function v : R — {0,1,... }U
{0} is

v(A) =t{j: v = A} (9.6.10)

Theorem 9.6.4 Suppose that ' is a self-adjoint and compact Hankel
operator with eigenvalues (7; );il listed according to geometric multiplic-
ity. Then the multiplicity function satisfies

(i) v(0) € {0,000}, so the nullspace of T is zero, or infinite-dimensional;
(i) [v(A) —v(=A)| <1 for all A > 0.
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Conversely, given any real sequence (7;)52, that satisfies (i) and (ii),
there exists ¢ € L?(0,00) such that Ty is a bounded and self-adjoint
Hankel operator with eigenvalues (vy;) listed according to multiplicity.

Suppose further that Z;; |7j| < oo and that v; < 1 for all j. Then
det(I —Ty) = H;; (1 —7;) converges.

Proof. This result is due to Megretskii, Peller and Treil, as in [127]. O

Exercise. Deduce that if I' is a positive and compact Hankel operator,
then the positive eigenvalues of I' are simple.

We use the term rational approximation of the Hankel operator to mean
approximation by finite-rank Hankel operators.

Proposition 9.6.5 Given ¢ such that the Hankel operator I'y is self-
adjoint and Hilbert-Schmidt, there exists ¢; (j = 1,2,...) such that T'y,
s a finite-rank Hankel operator and such that

det(I — zl%]) — det(I — 2T%) (j = ) (9.6.11)
uniformly on compact subsets of C.

Proof. Given a Hilbert-Schmidt Hankel matrix I' = [a;1;] and € > 0,
the truncated Hankel matrix I'y = [a; 111, n1(j+k)] has finite rank and
satisfies ||’ — Ty ||z < € for all sufficiently large N. Using Proposition
9.6.3, one can pass from Hankel matrices to Hankel integral operators
on L?(0,00). Hence for any Hilbert-Schmidt Hankel integral operator
I'y and € > 0, there exists a finite-rank Hankel operator I'y, such that
ITy —T'y|l2 < e. Note that

2 -12 =12 -T,Iy, + T, — T2

()

(9.6.12)
SO
HFZ - 1—‘2 ”cl < ||1—‘® - 1—‘7/) Hc2 HI‘Q)HCZ + HFi/) ch ||F¢ - F¢' Hc? (9'6'13)

We have ||, —T|| - 0asn — oo, s0 2 —T? asn — oo.

By Kronecker’s theorem, as in Proposition 9.6.3, I'y has finite rank if
and only if ¢ may be chosen to be a rational function. When the rational
function has the form

N .
&@:Zi%% (9.6.14)
=1 !
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with Ra;; > 0 so that the poles are in the upper half plane, we have

) N
z) = / é(z)e””’;l—; => e ™ (x>0); (9.6.15)
- j=1

by partially differentiating with respect to «; one can introduce higher
order poles. O

The term exponential bases is used somewhat loosely to describe the
properties of sums }; aje”*/" in L*((0,00); dz) for a given sequence of

complex frequencies (a]) First we give a condition that ensures

j=—o00"
that (e=%/*)32 _ is a basic sequence, but also shows that span{e™"/ :
j € Z} is not dense in L*((0, 0); dz).
Let v = ()$2 _, where a; > 0 and let
Vi(z) = (2Ra))2em® (€ Z) (9.6.16)
which are unit vectors in L?(0,00). Then let
Roy;
kj(z) = ——— j=1,2,... 9.6.17

which belong to H? of the upper half plane, and which are scaled repro-
ducing kernels in the sense that they satisfy

/ f(@)k;(z)dx = \/Ra, flia;)  (f € H?). (9.6.18)
Theorem 9.6.6 The following conditions are equivalent.

(i) (@) _ 1is a Carleson interpolating sequence with Ra; > 0; so
there exists § > 0 such that

inf ‘ ‘ 3. (9.6.19)
klk_[# a; + ay

(it) (1;)52 o gives a Riesz sequence in L*(0,00); so there eist c,,
C, > 0 such that

Z |aj|2§/ |Z aj;(x )’2dx

j=—o0 j=—o00

<C, Z la;[> ((a;) € ). (9.6.20)

j=—o00
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(iii) (k;)32 o gives a Riesz sequence in H*; so there exist co,Co > 0
such that

[e%¢} %) e’}
Cq Z |CLJ'|2 S/_ | Z ajkj(a:)|2dx

j:—oo 0 j:—oo

<Co Y lal® ((aj) €). (9.6.21)

Jj=—o00
Proof. The equivalence of (ii) and (iii) follows from Plancherel’s theorem.
The equivalence of (i) and (iii) is an aspect of Carleson’s interpolation
theorem, as in [122, 72]. O

Example. The points o; = 1 + 4j with j € Z give a sequence which
satisfies (i).

9.7 The Tracy—Widom distribution

* The Tracy—Widom distribution gives the soft edge that arises from
the Gaussian unitary ensemble.

* A determinant involving the Airy kernel gives the Tracy—Widom dis-
tribution.

In the preceding sections, we have emphasized the probabilistic aspects
and suppressed important connections with the theory of Painlevé tran-
scendents. A Painlevé differential equation is a second order differential
equation y” = R(z,y,y’) that is rational in y and ¥/, is analytic in z,
and has no movable essential singularities. One aspect of the Painlevé
theory is that there are only fifty different classes of such equations, up
to transformation. Many significant results concerning random matrix
theory were first discovered via spectral theory and the inverse scattering
method. Indeed, the term integrable operators refers to integrable sys-
tems of differential equations. In this section, we use an integral equation
which is familiar from the theory of inverse scattering; see [62].
Suppose that w(z) is a solution of the Painlevé II equation

w’ = 2w + zw (9.7.1)
such that w(z) < —Ai(x) as ¢ — oo.

Theorem 9.7.1 Let ', : L?(z,00) — L*(x,00) be the Hankel operator
that has kernel Ai((y + z)/2). Then

d2
w(z)? = — 5 log det(1 — It,)). (9.7.2)
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Proof. (Sketch). We consider the differential equations f”(z) = zf(x)
and ¢"(z) = (z + 2w(x)?)g(z), and observe that f(z) = —Ai(z) and
g(x) = w(z) give solutions. This comparison suggests that we seek w by
a perturbation method based upon scattering. Ablowitz and Segur [2]
have shown that the pair of integral equations

K(x,y) frAi(m;y> Jr;/:o L(z,s)Ai(Sgy) ds =0,

Lz, y) + g /Oo K(z, z)Ai(Z ; y) dz=0 (9.7.3)

have unique solutions for |r| < 1/2 that are continuous functions of y.
They deduce that the first solution satisfies

(3 + 2)21r<(oc,y) = PV R @, y) + 2K (@, 0) K (my)  (9.74)
Jor Oy 2

and that w(z) = K(z,z) satisfies Painlevé II. We wish to apply the
result in the case of r = —2, which is not fully justified by the analysis
in [2]; nevertheless, we proceed to sketch the main features of the proof.
One can show that L satisfies

2 o0
e - 3F@a)+ 5 [ LegFwad=0,  (015)
where
[Tt 2ty
F(Jc,y)—/0 A1< 5 )A1(72 )dz (9.7.6)
satisfies
P by L@y = e pF@y). 077
gz F@) = 53 F(@.y) = glo — ) F(z,y). 7.

Using standard computations from scattering theory [62] and the unique-
ness of the solutions of (9.7.4), one can deduce that

L) - sl = gl =)L) = (L) Lw.y)

8
(9.7.8)

and hence that 2-L L(z, z) = w(z)*.

The Hankel operator with kernel Ai((x + y)/2) is Hilbert—Schmidt,
hence is the limit in Hilbert—Schmidt norm of a sequence of finite-rank
Hankel operators. We now indicate how to express the determinant
from (9.7.2) in terms of these approximations. Suppose that
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((2Ra;)1/2e=i7/2) gives a Riesz sequence in L?(0, 0o) such that ¢(z) =
Ai(x) where

$lw) =Y ce
j=1
= g (@)e v/
j=1
L(z,y) = ink (z)erv/2; (9.7.9)

we also introduce the matrix

o—(ajtap)r/2 500
N RN (0..10)
(0 + ) /2 Jjk=1
and the column vectors
:[ﬁj( )]701: Y = [m(z )]}3"1,
C = [cje /%)%, E = [e~ /2], (9.7.11)
O

Lemma 9.7.2 Suppose that

X=(-ra /!

Y = (/41 —r? A% 47 (9.7.12)
Then K and L satisfy

K(z,y) — r(b( )+;/DOL(x s)¢(8_;y)d8:0,

/ Kz ;y) dz=0. (9.7.13)

Proof. By substituting the given formulee (9.7.9) and (9.7.11) into the
integral equations (9.7.13), we soon derive the expressions

i%@-(x)(f‘”y/2 che aj(z+y)/
=1

—(aj+og x/? 70[11//2

. (x
+ = —0,
7;1 04] —I—Ozk)/Q
0 . 5@ —(ar+ag 1/2 —aky/Q
nk(x ku/2 +35 =0,
2 P
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which by independence of the Riesz basis reduces to

e (aj+ay)x /2
) o —aja:/Z r nk(‘r)e -0
5] (ZL’) rc;e 2 z:: (Oé] n (1k)/2 ’
r o0 (x)e (ar+ay 1/2
(1) + = =0. (9.7.15
Uk( ) ) e (ak + Oég)/Q ( )
In terms of the vectors, these are the pair of equations
X —rC+ gAY =0,
Y+ gAX = 0; (9.7.16)
which reduce to
2
- AKX =,
Y = —gAX, (9.7.17)
and the solutions are as in (9.7.12). O

Lemma 9.7.3 Let I, : L?(x,00) — L*(x,00) be the Hankel operator
that has kernel ¢((y + z)/2). Then

L(z,z) = _dii (log det(I —rI;)/2) 4 log det(I + 7T<I)/2)). (9.7.18)

Proof. We express the function in terms of the matrices, and write

L(z,z) = E'Y
2
= —%trace(EtA(I —r? A% /4)71C)

2
- —%trace((] —12A?/4)"VACE"). (9.7.19)

A simple computation shows that %A = —CE', so we can resume the
chain of identities with

2
L(z,z) = %trace(([ — T2A2/4)_1A%A>
d1 )
dr 2trace log(I — r* A% /4)

= _dii log det(I — r? A%/4). (9.7.20)
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The matrix A represents the Hankel operator with kernel ¢(y + z)/2) on
L?(z,00) with respect to the Riesz basis (e~®%/2?). Hence we can have
det(I +rA/2) = det(I +rI(,)/2), and (9.7.18) follows from (9.7.20). I

Conclusion of the proof of Theorem 9.7.1 From (9.7.8) we have
2%L(m, r) = w(z)?, and hence taking r = 2 in Lemma 9.7.3, we have
2 dz 2
w(w)” = ——— logdet(I —T¢,)). (9.7.21)

O

Definition (Tracy-Widom distribution). Let w be the solution of
Painlevé II equation that satisfies w(z) < —Ai(z) as x — oo. Then
the Tracy—Widom distribution has cumulative distribution function

F(t) = exp<f /too(x ft)w(x)zdx). (9.7.22)

Corollary 9.7.4 In terms of I';) as in Theorem 9.7.1, the Tracy-
Widom distribution satisfies

F(t) = det(I —T{,)). (9.7.23)
Proof. Clearly, both sides of (9.7.23) increase to one as t — oco. From the
definition of F', we have

d? 9
— _log F(t) = — .7.24
g F(t) = —u(t), (9.7.24)

which we can combine with (9.7.21) to give

d? d? 9
By integrating this equation, we obtain the stated result. O

We retuen to the context of Theorem 9.3.4, but consider the edge of the
spectrum.

Theorem 9.7.5 (Tracy-Widom [157]). The distribution of the largest
etgenvalue A\, of a n X n matrix under the Gaussian Unitary Ensemble
satisfies

t
V7(l2) [/\n <2+ 73 — F(t) (n — 00). (9.7.26)

Proof. This follows from Proposition 9.4.2 and Corollary 9.7.4. (|
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In a subsequent paper, Tracy and Widom showed that the asymptotic
spectral edge distributions of Gaussian orthogonal and symplectic en-
sembles could be described in terms of related Painlevé functions.

* The scaled largest eigenvalue of a GUE matrix has an asymptotic
Tracy—Widom distribution.

* The scaled length of the longest increasing subsequence in a random
permutation has an asymptotic Tracy—Widom distribution.

The precise statement of these results appear as Theorems 9.7.5 and
10.4.7, and their respective proofs start from rather different probabil-
ity spaces Sy and GUE(N), and involve special functions which look
dissimilar. The fact that such disparate computations lead to similar re-
sults suggests that there are deeper general principles which justify the
conclusions. For variances and fluctuations, the Costin-Lebowitz central
limit theorem of Section 10.2 provides such a general principle.

Let X,, be n x n matrices from the generalized unitary, orthogonal
or symplectic ensemble, and suppose that the equilibrium measure is
supported on a single interval [a,b]. Dyson’s universality principle [64]
asserts that the spectra of the X,, within subintervals of [a, b] of length
O(1/n) do not depend upon the particular potential of the ensemble
as n — oo. This has been verified in many cases, and the eigenvalue
distribution is given by the determinantal random point field from the
sine kernel [125, 126].

In [148], Soshnikov observes ‘There is a general belief amongst people
working in random matrix theory that in the same way as the sine kernel
appears to be a universal limit in the bulk of the spectrum for random
Hermitian matrices, the Airy and Bessel kernels are universal limits of
the soft and hard edge of the spectrum’. See [66, 67] for more on this
topic.



10

Fluctuations and the Tracy-Widom
distribution

Abstract

We present the Costin—Lebowitz theorem on fluctuations, which is a
version of the central limit theorem for scaled eigenvalue distributions.
The most striking consequence is the recent application to Young dia-
grams under Plancherel measure. The Tracy-Widom distribution gives
the asymptotic edge distribution of the eigenvalues from GUE, and sur-
prisingly the asymptotic distribution of the longest increasing sequence
in random permutations, after suitable scalings. The discrete Bessel ker-
nel also plays an important role in the proof, as it links the determinantal
random point fields of random matrices to those of the Young diagrams.

10.1 The Costin—Lebowitz central limit theorem

This section features an important universality result, namely the
Costin-Lebowitz central limit theorem from [52], in a form adapted to
deal with determinantal random point fields by Soshnikov [147]. In Sec-
tion 10.6, we sketch an application to fluctuations of Young tableaux,
which also involves the results of Chapter 7. First we define what is
meant by a fluctuation.

Definition (Fluctuations). Let w; be random point fields on R such
that wy (R) = k, and let jup = k! Zle dx, be the empirical distribution
that corresponds to wy for £ =1,2,.... Suppose that u; — p weakly in
distribution as k — oo; so that

k
1
PHEZ]”()V) - /f(x)p(dx)’ < 5} 1 (k—o0) (10.11)
j=1
for all e > 0 and all f € Cy(R;C). Then fluctuations are the random

321
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variables 25:1 f(\;) =k [ f(z)p(dz) and the associated random mea-

sures 25:1 dx; — kp. We sometimes replace f by the indicator function
of an interval. See [147].

Before discussing the general theorem, we consider an important exam-
ple of the Poisson process where we can carry out the computations
explicitly.

Example 10.1.1 (Central limit theorem for a Poisson process). Let v
be a Poisson process with intensity function p, as in Example 8.1.3. For
a step function f(z) = >7_, t;L4, (x) with disjoint bounded Borel sets
Aj, we introduce the random variable [ fdv = Y77, t;v(A;), and we
find that

Eexp/ifdy = exp(/(eif(z) — 1)p(x)dx). (10.1.2)

By Kac’s theorem and the uniqueness of the characteristic functions, the
right-hand side determines properties (i), (ii) and (iii) of Theorem 8.2.7
for the random point field, and hence the distribution. The probability
generating function of the random point field satisfies

Ez’4) = exp((z -1) /A p(x)dx). (10.1.3)

Thus the Poisson process is a degenerate type of determinantal random

point field in which the kernel is K (z;,z;) = diag[p(z1),p(x2),...] so

the N'" joint probability density function is p(x1)p(z2) ... p(zN).
Further, the generating function of [ fdv satisfies

Ex/ /v = exp (/(zﬂx) — l)p(x) dm). (10.1.4)

Proposition 10.1.1 Suppose that p is locally integrable, but not inte-
grable over R, and choose sets A; such that

1 :/A p(z)dz — oo (j — ). (10.1.5)

J
Then the normalized random variables
v(Aj) —

/2
Nj/

Y; = (10.1.6)

converge in distribution to a N(0,1) random variable as j — oc.
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Proof. Using (10.1.2), we calculate the characteristic functions

EexpisY; = exp(u (e v 1) — zsu]l/2>

—exp(—s°/2)  (j — ). (10.1.7)
Hence by Theorem 1.8.2, (Y;) converges in law to a N(0,1) random
variable as j — 0. (]

We now consider a typical determinantal random point field on R. As
our version of the central limit theorem is proved using cumulants and
probability generating functions, we start with a few results concerning
the series that were introduced in Proposition 8.2.5. The probability
generating function of a determinantal random point field

Ez"Y) = det(I 4 (z — 1)KT1;) (10.1.8)
involves a determinant which is hard to deal with, so we replace it by a
simpler expression log det(I — zK ;) which we can compute more easily.

Lemma 10.1.2 Suppose that I is a Hilbert—Schmidt operator such that
K =TT is a trace—class kernel on L*(J;dx) and that 0 < K < I. Then
the series

—log det(I — zK)
:Z?/ }K(x17$2)K(I2,$3)...K(aj‘k7gj1)dx1'.'dxk
k=1 Jk

(10.1.9)

converges for |z| < 1.

Proof. The trace norm satisfies |[K*[|. < ||[K||. since ||K]l,, < 1; so
the expansion

.k
z
—log(I —zK) =Y = K* 10.1.1
og(I — zK) Z . K (10.1.10)
k=1
converges in the norm of ¢! for |z| < 1, and we can take the trace to get
ok
—tracelog(l — zK) = Z Z—trace(Kk). (10.1.11)
k=1 K

The stated result follows directly since by the Hilbert—Schmidt theorem

trace(K // (y, )T (z,y) dedy = / K(z,x)dz, (10.1.12)

trace(KQ):/]/JK(x,y)K(y,x) dady (10.1.13)

and similarly for the powers K*. g
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Let I; be a family of intervals in R, parametrized by ¢ > 0, and let
K; : L*(I;) — L?(I;) be a family of integral operators that satisfy the
hypotheses of Lemma 10.1.2. For a determinantal random point field P,
we let v; be the number of particles in I;. The next step is to find the
distribution of the fluctuations, which we normalize to

Vp — E(Vn)

W. (10.1.14)

The following theorem was proved for the sine kernel by Costin and
Lebowitz, who noted an observation of Widom that a similar result
should hold for more general kernels; see [52]. This hope was realised in
[147] by Soshnikov, who made the applications to the Airy and Bessel
kernels and proved some more subtle results concerning joint distribu-
tions for families of disjoint intervals.

Theorem 10.1.3 (Costin—Lebowitz—Soshnikov). Suppose that K; are
trace-class operators associated with P on I; such that

var(y;) = trace(K; — K7) (10.1.15)

diverges to infinity as t — oo. Then

Vy — E(Vt)

)2 (10.1.16)

converges in distribution to a Gaussian N(0,1) random wvariable as
t — 00.

Proof. The logarithmic moment generating function of a Gaussian
N(0,1) random variable satisfies g,(iz) = —z%/2, and the cumulants
of v, satisfy k1 = E(1;), and ke = var(v;). We wish to show that x; is
comparatively small for j > 3.

Lemma 10.1.4 There exist constants C; independent of t such the cu-
mulants satisfy

k| < Cjtrace(K; — K7). (10.1.17)
Proof. The probability generating function satisfies

¥(z) = Ez" =det(I + (2 — 1)Ky), (10.1.18)
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and hence by Lemma 10.1.2 the logarithmic moment generating function
satisfies

g(iz) = log (¢ )
= logdet(I + (" — 1)K;)
= tracelog(I + (e* — 1)K;), (10.1.19)

and expanding terms in series, we obtain

i Kk (ki'z)k’ _ i (—1}3:1«—1 (€ — 1) trace(KF)  (10.1.20)
k=1 : k=1

where the rj are the cumulants. We next observe that (e’ — 1)7 has
a Maclaurin series beginning with (iz)’, and so by Cauchy’s integral
formula

2 J -1 k—1 iz 1 k
% => D e — ) trace(K})dz; (10.1.21)
J! = 2mik  Jows  #

thus in particular we obtain the formulas

k1 = trace(Ky), (10.1.22)
ke = trace(K;) — trace(K?). (10.1.23)

More generally, we obtain the formula

3—1 k—1, iz k
D! (e —1) k
Rj = trace Kf + Z W o Ttrace([(t )dZ
pa (0,8)
+ (—1)]’*1(3' —1)! trace(K7), (10.1.24)

which leads to the identity
Ky = (=1 71(j — 1)! trace(K] — ch]fﬁk (10.1.25)
for some constants C}, ; which are independent of ¢.

Now we have
trace(K;, — K} )
= trace(K; — K?) + trace(K? — K}) 4 - - + trace(K! ' — K7)
< (j — 1)trace(K; — K?) (10.1.26)
since 0 < K; <1, so

trace(K; — K!) < (j — 1)trace(K; — K?). (10.1.27)
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On combining (10.1.26) with (10.1.15) and a simple recursion argument,
we obtain the Lemma. g

Proof of Theorem 10.1.3 We choose a; = vaur(l/,g)_l/2 and b, =
—E(v;)var(v;)~"/2, then scale v; to a;v; + by, so that the logarithmic
moment generating function satisfies

Gavi+v, (i2) = izby + gy, (iy2) = izb + Y %(iatz)j . (10.1.28)
=1

By Lemma 10.1.4 and (10.1.15), we have
al|rj| < Cj(trace(kK; — K2))'=9/2; (10.1.29)

so the cumulants of a;14 + b; have a‘Z|/<aj| —0ast—ooforj=34,....
By Proposition 1.8.5, a;1; + b; converges in distribution to a N(0,1)
random variable. d

The Costin—Lebowitz—Soshnikov fluctuation theorem holds for

¢ the sine kernel, representing the spectral bulk;
e the Airy kernel, representing soft edges;

¢ the Bessel kernel, representing hard edges;

¢ the Plancherel measure on partitions.

The quantity trace(K — K?) measures the extent to which K deviates
from being an orthogonal projection. It can be large only when the
eigenvalues of K decay slowly to zero. To be more precise, we introduce
the eigenvalues x; of K and recall that 0 < k; < 1 may be chosen so
that r; decreases to 0 as j — oo; then trace(K — K?) = Z;il(lﬁlj - m?)
We also introduce the counting function n(s) = #{j : sk; > 1}. Then
n(s) is an increasing function with n(s) = 0 for 0 < s < 1, and

o 2
trace(K — K?) = / (1 - 7) if)ds. (10.1.30)
1 S S
Proposition 10.1.5 Suppose that n(s) < Cs" for some C > 0 and
0<r<1ass—o0o. Then
Cra”

sin7r

logdet(l + zK) =< (z — o00). (10.1.31)

The converse also holds.

Proof. Here n(s) gives the number of zeros of the entire function det( +
zK) that lie inside {z : |z| < s}, and evidently the zeros lie on the
negative real axis. The stated result follows by a standard asymptotic
formula, with the converse due to Valiron; see [154]. O
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10.2 Discrete Tracy—Widom systems

In several cases one wishes to apply the central limit theorem to a ker-
nel as in Lemma 10.1.2. In this section we introduce linear systems in
discrete time that give rise to such kernels, and are analogous to the
systems of differential equations considered in Section 9.1.

The notion of a Tracy—Widom differential equation has a natural ana-
logue for sequences, and special cases are important in mathematical
physics, especially the theory of discrete Schrodinger operators. See [30,
113]. In this section we look briefly at three important examples, after
motivating the definition.

Suppose that we have a Tracy—Widom differential equation

%f(t) — IO () (10.2.1)
in the sense of (9.1.12); then
FE4+0) = (T4 hIQO) () +o(h)  (h—0)  (10.2.2)
where JO(t) has trace zero, so

det(I + hJQ(t)) = 1 + htrace(JQ(t)) + O(h*) =1+ 0O(h*) (b — 0).
(10.2.3)
This suggests the following definition.

Definition (Discrete Tracy—Widom system [24]). Suppose that S, is a
2 x 2 matrix such that det S, = 1, and = — S, is a rational function,
then let (a,) be an ¢? sequence such that

Qg1 =9 Qg
— Pz
Gy Qg —1

We call S, the one-step transition matriz. Then the discrete Tracy—
Widom kernel is

(10.2.4)

Kr,y) = 200 (o) (10.2.5)

With A, = col[ay,a,;—1], we have

<JAL,AU> _ Ay —1Qy — Qp Ay —1
T —y x—y

, (10.2.6)

and by analogy with (9.1.17) we have
(JAp11,Ayt1) — (JA, A)) = <(SZJSw - J)A; Ay). (10.2.7)
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Example 10.2.1 (Mathieu’s equation). Mathieu’s equation [111] gives
an historically important example. If x is a 27 periodic solution of the
equation a”(t) + (o + Bcost)z(t) = 0, then x has Fourier series x(t) =
S a, e, where (a,) satisfies the recurrence relation with

2(n? —a)/B -1
S, = l . 0 ] (10.2.8)

The values of o and (3 such that a nonzero (a, ) € ¢*(Z) exists are given
by Hill’s determinantal equation.

Example 10.2.2 (Almost Mathieu’s equation). The almost Mathieu’s
equation

an+1 + ap—1 + gcos2m(wn + 0)a, = Ea, (10.2.9)

can be expressed as a recurrence relation involving the one step transi-
tion matrix
E—gcos2n(wn+0) -1

1 0 ]
Jitomirskaya [93] has determined the nature of the point spectrum of
the almost Mathieu operator, and shown that the solutions are of expo-
nential decay as |n| — oco. When g > 2 and w satisfies a Diophantine
condition, there exists a set of 6 of full Lebesgue measure such that
(10.2.4) has a solution with (a,) € ¢?(Z). This is an instance of the
famous ‘Anderson localization’ phenomenon.

S, = [ (10.2.10)

Example 10.2.3 (The discrete Bessel system). A fundamentally im-
portant example is the discrete Bessel system. Let § > 0 and abbreviate
Jn = Jm(2\/§); the order of the Bessel function is the main variable
in the following discussion. Also, let Ny = {0,1,2,...}. The three-term
recurrence relation [167, p.17] for the Bessel sequence can be written in

Joi1 2w/t —1|| J,
[ J: ] = [ ) 0 ] [JM]' (10.2.11)

10.3 The discrete Bessel kernel

In this section we investigate the kernel that arises from the example at
the end of the previous section. As we shall see, the Airy kernel makes a
surprise return to the theory. In Section 10.4, we shall apply the results
to the asymptotic shapes of Young diagrams. Most of the calculations

matrix form as
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in this section are extracted from [8, 30], and we abbreviate some of the
proofs to sketches for the benefit of the general reader.

Definition (Discrete Bessel kernel). With the abbreviation J, =
Jn (21/6), we define the discrete Bessel kernel by

J(2,y;0) = \/éJIJy+;:jz+1Jy (x #y;2,y=0,1,2,...);

=V Jo1 — T J)  (x=yz=0,1,2,...) (10.3.1)

where J, = 2 J,(2V/6), and so by formulae 6 in 8.486(1) and 1 in 8.477
of [173]

1 z+1 2! Ld glk—1-x)/2
Iz = —— gV LS
)= 5 e G 2

y (\/§Jx+1(2\/§) @+ 1)Jx(2\/§)>
z—k r+1—k '

Je(2V0)

(10.3.2)

Theorem 10.3.1 (i) The matriz J(x,y;0) is the square of a Hankel
matriz and satisfies

J($7y,9) = ZJx+k+1Jy+k+1- (1033)
k=0

(ii) The matriz J(x,y;0) defines a trace-class linear operator on
(*(Ny) such that 0 < J<I.
(i4i) The matriz [J,4,]3°,—o has eigenvalue one.

Proof. (i) We first prove that J(x, y; 6) is the square of the Hankel matrix
[Josyr1]5o—0- We recall the definition of the Bessel function J,, (t) of
integral order and the resulting Laurent series from (7.4.14). Writing
t = 2v/6 and taking z = ¢'* there, we have as in [167, 2.22]

eitsing — )+ 2 Z Jom (t) cos(2me) + 2i Z Jom —1(t) sin(2m — 1),
m=1 m=1

(10.3.4)
since

2 /Oﬂ cos(t sin ¢) cos mqbd?(ﬁ

= /07r cos(tsingzﬁ—l—m(;ﬁ)% + /07r cos(tsin ¢ — md))cjf

= T () + T (2) (10.3.5)
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and
T d T d
2/ sin(tsin @) sin m(b—(ZS = / cos(tsin ¢ — me)—
0 ™ 0 ™
T d
- / cos(tsin ¢ — mqb)—qb
0 s
= T ()= J_p (). (10.3.6)
Hence by Parseval’s identity, we have
1= J()(t)2 +2 Z I (t)Qa (1037)

m=1

so the sequence (J,,)2°_, is square summable. Further, this fact and the
three-term recurrence relation
2(x +1)

S T+ =0 (10.3.8)

Jz+2 - ¢

together imply that (m.J,,) is square summable, so [J,4,—1] defines a
self-adjoint operator on ¢?(Nj) of Hilbert—Schmidt class.
From the definition of J and the recurrence relation, we have

J(x+1,y+1;0) — J(z,y;0)
_ \/gt]:n+1<]y+2 — oo dys1 — Jodys1 + o1 dy
r—y
VO rry+1 z+1
.’L’—y|:( \/5 - \/5 )Ja:+1<];y+1:|
= _Jx+1Jy+1. (1039)

which is analogous to (9.1.21). By summing this identity down the di-
agonals of the matrix J(x + k,y + k; 6), we obtain

J(z,y;0) = ij+k+1jy+k+1 (10.3.10)
k=0

since J(x,y;0) — 0 as x — oo or y — oo. Hence J(x,y;0) is the square
of a Hankel matrix [Jy4j+1]-

(ii) By (i), J(z,y;0) determines a positive semidefinite operator on
?2(Ny) of trace class.
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Now let (a,, ) and (b, ) belong to £2. By the Cauchy—Schwarz inequality,
we have

‘Z Jn+man ‘ — ‘/ Zanbmez(7z+7rz,)¢)—ztsmq}i
n,m n,m 2
d¢
a mo b 1m(/> —it sin ¢
=|[ Ty o

m

(/ ’Z ane 7n¢‘2d¢)1/2(/ varLeLm¢\2d¢)1/2
) <Z|a"|2) (Z|b””|2)l ; (10.3.11)

m

hence ||J|| < 1.
(iii) Lommel’s identity [167, 5.22(7)] gives

0 9m/2 971/2
> WJ,Hm(N@) = (10.3.12)

m=0
and thus displays the eigenvector that corresponds to eigenvalue one. [

The success of the calculation in the proof of Theorem 10.3.1 appears
to depend on a strange assortment of identities with little connection to
the original question; in some respects, this is true. One can make the
computations more systematic, and formulate sufficient conditions for a
given operator to be the square of a self-adjoint Hankel operator, but all
cases known to the author involve a special form of recurrence relation
and delicate estimates. McCafferty [113] has a version of Theorem 10.3.1
which applies to matrices associated with first-order difference equations.

Corollary 10.3.2 There exists a determinantal random point field P?
on Z with correlation functions

pL(z, .. ay) = det[J (2, 205 0)]j.0=1. k- (10.3.13)

Proof. This follows from the Proposition 10.3.1 and Theorem 8.1.4. [

Remarkably, one can identify this P’ with a natural probability mea-
sure on the space of partitions, namely the Plancherel measure, as we
discuss in the next section.

The following results will be used in Section 10.4. We use Pochham-
mer’s notation and write (), = a(a+1)...(a+m—1) and (a)y = 1.
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Lemma 10.3.3 The Bessel kernel satisfies

3 (—l)m 9(z+y+2+2m)/2(m +y4+m+ 2)m
J ;10) = 10.3.14
(z,4;6) Z m! Pz +m+2)I'(y+m+2) ( )
m=0
Proof. This follows directly from the formula [167, 5.41(1)]
0 —1)m 2 ntv+2m 1 m
INEOESY (=1)"(2/2) utvtm+Dn 0375

mT(p+m+DI'(v+m+1)

m=0

which in turn follows from multiplying the series together. The crucial
identity in the calculation is

(+a), = Z (Z) () (a)n—r- (10.3.16)

k=0
O
Lemma 10.3.4 (Nicholson’s approximation).

21/3 ) 21/3(n_t)
T (t) = WAI(T) (0<t<mn—o0). (10.3.17)
Proof. The following heuristic argument motivates the formula, and is

made precise in [167, 8.43]. Expanding the sine in a Maclaurin series,
then letting ¢ = (¢/2)/36, we have

1 s
Ju(t) = — / cos (nf — tsin6) db
0

™
I t6?

~ ;/0 cos ((n—t)@—i—?) do
21/3 00 21/3(71775) ¢3

alnvem /0 COS(T(;S + E) dp  (10.3.18)

since, by Kelvin’s stationary phase principle [167, p. 229], the greatest
contribution to the integral arises from the range of integration near to
where the phase is stationary. By the choice of 0 < ¢ < n, the derivative
of the phase is

%(n@ — 0+ 67103 =n —t + %92 >n—t  (10.3.19)

Recalling the definition of the Airy function in (9.2.18), we recover the
stated result. |

The continuous Tracy—Widom system (9.4.5) for the Airy kernel resem-
bles formally the system (10.2.11) for the discrete Bessel kernel. The
discrete Bessel kernel gives a determinantal random point field on Z
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such that the scaled right edge is soft in the sense of Section 9.4. Recall
that the cumulative distribution function of the Tracy—Widom distribu-
tion satisfies

F(t) = det(I — I[t,oo] WI[too)) (t > 0) (10320)

Proposition 10.3.5 Let P? be the determinantal random point field on
Z associated with the discrete Bessel kernel J(, ;6), and v(a,b) be the
number of points in (a,b) NZ. Then as 6 — oo,

P vVl +t0"% 00) = 0] — F(t)  (t>0).  (10.3.21)

Proof. (Sketch). We now approximate the discrete Bessel kernel by the
Airy kernel as § — co. By Lemma 10.3.4, we have

J(z,y;0)
g () (258) - ()i 528
~ (2v/6)2/3 < pra—y )

)

(10.3.22)

in which we apply the mean value theorem
y+1 2\/> . y_Q\/g —1/6 A y_2\/§
M) m () oo (Y5
and similarly with the term involving z + 1 in the numerator. As § — oo
with z,y > 2v/6, we deduce that

T2V y- 2\/5). (10.3.23)

SO\~ n—1/6
Iays0) = 07 0W (=
where W is as in (9.4.1).

We now replace the determinantal random point field on Z by a de-
terminantal random point field on R. Now there is a linear isometry

wp : 1*(Z) — L*(R) given by

Yo - (a,,,)?f’:_oo — Z91/12aTLI[97|/U71797|/U(n+1)], (10324)

n

thus J(x,y;0) with x,y € Z, gives rise to an operator j( ;0)
L%(0,00) — L%(0,00) such that 0 < J(;6) < I.

The authors of [30] adopt an alternative approach via contour integra-
tion and make the above approximation arguments rigorous; thus they
show that J(;0) — W as trace-class operators on L?(0,0), so

det(I + (z — D)I1.00)J(, 10)) = det(I + (z — DIo)W) (0 — o)
(10.3.25)
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and in particular

det(I = Xpo0)J (5 30)) — det(I — L) W) = F(t) (6 — o).
(10.3.26)
O

Exercise 10.3.6 (i) Substitute Nicholson’s approximate formula into
the series

> T (D Ty ria () (10.3.27)
k=0

and hence obtain an approximate formula for J(x,y;t) in terms of the
Airy kernel W. (The lack of effective error terms in Lemma 10.3.4 means
that this is not rigorous.)

(ii) Similarly give a non rigorous argument to justify the statement:
factorization of the discrete Bessel kernel as the square of a self-adjoint
Hankel matrix implies factorization of the Airy kernel as the square of
a self-adjoint Hankel operator on L?(0, c0).

10.4 Plancherel measure on the partitions

Consider a random Young diagram with N boxes.

e The discrete Bessel kernel gives the correlation functions for the
Plancherel measure on the partitions of order N, where N is subject
to Poisson randomization.

¢ The length of the longest row of a Young diagram with N boxes is
typically about 2v/N,

® The fluctuations in a row length are typically about y/log N.

In this section we consider in more detail the Plancherel measure on
the set of all partitions, as introduced in Section 7.4, and thus obtain a
combinatorial interpretation of the discrete Bessel kernel.

Borodin and Olshanski have introduced a theory of z-measures on
the space of partitions which unifies many probability density functions
into a consistently defined family, and gives rise to the hypergeometric
kernel [34]. One can obtain various kernels from the hypergeometric
kernel by making suitable choices of parameters and taking limits. In
our presentation, we prefer to express results in terms of representations
of Sy and the discrete Bessel kernel.

For this application we need a version of the inclusion-exclusion prin-
ciple as it applies to random point fields.



Fluctuations and the Tracy—Widom distribution 335

Definition (Correlation measures). Let P be a random point field on
Z which is given by a Borel probability measure on Confy(Z) or equiv-
alently on @ = {X C Z : X < oo}. For Z € Q, there is an map
Q—Q: X +— XAZ, which we can associate with a map on the config-
urations. By elementary set theory, we have

(XAZ)AZ = XN(ZAZ) = XA(D) = X, (10.4.1)

so the map is an involution. Now for each X € , let X; = X\ Z € Q
and Xy = Z\ X € Q; then introduce the first correlation measures as in
Theorem 8.1.4 by

p(X)=P{Y:X CY}, (10.4.2)
p2(X)=P{Y: XAZCYNZ}. (10.4.3)
Lemma 10.4.1 (Complement principle) [30].
pPAX)= Y (-1)¥p(X1US). (10.4.4)
S:SCX,
Proof. We introduce the functions g(S) = p(X; U S) and
FT)=P{Y : YN (X, UXy) =X, UT} (10.4.5)
for S,T C X5, and we identify

P2 (X)=P{Y: XAZCYNAZ}=P{Y: X, CY,Y N X, =0} = ().
(10.4.6)

Next observe that by disjointness

g(8)= Y. [fTM)=P{y:Y DX U5} (10.4.7)
T:SCTCX,

for all S C X,. Now by the inclusion-exclusion principle of Section 7.5,
we can invert this relation to obtain

D)= > (~D)¥g(9) (10.4.8)
S:TCSCX,
and in particular
F0) =Y (=1)¥g(9), (10.4.9)
S:SCX,
as required. O

Suppose further that P is given by a determinantal random point field;
so that there exists a kernel K : Z x Z — C such that 0 < K < I on
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(*(Z) and
p(X) = det[K (zj, x1)]s; zpex (X €Q). (10.4.10)

We partition Z into Z \ Z and Z, and partition matrices accordingly, so

K:[g lﬂ Z;Z. (10.4.11)

Proposition 10.4.2 Let K© be the matriz that has block form
A B Z\Z
A
K= = {—C I—D} 7 (10.4.12)
for Z and X finite. Then
P& (X) = det[K2 (25, 2k )]s, o) €, UK - (10.4.13)

Proof. Let N = #(X; U Xy), and n = #X», and introduce commut-
ing indeterminates zq,,...,zs, for s; € Xy. We replace I by A(z) =
diag(zs,,...,2s, ) and expand the determinant

det A B = th B + -+ det A B
et o A(z) =D = Zs o2, det] et _~ _p

=2, ...2s, det[A] +--- 4 (—1)" det {é’ D]
=25 25, p(X1) + -+ (=1)"p(X1 U Xy)
(10.4.14)

as a polynomial in the indeterminates. In the expansion of a deter-
minant by its diagonal elements as in [4], with z,, corresponding to
S = {s;} € X, taken together, there is a complementary principal mi-
nor of order N — #5. By considering the contribution of each subset
S C Xy and applying Lemma 10.4.1, we obtain by setting z,, = 1 the
required identity

det K2 = p(X1) — -+ (=1)"p(X;1 U X3) = p~(X). (10.4.15)
0

We intend to apply these results to a particular determinantal ran-
dom point field on the integers. Let A = N be a partition with rows
A1 > -+ > A, > 0, and introduce the hook lengths ¢; = A; +n — j,
as in Proposition 7.2.4. Then the Plancherel measure of this partition A
satisfies

VN({A})_M || RGN (10.4.16)
J=1\T 1 <j<k<n
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The quantities A; are coupled due to the determinantal expression

I @ —)? =det[eh =13, (10.4.17)

1<j<k<n

and satisfy the constraint

3

A =N. (10.4.18)
j=1

We can remove the constraint by Poisson randomization as in Section
7.4.

The choice of Plancherel probability measure vy on Ay = {A € A :
A B N} is canonical by Proposition 7.2.3, but we choose Plancherel
measure P? on A = U¥_,Ay as in Section 7.4 to take advantage of
special properties of the Poisson process.

Using Frobenius’s coordinates, we can replace A by Q = {X C Z :
X < oo}

As is standard, we index matrices of Z x Z by [a;,] where the signs
of (j,k) are

{(—» -) (= i)] . (10.4.19)

Lemma 10.4.3 Suppose that partitions are specified by their Frobe-
nius coordinates. Then there exists a positive kernel L(, ;0) on the set
(Z+1/2) x (Z +1/2) such that

F)(9 ({)\}) = 670 det[L(xj , ks 9)]1§j,k‘§2d; (10420)

2d

where (x;)72, corresponds to .

Proof. For each partition A\, we have Frobenius coordinates
Fr(AN)=(P,...,Py;;—Q1—1,...,—Qq — 1) (10.4.21)

with d positive and d negative terms, and such that Z?:1(Pj +Q;) =
[A| = d; so Fr(A) € Q. In view of Theorem 8.1.4, it suffices to introduce
a determinantal random point field on Z + 1/2 given by a kernel L such
that L has principal minors satisfying (10.4.20).

We introduce the modified Frobenius coordinates

Fr*(\) = (P 4+1/2,..., Pi+1/2;—Q1 —1/2,...,—Qq —1/2) (10.4.22)
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where each entry x; belongs to Z + 1/2, then we introduce for each 6
the kernel

0 L9 (LU, y)
L(x,y;0 10.4.23
@uh) = ey o (10.4.23)
where the off-diagonal blocks are
gUzl+lyl)/2

Lo(z,y) = (ry <0) (10.4.24)

(z =)l (x| +1/2)T(Jy| + 1/2)
on Z + 1/2. To prove (10.4.20), we introduce

gU+Pi+Qi)/2 .
10.4.25
{(Pj + Qi+ l)Pj!Qk!Léj,kgd ( )
and recall that by Proposition 7.2.7
dim(H,)
_ (pSl(Pi+Q +1)/2 A

det A (0 i= )7|/\"

_ ghi2diml) (10.4.26)

A[!
By considering the positive and negative entries of the modified Frobe-

nius coordinates, and recalling the sign conventions, we see that

0

. gl] = (det A)*,  (10.4.27)

det[L(a:j, Tis 0)]1§j,k§2d = det [

so that by (10.4.26)
e~?9M (dim(H,))?

e’ det[L(:rj,xk;G)]lgj’kggd = (‘/\“)2 s (10428)
as in the formula for P? in Section 7.4. [l
Lemma 10.4.4 The following identities hold:
> LmAtv (22)
; =J,(2z2), 10.4.2
() Z:jm+ym,y_1) (22) (10.4.29)
s m+1/+1 v
.. m+1 (ZZ) _ i _
(i) Z:: Tl — o1~ r(22) (10430)

m

Proof. (i) This follows from (10.3.12) by an argument presented in [167,
5.23].
(ii) The matrix A is a submatrix of

g(1+p+q)/2

B=[B,, = [( , (10.4.31)

p+q+1)plg!lpg=01...
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where B has the special property that

92+p+a)/2

[Byp+1,4] + [Bpg+1] = [( (10.4.32)

is of rank one. This translates into an identity for the power series of the
Bessel functions.
Using the partial fractions

1 1 1
(m+v+1)v - (m+1)v o (m+v+)(m+1) (10.4.33)

on the m'" terms, one can easily check that

i 1+m+uJ +1(22) B & Zl+771+qu+1(2Z)
(m+v+ )miv! _m:0 (m+ 1)l

m=0
B i Zl+m+J/J +1(22’)
= (I+m+v)(m+ 1)y -1)

B i 2"V I (22) B i 2" Jn41(22)

N = mlv! = (m+v)ml(v — 1)

= 20— (22), (10.4.34)
v

where we have used (i) and (10.3.12) to simplify the sums. O

In Theorem 8.1.4, we saw that a determinantal random point field
could be described equivalently by a matrix L, with principal minors that
gives probabilities, or a matrix K with minors that give the correlation
functions. The next step is to identify the K for our L.

We introduce a new variable s so that § = s2. Let K be the symmetric
kernel on (Z + 1/2) x (Z + 1/2) such that

K(z,y;s)
o Tlal=1/2(28) iy 1/2(28) — Jja)-1/2(28) iy | 1/2(25) (zy > 0),
2| — |y
K(z,y;s)
_  Jisl=1/2(28) Ty -1/2(28) + Tpaj1/2(28) Ty 1/2(25) (zy < 0),
z—y

(10.4.35)
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or in block matrix form

J w1y —J w1y 12 Jw1ppdy1p I av1y0dy1e

-y —z—y
Jo—1y2dy—172 + Juv12dyi1)2 Joe—1/2dy172 — Jer172dy—1)2
Tty r—y

(10.4.36)

On the diagonal z = y, we use 'Hopital’s rule to take the limit and
apply (10.3.1).

We observe that the block of the K(z,y) matrix that corresponds to
x,y > 0 is given by the discrete Bessel matrix. Following [30], we now
verify that K and L are related as in Lemma 8.1.3.

Lemma 10.4.5 The operator L is nonnegative, I + L is invertible and
(I-K)I+L)=1. (10.4.37)

Proof. By Proposition 2.1.2, we have L > 0 since the principal minors
are positive by Proposition 7.2.7. Hence I + L is invertible. The identity
holds at s = 0, so it suffices to show that

0K 0K oL oL
- — —K—=0. 10.4.
s s + s s 0 (10-4.38)
By the previous formulae, we have
oL 0 -B
95 = [B 0 } (10.4.39)
where the off-diagonal blocks are
glel+lyl=1

[ +1/2)0(Jyl +1/2)

The Bessel functions satisfy a system of differential equations quite

B(z,y) = i (ry < 0). (10.4.40)

analogous to those considered in Section 9.1, namely

d {JM(%)] _ {(IH)/S 2 HJwH@S)} (10.4.41)

ds | J.(2s) -2 xz/s|| Jz(25)
hence one can verify the identity
0K (x,y;s
% = Jiz-1/2(28) )y +1/2(25)
+ el r1/2(28)Jjy -1/2(25)  (2y >0)
0K (x,y;s
% = sgn(2) (Ja-1/2(25) T}y —1/2(25)

— J|1;‘+1/2(2$)J‘y‘+1/2(28)) (a:y < 0). (10.4.42)
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By using Lemma 10.4.4 to simplify the terms %—IS{L and K%7 one can
verify (10.4.38). O

For a partition A = (A\; > Ay > ...), the sequence \; — j is clearly
strictly decreasing, and we form the set D(\) = U2, {\; — j} of such
differences. Since A; = 0 for all sufficiently large j, the symmetric dif-
ference between D(A) and {—j : j € N} is finite. For each § > 0, the

k-point correlation function is
pl(xy,...,xp) =P NEeA:z,...,zp € DN}, (10.4.43)

Theorem 10.4.6 (Borodin, Okounkov, Olshanskii, [30]). Let J : Z x
Z — R be the discrete Bessel kernel as in (10.53.1). Then

pﬁ(:ﬂl, cooxe) =det[J(xj, 2k 0)]5 k=1, 0 (10.4.44)

Proof. By the preceding calculations, P? is given by the determinantal
random point field that is equivalently specified by K or L. Now we wish
to return to determinantal random point fields on Z.

With Z 4+ 1/2 and Z = {-1/2,-3/2,...} we have (Z +1/2)\ Z =
{1/2,3/2,...}, and with = m + 1/2 we have x € (Z+1/2) \ Z if and
only if m € {0,1,2,...}. Now the set of differences D(\) = {\; — j}
gives the set of modified Frobenius coordinates as in Fr*(\) = (D(\) +
1/2)AZ by Proposition 7.2.6. To recover the determinantal random
point field on D()), we need to apply the operation K ~ K%, and by
Proposition 10.4.2, check the identity

K2 (z,y) = sgn(m)"sgn(n)" 1 (m,n; 0), (10.4.45)
where © = m + 1/2 and y = n + 1/2. The unimodular factors do not
affect the determinants. For m # n, the identity follows readily from the
identity J, = (—1)"J_, and the definitions of the kernels.

On the diagonal we need to use the definition of the kernel involving
I'Hopital’s rule. In particular, for x = —k — 1/2 = y, we have

K®z,2) =1—K(z,z) =1 J(k, k; 6); (10.4.46)
so we show by induction that

1= J(kk;0) =J(—k—1,—k—1;0)  (k=0,1,...). (10.4.47)
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The basis of induction is the identity 1 — J(0,0;6) = J(—1,—1;0),
which follows from Lemma 10.3.3 since
—  (=1)"6"(n),

J(-1,-1;0) = 7;) n!T(n+ 1)I'(n+1)

o i (_1)m0m+l(m T Z)m
N m!T(m + 2)T'(m + 2)

=1- 31(70(30; 0). (10.4.48)

The induction step follows from the identity
Jk+1LEk+1;0)—J(k,k;0) = —Jir1Jk41- (10.4.49)
as in (10.3.9). O

The preceding result is mainly interesting when § = E|)| is large. The
arguments sketched at the end of Section 10.3 can be made precise, and
lead to the following result.

Theorem 10.4.7 (Baik, Deift, Johansson [8]). The distribution of the
length of the longest increasing subsequence in o € Sy scales to a random
variable N=V/%(0(a) —2v/N) that converges in distribution to the Tracy-
Widom distribution as N — oo, so that

(o) — 2V N
MN{J €8y i e < t} S F(t) (N —oo). (10.4.50)
Proof. By the RSK correspondence in Proposition 7.2.3, we have
(o) — 2V N A —2VN
‘LL]\T{O'GSN Nl/b St}:VN{A'_Nwét},
(10.4.51)

where vy here denotes Plancherel measure on the partitions of N. We
can replace this by the Poisson version of Plancherel measure, namely
PY where § = N, and obtain approximately

A —2v0
6 LA
P {)\. S < t}. (10.4.52)

Converting this to Frobenius coordinates and using Theorem 10.4.6, we
can express this as the determinant

det(I — I;.00)J(, ;0)), (10.4.53)
and by Proposition 10.3.5,
det(I — L.00)J(,50)) — F(t) (6 — o0). (10.4.54)
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Subsequently, Borodin, Okounkov and Olshanski [30] refined this re-
sult and obtained the asymptotic distribution of the k' longest row of
the Young tableaux A = N as N — oo. O

10.5 Fluctuations of the longest increasing subsequence

The Costin-Lebowitz theorem [52, 147] has found several significant
applications in random matrix theory. Recently, Bogachev and Su [28]
found the fluctuations of Young diagrams about the Vershik distribution.

In this section we combine the ideas of Sections 10.1 and 10.4, and thus
present a result concerning the fluctuations of the length of the longest
increasing subsequence in a randomly chosen partition. We state the
following results without their proofs, which depend upon asymptotic
analysis of Bessel functions. Given a partition A - N with Young dia-
gram A\; > Ay > A3 > ..., we extend the definition of \; to A(z) = A,y
where [z] = min{j € N : j > z}. Then we introduce the scaled Young
diagram

1
Hz) = ﬁ)\(x\/ﬁ) (z > 0) (10.5.1)

as in 7.3, and the Vershik distribution fq; then we introduce
AW (@) = VN(fi(2) — fo(@)); (10.5.2)

we regard A(z)/+/log N as a stochastic process with time parameter . It
is convenient to scale the variance according to the time by introducing

P(x) = cos™' ((1/2)(fa(z) — x)) (10.5.3)
and then introducing the scaled random variables

2() AN ()
Viog N

where A\ = N. We briefly return to the notation of (7.3.5), and observe
that with £ = 0, we have ¢(0) = 2/7 and fq(x) = 2 = 2/7. Hence

A= YWV (g) = (A€ A) (10.5.4)

¥(0)=0, ¥2)=m P2/7)=mr/2. (10.5.5)

Theorem 10.5.1 (Bogachev and Su, [28]). For x € (0,2), the distri-
bution of Y (x) with respect to the measure P’ converges to the N(0,1)
distribution as § — oo.
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Proof. We wish to show that
® s, d
Pe{/\EA:Y<A)(x)>z}—>/ eu'/2 2L

Nor: (6 — o0), (10.5.6)

where the rescaling gives

AeA: YWV (z)> 2}

- {/\ e A: ANaV0) — Vofo(x) > 2V0 cosv(x) + 22'1/}1?5)9}.
(10.5.7)
We introduce the interval
- z+/log 6
If),m = 2\/6005 T,ZJ(JJ) + W, OO) (1058)

We introduce the matrix Kjy ,, which is given by the kernel J(m,n;0)
with m,n € Iy .. Now we let vy, be the random variable that gives the
number of points in Iy ,, subject to the probability field P’. Then by
(10.1.22) and (10.1.23), we have

E(vy ) = trace Ky ., (10.5.9)
var(vp,,) = trace(Ky , — Kj ). (10.5.10)
By estimation on Kj ,, one can prove the following Lemma. O

Lemma 10.5.2 As 0 — oo, the following hold:

log 6
E(vp.) = 2V — =227 1 0(1), (10.5.11)
log 6
var(vp.,) = % (14 o(1)). (10.5.12)
Proof. This follows by estimating the determinant. See [28]. O

Conclusion of the proof of Theorem 10.5.1 The variance of vy is much
smaller than its mean value. One can think of 6 as being approximately
equal to N, so that the variance is of order only log N, whereas the
mean is of order v/ N. Given these Lemmas, Theorem 10.5.1 follows from
Theorem 10.1.3. d

For each 0 < z < 1 and N, we introduce the scaled random variables
_ 20(2)AY (@)
Viog N

Theorem 10.5.3 For = € (0,2), the distribution of Yy (x) with re-
spect to the Plancherel measure converges to the N(0,1) distribution as

A= Y () (A N). (10.5.13)

N — oo.
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The proof of Theorem 10.5.3 follows from Theorem 10.5.1 by a technique
known as ‘de-Poissonization’, which is an aspect of the classical theory
of Borel summability Suppose that ) ja; is a real series with partial
sums s,,. If E;io a; converges to sum A, then it is summable in Borel’s
sense so that

o0
lim e~ " s;67/j! = A. (10.5.14)

0 —o00

This is an easy exercise in real analysis; the converse requires further
hypotheses as in [78].

Theorem 10.5.4 (The principal Tauberian theorem for Borel summa-
bility). Suppose that Z;io a; is summable in Borel’s sense to A, so that
(10.5.14) holds, and that a, = O(n='/?) as n — oo. Then Y 2| a;
converges with sum A.

Proof. See [78]. O

10.6 Fluctuations of linear statistics over unitary ensembles

As in Section 4.9, let f : T — R be a continuous function. The corre-
sponding linear statistic on SU(n) is the function F' : SU(n) — R

E,(U) = trace f(U Zf 9 (UeU(n) (10.6.1)

where (e'7) are the eigenvalues of U. In this section, we consider the
difference

i:f(ew /f 0 dg (10.6.2)
j=1

and seek bounds that are independent of n, and have a simple depen-
dence upon f.

¢ The exponential integral for a linear statistic with respect to the cir-
cular ensemble is given by a Toeplitz determinant as in Section 4.9.

Remark (Concentration and fluctuations). Suppose that f : T —
R is a 1-Lipschitz function that gives rise to linear statistics F,
(U(n),c*(n)) — R which are n-Lipschitz. Then by Theorem 3.9.2,
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(U(n),c*(n), o0 (,)) exhibit concentration of measure with a,, = n?/c,
so that

t2
log/( )etF" dpg(ny —t Foduy ) < % teRn=1,2,...).
U(n

U(n)
(10.6.3)

Definition (Fluctuation theorem). We say that the F,, satisfy a fluctu-
ation theorem when there exist a linear functional ¢ : Lip — R and a
bilinear form A : Lip x Lip — R such that

IOg/( ) etF,, d/'LU(n,) - t/( ) FndMU(n) - t(b(f) + t2A(f7 f) (’I’L - OO)
U(n U(n
(10.6.4)

In both (10.6.3) and (10.6.4), there is a quadratic term on the right-
hand side which is independent of n; but the concentration inequality
is a uniform bound, whereas the fluctuation theorem gives a limit. Such
a fluctuation theorem resembles both the central limit theorem and the
law of large numbers of classical probability.

Exercise. Assuming that a fluctuation theorem holds, we can partially
determine the form of ¢ and A. Let f;(e?) = f(e!(®=%)) and observe
that the Haar measure is invariant under the translation u — e~ u; so
o(fy) = o(f) and A(fy, fu) = A(f, f) for all f and . Deduce that there
exist constants & and v; for j € Z such that for f(e) =372 ape™®
we have ¢(f) = doag and A(f, f) = 372 yrara—.

The following theorem refines Corollary 4.9.3, where the hypotheses
on f are as in the definition of Dirichlet space in Section 4.2.

Theorem 10.6.1 (Strong Szegé limit theorem). Suppose that f(e'?) =
S ane™ has >.°° In||a, |*> finite and that > 7 | a,e™® and

n—=—oo n—=—oo

EO a,e™? are bounded on T. Then the Toeplitz determinants as-

n=-—oo

sociated with e/ satisfy

log det [/% exp(f(eiﬂ) +i(j — 0)8) Cﬁ] ~ nag
0 2mli1<je<n
— Z kapa_y (n — 00). (10.6.5)
k=1

Proof. See [153, 145]. There are several proofs of this due to Kac,
Bump and Diaconis, Johansson and others; all of them involve difficult
steps. O
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Corollary 10.6.2 Let F, (U) = tracef(U) be the real linear statistic on
U(n) corresponding to f : T — R as in Proposition 4.9.5.

(i) Then

log/( )eXp(Fn (U))N’U (n) (dU)
U(n

- /U( )F n (V)i ) Z’flakl2 (teR) (10.6.6)

asn — oo.
(ii) Suppose further that f : T — R is L-Lipschitz. Then Y -, klag|* <
L.

Proof. (i) First we observe that
/ Fn,(U)MU(n) (dU) = / tracef(U)/’(‘U(n) (dU) = naop, (1067)
U(n) U(n)

and we also note that a_; = a; since f is real. Then we can apply
Theorem 10.6.1 to obtain the limit of the formula in Proposition 4.9.5.
(ii) By the proof of Proposition 4.2.6, we have

Zlklla = // ‘f etfemw)Zgigf . (10.6.8)

O

Remarks 10.6.3 (i) The linear statistic F,, in Corollary 10.6.2 is nL-
Lipschitz on (U(n),c*(n)), so Theorem 3.9.2 gives the correct depen-
dence of the concentration constant upon n.

(ii) In [11], Basor considers variants of the strong Szegé limit formula
for symbols that do not satisfy the smoothness assumptions that we
impose in this section.

Example 10.6.4 In Section 7.4 we considered f(e'?) = 2) cos @ so that
F,(U) = Mrace(U + U*) and

27 3 cos B-+imd d@
/ 62 cos @+im 27 —4m T (_12)\) (1069)
0 s

Applying Corollary 10.6.2, we recover a known identity that

/ exp (Mrace (U + U") )y (dU) — € (n— o). (10.6.10)
U(n)
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We now consider fluctuations of linear statistics for the generalized
unitary ensemble with potential function v. Let ()\j)?:l be the eigenval-
ues of X € M!(C), let p, be the equilibrium measure and recall that in
Chapter 5 we showed that %Z};l dy; converges weakly almost surely
to p, as n — oo. To analyse the fluctuations, we consider the measure
>_j_10x; —np, which is associated with the normalized linear statistic

Fu(Ay. ) :Zf()\j)—n/f()\)pv(d)\) (10.6.11)

for a suitably differentiable function f : R — R of compact support. We
wish to show that the variance of F), converges to Q(f, f) as n — oo for
some bilinear form Q.

When p, is supported on a single interval [a,b], we can rescale so
that the measures are on [—1,1]; then we can use Chebyshev polyno-
mials to give a useful basis. First we introduce the appropriate form of
determinant.

Definition (Hankel determinant). A (finite) Hankel matrix has the form
[@j+k]o<jk<n—1 so that the cross diagonals are constant; the correspond-
ing Hankel determinant is deta;1x]o<j k<n—1-

Exercise. Let u be a positive and bounded measure of compact support
on R, and let ¢; = [2/pu(dz) be the moments. Show that the matrix
T, = [¢j+k]j k=0, .n is positive semidefinite.

Proposition 10.6.5 Let p be a probability measure on R such that
J cosh(dt)u(dt) < oo for some § > 0, and let (p;)32, be the sequence of
monic orthogonal polynomials in L?(p). Then

/Pj(w)zu(dx). (10.6.12)
R

.....

Proof. Let (X;);=o
uct, and let

.....

S:{itjxj:ogtjgl,jzo,...,n} (10.6.13)
j=0

be the parallelepiped that they generate. Then vol(S) = det[Xj ... X, ],

and hence

vol(S)? = det[Xp ... X, | det[Xy ... X, )" = det[(X;, Xi)]j k=0 .n-
(10.6.14)
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As in the Gram-Schmidt process [171], we can replace X; by
j—1
Xj=X; =) (X5, Xp) X0 | Xk |72, (10.6.15)

k=0

so that det[Xy ... X,] = det[X; ... X,].
We can now take 2/ < X; and p; <> X; to deduce that

det[(x7, xk>Lz (] = det[(pj, pr) 2 ()]s (10.6.16)

as stated in the Proposition. O

¢ The exponential integral for a linear statistic with respect to the gen-
eralized unitary ensemble is given by a Hankel determinant.

Exercise 10.6.6 (i) The following gives the analogue for unitary en-
sembles of Proposition 4.9.5. Instead of D,,, we introduce the Hankel
determinants

o0
Z, :det[/ emvA >A/+’fdA] . (10.6.17)

— 00

as normalizing constants. Now use Lemma 2.2.2 to show that

/ eXp(Fn (X)) Z/sz) (dX)

M!(C)
oo

:Zn—ldet[/ el M =me NIk gy | - (106.18)
o ,

(ii) Now use Lemma 2.2.2(ii) to obtain an analogous result for general-
ized orthogonal ensembles.

Lemma 10.6.7 Let f € C'(R;R) have compact support, and let f have
Chebyshev coefficients

. 10.6.19
/ fla) 5 xQ (10.6.19)
Then

Zkai:ﬁ/l\/# / FaVi-a2, dz)dy. (10.6.20)
k=1 -

Hence the function f(cosf) = > ;2 aj coskd belongs to Dirichlet space
as in Example 4.2.6.
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Proof. The key observation is that the Chebyshev polynomials satisfy
T} (x) = kUy_1(z), and hence by Lemma 4.5.2

/ f V1—22 z—zkak/ Up—1(x \/1fx2dz

= Zkaka (y); (10.6.21)

so by orthogonality

/ﬁpv/”m

_ - 2k L) ,
> /_1f(y) sy

= i kai. (10.6.22)
k=1

]

dx) dy

We can express the series in (10.6.19) otherwise by Proposition 4.2.5 and

obtain
I,
g2 kit = [ |
k=1

The following fluctuation theorem gives the analogue for generalized

(cos®) — f(cosy)) |2 db dy
6‘9 — el 27 21

(10.6.23)

unitary ensembles of Corollary 10.6.2.

Theorem 10.6.8 (Johansson, [94]). Suppose that v is a uniformly con-
vex potential with equilibrium distribution p, supported on [—1,1]; let f
be as in Lemma 10.6.7. Then

o ex »(2) _n ! o (de
1 g/w(c) p(F, (X)) 2 (dX) /_1 F () (d)
- % > kai  (n—o0). (10.6.24)

Proof. See [94]. O

This result is sometimes described as a central limit theorem since
the asymptotic distribution of F,,(X) is like a Gaussian random vari-
able. In Chapter 11, we introduce stochastic integrals and make this
interpretation more explicit. A remarkable feature of this result is that
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the variance term on the right-hand side does not depend upon the
special choice of the potential v, whereas p, depends upon v as in
Proposition 4.4.4.

To emphasize the analogy between Toeplitz and Hankel determinants,
we have stated Theorem 10.6.8 for unitary ensembles. Johansson proved
a more general fluctuation theorem for 0'7(L‘6> as in (5.2.1), which includes
cases of the generalized orthogonal ensemble for 8 = 1 and generalized
symplectic ensembles for 8 = 4. The proof uses mean field theory as in
Section 5.3, and some delicate potential theory.

Remark 10.6.9 If f(cos6) is Lipschitz, then Y, ka; converges. The-
orem 10.6.8 shows that the constant ¢/n? in Theorem 3.6.3 has optimal
dependence upon n.
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Limit groups and Gaussian measures

Abstract

We introduce some groups that arise as inductive limits of classical com-
pact metric groups and which have natural representations on Hilbert
space. Classical results on characters extend to limit groups of com-
pact groups. Some groups are not locally compact, and hence do not
have Haar probability measures. As substitutes, we construct the Hua—
Pickrell measure on the infinite unitary group, and Gaussian measure
on Hilbert space.

11.1 Some inductive limit groups

In applications to physics, there arise some groups that are not locally
compact, but are the inductive limits of the classical compact groups.
In this section we introduce:

¢ the infinite symmetric group S, which is countable;
¢ the infinite torus T, a compact abelian group with Haar measure;
* the infinite orthogonal group O(oo) and unitary group U(c0).

First we define the groups and their invariant measures, then we re-
visit the examples and state results concerning their representations on
Hilbert space. Most of the results appear in Borodin and Olshanski’s
papers [31, 32]. Remarkably, the irreducible unitary representations of
U(o0) and S arise from limits of representations of U(N) and Sy .

Definition (Inductive limits) [87]. Given a sequence of compact metric
groups with continuous inclusions G; < Gj+1, let Goo = U2 G; have
the finest topology such that all the inclusion maps G; < G are con-
tinuous; equivalently, a function f : G, — Z to an arbitrary topological

352
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space Z is continuous if and only if the restriction f : G; — Z is contin-
uous for each j. A continuous function x : Go, — C is approzimable if
there exists a sequence of continuous functions x; : G; — C such that
X; — x uniformly on Gy for each N as j — oo.

Definition (Haar probability measure). Let Goo be an inductive limit
group that is a Polish group. A Haar measure pg for Go is a Radon
probability measure such that

/ﬂwmmmz/ﬂmmm> (11.1.1)
G G

for all continuous f : G — C and ug(F) > 0 for all non-empty open
sets E.

When G is a compact metric group, this is equivalent to the defini-
tion of Section 1.2. However, not all inductive limit groups have a Haar
probability measure.

Lemma 11.1.1 Suppose that (G, d) is a Polish group with left invariant
metric d. If G has an infinite discrete closed subgroup S, then G does
not have a Haar probability measure.

Proof. Since S, is a discrete subgroup, we have § = inf{g(s,e) : s €
Socs # €} > 0. Now let B(g,r) = {h € G : d(g,h) < r}, and observe
that since the metric is invariant, we can choose an infinite sequence
B(s;,0/2) of such disjoint sets for s; € S, and j = 1,2,.... Suppose
that p is a Haar probability measure; then

L= e (G) = 3 u(Blsy.5/2). (11.1.2)

By invariance of the measure, we must have pu(B(s;,d/2)) = 0 for all j,
so there exist non-empty open sets with zero measure, and pg is not a
Haar measure. O

11.1.2 Infinite torus

Let (T",c*(n)) be the n-dimensional torus with Haar measure
i_1d6;/(2m), and let T = {(e/%)>2, : 6; € R} be the infinite-
dimensional counterpart with Haar measure d© = ®32,d0;/(27). Then

T is a compact metric space, and there is a natural inclusion of groups

T <T?<...<T™ (11.1.3)
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where the maps T" — T+ ¢ (e 2 .. efn) s (el .. e 1),
give (n/(n + 1))'/?-Lipschitz embeddings.

Let F,, be the o-algebra that is generated by the sets Ay x --- x A, X
T x T x ---, where Ay,..., A, are Lebesgue measurable subsets of T;
then f: T> — C is measurable with respect to JF, if and only if f(©)
depends only upon the first n coordinates of © = (61,65,...) and is
a Lebesgue measurable function of these. The o-algebras are naturally
ordered by inclusion, so that

FiCFR CFC.... (11.1.4)

Haar measure on T°° arises as the weak limit of Haar measure on the
T" as n — oo; so that, for any continuous function F' : T°° — C that
depends on only finitely many coordinates,

. db; = do;
/ FO)R S~ /Tw FO)® 5 (11.1.5)
=1 =1

as m — 00.
We can regard T as the boundary of D, and T*° as a preferred bound-
ary of D®. The points in

)
D> N2 = {( )ilzl <Li=12.5) |5 < oo} (11.1.6)
j=1
have special properties in the function theory of D°.

Let p; be an absolutely continuous probability measure on T, and
let p = p1 ® py ® -+ be the product probability measure, which exists
by Kolmogorov’s extension theorem [88]. Kakutani’s dichotomy theorem
asserts that either:

(4) H/ dp] UQda (11.1.7)

converges to a positive value, and p is absolutely continuous with respect
to dO; or

(i4) H/ dpJ v da (11.1.8)

diverges to zero, and p is singular with respect to dO. In case (i) when
p is absolutely continuous we have, in terms of Exercise 1.1.8

(dp, dO) Za dp;,db; /2r). (11.1.9)

j=1
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Exercise 11.1.2 Let 0 < r; < 1 satisfy Z;il r? < 0o, and let Y € R;

now let

1—1r?
V=P N J 11.1.1
pj (93) rje'Vi (93) 1—2r;cos(8; — ;) + TJQ‘ ( K

be the Poisson kernels for r; e'¥i . Show that the measure
S db;
= (0.)=L 11.1.11
p g{l)p]( )5 (11.1.11)

is absolutely continuous with respect to d©. This p is associated with
the point (rje’¥s) which belongs to £2 N D.

11.1.3 Infinite symmetric group

Let S, be the symmetric group on n symbols, which we identify with
the permutations 7, of N such that m, (k) =k for k=n+1,n+2,....
With So = U2 | S, we have a natural inclusion of groups

S <8y <o < S (11.1.12)

Since Sy is countable and discrete, it has a measure p(A) = #(A) which
is invariant under left translation, but no invariant probability measure
by Lemma 11.1.1.

By introducing the language of noncommutative probability as in
Proposition 14.2.7, one can obtain a satisfactory analytical description
of the left regular representation of S.

11.1.4 Infinite orthogonal group

Definition (Infinite orthogonal group). We choose some orthonormal
basis (e;)72, for Hilbert space and form matrices with respect to this
basis. Let (O(n), c?(n)) be the groups of orthogonal matrices, and intro-
duce the 1-Lipschitz map of matrices

U 0
0 I

then the infinite orthogonal group is the inductive limit O(cco) =
U2 ,0(n), so that

U [ } (U € O(n)): (11.1.13)

0(1) <02) < -+ < 0(0). (11.1.14)
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Each element U of O(oco) has entries equal to ¢;;, with only finitely
many exceptions, so U — I is a finite-rank operator. We can regard
O(o0) as a group of isometries of the infinite-dimensional sphere; or
more precisely, as unitary operators on Hilbert space. In particular, S.,
is a subgroup of O(oc) due to the action o : e; — e,(;) on basis vectors.
We endow O(o0) with the inductive topology; then O(oc) is not locally
compact. Indeed, we let o; be the orthogonal transformation associated
with the transposition of basis vectors e; < e;. Then one checks that
the metric p of Proposition 2.2.3 satisfies p(o;, 1) < v/2 and p(0;,04) >
1/4/2 for all j # k; so O(c0) is not totally bounded.

The identity representation 7 : O(oco) — U(H) is continuous by the
definition of the inductive limit topology, and hence by Proposition 2.2.3,
O(o0) has a left-invariant metric p such that 7 is continuous for the
metric topology. By Lemma 11.1.1, the group O(co) does not have a
Haar probability measure.

Exercise 11.1.4a Let g, € O(oo) have matrix [g,];r; suppose that
[9n]jk — 0jr as n — oo.

(i) Show that (g,&,&)n — [|€]|3 as n — oo for all £ € H, and hence
that [lg.& + &l5 — 4l€l7 -
(ii) Use the parallelogram law ||g,& — £||% = 4]|€]1% — |lg.& + €)% to
show that [|g,& — €|z — 0 as n — oo.
(iii) Deduce that g, — I as n — oo in the inductive topology on O(o0)
if and only if [gn];x — 0;x as n — oo for all j,k € N.

Exercise 11.1.4b Let K be a compact subgroup of O(o0), with Haar
probability measure g ; let K, = O(n) N K.

(i) Show that K, is a closed subgroup of K.
(ii) Show that ug (K,) > 1/2 for all sufficiently large n.
(iii) By considering the measure of the cosets 2K, for z € K, deduce
that K = K, for some large n.

Definition (Infinite unitary group) [87, 32]. We define the infinite uni-
tary group as the inductive limit U(oco) = U2, U(j) in a similar way to
O(00) by forming the sequence

U)<U2) < <U(c0) (11.1.15)
via the inclusions
U o
Ui [0 I]. (11.1.16)
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The inductive limit U(co) is not locally compact, and does not have an
invariant Haar measure by Lemma 11.1.1.
Summarizing these conclusions, we have the following theorem.

Theorem 11.1.5 The groups Soo, O(c0) and U(o0) are inductive limit
groups that do not have Haar probability measures; whereas the infinite
torus T°° does have a Haar probability measure.

11.2 Hua—Pickrell measure on the infinite unitary group

* The infinite unitary group inherits some of the properties of the finite
unitary groups.

* The sine kernel gives a determinantal point process which is relevant
to the representation theory.

In this section we review some facts about the representation theory of
U(n), with a view to analysing the infinite unitary group U(oo). The Lie
algebra of U(n) is M"(C). There are two natural maps M/ (C) — U(n)
forn =1,2,...,00 that are significant in representation theory, namely
the exponential X — exp(iX), and the Cayley transform ¢(X) = (X —
iI)(X +iI)~'. We analyse the effect of the Cayley transform on various
measures, and consider the asymptotic behaviour of these measures as
the dimension n — oo. Following a similar route to Section 9.4, We
consider the pseudo-Jacobi polynomials, and use them to introduce new
example of a Tracy—Widom system, which is associated with a kernel
involving sin 1/x.

Definition (Hua—Pickrell measure). Let v, be the probability measure
on M (C)

n

27L(TL—1) ) 3
Vo1 (dX) = m(H r(])) det(I + X?)™" dX. (11.2.1)

j=1

Lemma 11.2.1 The Cayley transform ¢ : M"(C) — U(n) : p(X) =
(X —il)(X +4I)~" induces Haar measure py () on U(n) from the Hua—
Pickrell measure v, 1 on M"(C).

Proof. The proof consists of an induction on n, where the first step is
the familiar calculation that  — (z —4)/(x 4 4) induces df/27 on T
from dx/m(1 + 2%) on R as in Section 4.3. For details, see [31]. O
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One can compare the following probability density functions:

* Student’s t-distribution on n degrees of freedom, with density

I'(n/2) 2 \—n/2
o (1) = 1 teR);
) = AT (n = 1)/2)( 1) ( E(liw
* the probability measure -
h(z) = vol, (§")~! (ﬁ) (z € R") (11.2.3)

from 4.3, which is associated with the stereographic projection;
e the (modified) HuaPickrell measure on M/ (C) given by
Un.o(dX) = C, o det(I + X?)™""dX; (11.2.4)

¢ the eigenvalue distribution that corresponds to the modified Hua—
Pickrell measure

2
Op a(d)\) = Zn_é Hlﬁszﬁn ()\] 2_ )\k)
> s Hj:l(l + )\j)cm

The connection between these is as follows. The symmetric group S,
acts on T" by permuting the variables, and we let 7 = T"/S, be
the quotient space for this action. Then 7 parametrizes the conjugacy
classes of U(n), and there is a natural map A : U(n) — T which takes
V € U(n) to its conjugacy class A(V') € T; essentially, A(V) is the list of
eigenvalues of V. Further, by the Weyl denominator formula Proposition

dAi ... d\,. (11.2.5)

2.7.1, A induces Dyson’s circular unitary ensemble 07(12) on 7 from Haar
measure £y () on U(n). So the commutative diagram of maps

MIC) = U)X = (XD D)
| ! ! l (11.2.6)
R” — T ()\]) — (()\j - l)()\] + i)il)

gives a corresponding map on probability measures, as in the diagram
below.

Vn,l(dX> = HU(n)
! | (11.2.7)
on1(dX\) — Uﬁf)

By a familiar calculation, the asymptotic form of Student’s ¢ distribution
is normal as n — oo since

2
o—t2/2

Dn (t) - m

(t € R). (11.2.8)
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We now prove the analogous result for eigenvalues under the distribution
On.o- The negative logarithm of the density of o, , is

oleog(l + /\f) -2 Z log |A; — Ax. (11.2.9)
j=1 1<j<k<n
We are in the very marginal case of Theorem 4.4.1 with 8 = 2, so

we need o > 1 to ensure that the equilibrium measure has compact
support.

Proposition 11.2.2 (i) The scalar potential vi(z) = log(1 + 2°) has
equilibrium measure with density 1/7(1+ 2%) on R, namely the Cauchy
distribution or Student’s t-distribution on two degrees of freedom.

(ii) For « > 1 and a = (2o — 1)Y/?/(a — 1), the scalar potential
vo (2) = alog(1l + %) has equilibrium measure supported on [—a, a] with
density
(a — 1)Va? — a?

(iii) The scaled equilibrium measures satisfy

2
ap, (au)du — —+v/1 —u? (a0 — 00). (11.2.11)
™

Proof. In all cases, we can express the condition that p, gives the

(x € [—a,al). (11.2.10)

minimum as the integral equation

Vo (2) :2/10g|m—y|pa(y)dy+0 (x€9) (11.2.12)
s
for some constant C' and some set S, by Theorem 4.4.1.

(i) As in example 4.4.6, this follows from the identity

) * log |z — t| dt

log |z + 1] 7/,001—1—779?’ (11.2.13)
which is the Poisson integral formula for the harmonic function
log |2].

(ii) By symmetry, the equilibrium measure is supported on a single
interval [—a, a], and the density is strictly positive inside (—a,a).
Indeed, if there were a gap [c,b] with —a < ¢ < 0 < b < a in
the support of the measure, then by (4.4.18) we would have the
identities

o [ pa)ds [ pla)ds
vl (c) = 2/ +2/b (11.2.14)

e C— X c—z
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(iii)
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and

o= f AL LA raig

so that v/, (¢) > v/, (b). However, v/,(c) < 0 < v, (b); so no such gap
exists. By the general theory of singular integral equations [160, p.
173], the density of the equilibrium measure has the shape
1
pa(x) = =Va? — 22 r,(x) (11.2.16)
T
where
1 a / —a/ t
)= L [ 0,
27 J_ o (x — t)Va? — 2
«a / @ (1+ xt)dt

T Joo (1 +22)(1+2)Va2 — 12

B e’ /a dt
Cow(@?+1) ), (2 +1)Va — 2

a /"/2 do
(a2 +1) —r/2 14+ a? sin’ 0
O (11.2.17)

(22 +1)Va2 +1’

where the final step follows by a standard contour integral. Hence
() ava? — 2

o(x) = .

P (14 2?)va? +1

Now we have the normalization

1= /_a pa () dr = \/%T(\/GQ +1-1), (11.2.19)

so we can recover the stated value for a.

(11.2.18)

We have
200—1 1 —w?
du = d 11.2.20
ap()é (au) U o — 1 7_(_(1 + QQUZ) u) ( )
so we can take the limit as o« — oo. 0

In Section 9.5 we considered the Jacobi weight (1—x)(1+z)” on [~1, 1]
and introduced the Jacobi system of orthogonal polynomials and the
corresponding Jacobi ensemble. While the weight (1 + 2?)™" on R has
a superficial resemblance to the Jacobi weight, it decays rather slowly;
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so we are able to start but not complete a similar programme as in [31,
159].

Definition (Pseudo—Jacobi polynomials). Let o > —1/2 and let n € N.
Then with the weight (1 4+ 2?)7"~7, we can form a sequence of monic
orthogonal polynomials 1,p;(z),...,pn(x) for N < n+ o — 1/2; these
are called the pseudo-Jacobi polynomials, by analogy with Section 9.5.

One can express the p,, in terms of the hypergeometric function, and
deduce that p,, satisfies the differential equation

— (14 2*)p)y, (z) +2(0 +n — Dap), (z) + m(m +1—0 = 2n)py, (x) =0
(11.2.21)

as in [31]. The Mobius transformation ¢, given by p(z) = (x—i)/(z+i) !
satisfies —p(—1/x) = ¢(x), which suggests that there is a natural scaling
on the variables on the line associated with this inversion. One makes
the change of variable y = —1/(nz), and checks by calculation that the
function f,, (y) = pm (—1/(ny)) satisfies

~ (g ) () — g(rﬂy? Lot ) fh ()

N m(m + 1y—2 20 — 2n) f(y) = 0. (11.2.22)

Letting m = n and letting n — oo, we obtain the limiting form of this

differential equation
2 1
)+ W+ i) =0 (11.2.23)

Theorem 11.2.3 (i) Let f be a solution of (11.2.23). Then f gives rise
to a solution of the Tracy—Widom system

y2diy {ﬂ = [_01 (1)] [ﬂ : (11.2.24)

(ii) The general solution of (11.2.23) is

1 1
fly) = Acos — + Bsin — (11.2.25)
Y Y
for some constants A and B.

(iii) The kernel associated with f(x) = n~/?sin(1/z) is

sin(1 -1
K(z,y) = W((y_g;;) (11.2.26)

where K is of trace class and K > 0 on L?(a, o) for a > 0.
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(iv) The Hankel operator T'y on L*(0,00) with ¢(s) = m 'e /?x
exp(2ie™*) satisfies

det(I — AI(I,oo)KI(l.oo)) = det(I — AF(DFZ))' (11.2.27)

(v) The operator K : L?((—o0,—1) U (1,00)) — L%((—00,—1) U (1,0))
is unitarily equivalent to the operation of the sine kernel
(sin(z —y))/(m(z —y)) on L*(-1,1).

Proof. (i) and (ii) follow by direct calculation.
(iii) The kernel K(x,y) that is associated with this solution is given
by

in L cos L —sin L cos L
f (x)g(y; = ;‘ (y)g(z) _ siny COZ«& _Sy) %y (11.2.28)

Let I': L?(1,00) — L?(1,00) be the integral operator that has kernel

6—7?/,77627',/.%3/671/3;

Jrry (z,y > 1); (11.2.29)

D(z,y) =
then I'T'* has kernel

dw

0 o—ifx o(2i/w)(1/x—1/y)i/y
Moy = [
1

TrYyw?
—i(l/z=1/y) 1 _
_ € / 622(1/171/7/)1‘ dv
0

Ty
_ sm(l - %)

m(y — )
= K(x,y). (11.2.30)

Clearly T gives a Hilbert-Schmidt operator on L?(a, o) for all a > 0,
so K is trace class; further, K > 0.
(iv) We introduce the unitary operator U : L?(1,00) — L*(0,00) by

Uf(s) = exp(—ie *)e*? f(e?) (s >0), (11.2.31)

which gives

7,/10 27/aye7/y -
Ol = [ [ () dody

/ / ~(s+1)/2 exp(?ie“g_t)Uf(s)Ug(t) dsdt
(LoUfUg)r2(0,00) - (11.2.32)
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Hence K = I'T* = U'I',I';U, so the spectra of K and LyI'y are
equal.

(v) There is a unitary map V : L'(=1,1) — L%*((—o0) U (1,00)) :
f(z) +— a2 'f(x7') so that VKV* is given by the kernel
(sin(@ — 9))/(x(z — y)) on L2(~1,1). O

Borodin and Olshanski proceeded to investigate the determinantal
random point field that K generates [31].

For U(oo) we introduce a substitute for Haar measure. Since U(c0) =
lim,, .o, U(n), the obvious approach would be to take limits along the
sequence of Haar measures oy (1), 0y (2), - - -, but this does not work since
the natural inclusion U(n) — U(n+1) obviously does not induce fir7(, 11)
from 77 (,). Further, by Proposition 3.8.1, SU(n+1)/SU(n) is naturally
homeomorphic to the sphere S2"*! with the rotation invariant probabil-
ity measure; so we get a natural measure on {£ € H : ||¢||g = 1} rather
than on U(oo) by taking weak limits along the sequence of natural quo-
tient spaces. In Chapter 12 we introduce the infinite dimensional sphere
S5°°(y/00) with a suitable measure.

Meanwhile, we consider measures on the Lie algebras. The Hermitian
matrices are naturally nested by inclusion

M} (C)c M}(C)cC---Cc M (C) (11.2.33)
X 0]

0 0

where M (C) = Uj:1M7h (C) has the inductive topology. The projection

P, : M"(C) — M

n—1

X [ (11.2.34)

(C) deletes the bottom row and rightmost column.
We can regard M/ (C) as a Lie algebra for U(co). There is a natural
action of U(oo) on M/ (C) by conjugation U : X — UXU*.

Theorem 11.2.4 (The Hua—Pickrell measure on U(c0)).

(i) The Cayley transform ¢ : M!(C) — U(n) induces Haar measure
Py on U(n) from v, 1;
(ii) P, induces v,_11 on M"_,(C) from v, 1 on M!(C);
(iii) the v, 1 converge weakly to a probability measure Voo, on M (C) as
n — 00, where Voo 18 invariant under conjugation by U € U(0).
(iv) Let f : U(oco) — C be a continuous function that depends on only
finitely many matriz entries. Then

/Mh (©) Flp(X))ve(dX) = lim Fpy ) (du).  (11.2.35)

=00 Jiy(n)
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Proof. See [31]. O

Theorem 11.2.4 suggests the following diagram, in which the verti-
cal arrows represent weak limits as n — oo, and the horizontal arrows
represent Cayley transforms.

(MT}lL (C)a Vn,l) - (U(n>7 MU(n))
! |
(Mc}:o(c)v VOO) - (U(OO), MU(OO))
Definition (Hua—Pickrell measure on U(c0)). The Hua-Pickrell mea-
sure on U(00) i iy (00) = PHVoc-

The Lie group SU(n) has a Haar probability measure g7 (,,), a max-
imal torus 7 of rank n — 1 and Weyl group S,,. One presentation of the
maximal torus is the the space of diagonal unitary operators, where S,
acts on 7 be permuting the diagonal entries.

Analogously, we can regard the induced Hua-Pickrell measure
HU(s0) = P4Voo as the natural analogue of Haar measure for U(co),
while T sits inside U(oo) as the space of diagonal unitary matrices,
and we can view S, as the Weyl group, which acts by permuting the
entries of T*. The group U(co) has natural representations on complex
Hilbert space, as we shall see in Section 12.4.

In Section 12.4 we shall construct representations of S, and O(co)
on a suitable Hilbert space.

Definition (Carleman determinant). Let S be a Hilbert—Schmidt op-
erator on H with eigenvalues (\; );?0217 listed according to multiplicity.
Then the Carleman determinant of I + S is

dety (I +S) = H (1+X;) (11.2.36)

Exercise 11.2.5 Let A be a Hilbert—Schmidt and self-adjoint operator
on H.

(i) Prove that for each £ > 0, there exists U € U(oco) such that
U —expid|. <e.

(ii) Obtain an expression for dets(expiA) in terms of the eigenvalues
of A.

(iii) Let g = {X = id : A € 2, A* = A}, with [X,Y] = XY — VX
and (X,Y) = —27!trace(XY). Find an orthonormal basis for g
in the style of Exercise 2.4.2, and determine whether the proof of
Proposition 2.4.1 works in this context.
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11.3 Gaussian Hilbert space

A probability measure on infinite-dimensional Hilbert space that as-

signs positive measure to each open set is neither unitarily invariant

nor translation invariant.

¢ Infinite-dimensional Hilbert spaces can have Gaussian measures.

¢ Brownian motion can be defined by random Fourier series with Gaus-
sian coefficients.

e There is a stochastic integral defined with respect to white noise.

Before embarking on a discussion of Gaussian measure in infinite dimen-
sions, it is worth noting that there is no natural analogue of Lebesgue
measure on infinite dimensional Hilbert space.

Proposition 11.3.1 Let u be a probability measure that is defined on
the Borel subsets of an infinite-dimensional separable Hilbert space H,
and suppose that

(i) w(Br(x)) >0 for allxz € H and r > 0.
Then neither of the following conditions can hold:

(i) W(UE) = u(E) for all open E and unitary U;
(iti) p(x+ E) = w(E) for all open E and x € H.

Proof. Suppose that either (ii) or (iii) holds. Let (e;)32; be an orthonor-
mal sequence in H, and observe that the open sets F; = Bl/ﬂ(ej) are
disjoint. Then by (ii) or (iii), u(E;) = u(E;) holds for all j; so by dis-
jointness

8

V=) 2 p(U )= Do) = 37 (). (113.1)

J

j=1 j=1
Hence p(E7) = 0, contrary to (i). O

Example 11.3.2 We consider various closed and bounded subsets of
H. The finite-dimensional set

n

Ko x :{xEH:x:Zakek;kaF gN} (11.3.2)

k=1 k=1

and Hilbert’s cube

Cz{xEH:m:Zakek; lax| < 1/k; k:1,27...} (11.3.3)
k=1
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are compact as one can show by introducing e-nets; whereas

BN(O):{xEH:x:iakek:i|ak|2§N} (11.3.4)
k=1 k=1

is noncompact.

Let (€, d) be a Polish space with probability P, and suppose that there
exists a sequence () of mutually independent random variables, each
with N(0, 1) distribution. Now let W' be the closed real linear span in
L*(P) generated by the ;.

Lemma 11.3.3 (i) W' is a Hilbert space for pointwise addition of ran-
dom variables with the inner product (£,m) = E(&n).

(ii) (x;) is a complete orthonormal basis for W'.

(iii) Suppose that (a;) € €*. Then & = 3, a;x; has a Gaussian dis-
tribution with mean zero and variance i a?

Proof. Property (i) follows from the fact that L?(P) is a Hilbert space.
(ii) This is clear.
(ifi) Let & = >-7_, ajx;, and observe that &, has characteristic func-
tion
Eeitén = ¢t (0l +4ai)/2, (11.3.5)

Now &, — ¢ almost surely and in L?(P) as n — oo, so the characteristic
function of & is e_tz(“f“‘%*”')“; hence ¢ has a Gaussian distribution
with mean zero and variance ; a?. (]

Definition (Brownian motion [112, 70]). The Brownian motion on [0, 1]
is the stochastic process

2
by =txo + Z (sin 27nt) xn + Z f (1 —cos2mnt)x,. (11.3.6)

n=—0oo n=1

Proposition 11.3.4 Brownian motion is a Gaussian process with sta-
tionary independent increments; so that

(i) by — b has a N(0,t — s) distribution for 0 < s <t <1;
(i) for 0 = tg < to < to < --- < t,, the random wvariables
by, —byy,..., by, — by, are mutually independent.
(iii) Furthermore, the function t — b; belongs to L*[0,1] almost surely.

Proof. (i) We start with the indicator function I, and generate its
Fourier series with respect to the orthonormal basis

{I,V2cos 2mnx, V2sin 2mna;n = 1,2,... } (11.3.7)
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of L?[0,1], namely

—1

2
Lo, (z) =T+ Z %(sin 2mnt)V/2 cos 2rna

n=—oo

— V2
+ nz::l %(1 — cos 2rnt)V/2sin 2mnz.  (11.3.8)

The map U : L*[0,1] — W' given by changing the basis
{1,V2cos 2rnz, V2sin 2rnz} — {x, : n € Z} (11.3.9)

is unitary, and satisfies b; = U(Ijo ).
By the preceding Lemma, b, — by = U(I(54)) is a Gaussian random
variable with mean zero and variance

E(b —by)? = /I(s,”(x) dr =1 —s. (11.3.10)

(i) Further, U maps the orthogonal vectors Iy, ), I, 1y)s---s
1
(¢

\,t,) to uncorrelated Gaussian random variables by, —¢,, b1, —¢,5- - -5
tn —1,tn

bi, —t, _,- A sequence of uncorrelated Gaussian random variables is mu-
tually independent, hence the result.
(iii) By Fubini’s Theorem, we have

1 1 1
E/ b?dt:/ Ebfdt:/ tdt=1/2, (11.3.11)
0 0 0

so fol b?dt is finite almost surely. O

Definition (Brownian motion). Brownian motion on [0, 1] is the stochas-
tic process (b)o<t<1 where Q@ — R : w — by (w) is the random variable
at time ¢. Wiener measure is the probability measure on L*[0, 1] that is
induced by the map (Q,P) — L2[0,1] : w — b; (w).

Remark. Using more sophisticated arguments, such as the theory of
random Fourier series, one can show that ¢ — b;(w) is almost surely
continuous on [0,1]. Indeed b; is almost surely Holder continuous of
order « for 0 < a < 1/2, but not differentiable. See [97, 86].

Definition. To extend Brownian motion to (0,00), we stitch together
Brownian motions on successive intervals [n,n + 1], as follows. Let
(bi”) be an independent copy of b;, and extend the definition of b; by
taking

by=0b +b",  (1<t<2). (11.3.12)
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Iterating, this construction, one obtains Brownian motion on (0, co). By
enlarging W' as necessary, we can define a unitary map U : L?(0, 00) —
W1 such that b, = U(X(9,)) has stationary independent increments and

E b;b, = min{t, s} (s,t > 0). (11.3.13)

Corollary 11.3.5 (Joint distribution of Brownian motion). Let 0 =
o <t <ty < -+ < ty, and let I; be an open subset of R for j =
1,...,n. The Brownian motion starting from by = yo = 0 satisfies

P[btl EIl,bt2 EIQ,..., th EIn

—Ctl,...7 / / y17~-~7y7z)dy1 d
Iy x---X1,

n

(11.3.14)
where
Cltr, ... ) = @2m) "2 Tt — t0)7'/? (11.3.15)
j=1
and
( = ex (Jzn: Yi ~ Y- 12) (11.3.16)
V(s yn) = exp(—5 ot ) 3.

j=1

Proof. By Proposition 11.3.4, the increments b;, — b are mutually

j—1
independent, and they have Gaussian distribution with mean zero and

variances t; —t;_1. Then the formula follows immediately from the def-
initions. (]

Proposition 11.3.6 (Stochastic integral). There is a linear isometric
map L?(0,00) — W

¢>H/0 o(t)db, (11.3.17)

that extends U.

Proof. We wish to define [ ¢(s)dbs for ¢ € L*(0,00). Given 0 < T < oo,
a continuous function ¢7 : [0,7] — R and a partition P = {0 = ¢y <
t <o <ty =T}, welet

p =Y ()b, —br,) €W (11.3.18)

Evidently ®p = U(Zé\f;ﬂl é(tj) X, 1,,,)) is a Gaussian random variable
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with mean zero and variance
N-1
E®p = > (4t — 1) (11.3.19)
j=0
Given € > 0, there exists § > 0 such that

N-1
|67 (t) = > 6t e, ;. (B)] < (11.3.20)

j=0
whenever max; [tj 1 — t;| < 0. Hence
|U(¢r) — @pf: < Te. (11.3.21)

Letting § — 0+, we obtain U(¢7) € W' which we define to be U(¢r) =
I ¢(t)dby, with

E(/OT qS(t)dbt)Q - /OT o(t)2dt. (11.3.22)

Furthermore, ( fON #(t)db;)Sf_, forms a Cauchy sequence in W', and
converges to an element that defines [;~ ¢(t)db;. O

11.4 Gaussian measures and fluctuations

* With Gaussian measures, we introduce white noise.

* We compare fluctuations of the empirical eigenvalue distribution of the
generalized unitary ensemble with a fractional derivative of Brownian
motion.

* We compare fluctuations of the row lengths in Young tableaux with a
fractional derivative of Brownian motion.

Example 11.4.1 (White noise). We can regard db; as white noise in
the sense that

—1 e}
db
ditt =0+ Z V2 cos 2mnt xn, + Z V2sin 27nt ,, (11.4.1)

n=—oo n=1

defines a linear functional on C*°[0, 1] almost surely, and such that

[ otn, = o — oyt - [ &b ar (11.4.2)
Thus ¢ — [ ¢(t)db, gives a bounded linear operator L* — W1.

Next we introduce a random Fourier series with roughness midway
between Brownian motion and white noise.
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Example 11.4.2 (Fractional derivative of Brownian motion). The
Gaussian random Fourier series

2 X sin k6
Z20)==> 7 (11.4.3)
k=1

does not converge in W' for almost all § since > .-, 1/k diverges. We
can regard Z(f) as a summand in the random Fourier series (d/dt)"/?b;.
Suppose however, that u(0) = Z,C:C:O ay, cos k6 belongs to Dirichlet space
Dy so that >, |k||ay|* converges; then

- /7r u'(0)Z(0) db = i Vkaixi (11.4.4)
0 k=1

converges in W. Thus Z’ defines a random linear functional on Dy; that
is, a bounded linear map Dy — W,

Using Example 11.4.2, we can express the Theorem 10.6.8 on fluctu-
ations in a more intuitive style. We consider a potential v as in Section
4.4 with equilibrium measure as in Theorem 4.4.1.

Proposition 11.4.3 (Fluctuations) [94]. Let X,, be a nxn random ma-
trixz from the generalized unitary ensemble with potential v, equilibrium
measure p, with support [—1,1], and eigenvalues Ay, ..., A,. Then

Z 6y, (dz) — np, (dz) — (1/2)dZ(cos™ ' z) (n—o00) (11.4.5)

j=1

in the sense that

P[i o =n [ St <1

—1,1]
1 2m
o Pb F(cos0)dZ(0) < t} (n—o0)  (11.4.6)
0
for all continuously differentiable functions f : [—1,1] — R and all

teR.

Proof. With f(cosf) = > 72, ai coskf, we have a Gaussian random
variable
1 27

5 | [(cos0)dZ(0) = % i Vkayxx (11.4.7)
0 k=1
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with mean zero and variance (1/4) >".7, |k|a}, hence

2 (oo}
s _ 5 2
Eexp(2 /f(cos@)dZ(G)) = exp( 3 ];71 |k\ak> (s € R). (11.4.8)
We recall from Johansson’s Theorem 10.6.8 that

MWGEﬂ&FWAMJ@MWﬂHwﬂigm@mﬁw%

(11 4.9)
so by Proposition 1.8.5 the random variable Z] LFOG)=n [ f(x)py(dx)
converges in distribution to 27 [ f(cos @) dZ(6).

Exercise 11.4.4 Let (x%,Xr;k = 1,2,...) be mutually independent
N(0,1) random variables, and let

i cos kfx;. + sin kOx;
k=1 vk .

Let €1, ... e be the eigenvalues of a n x n unitary matrix, chosen
randomly with respect to Haar measure on U(n). Use Corollary 10.6.2
to show that

o = (11.4.10)

n 27
> e’y —n f( L%dﬁ F(e?)d¢y (11.4.11)
j=1

0 27 0
in distribution as n — oo.

The random Fourier series Z of Example 11.4.2 has another impor-
tant application to fluctuations of large Young diagrams with respect
to Plancherel measure. Given A\ F NNV, there exists a probability density
function fy with graph made up of boxes of side N~!/2 such that the
graph is like a descending staircase. We introduce the rotated coordinate
system £ = x —y and = y 4« so that N f) gives rise to graph 5\(5) >0
in the cone between the lines = & and n = —¢ with A(€) = |¢] for all
sufficiently large |¢]. The function \is Lipschitz continuous with a graph
that consists of straight line segments with gradient +1.

Next we rotate the graph of the Vershik distribution fq of Section 7.4,
and thus obtain z = fo () +2cos§ where fo(z) = Z(sinf — 6 cos ), so

) =2 (csin S+ VA€, (el <)
&l (1€l = 2); (11.4.12)
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and let the discrepancy between X and the scaled optimum v be
Ay (€) = MEVN) — VNQ(&). (11.4.13)

Suppose that g(0) = Y72, a; coskf is continuously differentiable, and
observe that since Ay is Lipschitz continuous, we can integrate by parts
and obtain

2m

Ax(2cos8)g'(0) d9:2/ A\ (2cos0)sinf g(0)do. (11.4.14)
0 0

Further, the integral

T 9 ] e . ) (e’

ENT A sinkOg'(0)do = - apVixe (11.4.15)
gives a Gaussian random variable with mean zero and variance
>orei kai.

Proposition 11.4.5 (Kerov). Ay (£) converges in distribution to
Z(cos™1(£/2)) as N — oc.

Proof. Omitted. See [28] for further developments. O
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Hermite polynomials

Abstract

In this chapter we study the Hermite polynomials and the Ornstein—
Uhlenbeck operator on R, and then their extension to R". Following
Wiener’s approach, we introduce homogeneous chaos and stochastic in-
tegrals; thus we interpret the group of rotations of S*°(y/00), an invari-
ant measure and a Laplace operator on S°°(y/00). Then we construct
representations of O(co) on homogeneous chaos. We also present the
logarithmic Sobolev inequality for the Ornstein—Uhlenbeck semigroup,
which was an important motivating example for Chapter 6.

12.1 Tensor products of Hilbert space

Definition (Hilbert tensor product [92]). Let H and K be complex
Hilbert spaces. Then H® K is the closure of the algebraic tensor product
over C, given by the set of finite sums

HQK:{fo@".iiﬁiEanjeK} (12.1.1)

with the inner product

<Z§j ®77jazak ®/6k> = (&row)n (nj, Bk (12.1.2)
J 3

J.k

Examples 12.1.2 (i) Clearly we have C™ @ C* = C™". More generally,
given any complex Hilbert space, we can identify H ® C" with the direct
sum H ® --- @& H of n copies of Hilbert space.

(ii) /2 ® £* is naturally linearly isometric to the space of ¢? Hilbert—
Schmidt matrices. We can identify e; ® e; with the matrix unit ejy.

373
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Then
(lajil, [bjr])er = trace([bjr]"[ajx])

= E a]-kbjk
k

Js
= <Z a]k’ejkazbjkejk>- (12.1.3)
Jk jk

Proposition 12.1.3 (Schur product). Suppose that [a;;] and [bji] are
positive semidefinite n X n matrices. Then the sum [ajk +bji] and Schur
product [ajirb;] are also positive semidefinite.

Proof. By Proposition 2.1.2(iii), there exist vectors ¢; and n; such that

ajk = (&, &) and bji = (n;,me); then ajrbjr = (§ @ nj, & @ k), so we
can use Proposition 2.1.2 again O

Definition (Symmetric powers). Now we let H be a complex Hilbert
space and we choose a unit vector ey € H, traditionally called the vac-
uum vector, and we write Cey = H®?. Then we construct recursively
H®+) — 9" @ H, so that H®" = span{{; ® --- ® &, }, where 5pan
stands for closed linear span for the norm topology. The symmetric group
S, acts on H®" by

T &R @ ) @ @ E(n)s (12.1.4)

and the subspace of invariant vectors H*®" = {¢£ € H®" : g(¢) = ¢} is
called the n'" symmetric power of H, which is spanned by

Sym(§l ®"'®£n) = Z 60(1) ®"'®§U(n)' (1215)
oES,

Example (Reproducing kernels). Let H be a Hilbert function space on
Q with reproducing kernel K(z,w), and let wy,...,w, belong to Q.
Then [a;;] = [K(wj,wy)] is positive semidefinite, and so by Proposi-
tion 12.1.3 [K (wj,wy)™] is also positive semidefinite for m = 0,1,2,...;
hence [exp K (w;, wy )] is positive semidefinite. In particular, this applies
to K(z,w) = log1/(1 — zw) and exp K(z,w) = 1/(1 — zw), which are
the reproducing kernels for Dirichlet space and Hardy space respectively.
See Section 4.2.

Definition (Fock space [92]). The full Fock space of H is the Hilbert

space

exp(H) = {(g<”>) e [T E : S 1w |2 /n! < oo} (12.1.6)
n=0

n=0
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with the inner product ((£U)), (nW))) = Zﬁ0<§(47>,n<<j>>/j!. The sym-

metric Fock space is the subspace of symmetric tensors

r() = (") e Lo - 3 Je P/t < 00}, (1207)

n=0 n=0
and the exponential vector of £ € H is expg (§) = (e9,£,{®¢, ... ) which
belongs to I'(H) and has || expg (€)|lr(m) = exp(||€]|*/2).

Example 12.1.4 (Left creation operators). Let H be a separable
infinite-dimensional real Hilbert space and e a unit vector in H. Each
17 € H has unique decomposition n = nge + 11, where 79 = (n,e)
and (n,,e) = 0. The full Fock space is exp(H) = @& ,H®" where
H®" = Re, and write ey = e ® 0@ -+ for the vacuum vector. There is
a linear map ¢ : H — B(exp(H)) where ¢(h) raises degree by one, as in
l(h):eg— h®e
Uh): 6 ®..60—hRE® - Q& (12.1.8)
whereas the adjoint ¢(h)* lowers degree by one, as in
f(h)*261®“'®€n ’—><€1,h>§2®~--®§n (n:2,3,...), (12.1.9)
e(h)*fl = <§1ah>605 é(h)*eo =0.
Clearly we have
L(h)*L(k) = (k,h)I (12.1.10)
and
AR 6@ ©& —SGR&E® - ®E  (12.1.11)

where S : H — H is the rank one operator Sf = (f, k)h. Each £(h) is
a left creation operator, since the tensor factor of A appears in the left;
clearly one can introduce right creation operators analogously. See also
[166].

12.2 Hermite polynomials and Mehler’s formula
The Hermite polynomials are:
¢ eigenfunctions of the Ornstein—Uhlenbeck operator on R;

* orthogonal polynomials for the standard Gaussian measure on R;
* a natural basis for the Wick ordering.
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In this section we review some basic results that are important in that
they provide an explicit construction of objects that are important in
the general theory. We let y(z) = e‘”Q/z/\/% be the standard Gaussian
density and form the Hilbert space L*(y).

Definition (OU operator [54]). The Ornstein—Uhlenbeck operator L is

d? d
L=—— — 12.2.1
dx? + xdac ( )

and the domain includes C°(R).
Evidently L is symmetric and positive in the sense that

[t @i - [ " (@) ) @)y ()
:/jo f(2)g (x)y(x) dx. (12.2.2)

The Ornstein—Uhlenbeck operator satisfies the special property

d? x? 224 2?4 1
(_W + Z) (e ) = e/ (L + 5)1/;(@ (12.2.3)
where —d?/dz? + 2% /4 is the Hamiltonian for the linear oscillator in
quantum mechanics. To carry out a spectral analysis rigorously, we begin
with the eigenfunction.

Definition (Rodrigues’s formula for Hermite polynomials [112, 142]).
The Hermite polynomial of degree n is

2,0 d" 2
H,(z) = (-1)"e" 2 ——e™" /2, 12.2.4
(@)= (e 2 (12:2.4)
Let P; : L?(y) — span{z¥;k = 0,...,j}, and for f € span{z*;k =
0,...,7} we write in Wick’s notation : f := f — P;_; f.

Lemma 12.2.1 (i) H, is a monic polynomial of degree n.
(i) LH, = nH,.
(iii) (H,)3S, is an orthogonal sequence in L*(7).
() : 2™ = H,(x).

Proof. (i) This follows by induction.
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(ii) First we show that H) = nH,_1; indeed we have

Hy () = (e et r?)
= (e P P (e P (e )
= Fl)”%@“”%e‘“/? + (—1)"_1366‘”2/2%(e—‘”2/2)
+ (—1)"_1nem2/2£7_j1(e—%2/2>
- (_1)”—1nem2/2 dd;;ll (e_mZ/Q)' (12.2.5)

By differentiating this identity, we can deduce that
H;/(x) — xH, ()

= (—1)”713:6””2/2 d (ef‘rz/Q) + (—1)”7177,6I2/2£(67I2/2)
dl‘n71 dxm
dn—1 g
+(—1)”_1713065”2/27(6_12/2) = —nH,(x). (12.2.6)

dan—t

(iii) The operator L is symmetric in L?(7y), and hence eigenfunctions
that correspond to distinct eigenvalues are orthogonal.

(iv) As in the Gram—Schmidt process, H,, is orthogonal to 27 in L?(v)

for j =0,...,n — 1; so the result follows from (i). |

Exercise. (i) Use Rodrigues’s formula to show that
H,.1(z) = zH,(z) — H. (z), (12.2.7)
and hence obtain
Ho(z) =1, Hi(r)==z, Hy(z)=2a%-1,
Hi(z) = 2% — 3z, Hy(z) =2 — 62 + 3. (12.2.8)

(ii) Use Rodrigues’s formula to prove the three-term recurrence
relation

xH, (r) = Hyy1(x) + nH, 1 (x). (12.2.9)

(iii) Let ¢, (z) = (27)~Y/4(n!)~Y2H, (z)e~*"/*. Deduce from (ii) that

2¢n () = Vn+ 1,41 (2) + Vndy -1 (z). (12.2.10)

(iv) Introduce a new variable ¢ so that v/2¢ = =, and let v, (£) =
V20, (v/2€). By repeatedly integrating by parts the identity

\/5 o0 ”Et+f2 d” 2
_ —i /2 —£
Fiby () = BN /_Ooe & ° de, (12.2.11)
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and using Rodrigues’s formula, show that

Fihu(t) = d%t) (12.2.12)
Proposition 12.2.2 (i) (H,//n!)22, gives a complete orthonormal
basis for L* ().

(ii) The operator L is self-adjoint and densely defined in L*(v), with
spectrum consisting of simple eigenvalues {0,1,2, ...} which correspond
to unit eigenvectors (H, //n!)3° .

(i11) L satisfies a spectral gap inequality with Ay = 1.

Proof. (i) One checks by repeated integration by parts that

/ H, (z)?~(x) dz = n!; (12.2.13)
indeed,
o 2,5 dx L, d? 2,y dx
Hn 2 —x /2 / Hn —z°/2
[oo ( ) dxn dan V 27

2 dx
H -t /2 7
/ V2T
dx
= n!/ e 2 o (12.2.14)
o V2T

As in Proposition 1.8.4, the linear span of the polynomials is dense in
L?(%), so the (H, //n!) gives a complete orthonormal basis.

(ii) We have found a complete orthonormal basis consisting of eigen-
functions of L, so L is self-adjoint with point spectrum.

(iii) Let f € C>*(R) have orthogonal expansion

f=>0(f Hy)H,(z)/n!. Then
| @ dx—Zn (f, Ho)? /!

H,)?/n!

uMg

/ f(@)Lf(x)y(z)dz.  (12.2.15)

Corollary 6.3.3 and Proposition 6.7.3 combine to give a stronger result
than Proposition 12.2.2(iii), but the direct proof is much simpler. (]
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Corollary 12.2.3 (Creation and annihilation). Let A : L*(y) — L*(v)
be the creation operator

(12.2.16)

- an Qn n+1
A:
Sy
Then the adjoint A* : L?(v) — L%(v) is the annihilation operator
Z @ H, (12.2.17)
n:O 1=1 n - 1

which satisfies A*A =1, AA*=1— Py and A*A — AA* = Py, where

e’}
*

A Za” n (12.2.18)

nO

Proof. Since (H,, /v/n!) is a complete orthonormal basis, this is an easy
calculation. g

Exercise. (i) Express Corollary 12.2.3 in terms of the normalized
Hermite functions, by verifying the identities

A¢n \/ﬁfﬁnﬂ - (l‘/Q)(b”( )_ n(l‘) (12219)
Vg -1(x) = (¢, (z) + (2/2)¢n (7). (12.2.20)

(ii) Deduce that
22
_¢g(x)+1¢n(x):(n+1/2)¢n(w) (n=0,1,2,...).
Definition (Mehler’s kernel). We introduce the Mehler kernel by

1 ( (e7t2? — 2e~/ 22y + e~'1?)
e —
V1—et P 2(1—e?)

and the Ornstein-Uhlenbeck semigroup (e~*%/2) by

M (z,y;t) =

) (12.2.21)

L2 f () / Mz, y: ) f(y)v(dy)  (f € L*(y)). (12.2.22)

Theorem 12.2.4 (Mehler’s formula). For 0 < <1 and z,y € R,

= 1 ((6z)? — 20zy + (By)*)
HZ:OQ H,(x)H,(y) = i eXp(— 20— 07 )

(12.2.23)
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Proof. We follow [65] and write 6 = e~*/? and introduce

—m/z

9 ol _n efnt/Q
au(m,t) I—In>L2 (v)Hn (‘T)
n=0
1, 0? 0
=3 (@ - x%)u(m) (12.2.25)

by Lemma 12.2.1. Now we transform this to the standard heat equation
by introducing v(x,t) = u(e!/?z,t). Then

0 0 0
a—: = et/Qasa—Z(et/Qx,t) + ai;(etﬂx,t) (12.2.26)
and
v f82 ¢
- Z 2 (pt/2
522 — € 922 5 (e 2, 1), (12.2.27)
hence
61} 10%v
= . 12.2.28
“or T 2022 ( )
Now we let 7 = 1 — e, so that v satisfies the standard heat equation
ov 10%
—_— = - 12.2.29
ot 20x2’ ( )

and hence the solution is

v(z,7) =

/ exp y)Z/(ZT))f(y) dy. (12.2.30)

VonT
Inverting the transformation, we find
u(z,T)
=v(vV1—712,7)
exp(—(V1 -1z —y)?/(2r d 12.2.31
m/ (- )*/(2r)) £(u) dy (12:231)
2 2
_ 1 oxp [ - (1=7)2? —2y1—Tay+(1-7)y*) f(y)e_y2/2 dy
VenT 2t

with 1 — 7 =7t = §2. O
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Exercise. Show that the density for the joint distribution of eigenvalues
from the Gaussian unitary ensemble can be expressed using the deter-
minant identity

.....

1 n
:m H (xj—xk)Qexp(—jz_:lx?/Q). (12.2.32)

T1<j<k<n

12.3 The Ornstein—Uhlenbeck semigroup

In this section we establish the main properties of e *-

on LP(v), as defined by the Mehler kernel.

as an operator

Proposition 12.3.1 The Ornstein—Uhlenbeck semigroup is a symmetric
diffusion semigroup, and satisfies the following properties:

(i) et f — fin L?(7y) ast — 0+, for all f € L*(7);
(ii) e tre sl = e~ (0L for st > 0;
(i) e (r2(y)) = L
(iv) e~tF is self-adjoint on L*(v);
(v) e £ f >0 if f >0, so the semigroup is positivity preserving;
(vi) e I =1,
(vii) e ' LP(y) — LP(7) defines a bounded linear operator such that

le™ By <1 (1 <p<oo);
(viii) u(x,t) = e7'L f(x) belongs to C*((0,00) x R) for each f € L*(y).

Proof. Properties (i), (ii), (iii) and (iv) are clear from the expression

e,y =3 & ——(f, Hu) 2 ) Ho (@) (12.3.1)

which represents e=*£/2

as a multiplier of the Hermite polynomials.

(v) Evidently the Mehler kernel is positive, so the semigroup is posi-
tivity preserving.

(vi) Since Hy = I, we have e 1T =1.

(vii) We can use the integral formula to define e=** on L?(v) for 1 <
p < oo. Properties (v) and (vi) combine to show that e~*f is bounded
on L>(R) with |le™""||5(1=) = 1. By symmetry of the Mehler kernel
as in (iv), the dual operator of e~*" 'L itself, so e~tF

on L!(v) with |[e™"*||g(11(y)) = 1. By the Riesz—Thorin interpolation

ise is bounded
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theorem [63, p. 525], e 7'’ is bounded on LP(vy) for 1 < p < oo with
le=* lleryy < 1.

(viii) The Mehler kernel M (z,y;t) is evidently a smooth function for
(z,t) € R x (0,00). O

Since 7 is a probability density function, Holder’s inequality [71] gives
a natural continuous linear inclusion L?(y) C L%(v) for ¢ < p. We now
show that the operation of e™** maps L4(v) into L?(vy) with p > ¢; that
is, the semigroup improves the L? index of each function. See [54, 75]
for similar results relating to other semigroups.

Theorem 12.3.2 (Hypercontractivity of the OU semigroup [26, 75]).
Suppose that 2 < p < oo and that ¢! > p — 1. Then e '/% : [*(y) —
LP () is bounded.

Proof. Were it not for the term in zy in the Mehler kernel, this result
would be easy to prove, since M(z,y;t) would factorize as a product
of Gaussians. We will bound this term by using the inequality 2zy <
s*x? 4+ y? /s for all s > 0.

We choose 0 < « < tanh(¢/2) and a small 8 > 0 and so that

1+pla—1)/2>0, (12.3.2)
which is possible since
t
P e+1-p
1 f(t ht2—1):7 . 12.3.3
+2 anh(t/2) I >0 ( )
Then we have
1
M(z,y;t) < ———exp((1 — a)a?/4+ (1 — B)y?/4), (12.3.4
(y),mp(( )2 /4 + (1= B)y?/4), (12.3.4)
since

t

et 2xy -« e s (1-0 et )
< 12.3.5
I—ect —( 4 +2(1—e4)>$ +( 4 +2(1—e4)>y (12.3.5)

which follows from
4< (P —a)+e 21+ )21 =0)+e 21+ 1)), (12.3.6)
1 < (cosh(t/2) — acsinh(t/2))(cosh(t/2) — Bsinh(t/2). (12.3.7)

This holds for a < tanh(t/2) and sufficiently small 5 > 0.
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Then from the integral formula we have the pointwise bound

e(l a)z? /4

VvV1—e-t

(1—a)a?/
1/ —t

We evaluate the integrals here, obtaining

e 2 f ()] € ——= | F@)le =7 1 (dy)

ay,2
Hf”L’ e 0y (12.3.8)

||e(1—/1‘):u2/4|‘%2 = /OO e(l—ﬂ)yz/Q—yz/?di = L, (12.3.9)
() o Ver VB

and

||€(1—a)272/4|p} :/00 ep(l—“)/ /A=2*/2 dz = 1 .
A COR V2r L+pla—1)/2

(12.3.10)

Consequently we have

le 22| e pe < B7VA1 =) V2 (14 pla —1)/2) VO,
(12.3.11)

so e I/2 is bounded L*(y) — LP(y) when e + 1 > p, hence the
result. g

Gross [75] showed that under a mild technical hypothesis, hypercon-
tractivity of e7*4 on L?(p) is equivalent to the logarithmic Sobolev in-
equality for the corresponding Dirichlet form [ fAfpdx. In particular,
his result shows that Theorem 12.3.2 follows from Corollary 6.3.3. We
now give one implication from this theorem. The idea is to choose p(t)
such that e=* : L?(p) — LP®)(p) is a bounded linear operator with
bound M (t).

Theorem 12.3.3 (Gross [75]). Suppose that p is a probability density
function on R" and that e** (t > 0) is a semigroup of continuous linear
operators on L*(p) that satisfies (i)— (viii) of Proposition 12.5.1. Suppose
further that there exist differentiable functions p : [0,00) — [2,00) and
M :[0,00) — (0,00) such that p(0) = 2, M(0) = 1, that p’(0) > 0 and
that e~ = L*(p) — L*Y)(p) is bounded with

le=* |

b SMOIflg  (F (). (123.12)
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Then p satisfies the logarithmic Sobolev inequality

[ @ o8 @ (11 Jota)da
4 / AM'(0), . o

< —— | f(o)Af(x)p(z)de + ———|| f]|5: 12.3.13
for all nonnegative f in the domain of the quadratic form (A, ).
Proof. By (viii) the function u(z,t) = e *4 f(x) is non-negative and
differentiable on R" x (0,00); further, by an approximation argument
discussed in [54] we can assume that the time derivative exists at t = 0+.
By hypothesis, we have

log / (= £ (@)™ pl) dx < p(t) log M (t) + p(t) log ||l ()
(12.3.14)

with equality at ¢ = 0; so when we compare the derivatives at ¢ = 0+ of
the left- and right-hand sides of this inequality, we obtain

1
i ([ (0@ 0g £(2) — 2041w pl)o)
10
/ M)
< p'(0)log M(t) + p(0) 0) P (0)log [[ fllz2(p)-  (12:3.15)
We multiply this through by 2| ||, (p>/p’(0) to simplify, and obtain the
stated result. (]

Remark. Nelson [121] showed that for the Ornstein—Uhlenbeck semi-
group, one can take M (t) =1 for all ¢t > 0.

12.4 Hermite polynomials in higher dimensions

The Hermite polynomials are:

e eigenfunctions of the Ornstein—Uhlenbeck operator on R>;
* gspherical polynomials on the sphere of infinite dimension;
¢ a natural basis for the Wick ordering.

In view of Proposition 12.2.2, we can regard L as the number operator
H, — nH, in L*(v). In this section, we extend this interpretation to
higher dimensions. So long as we work with functions that depend upon
only finitely many variables at a time, we can safely introduce

x=(x1,29,...) € R™, p=(p1,p2,...) €LY, (12.4.1)
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where p; = 0 for all but finitely many j. Then let |p| = Z;; p; and
pl =12, p!, and Hy(x) = [[;2, Hy, (z;) where all but finitely many
of the factors are equal to one, so H,(z) is a polynomial of total degree
p|. We can write H,(x) =: []}2, =}’ .

In RY for each m, we can form the orthogonal projection

N
T : L2(Ty) — Span{le (x1) ... Hpy (zn) : ij = m} (12.4.2)

and find that m, (2P ...2) = Hp, (z1)...Hy, (zy). By using the
Ornstein—Uhlenbeck operator, we can suppress I'y and carry out a sim-
ilar construction in infinite-dimensional Hilbert space. This is often re-
ferred to as the Wick ordering of polynomials.

Proposition 12.4.1 Let the Ornstein—Uhlenbeck operator on R be

= 0? 0
j=1 J
where the domain includes functions f(x1,...,xx5) such that
fecCc® (RV;R).
(i) Then
Z,, =span{H, : [p| = m} (12.4.4)

is an eigenspace corresponding to eigenvalue m.

(ii) L satisfies a spectral gap inequality with A\; = 1.

(iii) There is a natural representation ® of Se on Z,, given by the
permutation of variables o : (x;) — (z,(;)), which commutes with
the operation of L.

Proof. (1) This follows directly from Lemma 12.2.1(i).

(ii) Suppose that f € C>(RM;R). Then we have f(z) =
Zp<f, H,)H,/p! where the Hermite polynomials depend upon only
finitely many coordinates, so the obvious extension of Proposition 12.2.2
gives

2
gxfj yn (dx). (12.4.5)

| r@Ptan = [ i

Once again, Corollary 6.3.3 and Proposition 6.7.3 imply a stronger result
than Proposition 12.4.1(ii).

(iii) The elements of So, permute finitely many variables, and leave
the others fixed, so the representation m, : Hy,(x) — H,(cx) is well
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defined. The variables appear symmetrically in the definition of L, so
7o LH,(x) = LH,(ox). O

Lemma 12.4.2 The following identities hold:

(i) exp(Az—A\*/2) = i &H,L () (xeR,AeC); (12.4.6)

n=0 n!
@) altea) = X (") L @) [T 0240
[pl=m J J

Proof. (i) By Taylor’s theorem we have

X yn B e (_1)n>\n 22 dn %)
D pH(w) =) e e
n=0 n=0
— i ﬁ d" e:t2/2—(:c—t)2/2
B I'\dt" /=0
n=0
)
B P\dt" ) =0
n=0 s
= MemA/2, (12.4.8)

(ii) For each j, by (i) we have

exp(yjz; —y;/2) = Z by SH,, () (12.4.9)

pfoj

and hence we can take the product of j to obtain

el = l/2) = I Z‘%H

=(p;) Pj —o P
- Z Z ml H Hy, (xj)ypj. (12.4.10)
m p: |p| m

The terms that have degree m are
1 1 m .
LACSDEE D SR SN ) ) ) | CGER RS
p:pl=m J J
d
Pursuing the analogy with the preceding section, we wish to regard the

H, as orthogonal with respect to a Gaussian measure on R°. Hence
we introduce a sequence of mutually independent random variables
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X = (xj)2; on (Q,P), where x; has a N(0,1) distribution, and then
we let Hp (X) = H;il Hpj (Xj)'

Definition (Homogeneous chaos). The space Z,, = span{H,(x) : |p| =
m} is homogeneous chaos of degree m. The domain of the self-adjoint
operator L is

D) ={f =3 fu: f € Zs 3o wPllfull® <00} (124.12)
m=0

m=0

Theorem 12.4.3 (i) (H,/p!), gives an orthonormal sequence in
L*(Q,P).
(ii) For each (y;) € 0> and m € Z, Hy (3272 yjx;) belongs to Zy, .
(iii) There is a natural representation m of O(0c0) on L*(,P) given
by
[ur] = (x;)521 + (Zuijj) (12.4.13)

k=1
Jj=1

and m, Hy(x) = H,(uX), and Z,, is a submodule for this representation.

(iv) The operator L commutes with the action of O(c0) on D(L), so
that m,Lf = L(m, f) for all f € D(L) and u € O(0).

Proof. (i) When p # g, there exists an index j such that p; # ¢; and
EH,(x)H,(x) includes a factor

BH,, 06)Hy, (6) = | Hy, ), (@) de = 0. (124,19

Further, by independence of the x;, we have
(oo} 1 o0
EH,(x)*/p! = H —|/ H, (z)*y(z)dx = 1. (12.4.15)
j=1 p] ©J =00

(i) This follows immediately from Lemma 12.4.2(ii).

(iii) For any matrix [u;;] € O(c0), each column involves only finitely
many nonzero terms, so the sums Zjil ug;x; are actually finite. The
random variables (Z‘;il ug;jX;) are Gaussian by Lemma 11.3.3 and mu-
tually independent since

E{ (i uijj) (i uzjxj)} = iukjugj =0re (12.4.16)
j=1 j=1 j=1

by orthogonality. Further, by (ii), each H,, (> ; Ukj X;) belongs to Z,,.
By forming products, we see that Z,, is invariant under the operation
of O(c0).
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(iv) For each f,, € Z,,, we have m, f € Z,, where Z,, is an eigenspace
of L by Proposition 12.4.1(i), so L(my fim ) = mmy fon = 7o (Lfm)- ]

Remark. In this section, we have followed McKean fairly closely, giving
more explicit statements of some of the results. McKean suggests that
the spaces Z,, should give a complete list of irreducible submodules of
L*(Q,P).

Malliavin [112] gives a detailed discussion of the subspaces of L?
spanned by Hermite polynomials. In [14], the authors extend these ideas
to the context of free probability.

Proposition 12.4.4 The infinite unitary group U(oco) has a natural
representation on CQ® Z,, given by m, H,(z) = H,(uz) such that Hp, (x1)
18 a cyclic vector.

Proof. The basic identities in Lemma 12.4.2 for Hermite polynomials
hold for complex variables since we only used identities for convergent
power series in the proofs. Hence

N N
e (Eoen)- 5 (7 ) et
j=1

p:pl=m =
(12.4.17)
so we use orthogonality of characters to pick off the term

<P1 .T.r%pN) ll_j[Hpj (z) Hai.f
:/s* '”(Z% jX])GXP( zi: )@ d297]:

(12.4.18)
For each real sequence (a])N,1 such that Z = 1, and each real
sequence (Hj) Y, there exists u € U(N) that has ﬁrst row (€% a; )j\’ 1-

Hence the right-hand side of (12.4.17) lies in the closed linear span of
7y Hyp, (x1)- Since the products Hj H, (x;j) generate Z,, as a complex
vector space, we deduce that H,, (x1) is a cyclic vector. a

The sphere S"7!(R) has constant Ricci curvature tensor (n —
2)R™21I,_;. This suggests that when R = \/n and n — oo, we should
obtain interesting results on some limiting object. In Theorem 1.6.2 we
saw that the surface area measure on S" ! (/n) induces measures on R™
that converges weakly to the standard Gaussian. By Theorem 12.4.3(ii)
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the measures are invariant under the action of O(c0). Further, the next
result shows that the Laplace operator on S"~!(y/n) converges to the
Ornstein—Uhlenbeck operator on R™.

Proposition 12.4.5 Let m, , : R" — R™ be the projection onto the
first m coordinates, $0 Tm n(&1y--, &) = (§1y.--,&m), let g : R™ —
R be a smooth and compactly supported function and let f,(x) =

g(v/nmm o (x)/||z])). Then
0 82 m 82 8
_;@fn(x) _’jz_;(_a§§+§jaéj)g (n — 00). (12.4.19)

Proof. McKean [115] sketches a proof of this result which involves trans-
forming the Laplacian into polar coordinates and then finding the limit
as n — 00; the details are wearisome to write out. We provide a similar
proof which involves a little less computation.

When & = (&,...,&,) is a typical vector in R", the coordinates can
vary independently, but the point \/n&/||€|| lies on the sphere of radius
/1, so the coordinates are dependent. If we let n — oo, then the first m
coordinates, become asymptotically independent again; this subtle effect
leads to the stated partial differential operator.

Evidently f, does not depend upon r = ||z||. Then we convert the
Laplace operator on Euclidean space into into polar coordinates, and
take

"L 92 #? (n—-1)0
_Zaixg*_ﬁ_ 5 LA, (12.4.20)

where A, is the Laplace operator on S"7!(r); likewise Vf, =
r=2(Vf.,x)x + V, f,, where V, is the gradient on S"~!(r). The gra-
dient V, f,(x) lies in the hyperplane that is tangent to the sphere at
x; further, (Vf,,z) = 0 since f, does not depend upon |z|. By the
divergence theorem, we have

Fulo fub s ym(de) = / IV Fall 2601 ym(de),
/5"1(\/@ Sn=1(\/m) ’

(12.4.21)
where

=358 - 5 (55
Jj=1 i1
Z<%)2 - 1(sz(,;1gj)2, (12.4.22)

=1 J j=1

<.
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on S"~1(y/n) since f,, depends upon the first m coordinates; the final
term goes to 0 as n — oo.

As in Theorem 1.6.2, the coordinate map 7, , : S"~'(y/n) — R™
induces Y = Tmnlon—1, from the normalized surface area on
S"=1(\/n), where v, , — Ym weakly as n — oco. Hence we have

7 /0
Lo o) tesstan = [ 3 (52

m

dxy...dx
_ 2 /9|22 om
X exp( E T; /2) CORE (12.4.23)

j=1

as n — oo. Finally, we integrate by parts to obtain

m ag 2 dl‘ d(Em
/ ;(ax]) exp( - Zw2/2) S (12420
m 82 ) d 4 .

Jj=1

(12.4.25)
and thence the stated result by polarization. O

In Chapter 3 we used the Gaussian concentration of measure to de-
duce concentration of measure on spheres. In Chapter 6, we saw how the
Gaussian density N(0,I) on R™ satisfies a logarithmic Sobolev inequal-
ity with constant @ = 1. We now show how this arises as the limiting
case of Sobolev inequalities on the spheres S"~!(y/n) as n — oo.

Proposition 12.4.6 (Sobolev inequality on the sphere). Let o, be the
rotation invariant probability measure on S™. Then

(n—2)/n 4
2n/(n—2) < 2,
([ 1R 020, a0) " < 2 [ 9P o)
+/ |F (W), (dw) (12.4.26)
holds for all F € L*(S™) such that VF € L*(S").

Proof. See Bechner [12]. O

Suppose that f, : S"~1(y/n) — R depends on the first m coordinates,
and hence is given by g, : R™ — R as in Proposition 12.4.5. Then the
terms in the spherical Sobolev inequality converge as follows: the rescaled
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gradient term satisfies

1

7/ ||vfn|‘2da—n—1,n "/ ||ngH2%,,,(das), (12427)
n Jsn=1(\m) rR™

as n — 0o, and

. (n=3)/(n—1)
(/ ‘fn|2(n71)/(n73)d&n711n) _/ fgda—nfl,n
s -1 (yA) -1 (ym)
. 2 21 2 QdA ~ d
Tl -1 (/) fn (W) 0og fn (W) fn On—1,n Un—l,n( w)

+0(1/n?). (12.4.28)

Hence the limiting form of the Sobolev inequality is

| ot o8(0n (02 / [ v ) (de) <2 [ Vg P (d).
m RTH,
(12.4.29)

In the preceding section, we have given meaning to the following heuristic
statements.

* O(o0) acts as the group of rotations of S°°(1/00).

* The Ornstein—Uhlenbeck operator gives the rotation-invariant
Laplace operator on S (,/00).

* Gaussian measure is the rotation—invariant measure on S (,/00).

¢ The logarithmic Sobolev inequality for the Gaussian measure is the
limiting case of the Sobolev inequality on the spheres.
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From the Ornstein—Uhlenbeck process to the
Burgers equation

Abstract

In Chapter 12 the Ornstein—Uhlenbeck operator L was defined as a self-
adjoint differential operator, and we obtained the Hermite polynomi-
als as the eigenfunctions in L?(vy). In Chapter 13, we introduce the
Ornstein—Uhlenbeck stochastic process via the corresponding stochas-
tic differential equation, and we show that the Mehler kernel gives the
transition densities. We then extend these ideas to stochastic processes
with values in the real symmetric n X n matrices, obtaining the ma-
trix Ornstein—Uhlenbeck process. More generally, we prove an existence
theorem for matrix stochastic differential equations in L? with Lips-
chitz coefficients. Following Dyson’s approach, we obtain corresponding
stochastic differential equations for the eigenvalues and then derive the
Burgers equation for the equilibrium density as n — oc.

13.1 The Ornstein—Uhlenbeck process

¢ The Ornstein—Uhlenbeck process is introduced by a simple stochastic
differential equation.

* The Ornstein—Uhlenbeck process is the unique Gaussian process that
is stationary and Markovian.

* The transition densities are given by the Mehler kernel.

Let b; be Brownian motion, and let a > 0. Suppose that z; represents
the velocity of a particle at time ¢, where the particle is subject to a resis-
tive force —az; proportional to z; and subject to random impulses. The
suggests the stochastic differential equation for the Ornstein—Uhlenbeck
process:

dZt = —Oétht—det, (1311)

392
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to be interpreted as shorthand for the integral equation
t
2= 2 —/ azgsds + by — by (13.1.2)
0

in L2(dt dP). See [70, 73].

Lemma 13.1.1 Suppose that zy is independent of (bt)i~o and has a
N(0,1/(2cr)) distribution. Then any solution of the Ornstein—Uhlenbeck
equation satisfies

EZt = O,
E(zz) =e *09IE(:Y)  (t>5>0). (13.1.3)
Proof. We have
t
2 = 2y — / azydu + by — b (t>s>0) (13.1.4)

where b; — b, is independent of z,, hence
t
E(zz2) = E2? —/ aE(zy zs)du; (13.1.5)
hence
E(zz) = e U Ez2. (13.1.6)

Furthermore, the expectation satisfies
t
Ez; = Ez — a/ Ez,du, (13.1.7)
0

and Ezy = 0, hence Ez, = 0. O

Proposition 13.1.2 There exists a unique Gaussian process that satis-
fies the OU equation, and which has the following properties.

(i) (z:) has Markov’s property,

E(f(2t) | 25, 2555025 ) = B(f(21) | 25) (13.1.8)

forall0<s; <---<s; <s<tand f e C(R).
(ii) (z:) is a strongly stationary Gaussian process; so that
. have joint Gaussian distribution equal to that
Of Zty 4ty 2ty 4ty -+ 2t, ++ Whenever 0 <t and 0 <ty <t; <--- <tp.

ZtO,Ztl,...,Zt
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Proof. (ii) By successive substitutions, we have
t
=e Yy + b — a/ e (t=9)p ds
0

t
:efatZﬁ/ e=a(t=5) g, (13.1.9)
0

SO
t
E(z}) =Ez +/ e 2 gs = —. (13.1.10)
0

Hence (z;) is a Gaussian random variable with mean zero and variance
1/2a. By the Lemma, Ez; = 0, and

e~ [t—s]|

Ezszy = BEzg p2pp = ———
2a

(13.1.11)

Since (z) is a Gaussian process, the correlations determine the joint
distribution, and this suffices to prove strong stationarity [73].

(i) The Markov property is clear from (13.1.11): knowledge of z; does
not change the conditional distribution of z; given z,.

Any solution to the OU equation has Markov’s property and
is covariance stationary by the Lemma. For a Gaussian process,
the auto-covariance Ez;zs uniquely determines the joint distribution.
See [73]. O

Definition (OU () process). The process Z; is the Ornstein—Uhlenbeck
process with drift coefficient . (When v = 1/2 the process Z; has Z ~
N(0,1) and the standard Gaussian v; as its stationary distribution.) See
also [73, 112].

Theorem 13.1.3 Suppose that f is a bounded and continuous function.
Then the transition densities of (z) are given by the Mehler kernel; so
that

a
B(fe) |20 =) =\ [T — oy
e’} —2at .2 _ 2 —at —2at,,2
></ exp _ale T e 2xy—|—e y))
—0 1—e—20t
x exp(—ay®) f(y) dy. (13.1.12)

Proof. Since (z;) is a stationary Markov process, the joint distribution is
completely specified by the distribution of z; and the conditional distri-
bution of z; given z;. We observe that when z; = z, the integral equation
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reduces to
t
z =e Vg +/ e =) qp,, (13.1.13)
0
so that the conditional distribution of z; is

1— —2at
L) (13.1.14)

Zp ~ N(e‘”tx,
2¢

Hence the formula for the Gaussian probability density function gives

«
ﬂ-(]_ _ e—?at)

E(f(zt) | 20 = ac) =

° az? ot
and we obtain the stated formula by substituting z = 2z + e “!x. See
also [65]. O

Corollary 13.1.4 (Backward equation). Let u(x,t) = E(f(2) | z0 = x)
where f € Cy(R;R). Then u : R x (0,00) — R is twice continuously
differentiable and satisfies

ou 10%u Ju
— = —ar—. 13.1.16
ot~ 2022 oz ( )
In particular, when o = 1/2, the differential equation is Ou/Ot = —Lu/2,
where L is the Ornstein—Uhlenbeck operator of Chapter 6.

Proof. See the proof of Theorem 12.2.4. O

Let bg for j = 1,2 be mutually independent copies of Brownian motion,
and let
[T
Ct:—Z(bt+zbt) (t>0)

Loy )
= 0L -y (<o) (13.1.17)

Proposition 13.1.5 The Ornstein—Uhlenbeck process has spectral
representation

—iatu

2t

1 o0
,:%1 jmdgu (t > 0). (13.1.18)
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Proof. We have dz,dz, = du and dz,dz_, = 0, so that

Eo s 1 00 efia(tfs)udu
225 = —— —_—
e A Y
L aj—s|  (s.420)
= — s = 13.1.19
5 € ( )

holds by a familiar identity from Fourier analysis. Further, (_; = (,
so that z; is a real Gaussian process. Hence (z;);~0 is the Ornstein—
Uhlenbeck process. See also [73]. O

13.2 The logarithmic Sobolev inequality for the
Ornstein—Uhlenbeck generator

* The Ornstein—Uhlenbeck process is associated with the logarithmic
Sobolev inequality for the Gaussian measure.

¢ The gradient flow reduces to a simple form of the Fokker—Planck
equation.

Let X be a random variable with probability density function ¢y, and
let b; be Brownian motion independent of X. The stochastic differential

equation
dzy = —azdt + dby, (13.2.1)
zp =X
has solutions
z=e X + /Ot e t=5)gp,; (13.2.2)
so that
z ~e X 4 (A—ey (13.2.3)

(20[)1/2 Z’

where Z is a N(0,1) Gaussian random variable that is independent
of X.

Lemma 13.2.1 The probability density function of z is

q(x) = e—oc’ /RMt(x,y)qo(y) dy (13.2.4)

where My (x,y) is the Mehler kernel.
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Proof The random variable e=®?X has probability density function
e’ qo(e'y), and the probability density function of z; is the convolu-
tion of the probability density function of e=**X with the probability
density function of (1 —e~2%")1/2Z/(2a)'/2. Hence by some simple ma-
nipulations we have

2

_ « )1/2 —az?
B (7‘((1 — e—2at) ¢

—2at .2 -9 —at —2at, 2
X /exp(—oz(6 x € myte y ))qo(y) dy, (13.2.5)

1— e—2at
where the final expression involves the Mehler kernel. O

We now compare the rate of change of relative entropy with respect
to the stationary distribution with the relative information. This is an
instance of Theorem 6.2.2.

Proposition 13.2.2 (Barron [10]). Let g be the probability density
function of the N(0,1/(2«)) distribution, and let ¢ be the probability
density function of z;. Then

0 -1
St | goe) = 510 | o) (13.26)
and @ — Qoo in L' ast — co.
Proof. By Corollary 13.1.4, we have
0 1 0° 0
— = -——=M, —ar— 13.2.
g Mi(w.y) = 5 55 Mi(w,y) — ax g My (w.y) (13.2.7)
and so by an elementary calculation we have
0] 10? 0 2
e M, (77 g )‘“”M,; 13.2.
8t t(z,y) = 2824—0@8 + a t(z,y); (13.2.8)
hence by Lemma 13.2.1, we deduce that ¢; satisfies the forward equation
0 1 9? 0
&Qt( ) <§W + leaf + Oé) ( ) (1329)

In view of Chapter 6, a more illuminating version of this Fokker—Planck
partial differential equation is

o 10, 0. g
o () = 5(’)7(%87 log qf) (13.2.10)

oo
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which we recognise as the gradient flow for 27 'Ent(q; | ¢o0). Now we can
calculate

9 gt (x)dz =0 (13.2.11)

and

9 _9 @ ()
5Bt | 0) = 33 [ a@)ios 2

[ (Pa,, a) o
_/R((?t log Goo () * 8t)dx

= 1‘/Rlog @ () %(qt(x)glog () )dx

2 QOO(x) ox qoo(x)
-1 0 @ () \?
=9 th(m>(a§l qoo(x)) dz,

so by integration by parts

0 —1
@Ent(qt | goo) = 71(% | Goo)- (13.2.12)

By the logarithmic Sobolev inequality Corollary 6.3.3, we have

1
Ent(g: | goc) < =1 (ar | 4o0) (13.2.13)

which gives the differential inequality

3}
aEnt(qt | 4oo) < —2aEnt(¢: | goo), (13.2.14)

hence by Gronwall’s lemma
Ent(q; | goo) < e *"Ent(q | ¢oo)- (13.2.15)

Hence ¢; converges to ¢ in entropy, and so the result follows by Csiszar’s
inequality Proposition 3.1.8. ]

13.3 The matrix Ornstein—Uhlenbeck process

* There is a natural extension of the Ornstein—Uhlenbeck process to
n X n symmetric matrix-valued processes.

* The eigenvalues satisfy a singular stochastic differential equation with
a simple limiting form as n — oo.
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The results of the previous sections generalize easily to the matrix-valued
setting; for illustration, we consider real symmetric matrices. Given a
processes Y; in M?(R) with EY; = 0, the auto-covariance is

(Y, Ys) = lEtmce(YtYs). (13.3.1)
n

Definition (Matriz Brownian motion). Let b;tk) for 1 <j <k <nbe
mutually independent copies of Brownian motion, let b;, = by; and let

[Bilji = —A=bly) for 1< j <k <n, [B;; = —=bl, and [Bi]j = [Bils;
so that

1 (t)
By =— Z Ejbj, (13.3.2)
1<j<k<n

with respect to the standard orthonormal basis of M7 (R), as in
Section 2.2. Note that the normalizations are consistent with those that
we used in the definition of the Gaussian orthogonal ensemble; in par-
ticular, By has the same distribution as the GOE, and the process has
stationary independent increments with

(B, — By, B, — By) = %(1—1—%)(75—3). (13.3.3)

When n = 1, we have the standard Brownian motion of Section 11.4.

Definition (Matriz OU process). Let z](}? for 1 < j,k < n be mutually
independent copies of the OU («) process as in the previous section, then
let

1
[Zt]jk':ﬁ Z Z](;)E]k (13.3.4)

1<j<k<n
Then the process [Z;] is the matrix Ornstein—-Uhlenbeck process.

Proposition 13.3.1 For a > 0, there exists a stationary Gaussian
process (Z;) in M3 (R) that satisfies

dZt = —Oétht + dBt (1335)

and is such that

n+1

<Zt7ZS> = Ano

e~lt=sl (s, >0). (13.3.6)
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Proof. We have by orthogonality

1 (t) (s)
(2:,2.) = — > Ezp2
1<j<k<n
n—+1

= —eolt=sl, 13.3.7
dna € ( )

Stochastic differential equations
for eigenvalues: motivation

The corresponding stochastic differential equation for the eigenvalues is
more complicated, see [14]. Suppose that ()\5 ))’Ll are the eigenvalues of
Zy, in some order. Then formal manipulations show that

1 1 1
A\ = (—a®) 4 = P — dt + —ab'?  (13.3.8)
J J t t J
( ”k:k¢jA§)—A§€)) NG

where b§t> are mutually independent copies of Brownian motion. See
[112].

This stochastic differential equation is difficult to interpret in its own
right, since there are singularities where the eigenvalues coincide or cross.
Fortunately, Proposition 13.3.1 shows us that there exists a solution to
this family of equations, for reasonable interpretatlons We are mainly
interested in the empirical eigenvalue distribution un = }L ZJ 1 )\(1

which is clearly independent of the ordering of the eigenvalues, and
satisfies

/f = ltracef(Zf) (13.3.9)

We can carry out computations at three different levels, corresponding
to the random objects

Zye MM(R) — MDeR" — ul) e Prob(R).

So by working at the level of matrices, we can hope to avoid the singu-
larities that appear in the stochastic differential equation for the eigen-
values. In many applications, one takes a further expectation so as to
have a non-random probability measure that describes the eigenvalue
distribution.
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Definition (IDS [37]). Given an empirical probability measure p,, the
integrated density of states is that probability measure p, that satisfies

/ F(@)pn (da) / f@m(de)  (feGR).  (133.10)

More generally, given a differentiable scalar potential function v : R —
R, the formal system of stochastic differential equations

1
axy = (—u'Oy) + )dt —db 13.3.11
J + Z Ak _ + \/ﬁ t ( )
Ly
with \; = )‘§'t> gives rise to the diffusion equation for the empirical
distribution

TBIS f) = R W) )

j=1 j=1
1 () = () 1 <
Bem 2 T w P 22:

(13.3.12)

and hence to an equation for the integrated density of states

G [ @@= - u'<x>f<x>p$f)<x>dx

s [ FEEL 0 w0 asay
—l—%/f”(:n)pnt (z)dz. (13.3.13)

This argument is not rigorous since the standard hypotheses of Itd’s
formula are violated by the function 1/(x —y). We overcome these diffi-
culties by proving the existence of a matrix process such that the eigen-
values of Z; satisfy equations such as (13.3.11).

13.4 Solutions for matrix stochastic differential equations

* There is a simple existence and uniqueness theorem for stochastic
differential equations for symmetric n x n matrices with similar form
to the matrix OU equation.

e The corresponding eigenvalues satisfy a stochastic differential equa-
tion which reduces to the Burgers equation as n — oc.
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Let ||.|| be a matricial norm on M; (R), such as the operator norm or
c(n), and let v : (M (R),||.|) — (M:(R),]|.]|) a Lipschitz function
with constant x. We consider matrix stochastic processes to be elements
of the Banach space

E= {Y :Qx[0,7] = M?(R) measurable : / E|Y;||?dt < oo}
0

(13.4.1)
with the norm

i 1/q
i = (| BIviiar) (13.42)

where 1 < ¢ < co and 7 > 0. In particular, E is a Hilbert space when
we choose ¢ = 2 and || . || to be the norm of ¢2(n).

Theorem 13.4.1 Suppose that ¢~'/97k < 1. Then for any Xy : Q —
M:(R) such that E|| Xy||? < Cy, there exists a unique solution in E for

n

dXt = —’U(Xt)dt + dBt,
Xo = Xo, (13.4.3)

and there exists C(n,k,v,q,7,Cy) < oo such that E|X;]|? <
C(nak,vaanch)‘

Proof. We require to solve the integral equation
¢
0
by the iteration scheme X} = X, and
t
X"t = Xy + By —/ v(X") ds. (13.4.5)
0
Now X, B € E, and we can introduce ¢ : £ — E by
t
oY), =Xo+ B — / v(Yy) ds. (13.4.6)
0

By Banach’s fixed point theorem [150], there exists a unique fixed point
for ®, which gives a solution to the stochastic differential equation.
Indeed,

(V) — B(2), = 7/0 (v(Y2) = v(Zy)) ds (13.4.7)
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and so by Holder’s inequality [71]

DY), — ®(Z) " <t'~! /t [o(Ys) —o(Z,)||?ds  (13.4.8)
“ 0
/ DY), — (2), | dt < ,«ﬂ/ Y= Z,|ds  (13.4.9)
and hence
12(Y) = @(2)lle < ¢ V'7k|Y — Z|g (13.4.10)

so @ is uniformly a strict contraction on E. Given the solution of (13.4.4),
one can use Gronwall’s Lemma to bound E|| X, ||7. O

We use the orthonormal basis for (M?(R), c*(n)) that was introduced
in Section 2.1.

Lemma 13.4.2 For the above process, the drift is

1
ZE(Zt —Zy) — —v(Zy) (13.4.11)
and the quadratic variation is
1
B(Z-2)e(Z- %)~ S En@Bx  (t—0+),
1<]<k<n
(13.4.12)

Proof. We introduce the maximal functions ¢; = supy<, <; [|Z: — Zo||e2 (n)
and B; = supy<, <; | Btl|c>(n)- Then by the reflection principle for Brow-
nian motion [73], or the submartingale maximal theorem [139], there
exists a universal constant such that

Ej; < CE|Bi[|%(,) < Ct. (13.4.13)

c%(n)

We write the stochastic integral equation as

Zy — Zy = —v(Zp)t + /t (v(z0) —v(Z,)) du+ B, (13.4.14)
SO :
G < tllv(z0)lle2(n) + thG + By (13.4.15)
and hence

2t% v (z0)|I* + 267
(1—tk)?

¢ < , (13.4.16)
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hence E¢? = O(t) as t — 0+, and so E(v(z,) — v(Zy)) = O(J/u) as
u — 0+ . Now we have

%E(Zt ~ Z) = (%) + %/0 (Bo(Z,) — o(Z0)) du
— —v(Z) (t — 0+). (13.4.17)

For the second order terms, the integral equation gives

(Zt—Zo)®(Zt—Zo):/0 v(Zu)du®/0 v(Z,) du
_/tv(Zu)du®Bt
0

t
+Bt ®/ ’U(Zu)dU‘i’Bt ®Bt, (13418)
0
and we split up the mixed terms as
t t
- / v(Zy) du® By = / (v(Z0) = v(Zu)) du® By — tv(Zy) @ By
0 0

(13.4.19)
where Etv(Z)) ® By = 0 and

E(H/Ot (v(Zo) —v(Zy)) du

(:g(n)HBtHy(n)) < tvE(Gfh)

< tu(E¢?)"* (EA2)'"?

= O(t?). (13.4.20)
Finally we have the main contribution to the quadratic variation
1 1
E-B, @B = — > Ej®Ej. (13.4.21)
1<j<k<n
(]

Theorem 13.4.3 ([t6’s formula). Let F' : M2 (R) — R have continuous
and bounded derivatives of orders 0,1,2. Then
d 1
(%)t:OEF(Zt) = —trace, (VF(Z0)o(Z0)) + 55 AF(Z). (13.4.22)
Proof. By the mean value theorem, there exists Z; on the line segment
joining Zy to Z; such that
F(Zy) = F(Zo) + (VF(Zo),(Zt — Zo))e2 (n)

+ %(HessF(Zt), (Zy — 20) @ (Z — Zy)).  (13.4.23)
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Now HessF(Z;) is bounded and by continuity
HessF(Z;) — HessF(Zy) (13.4.24)

almost as surely as t — 0+. Hence we have

EF(Z,) — EF(Z)

- %(VF(ZO),E(Zt — Zo))er (m)

t
1 _

+E2t <H€SSF(Zt), (Zf — Z[)) ® (Zf — Z())>

(13.4.25)
and the limit of the right—hand side as t — 0+ is
—(VF(Z0),v(Z0))e2 () + <HessF (Z), Y Ej @Ejk> 2
1<j<k<n
1

= —trace, (VF(Zy)v(Zy)) + ﬁAF(ZO), (13.4.26)
by definition of the operator A. O

In Section 13.2, we solved the stochastic differential equation dZ; =
—aZydt + dB; by introducing the matrix OU process; here we perturb
the potential ax? /2 by adding a bounded term g, and solve the resulting
stochastic differential equation by using Theorem 13.4.1.

Theorem 13.4.4 Let u(z) = $x*+g(x), where g € C*(R) has ¢, g €
L*(R) and a > 0. Then for each Xy : Q — M (R) such that E|| X |]* <
00, the stochastic differential equation

X, = —(aX, + ¢'(X,)) dt + dB, (13.4.27)

has a solution X; such that X; : @ — M3 (R) has E|| X;||*> < oo. Further,
there exists Z < oo such that

Vo (dX) = Z~" exp(—2n*trace, u(X))dX (13.4.28)
is a stationary probability measure on MS(R) for this flow.

Proof. By Proposition 2.2.8, the map X — «/(X) is Lipschitz, so by
Theorem 13.4.1 the stochastic differential equation has a unique solution
on [0, 7] for sufficiently small 7 > 0, where 7 depends only upon w.

We now show that for any smooth and compactly supported function
f:M:(R) — R, the expression

/E(f(Xt) | Xo)vn (dXo) (13.4.29)
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is constant as t varies over [0, 00). By Itd’s formula
d
(%)t:OE(f(Xt) | XO) = E((_tracen (Vf(XO)U,/(Xo))
1

) |X0> (13.4.30)

and by the divergence theorem

1 / 9
— Af(X)exp(—2n“trace,u(X))dX
1
== trace, (V f(X)u'(X)) exp(—2n*trace, u(X))dX
Z Jy;(m)
(13.4.31)
where Z is the normalizing constant. Hence
d
— E(f(X:) | Xo)v(dXo) (13.4.32)
dt Jar (r)

vanishes at ¢t = 0. The coefficients of the stochastic differential equation
do not depend upon time, so this suffices to prove stationarity. (I

When o = 1/2,n = 1 and u(x) = 22 /4, Theorem 13.4.4 reduces to
Lemma 13.2.1. For n > 1, the eigenvalues interact, giving an extra term
in Itd’s formula.

Corollary 13.4.5 Let f € C}(R) and let F : Mi(R) — R be F(X) =
trace,, f(X). Let Z; be the solution of the stochastic differential equation

dZ; = —u'(Z;)dt + dB; (13.4.33)

with w as in Theorem 13.4.4. Suppose that the eigenvalues of Zy are
Ay ..o Ay and that they are distinct. Then

() Br = Zu’mf’(m
A "(Ar) ,
2712 Z )\ — /\k k an Zf

(13.4.34)
Proof. By Proposition 2.2.4, we have
1 n

(W'(20), VE(Z)ern) = — ST w0, (13.4.35)
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We choose an orthonormal basis (§;) consisting of eigenvectors of Z; with
corresponding eigenvalues J;, then introduce matrix units e;;, = & ® §;;
and the corresponding orthonormal basis {Ej i1 <j<k<n}of
(M$(R),c*(n)). From the Rayleigh-Schrédinger formula we obtain

(Hess F,E;; @ Ej;) = f"(\;)  (G=1,...,n), (13.4.36)

f'5) = ')

(Hess F,Ej;, ® Ejj.) =2 I,

(1<j<k<n), (13.4.37)
since (Eji&;, &) = (Ejrér, &) = v/n/2. Hence

S W o =

1<j<k<n 1<j<k<n

(13.4.38)

When we substitute these terms into Theorem 13.4.3, we obtain the
stated result. g

Biane and Speicher [14, 15] showed that the stochastic differential
equation for the empirical distribution leads to a quasi differential
equation for the integrated density of states. In the special case of
u(r) = 2% /2, this is the complex Burgers equation.

Proposition 13.4.6 Let Z; be as in Corollary 13.4.5, and let ugf) be
the empirical distribution of its eigenvalues. Suppose that (p;)i=o are
probability density functions on R such that usf converges weakly to
pt(x)dx in probability as n — co. Then (p;)i>o gives a weak solution of

% - %(pt(x)(u/(x) - prt(x))), (13.4.39)

namely the gradient flow for the functional

F(p) = /Ru(z)p(x) dx + %// 2 log z i y|p(:v)p(y) dxdy. (13.4.40)

Proof. Note that ,ugf ) ® ugf ) converges weakly to p; ® p; in probability as
n — 00, and that

Etrace, f(Z;) — /Rf(x)pt(ac) dx (n—o00) (13.4.41)

for all f € C,(R;R). Suppose that f € C'(R) has compact support;
then (f(z) — f(y))/(z — y) extends to define a bounded and continuous
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function on R?, and /() f'(x) is a bounded and continuous function.
The limit of the equation

d 1 1
ZE-YFO) = —BE Y Tl ()
Jj=1 Jj=1

S\ AN )
pe Ly LA

OEENG)
N A

1 n
+ By g STl (13.4.42)

Jj=1

as m — 00 is
5 [f@n@ ds =~ [ Fn @) s

+% / / WPt(x)pt(y) dady
— /f’(x)(u’(x)—p.v./M)pt(m)d:ﬂ
= [ 1@ (o) @) — ()
(13.4.43)

so py is a weak solution of the stated equation. Further, the weak deriva-
tive of F is

%I,j = u(z) - /10% |z — ylp(y) dy (13.4.44)

so the gradient flow is

6pt 0

- = (pt (z) (' () — ﬂ'Hpt(J)))). (13.4.45)
Recall that if u is a potential that has equilibrium density p, then v’ =
7Hp by Theorem 4.4.1. O

13.5 The Burgers equation

The complex Burgers equation arises:

¢ from the free Fokker—Planck equation;

* as a limiting case of the Riccati equation for heat flow.

¢ The complex Burgers equation plays a réle analogous to the Ornstein—
Uhlenbeck equation.
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In Section 6.5 we saw how p = JG satisfies the gradient flow for free
entropy when G satisfies the complex Burgers equation. In this section
we consider the other interpretations.

We previously considered the score function ¢'/¢ of a probability den-
sity function, and now we consider how this evolves under the heat equa-
tion. Let f(x,t) be a positive solution to

of O*f
- =5 13.5.1
ot 0x? ( )
and observe that u(z,t) = —g—f: / f satisfies the Riccati equation
ou ou  u
— +2u—— -— =0. 13.5.2
ot * Yor a2 ( )
By rescaling v and z, we can write this as
ow ow 5 0%w
— +2w— —e"— =0 13.5.3
ot " Mor o TV (13:5.3)

for some scaling parameter € > 0. Thus the diffusive term can be made
to appear as a perturbation to the Burgers equation

ow ow

We now present some solutions of the Burgers equation involving the
distributions of Section 4.5. In [166, 83] there is a discussion of how
arises in free probability.

Proposition 13.5.1 Let p; be the probability measure that has S(0,/t)
distribution, and let

2
z4+ V22—t

be its Cauchy transform. Then G satisfies the complex Burgers equation

G(z,t) = (t>0,z€ C\ [Vt V) (13.55)

oG GoG
— 4+ ———=0. 13.5.
o + 105 0 (13.5.6)
Proof. The formula for G(z,t) was computed in Corollary 4.5.7.
One can check by direct calculation that G satisfies the differential
equation. O
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Proposition 13.5.2 Let z = e¥ and A = 1 — e 7 in the Cauchy
transform

z+1-A—/(z—1-X)2 -4\
2z

of the Marchenko—Pastur distribution as in (5.5.1). Then G satisfies the
equation

G/\(Z) =

(13.5.7)

06 G 0G _
or 1-Gow
Proof. This follows by direct calculation. O

(13.5.8)
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Noncommutative probability spaces

Abstract

In the axioms of Chapter 1, the basic object in classical probability the-
ory is a probability measure on a compact metric space (2, or equivalently
a positive normalized linear functional on C(€2; C). In noncommutative
probability, the basic object is a state on a C*-algebra which is gener-
ally noncommutative, but which can always be realized as a norm-closed
subalgebra of B(H), where H is a Hilbert space. Of particular interest
are tracial probability spaces, which include the type II; von Neumann
factors. In Section 14.3, we consider an important example of a noncom-
mutative distribution, namely the semicircular distribution, which arises
naturally in random matrix theory.

14.1 Noncommutative probability spaces
Noncommutative probability spaces provide a unified framework in

which we can describe:

* classical probability spaces;
* states on C* algebras;

e random matrices;

e free probability theory.

In this section we state the axioms and then look at some basic examples.

Definition (x-probability spaces [166, 16]). (4, ¢) is a *-probability space
when A is a unital % algebra over C and ¢ : A — C is a state; so that

(i) @ +— a* is conjugate linear;

(ii) (ab)* = b*a*;

411
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(iil) a** = a; L
(iv) (1) =1, p(sa +tb) = sp(a) + tp(b), p(a*) = p(a), p(a*a) > 0.

Further, when | - || is a norm on A such that A is a Banach space, we
often impose the conditions:

(v) llabl| < lalll|bl], and |la*|| = [|all;
(vi) |la*a|| = ||la]|?, the C* norm condition.

When conditions (i)—(vi) all hold, we have a C* probability space. (In
Section 14.2, we shall introduce further axioms (vii), (viii) and (ix) to
define a tracial probability space.)

Example 14.1.1 (Classical probability spaces). For a Polish space €2, let
A be Cy(Q2; C) with the supremum norm and pointwise multiplication
and let u € Prob(§2). Then (A, ¢) becomes a C* probability space with
#(f) = [ fdu. The algebra here is commutative, so classical examples
of probability spaces can be regarded as commutative C* probability
spaces.

Example 14.1.2 (Matrices). Let A = M,(C) and let £ € C" have
I€]l = 1. Then (A4, ¢) is a C* probability space with ¢(X) = (X&,&).
Likewise, (A4, 7) is a C* probability space with 7(X) = trace(X)/n.

Example 14.1.3 (Discrete group algebras). Let G be a discrete count-
able group with identity element e, and for each g € g, let 6, : G — C
be §,(h) =1 for h = g and 6,(h) =0 for h € G\ {g}. Then we form the
Hilbert space

2G) = {Z agdy S layl® < oo} (14.1.1)
geG g€eG

with the inner product

(D" agdy D Buon) = > ayB,. (14.1.2)
g€G heG geG
Similarly we form
NG = {a =Sy lalln =3 Jay| < oo} (14.1.3)
9€G ged

which forms a unital x-algebra for the convolution product

Oé*ﬂ - Z(a*ﬁ)kak = Z agﬁh(sgh; (1414)

keG g9,heCG
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for the involution

- (Z %59)* =D ayd,-t. (14.1.5)

geG g€eqG

Now each h € G gives a unitary operator X\, on f2(G) by A,
quG agd, — quG a,0pg, and the representation h +— A, extends
to a * representation

A NG) — B(A(G Z 00y — Z Qg Ay (14.1.6)

geG geG

Example 14.1.4 (Free algebras).

(1°) Let E be the free unital *algebra over C that is generated by
1,0,0%, subject to £*¢ = I. Then

E =span{¢™ (¢*)" :myn=0,1,2,...} (14.1.7)

and the listed terms give a basis. To check that E is closed under
multiplication, we consider the product of £*(¢*)7 and ¢ (£*)" in
two cases: if j > m, then €% (€)1 (£*)" = ¢%(£*)"+I=™; whereas
if j < m, then £F(£*)Jgm ()" = ¢ktm=i(¢*)". Furthermore,
¢ E — C, as defined by

2 Z am”gm (é*)n = apo, (].4].8)

m,n

gives a positive functional. Indeed, we have

(X annt™ @) (X amat™@)")) = 3 lanol

m,n m,n m

(14.1.9)
since (€2 (£*)0¢¢(¢*)?) = 0 unless a = d = 0 and b = c. Hence
(E, p) is a noncommutative probability space.
(2°) More generally, we let Ex be the free unital algebra that is gen-

erated by

T IV ST o N (14.1.10)

subject to 6";&; = d;,1; then we let ¢ : Ex — C be the linear
functional

@: Z W (1)...a(m):B(1)...8) ba(1) - - Lam)€51) - - - Lyn)

a(1)..a(m);B(1)...6(n)
= Wepp . (14111)
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Let H be a separable Hilbert space with orthonormal basis (e;)3,
and let exp(H) be the full Fock space as in Section 12.1 and let £(e;) be
the left creation operator associated with e; as in Example 12.1.4.

Proposition 14.1.4 There exists a unique *-algebra homomorphism
O : Ex — alg{l,l(e), lex)" ;4 k=1,....,K}, (14.1.12)
such that ®(1) =1 and ®(¢;) = {(e;).
Proof. The creation operators satisfy
L(ej) lex) = 0l U, k=1,...,K), (14.1.13)

so the existence and uniqueness of ® follow from the universal properties
of free algebras. O

14.2 Tracial probability spaces

¢ Finite factors give the main examples of tracial probability spaces.

e There exists a unique hyperfinite II; factor on H.

e The factors constructed from the left-regular representations of free
discrete groups are generally not hyperfinite.

Let H be separable, infinite-dimensional complex Hilbert space and let
B(H) be the space of bounded linear operators on H with the operator
norm. The natural * operation on a bounded linear operator on Hilbert
space is the adjoint = — z*. Each £ € H such that |||z = 1 gives rise
to a state x +— (x€,&) on B(H). See [60, 120].

Theorem 14.2.1 (Gelfand—Naimark). Let A be a unital C*-algebra
that satisfies (i), (i), (i), (v) and (vi) of Section 14.1. Then A is
x-isomorphic to an algebra of bounded operators on Hilbert space.

With A safely embedded as a unital * subalgebra of B(H), we can for-
mulate some definitions which we shall use in later sections.

Definition (Positivity). Let A be a unital C* algebra. A self-adjoint
element a € A is positive if any one of the three equivalent conditions
are satisfied:

(1) a = b*b for some b € A;
(2) (a&, &)y >0 for all £ € H, where A is a C*-subalgebra of B(H);
(3) AL+ a is invertible in A for all A > 0.
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Definition (Von Neumann Algebra). Suppose that A is a unital C*
subalgebra of B(H) such that A is closed for the weak operator topology.
Then A is a von Neumann algebra.

In a von Neumann algebra, one can form the least upper bound of
a bounded family of positive elements. Let AT = {a € A : (a,&) >
0 V& e H}. Let a; € AT be a net indexed by a partially ordered set
J such that ||a;|| < K for all j € J and j < k implies a; < a; as
operators on H. Then there exists a least upper bound a,, € A" such
that a; — ac weakly as j increases through J.

Definition (Normal). Let A and B be von Neumann algebras, and
¢ : A — B be a linear map such that ¢o(A") C B, so ¢ preserves
positivity. Say that ¢ is normal if ¢(as) is the least upper bound of
e(ay).

Let S(A) = {p € A* : ¢ satisfies (iv)} be the set of states on A4;
then S(A) is a convex subset of the dual space A*, and S(A) is compact
for the o(A*, A) topology.

On a unital C* algebra there is an abundance of states, and

|lz||* = sup{p(z*z) : ¢ € S(A)} (x € A). (14.2.1)

Theorem 14.2.2 (Gelfand, Naimark, Segal). Let (A, ) be a C* proba-
bility space, so (i)—(vi) all hold. Then there exists a Hilbert space H and
a * representation m of A on H, such that

w(a) = (r(a)v,v) g (a € A) (14.2.2)

for some v € H. Further, if A is separable, then H may be chosen to be
separable.

Proof. The crucial observation is that for any a € A, there exists c € A
such that ||a||*T — a*a = c*¢; so ||a|®> > ¢(a*a) and b*bl|a||® — b*a*ab =
b*c*cb for all b € A. The state ¢ gives an inner product on A by (a,b) =
p(b*a); so we let H be the completion of A for the associated norm, let
j : A — H the natural inclusion map. Then we let v = j(1) € H and
define 7(a) : b +— ab. Now since j(A) is a dense linear subspace of H, we
have

Iw(a)][* = sup{¢(b*a*ab) : p(b"b) <1}
< lla*all = [lall?, (14.2.3)

so m(a) extends to a bounded linear operator on H and 7 : A — B(H)
is a bounded #-representation. Further, p(a) = ¢(lal) = (n(a)v,v). O
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Definition ( Tracial probability space [166, 16]). Let (A, 7) be a C* prob-
ability space such that (i)—(vi) all hold, together with

(vii) 7(ab) = 7(ba) for all a,b € A, so T is a tracial state;
(viii) 7(a*a) = 0= a =0, so 7 is faithful.

Then (A, 7) is a tracial C* probability space. When A is a von Neumann
algebra, we often impose the further condition:

(ix) 7 is normal.

Some authors use the general term ‘noncommutative probability space’
for the tracial probability spaces that satisfy (i)—(ix).

Now we exhibit examples of tracial probability spaces (M, 7), where
M is a finite von Neumann factor with its unique normal tracial state 7.
Our purpose is to express some statements in the language of noncommu-
tative probability; the proofs are omitted, as they are clearly presented
in standard books on von Neumann algebra theory such as [60, 120]. We
give examples of tracial probability spaces that can be approximated by
finite matrix models. We recall some basic definitions.

Definition (Finite factors). Let M be a von Neumann algebra. Then
M is finite if there exists a normal, faithful and tracial state 7 : M — C.
Further, M is a factor if its centre consists of scalar operators that is,

{beM:ba=ab forall ae M} ={zI:2€ C}. (14.24)

Proposition 14.2.4 A finite factor M has a unique normal tracial state
T, hence (M, ) satisfies (i)—(ix).

Example 14.2.5 Let M be a finite-dimensional factor. Then M is
k-isomorphic to M, (C) for some n < oo, and the unique tracial state is

T, where
n

T (a) = %Z(aej,eﬂ (a € M) (14.2.5)

=1
where (e;) is some orthonormal basis of C".

Let (M, 7) be a von Neumann factor and consider the set D of dimen-
sions of orthogonal projections

D={r(p):peM; p’p=p, p’ =p}. (14.2.6)

Then either D is discrete, and (M, 7) is * isomorphic to M,, (C) with the
standard trace for some n € N; or D is continuous, and M is said to be
a II; factor.
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Definition (Hyperfinite). A factor (R, 7) is called hyperfinite if there
exists a sequence of factors (M},) (kK =1,2,...) such that:

(i) Mj, is *isomorphic to M,, (C) for some nj < oo;
(i) My € My C--- C R;
(iii) U2, My is dense in R for the strong operator topology.

Theorem 14.2.6 (Murray—von Neumann [118, Theorem XIV]). On H,
there exists a unique hyperfinite Il factor R.

By considering discrete groups, we can construct finite factors which
are hyperfinite, and some which are not hyperfinite.

Definition (Group von Neumann algebra [60]). Let A(G) be the closure
of \({*(G)) in B(£*(G)) for the weak operator topology. Let 7 : A(G) —
C be T(a) = <a55,(5e>g2(g).

Proposition 14.2.7 The left reqular representation of the group Sso
generates the hyperfinite 11, factor.

Proof. Here T gives the tracial state; the tracial property reduces to the
fact that gh = e if and only if hg = e. For each g € S(0) \ {e}, the
conjugacy class {hgh™! : h € S(c0)} is infinite by an obvious extension
of the results of Section 7.2. Hence the left regular representation of Sy,
is factorial by [60].

Since S, is the union of an increasing sequence of finite subgroups
Sy, it is easy to verify that the representation is hyperfinite. See [118,
Lemma 5.2.2]. O

Let g1,...,9, be free generators of G = F,,, so that G has distinct

elements e and gf;éll))gig)) g:j‘é;:)) with a(j) € Z\ {0} and B(k) €

{1,...,n} such that 5(1) # B(2), 3(2) # B(3), ..., B(m — 1) # B(m).
Proposition 14.2.8 (Nonhyperfinite factors). Forn > 1 and G = F,,,
the von Neumann algebra A(G) is a finite factor with canonical trace T
which is not hyperfinite.

Proof. See [118, Theorem XVI]. O

Open Problem Which of the factors A(F,,) with n € {2,3,...} U {oo}
are isomorphic as von Neumann algebras?

This question is suggested by the Appendix to [118] and motivated
much of free probability theory. Kadison drew attention to the prob-
lem in his Baton Rouge problem list, and so the question is sometimes
attributed there.
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14.3 The semicircular distribution

* Wigner’s semicircular distribution plays a role in free probability anal-
ogous to that of the Gaussian distribution in classical probability.

Definition (Distribution [166]). Let a be an element of a * probability
space (A, ¢). Then the distribution of a consists of the sequence m,, =
¢(a"™) of moments of a.

Proposition 14.3.1 Let (A, ¢) be a C* probability space. Given a € A
such that a = a*, there exists a unique p € Prob[—||a||, ||a||] such that

¢(a") = / " u(dx) (n=0,1,2,...). (14.3.1)
(—llallllall]

The Cauchy transform of u satisfies G(z) = ¢((2I — a)~') for z €
C\ [=lall llall].

Proof. The commutative case of the Gelfand—Naimark theorem, which
is relatively easy to prove [120], leads to the conclusion that the uni-
tal C* subalgebra of A generated by a is a subalgebra of B(H) for
some Hilbert space H. The spectrum of a as an element of B(H) is
contained in [—|all,||al|], and for any f € C[—|al,|al] we can form
f(a) by functional calculus. Further, f — ¢(f(a)) gives a state on
C[—|lall, ||lall], so is given by a unique measure by Theorem 1.1.1. By
Proposition 1.8.6, the moments determine p uniquely. In particular,
when we take z € C\ [—||a|, ||a]|] and introduce the continuous func-
tion f(r) = (z — x)~!, we have the Cauchy transform of g, namely

O((=1 —a)™) = [(z — 2)~ u(d). O

Definition (Semicircular distribution). Let X be a self-adjoint element
of a xprobability space (A, ). We say that X € A has a semicircular
S(a,r) distribution when

o= 2 [T )

We show how this distribution arises in three apparently diverse
contexts.

Definition (Finite shift). For each N, let /3, = C" with the usual inner
product and orthonormal basis (e;)_,. Let

N N-1
Sy : Zajej — Z aj€ji1, (14.3.3)
j=1 j=1
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be the finite shift which has adjoint
N N
Sy Zajej — Zajej_l; (14.3.4)
j=1 j=2

so S¥ =0=(S5)V.

Proposition 14.3.2 The spectral measure of Sy + Sy consists of the
average of N unit point masses on [—2,2], namely

N

1

N E 02 cos(km/(N+1))» (14.3.5)
=1

and converges weakly to the Chebyshev distribution on [—2,2] as N — oo,
while

, I
((Sx +5Sn)"er,e1) — %/ 2" /4 — 2 da (N — ). (14.3.6)
)

Proof. See [56]. The operator Sy + S}k is represented by the tridiagonal
N x N matrix

01 0O 0
1010 0
0 1 01 0
: 1
00 0 01 0]
and the eigenvalues are
km
2 k=1,2,...,N 14.3.8
sy (k=121 (14.3.8)

with corresponding unit eigenvectors

/2 jkm 1N
v = NCOI {sin ]\‘[7 _:1]7.:1. (14.3.9)

To see this, we use the relation

sin(j — 1)0 + sin(j + 1)0 = 2sin j60 cos 6 (14.3.10)

and observe that sin(N + 1)0 = 0 provided 6 = kx/(N + 1) for some
k=1,...,N.
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By the standard functional calculus for real symmetric matrices, we
can form f(Sy + Sy ) for any continuous function f : [-2,2] — R. We
have

1
%tracef(SN +Sy) — / f(2cosmh) db
0

_ 1 2 f(x)dx
T J_o V4 — 22

In terms of the orthonormal basis of eigenvectors, we have

[2 & mk
€1 = N;SIHN+1Uk

(N —o0). (14.3.11)

so that

N . on+1 N . Tk 5 Tk
<(SN+SN) 617€1> - T};COS N+1sm N1

1
— ontl / cos” mx sin® 7x dx (14.3.12)
0

as N — oo. For odd n, this gives zero; whereas for even n we have with
t = 2 cos wx the semicircle law

2
((Sx +Sn)"er,e1) — %/ "4 —t2dt (N —o0). (14.3.13)
2

O

We now exhibit an element of a C* probability space that has such a
distribution.

Theorem 14.3.3 Let exp(C) be the full Fock space on C as in (12.1.6),
and let S = (€4 €*)/2, where £ is the left creation operator. Then the
distribution of S is the S(0,1) law, and the von Neumann algebra gen-
erated by S is canonically isomorphic to L>°([—1,1],0¢,1) via the map
S— .

Proof. To prove Theorem 14.3.3, we digress into the theory of random
walks, where we recover the Cauchy transform G(z) of the semicircular
distribution from a suitable probability generating function. See [73].
Suppose that X;,Xs,...are mutually independent random variables,
each distributed as X, where P[X = 1] = P[X = —1] = 1/2. Then
Sm = X1+ -+ X,, gives the position after m steps of the random walk
on the integers that starts from zero and has j** step X either one to
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the right or one to the left. Given S,,, the future progress of the walk
does not depend upon the path up until 5,,,, so the walk has no memory
of its previous history; this is Markov’s property. Let p(m) = P[S,, = 0]
be the probability that the walk is at zero after m steps; let B,, be the
event that the walk returns to zero for the first time at step m, with
f(m) = P(Bm ) O

Lemma 14.3.4 The corresponding generating functions

P(z) =) p(m)="
m=0

and
o0

F(z)= )Y fm)z" (2] <1) (14.3.14)

m=1
satisfy (1) P(z) = (1 —22)"Y2 and (2) F(z) =1 — (1 — 2%)"/2.

Proof. (1) Clearly the walk cannot be at the origin after an odd number of
steps, so only even powers appear in the probability generating functions.
After 2n steps, the walk is at the origin if and only if the walk has taken
n steps to the left and n steps to the right in some order, so by definition
of the binomial coefficients
1 /2n
p(2n) = o ( . ) . (14.3.15)

Hence

= /20 22"
P(z) = =(1-2%)712 14.3.16
A= () F=a- (14310

(2) The event [S3, = 0] is partitioned into disjoint events [Ss, =
0]N By, for k=1,...,n, so

n
P[SQn = 0] = ZP[SZH =0 | B2k]P(BQk)7 (14317)
k=1
where P[Ss, = 0| Bai] = P[S2, 2 = 0] since the walk has no memory
and the steps are homogeneous in time. Hence p satisfies the recurrence
relation

p(2n) = Zp(Qn —2k)f(2k) (n=1,2,...) (14.3.18)
k=1

so by multiplying by 2?" and summing over n, we obtain P(z) = 1 +

P(2)F(z), hence the result by (1). O
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Lemma 14.3.5 (Catalan numbers). Let Esj, be the event that the ran-

dom walk s nonnegative up until time 2k and is zero at time 2k;

namely

FEs. = [X1 +---+X; >0 (J= 1,...,2]{7) and X; +---+ Xop ZO].
(14.3.19)

Then

P(Eay) = 2f(2k +2) m (2:) (14.3.20)

Proof. We introduce a preliminary step X, chosen to be distributed as
X and independent of the other X;, and introduce

B;kJrl:[X():l,XU-i--'--i-Xj >O,j:1,...,2k‘;X()+~-~+X2k+1=0]
(14.3.21)

which is the event that a random walk starts rightward and returns
to the origin for the first time after (2k + 2) steps, so has probability
f(2k 4+ 2)/2. But this event equals the event

Xo=1, Xi+-+X;>0 (j=1,...,2k);
Xi+ 4+ Xop =0, Xopyr = —1J; (14.3.22)

hence by independence

(1/2)f(2k +2) = I/HP[X +---+ X; >0 (j=1,...,2k);
Xi+ -+ Xop = 0], (14.3.23)

so P(Ey;) = 2f(2k + 2). Now we observe that

2F (2 > 1/2 = [2k 22k
Zg ) _ Z(_l)@(ki 1>Z2k _ Z <k>22k(k:+1)’ (14.3.24)

k=0 k=0

where the required probability is the coefficient of z2*. O

Conclusion of the proof of Theorem 14.3.3 We convert the random walk
of m steps into a summand of the expansion of S™. We introduce a prod-
uct of m factors, where the j" factor from the left is £ when X; = 1 and
¢* when X; = —1; in either case we write £(X7). For instance, the se-
quence of steps (1,—1,1,1,—1, —1) gives rise to ££*£0¢*¢*. Generally, the
product ¢X1) . ¢(Xn) that corresponds to (X1, Xs,. .., X,,) satisfies

<£(X1) . é(Xm >€07 60> =1 (14325)
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when X; +Xo+---4+X; >0forj=1,2,....m—1land X; + Xo +---+
X, = 0; that is the walk starts by moving right, is always nonnegative,
and is at the origin after m steps. Otherwise

<£(X1) ...E(X7")€0,€0> =0. (14326)

By Lemma 14.3.5 we have

(55 ) g (). o

Here S is self-adjoint as viewed as an operator on exp C; hence S

has spectrum o where o is a compact subset of R, and the von Neu-
mann algebra generated by I and S is abelian and consists of {f(S5)}
where f belongs to L*°(0). Now ¢ is a faithful tracial state with
o(f) = {f(S)eg, ep), and by comparison with Proposition 4.5.5 we have

> k

pler -5 = Y A5
k=0

o~ _op_1 1 2k

=2 = 22k(k+1)<k)

k=0
— %/ l_tz t, (z€C\[-1,1]) (14.3.28)

z—t
hence
o(S") = / "1 - s2ds, (14.3.29)
hence o = [—1,1] and S has a S(0,1) distribution. O

Example 14.3.6 For (2, P) a probability space, let A, be the space
of strongly measurable functions X : Q — M, (C) such that E||X|* <
oo for all k € N, and let ¢,(X) = Etrace,(X) for X € A,. Then
(A, ¢p) satisfies axioms (i), (ii), (iii), (iv), (vii) and (viii). Suppose that
Y, € A, is a random matrix from the Gaussian unitary ensemble as in
Theorem 2.5.3 and Example 4.5.4. Then we have ¢, (Y,*) = [ " p, (dy),
where p,, is the integrated density of states, and so

b (Y —>;/7 P 1 — 2 dy (n — 0). (14.3.30)
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