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333 Synthetic d iff erentia l geom etry (2nd Edition), A . KOCK
334 The Navier–Stokes equations, N . R ILEY & P. DRAZIN
335 Lectures on the combinatorics of free probability, A . N ICA & R. SPEICHER
336 Integral closure of ideals, rings, and m odules, I. SWANSON & C. HUNEKE
337 M ethods in Banach space theory, J . M . F . CASTILLO & W . B . JOHNSON (eds)
338 Surveys in geom etry and number theory, N . YOUNG (ed)
339 G roups St Andrew s 2005 I, C .M . CAM PBELL, M .R . QUICK , E .F . ROBERTSON & G.C .

SM ITH (eds)
340 G roups St Andrew s 2005 II, C .M . CAM PBELL, M .R . QUICK , E .F . ROBERTSON &

G.C . SM ITH (eds)
341 Ranks of elliptic curves and random m atrix theory, J .B . CONREY, D .W . FARM ER, F .

M EZZADRI & N.C . SNAITH (eds)
342 E lliptic cohom ology, H .R . M ILLER & D.C . RAVENEL (eds)
343 A lgebraic cycles and m otives I, J . NAGEL & C. PETERS (eds)
344 A lgebraic cycles and m otives I I, J . NAGEL & C. PETERS (eds)
345 A lgebraic and analytic geom etry, A . NEEM AN
346 Surveys in combinatorics 2007, A . H ILTON & J. TALBOT (eds)
347 Surveys in contem porary m athem atics, N . YOUNG & Y. CHOI (eds)
348 Transcendental dynam ics and com plex analysis, P.J . R IPPON & G.M . STALLARD (eds)
349 M odel theory w ith applications to algebra and analysis I, Z . CHATZIDAKIS, D .

M ACPHERSON, A . PILLAY & A. W ILKIE (eds)
350 M odel theory w ith applications to algebra and analysis I I, Z . CHATZIDAKIS, D .

M ACPHERSON, A . PILLAY & A. W ILKIE (eds)
351 F in ite von Neum ann algebras and m asas, A .M . SINCLAIR & R.R . SM ITH
352 Number theory and polynom ials, J . M CKEE & C. SM YTH (eds)
353 Trends in sto chastic analysis, J . BLATH, P. M ÖRTERS & M . SCHEUTZOW (eds)
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Introduction

The purpose of this book is to introduce readers to certain topics in
random matrix theory that specifically involve the phenomenon of con-
centration of measure in high dimension. Partly this work was moti-
vated by researches in the EC network Phenomena in High Dimension,
which applied results from functional analysis to problems in statistical
physics. Pisier described this as the transfer of technology, and this book
develops this philosophy by discussing applications to random matrix
theory of:

(i) optimal transportation theory;
(ii) logarithmic Sobolev inequalities;
(iii) exponential concentration inequalities;
(iv) Hankel operators.

Recently some approaches to functional inequalities have emerged that
make a unified treatment possible; in particular, optimal transporta-
tion links together seemingly disparate ideas about convergence to equi-
librium. Furthermore, optimal transportation connects familiar results
from the calculus of variations with the modern theory of diffusions and
gradient flows.

I hope that postgraduate students will find this book useful and, with
them in mind, have selected topics with potential for further develop-
ment. Prerequisites for this book are linear algebra, calculus, complex
analysis, Lebesgue integration, metric spaces and basic Hilbert space
theory. The book does not use stochastic calculus or the theory of inte-
grable systems, so as to widen the possible readership.

In their survey of random matrices and Banach spaces, Davidson
and Szarek present results on Gaussian random matrices and then indi-
cate that some of the results should extend to a wider context by the

1



2 Gordon Blower

theory of concentration of measure [152]. This book follows this pro-
gramme in the context of generalized orthogonal ensembles and com-
pact Lie groups. While the Gaussian unitary ensemble and Wishart
ensembles have special properties, they provide a helpful model for
other cases. The book covers the main examples of the subject, such
as Gaussian random matrices, within the general context of invariant
ensembles.

The coverage of material is deliberately uneven, in that some topics
are treated more thoroughly than others and some results from other ar-
eas of analysis are recalled with minimal discussion. There are detailed
accounts of familiar topics such as the equilibrium measure of the quar-
tic potential, since these illustrate techniques that are useful in many
problems. The book develops classical and free probability in parallel,
in the hope that the analogy makes free probability more accessible.

The presentation is mainly rigorous, although some important proofs
are omitted. In order to understand the standard ensembles of random
matrix theory, the reader must have some knowledge of Lie groups, so
the book contains an abbreviated treatment which covers the main cases
that are required and emphasizes the classical compact linear groups.
Likewise, the presentations of Gaussian measures in Chapter 11 and the
Ornstein–Uhlenbeck process in Chapters 12 and 13 are self-contained,
but do not give a complete perspective on the theory. Similarly, the
treatment of free probability describes only one aspect of the topic.

Some of the results and proofs are new, although the lack of a specific
reference does not imply originality. In preparing the Sections 2.3, 2.4
and 2.6 on Lie groups, I have used unpublished notes from lectures given
by Brian Steer in Oxford between 1987 and 1991. Chapter 5 features re-
sults originally published by the author in [17] and [19], with technical
improvements due to ideas from Bolley’s thesis [29]. The material in
Chapter 6 on gradient flows was originally written for an instructional
lecture to postgraduate students attending the North British Func-
tional Analysis Seminar at Lancaster in 2006; likewise, Sections 8.1, 8.2,
and 7.3 are drawn from postgraduate lectures at Lancaster. Conversely,
Sections 7.2, 12.2 and 2.5 are based upon dissertations written by my
former students Katherine Peet, Stefan Olphert and James Groves. Sub-
stantial portions of Chapter 9 and Section 10.3 are taken from Andrew
McCafferty’s PhD thesis [113], which the author supervised.

In his authoritative guide to lakeland hillwalking [168], Wainwright
offers the general advice that one should keep moving, and he discusses
6 possible ascents of Scafell Pike, the optimal route depending upon the
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starting point, the time available and so on. Similarly, the author pro-
poses 6 routes through the book, in addition to the obvious progression
1.1–14.3 which goes over the local maxima.

(1) Compact groups feature in the first half of the book, especially in
Sections 1.2, 2.3–2.9, 3.8, 3.9, 5.1, 7.4, 10.5.

(2) Generalized orthogonal ensembles feature in the middle of the book,
particularly in 1.5, 2.5, 3.4–3.7, 4.4–4.7, 6.3.

(3) Convergence to equilibrium distributions is the topic in 1.1, 3.4–3.9,
5.2–5.5, 10.6, 11.4.

(4) Free probability features in 4.3, 4.5, 4.8, 6.5, 6.6, 13.5, 14.1–3.
(5) Semicircular and similar special distributions appear in 4.4–4.7, 5.5,

7.3, 13.5, 14.3.
(6) Integrable operators appear in 9.1–9.7 and 11.2.

To summarize the contents of sections or the conclusions of examples,
we sometimes give lists of results or definitions with bullet points. These
should be considered in context, as they generally require elaboration.
There are exercises that the reader should be able to solve in a few hours.
There are also problems, which are generally very difficult and for which
the answer is unknown at the time of writing.

There are many important topics in random matrix theory that this
book does not cover, and for which we refer the reader elsewhere:

(i) the orthogonal polynomial technique and Riemann–Hilbert theory,
as considered by Deift in [56];

(ii) connections with analytic number theory as in [98, 50];
(iii) applications to von Neumann algebras, as developed by Voiculescu

and others [163, 164, 165, 166, 83, 84, 85, 77];
(iv) applications to physics as in [89];
(v) joint distributions of pairs of random matrices as in [76];
(vi) random growth models, and similar applications.

Jessica Churchman first suggested this topic as the subject for a book.
I am most grateful to Graham Jameson, François Bolley, Alex Belton,
Stefan Olphert, Martin Cook and especially James Groves for reading
sections and suggesting improvements. Finally, I express thanks to Roger
Astley of Cambridge University Press for bringing the project to fruition.
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Metric measure spaces

Abstract

The contents of this chapter are introductory and covered in many stan-
dard books on probability theory, but perhaps not all conveniently in one
place. In Section 1.1 we give a summary of results concerning probability
measures on compact metric spaces. Section 1.2 concerns the existence of
invariant measure on a compact metric group, which we later use to con-
struct random matrix ensembles. In Section 1.3, we resume the general
theory with a discussion of weak convergence of probability measures on
(noncompact) Polish spaces; the results here are technical and may be
omitted on a first reading. Section 1.4 contains the Brunn–Minkowski
inequality, which is our main technical tool for proving isoperimetric
and concentration inequalities in subsequent chapters. The fundamen-
tal example of Gaussian measure and the Gaussian orthogonal ensemble
appear in Section 1.5, then in Section 1.6 Gaussian measure is realised
as the limit of surface area measure on the spheres of high dimension. In
Section 1.7 we state results from the general theory of metric measure
spaces. Some of the proofs are deferred until later chapters, where they
emerge as important special cases of general results. A recurrent theme
of the chapter is weak convergence, as defined in Sections 1.1 and 1.3,
and which is used throughout the book. Section 1.8 shows how weak
convergence gives convergence for characteristic functions, cumulative
distribution functions and Cauchy transforms.

1.1 Weak convergence on compact metric spaces

Definition (Polish spaces). Let (Ω, d) be a metric space. Then (Ω, d)
is said to be complete if every Cauchy sequence converges; that is,

4



Metric measure spaces 5

whenever a sequence (xn ) in Ω satisfies d(xn , xm ) → 0 as n,m → ∞,
there exists x ∈ Ω such that d(xn , x)→ 0 as n→∞.

A metric space (Ω, d) is said to be separable if there exists a sequence
(xn )∞n=1 in Ω such that for all ε > 0 and all x ∈ Ω, there exists xn such
that d(x, xn ) < ε. Such a sequence (xn ) is said to be dense.

A complete and separable metric space (Ω, d) is called a Polish space.
A map ϕ : (Ω1 , d1) → (Ω2 , d2) between metric spaces is an isometry if
d2(ϕ(x), ϕ(y)) = d1(x, y) for all x, y ∈ Ω.

Let Cb(Ω;R) be the space of bounded and continuous functions f :
Ω→ R with the supremum norm ‖f‖∞ = sup{|f(x)| : x ∈ Ω}.

Definition (Compact metric spaces). A metric space is said to be (se-
quentially) compact if for any sequence (xn ) in Ω there exist x ∈ Ω and
a subsequence (xnk

) such that d(xnk
, x) → 0 as nk → ∞. The reader

may be familiar with the equivalent formulation in terms of open covers.
See [150].

Definition (Total boundedness). Let (Ω, d) be a metric space. An ε-net
is a finite subset S of Ω such that for all x ∈ Ω, there exists s ∈ Ω such
that d(x, s) < ε. If (Ω, d) has an ε-net for each ε > 0, then (Ω, d) is
totally bounded.

A metric space is compact if and only if it is complete and totally
bounded. See [150].

Proposition 1.1.1 Suppose that (K, d) is a compact metric space. Then
C(K;R) is a separable Banach space for the supremum norm.

Proof. Let (xn ) be a dense sequence in K and let fn : K → R be
the continuous function fn (x) = d(x, xn ). Then for any pair of distinct
points x, y ∈ K there exists n such that fn (x) �= fn (y). Now the algebra

A =
{

β(0)I +
∑

S :S⊂N

βS

∏
j :j∈S

fj (x) : βS ∈ Q for all S;βS = 0

for all but finitely many S; S finite
}

(1.1.1)

that is generated by the fn and the rationals is countable and dense in
C(K;R) by the Stone–Weierstrass theorem; hence C(K;R) is separable.
See [141]. �

Definition (Dual space). Let (E, ‖ . ‖) be a real Banach space. A
bounded linear functional is a map ϕ : E → R such that:
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(i) ϕ(sx + ty) = sϕ(x) + tϕ(y) for all x, y ∈ E and s, t ∈ R;
(ii) ‖ϕ‖ = sup{|ϕ(x)| : x ∈ E; ‖x‖ ≤ 1} <∞.

Let E∗ be the space of all bounded linear functionals. Let B = {x ∈
E : ‖x‖ ≤ 1}; then the product topology on [−1, 1]B is generated by the
open sets

{(xb)b∈B : |xbj
− ybj

| < εj ; j = 1, . . . , n} (1.1.2)

given by bj ∈ B, ybj
∈ [−1, 1] and ε > 0 for j = 1, . . . , n. Further,

B∗ = {φ ∈ E∗ : ‖φ‖ ≤ 1} may be identified with a closed subspace
of [−1, 1]B via the map φ �→ (φ(x))x∈B . This is the weak∗ or σ(E∗, E)
topology on B∗. See [63, 141].

Theorem 1.1.2 (Mazur). Let E be a separable Banach space. Then B∗

is a compact metric space for the weak∗ topology. Further, E is linearly
isometric to a closed linear subspace of C(B∗;R).

Proof. By Tychonov’s theorem [141], [−1, 1]B is a compact topological
space, and hence the closed subspace {(φ(x))x∈B : φ ∈ B∗} is also
compact; this is known as Alaoglu’s theorem. Now we show that B∗

has a metric that gives an equivalent topology; that is, gives the same
collection of open sets.

Let (xn )∞n=1 be a dense sequence in B and let

d(ψ,ϕ) =
∞∑

n=1

2−n |ϕ(xn )− ψ(xn )| (ϕ,ψ ∈ B∗), (1.1.3)

so that d defines a metric on B∗. Now we check that d induces a compact
Hausdorff topology on B∗, which must coincide with the weak∗ topology.
Let (ϕj ) be a sequence in B∗. We extract a subsequence (ϕj1 (k))∞k=1 such
that ϕj1 (k)(x1) converges as j1(k) → ∞; from this we extract a further
subsequence (ϕj2 (k))∞k=1 such that ϕj2 (k)(x2) converges as j2(k) → ∞;
and so on. Generally we have jk : N → N strictly increasing and
jk (n) = jk−1(m) for some m ≥ n. Then we introduce the diagonal
subsequence (ϕjk (k)). By Alaoglu’s theorem there exists φ ∈ B∗ that
is a weak∗ cluster point of the diagonal subsequence, and one checks
that

d(φ, ϕjk (k)) =
∞∑

n=1

2−n |φ(xn )− ϕjk (k)(xn )| → 0 (1.1.4)

as jk (k)→∞ since ϕjk (k)(xn )→ φ(xn ) as jk (k)→∞ for each n.
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Let f ∈ E. Then f gives a function f̂ : B∗ → R by ϕ �→ ϕ(f) which
is continuous by the definition of the weak∗ topology. Further, by the
Hahn–Banach Theorem [141] we have

‖f̂‖∞ = sup{|ϕ(f)| : ϕ ∈ B∗} = ‖f‖, (1.1.5)

so f �→ f̂ is a linear isometry E → C(B∗;R). The range of a linear
isometry on a Banach space is complete and hence closed. �

Definition (Borel measures). Let (Ω, d) be a Polish space. A σ-algebra
A on Ω is a collection of subsets of Ω such that:

(σ1) Ω ∈ A;
(σ2) if A ∈ A, then Ω \A ∈ A;
(σ3) if (An )∞n=1 satisfies An ∈ A for all n, then A =

⋃∞
n=1 An has

A ∈ A.

The sets A in a σ algebra A are called events.
The open subsets of Ω generate the Borel σ-algebra B(Ω) and Mb(Ω)

is the space of bounded Borel measures µ : B(Ω)→ R such that

(i) ‖µ‖var = sup{
∑

j |µ(Ej )| : Ej ∈ B(Ω) mutually disjoint, j =
1, . . . , N} <∞;

(ii) µ(
⋃∞

j=1 Ej ) =
∑∞

j=1 µ(Ej ) for all (Ej )∞j=1 mutually disjoint Ej ∈
B(Ω).

We write M+
b (Ω) for the subspace of µ ∈ Mb(Ω) such that µ(E) ≥ 0

for all E ∈ B(Ω) and Prob(Ω) for the subspace {µ ∈ M+
b (Ω) : µ(Ω) =

1} of probability measures. Further, we write M1(Ω) = {µ ∈ Mb(Ω) :
‖µ‖var ≤ 1}. An event is a Borel-measurable subset of Ω. See [88]. For
any Borel set A, IA denotes the indicator function of A which is one on
A and zero elsewhere, so µ(A) =

∫
Ω IAdµ.

A probability space (Ω,P) consists of a σ algebra A on Ω, and a
probability measure P : A → R.

Theorem 1.1.3 (Riesz representation theorem). Let (Ω, d) be a compact
metric space and ϕ : Cb(Ω;R) → R a bounded linear functional. Then
there exists a unique µ ∈Mb(Ω) such that

(iii) ϕ(f) =
∫

f(x)µ(dx) for all f ∈ Cb(Ω;R).
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Conversely, each µ ∈ Mb(Ω) defines a bounded linear functional ϕ via
(iii) such that ‖ϕ‖ = ‖µ‖var . Further, µ is a probability measure if and
only if

(iv) ‖ϕ‖ = 1 = ϕ(I).

Proof. See [88]. �

Definition (Weak convergence). Let (µj )∞j=1 be a sequence in Mb(Ω),
and let µ ∈Mb(Ω). If

lim
j→∞

∫
f dµj =

∫
fdµ (f ∈ Cb(Ω)), (1.1.6)

then (µj ) converges weakly to µ. The term weak convergence is tradi-
tional in analysis; whereas the term weak∗ convergence would be more
suggestive, since we have convergence in the σ(Mb(Ω);Cb(Ω)) topology.

Proposition 1.1.4 Let E = Cb(Ω) and let J : Prob(Ω) → B∗ ⊂
[−1, 1]B be the map J(µ) = (

∫
fdµ)f∈B . For a sequence (µj ) in Prob(Ω)

and µ ∈ Prob(Ω),

µj → µ weakly⇔ J(µj )→ J(µ) in [−1, 1]B (j →∞). (1.1.7)

Proof. This is immediate from the definitions. �

Proposition 1.1.5 Let K be a compact metric space. Then Prob (K)
with the weak topology is a compact metric space.

Proof. This follows immediately from Theorems 1.1.2 and Theorem
1.1.3 since Prob(K) is linearly isometric to a compact subset of
C(K;R)∗. �

Theorem 1.1.2 thus gives a metric for weak convergence on a compact
metric space so that Prob becomes a compact metric space. The defini-
tion of the metric in Theorem 1.1.2 is rather contrived, so in Section 3.3
we shall introduce a more natural and useful metric for the weak topol-
ogy, called the Wasserstein metric.

Examples. (i) The metric space (Mb(Ω), ‖ . ‖var ) is nonseparable when
Ω is uncountable. Indeed ‖δy − δx‖var = 2 for all distinct pairs x, y ∈ Ω.

(ii) Whereas B∗ is compact as a subspace of [−1, 1]B , J(Prob(Ω))
is not necessarily compact when Ω is noncompact. For example, when
Ω = N and δn is the Dirac unit mass at n ∈ N, (δn ) does not have any
subsequence that converges to any µ ∈ Prob(N). In Proposition 1.2.5
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we shall introduce tightness criteria that ensure that measures do not
leak away to infinity in this way.

In applications, one frequently wishes to move measures forward from
one space to another by a continuous function. The following result
defines the push forward or induced measure ν = ϕ	µ on a compact
metric space. A more general version appears in Theorem 1.3.5.

Proposition 1.1.6 (Induced measure). Let ϕ : (Ω0 , d0) → (Ω1 , d1) be
a Borel map between metric spaces where (Ω1 , d1) is compact. Then for
each µ ∈Mb(Ω0) there exists a unique ν ∈Mb(Ω1) such that∫

Ω1

f(y)ν(dy) =
∫

Ω0

f(ϕ(x))µ(dx) (f ∈ Cb(Ω1)). (1.1.8)

Proof. For f ∈ Cb(Ω1), the function f ◦ ϕ is also bounded and Borel,
hence integrable with respect to µ. The right-hand side clearly defines a
bounded linear functional on Cb(Ω1), and hence by Theorem 1.1.3 there
exists a unique measure ν that realizes this functional. �

The following result is very useful when dealing with convergence of
events on probability space. See [73, 88].

Theorem 1.1.7 (First Borel–Cantelli lemma). Let (An )∞n=1 be events
in a probability space (Ω;P), and let C be the event with elements given
by: ω ∈ C if and only if ω ∈ Ak for infinitely many values of k.

If
∑∞

n=1 P(An ) <∞, then P(C) = 0.

Proof. We shall begin by checking that

C =
∞⋂

n=1

∞⋃
k=n

Ak . (1.1.9)

By axiom (σ3), Cn =
⋃∞

k=n Ak is an event for each integer n ≥ 1;
consequently,

⋂∞
n=1 Cn is also an event. If x belongs to C, then for each

n, there exists kn ≥ n with x ∈ Akn
, so x ∈ Cn. Consequently x belongs

to
⋂∞

n=1 Cn. Conversely, if x ∈
⋂∞

n=1 Cn, then for each n, x belongs to
Cn; so there exists kn ≥ n with x ∈ Akn

. But then x belongs to infinitely
many Aj, and hence x is an element of C.

We can estimate the probability of Cn =
⋃∞

k=n Ak by

P(Cn ) ≤
∞∑

k=n

P(Ak ), (1.1.10)
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using the axioms of measure. By hypothesis, the right-hand side is the
tail sum of a convergent series, and hence

∑∞
k=n P(Ak )→ 0 as n→∞.

Further, C ⊆ Cn , so we can form a sandwich

0 ≤ P(C) ≤ P(Cn ) ≤
∞∑

k=n

P(Ak )→ 0 (n→∞). (1.1.11)

Hence P(C) = 0. �

Exercise 1.1.8 Let µ, ν ∈ Prob(Ω) be mutually absolutely continuous.

(i) Show that

ρ(µ, ν) =
∫

Ω

(dµ

dν

)1/2
dν

satisfies ρ(µ, ν) ≤ 1.

(ii) Now let δ(µ, ν) = − log ρ(µ, ν). Show that:

(a) δ(µ, ν) ≥ 0;
(b) δ(µ, ν) = 0 if and only if µ = ν as measures;
(c) δ(µ, ν) = δ(ν, µ).

(The triangle inequality does not hold for δ.)

1.2 Invariant measure on a compact metric group

• A compact metric group has a unique Haar probability measure.

Definition (Compact metric group). A topological group is a topological
space G that is a group with neutral element e such that multiplication
G×G→ G : (x, y) �→ xy and inversion G→ G : x �→ x−1 are continuous.
Furthermore, if the topology on G is induced by a metric d, then (G, d)
is a metric group. Finally, if (G, d) is a metric group that is compact as
a metric space, then G is a compact metric group.

Metric groups can be characterized amongst topological groups by their
neighbourhoods of the identity as in [87, page 49], and we mainly use
metric groups for convenience. Our first application of Theorem 1.2.1 is
to show that a compact metric group has a unique probability measure
that is invariant under left and right translation. The proof given here
is due to von Neumann and Pontrjagin [130]. Compactness is essential
to several stages in the proof; the result is actually valid for compact
Hausdorff topological groups [87, 130].
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Definition (Haar measure). Let G be a compact metric group. A Haar
measure is a µG ∈ Prob(G) such that∫

G

f(gh)µG (dh) =
∫

G

f(hg)µG (dh)

=
∫

G

f(h)µG (dh) (g ∈ G, f ∈ C(G)), (1.2.1)

and is also known as an invariant probability measure.

Examples 1.2.1 (i) Let G be a finite group, so G = {g1 , . . . , gn}
where the gj are distinct. The Haar probability measure on G is
µG = n−1 ∑n

j=1 δgj
. Then µG has the special property that for all

f : G → R, the left and right averages with respect to µG , namely

1
n

n∑
j=1

f(gj g) and
1
n

n∑
j=1

f(ggj ) (g ∈ G) (1.2.2)

are constant.
(ii) The circle group T = {eiθ : 0 ≤ θ < 2π} is an abelian compact

metric group under the usual metric and multiplication on complex num-
bers. The normalized arclength measure dθ/2π is invariant under rota-
tions of the circle.

(iii) The special orthogonal group SO(3) = {U ∈ M3(R) : UtU = I,

det U = 1} is a nonabelian compact metric group. The columns of U form
a right-handed orthonormal triple Ue1 , Ue2 , Ue3 , where (e1 , e2 , e3) is the
standard orthonormal basis of R3. The eigenvalues of U are 1, eiθ , e−iθ

for some θ ∈ [0, 2π), so we can identify U with a rotation of the unit
sphere S2(1) = {x ∈ R3 : ‖x‖ = 1} in R3, where the eigenvector
corresponding to eigenvalue 1 gives the axis of rotation.

Given x ∈ S2(1), there exists U ∈ SO(3) such that x = Ue3 ; indeed
when x has colatitude θ and longitude φ, the coordinates of x with
respect to (e1 , e2 , e3) form the first column of

U =

 sin θ cos φ − sin φ − cos θ cos φ

sin θ sinφ cos φ − cos θ sin φ

cos θ 0 sin θ

 . (1.2.3)

When x �= ±e3 , there exists a unique great circle that passes through x

and e3 and the axis of rotation of U is perpendicular to this great circle.
Further, Ue3 = V e3 if and only if

V −1U =

 cos φ − sin φ 0
sinψ cos ψ 0

0 0 1

 . (1.2.4)
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The map ϕ : SO(3)→ S2(1) : U �→ Ue3 induces the surface area σ̂2 on
S2(1), normalized to be a probability measure, from the Haar measure
on SO(3), thus SO(3)/SO(2) ∼= S2(1). In terms of the colatitude θ and
longitude φ, we have

dσ̂2 =
1
4π

sin θdφdθ. (1.2.5)

Theorem 1.2.2 (Haar measure). Let G be a compact metric group.
Then G has a unique Haar probability measure µG .

Proof. Let f ∈ C(G;R). For each finite list A = {a1 , . . . , an}, possibly
with repetitions, we form the left average

mA (f)(x) =
1
n

n∑
j=1

f(ajx) (x ∈ G). (1.2.6)

We can join lists A and B = {b1 , . . . , bk} by concatenation to form

A ◦B = {a1 , . . . , an , b1 , . . . , bk}; (1.2.7)

then mA (mB (f)) = mA◦B (f).
The oscillation of f is osc(f) = sup f − inf f . Clearly, osc(mA (f)) ≤

osc(f) since sup mA (f) ≤ sup f and inf mA (f) ≥ inf f . Further, if g is
continuous and not constant, then there exists A such that osc(mA (g)) <

osc(g). To see this, we choose K > 0 such that inf g < K < sup g and a
nonempty open set U such that g(x) < K for all x ∈ U . By compactness,
there exists A = {a1 , . . . , an} such that G =

⋃n
j=1 a−1

j U ; hence for each
x ∈ G there exists j such that x ∈ a−1

j U . Now

supmA (g) ≤ 1
n

(
K + (n− 1) sup(g)

)
< sup g (1.2.8)

and inf mA (g) ≥ inf g, so osc(mA (g)) < osc(g).
The collection of left averages L(f) = {mA (f) : A ⊆ G,A finite}

that is formed from each f ∈ C(G;R) is uniformly bounded and uni-
formly equicontinuous. Given ε > 0, there exists by compactness an open
neighbourhood V of e such that

|f(x)− f(y)| ≤ ε (x−1y ∈ V ) (1.2.9)

and hence

|mA (f)(x)−mA (f)(y)| ≤ ε (x−1y ∈ V ) (1.2.10)

for all A. By the Arzelà–Ascoli theorem [141], L(f) is relatively compact
for the supremum norm.
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The next observation is that the closure of L(f) must contain a con-
stant function. We let s = infA osc mA (f), and by norm compactness
can choose a sequence of An such that osc mAn

(f) → s as n → ∞ and
mAn

(f)→ g in supremum norm as n→∞. Clearly s = osc(g); suppose
with a view to obtaining a contradiction that s > 0 so that g is con-
tinuous but not constant. Then there exists A such that osc mA (g) < s,
and hence we could find An such that mA (mAn

(f)) < s; but this would
contradict the definition of s; so g is constant. We define the left mean
of f to be the constant value taken by g.

Likewise we can form the right average

m′
B (f) =

1
k

k∑
j=1

f(xbj ) (x ∈ G); (1.2.11)

clearly this has similar properties to the left average, so we can introduce
a constant right mean g′ analogously. Further, the operations of forming
left and right averages commute in the sense that

m′
B (mA (f)) = mA (m′

B (f)). (1.2.12)

Given ε > 0, there exist A and B such that

|mA (f)(x)− g| < ε, |m′
B (f)(x)− g′| < ε (x ∈ G); (1.2.13)

hence we have

|g − g′| ≤ |m′
B (mA (f))(x)− g|+ |mA (m′

B (f))(x)− g′| < 2ε. (1.2.14)

Consequently g = g′, and we can define the left and right mean µ(f) of
f to be their common value µ(f) = g = g′.

By the construction, the translates fy (x) = f(yx) and fy (x) = f(xy)
satisfy µ(fy ) = µ(fy ) = µ(f); consequently

µ(mA (f)) = µ(m′
B (f)) = µ(f) (1.2.15)

for all A,B.
We now check the axioms of Theorem 1.1.1.
(i) Clearly µ(tf) = tµ(f) holds for t ∈ R. To see that µ is additive,

we introduce f, h ∈ C(G) and, for given ε > 0 introduce lists A,B such
that

|mA (f)(x)− µ(f)| < ε, |m′
B (h)(x)− µ(h)| < ε. (1.2.16)
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Now

|mAm′
B (f + h)(x)− µ(f)− µ(h)| < 2ε, (1.2.17)

so µ(f + h) = µ(f) + µ(h).
(ii) If −1 ≤ f(x) ≤ 1, then −1 ≤ mA (f)(x) ≤ 1, so −1 ≤ µ(f) ≤ 1.

Hence by the Riesz representation theorem there exists a unique µG ∈
Prob(G) such that

µ(f) =
∫

G

f(x)µG (dx). (1.2.18)

We have already seen that µ is invariant under left and right translation.
The uniqueness of µ is immediate from the construction. �

Definition (Integer part). For x ∈ R, let �x� = max{n ∈ Z : n ≤ x} be
the integer part of x, so x− �x� is the fractional part. Further, let A be
a finite set, and 	A the cardinality of A.

Exercise 1.2.3 (Weyl’s equidistribution theorem). Let α be irrational
and let µN ∈ Prob(T) be

µN =
1
N

N −1∑
j=0

δexp(2πijα) . (1.2.19)

Prove the following equivalent statements.

(i) µN converges weakly to normalized arclength dθ/2π as N →∞.
(ii) For all intervals (a, b) ⊆ (0, 1),

1
N

	{k ∈ Z : 0 ≤ k ≤ N − 1;αk − �αk� ∈ (a, b)} → b− a (N →∞).

(1.2.20)

(iii) For all trigonometric polynomials f(e2πiθ ) =
∑n

j=−n aje
2πijθ ,∫

T
fdµN →

∫
T

f(e2πiθ )
dθ

2π
(N →∞). (1.2.21)

Conversely, if α is rational, then µN does not converge to dθ/2π.

Definition (Monogenic). Let A be a compact metric group. Say that
A is monogenic if there exists g ∈ A such that A equals the closure of
{gn : n ∈ Z}. The term topologically cyclic is also used for monogenic,
and such a g is said to be a generator of A.

By continuity of multiplication, any monogenic group is abelian.
Furthermore, a finite group is monogenic if and only if it is cyclic.
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Proposition 1.2.4 (Kronecker’s theorem).

(i) The torus Tn is monogenic for each n = 1, 2, . . . .
(ii) Let A be a compact abelian metric group with a closed subgroup

A0 such that A0 is the connected component that contains the
neutral element of A, the quotient group A/A0 is cyclic and A0 is
continuously isomorphic as a group to Tn for some n. Then A is
monogenic.

Proof. (i) Let {1, α1 , . . . , αn} be real numbers that are linearly indepen-
dent over the rationals, and consider g = (e2πiα1 , . . . , e2πiαn ). Then we
show that for any f ∈ C(Tn ;C),

1
N

N −1∑
j=0

f(gj )→
∫

Tn

f(e2πiθ , . . . , e2πiθn )
dθ1

2π
. . .

dθn

2π
(N →∞).

(1.2.22)

When f = I, this is clearly true. When (m1 , . . . ,mn ) ∈ Zn \ {0}, and

f(e2πiθ1 , . . . , e2πiθn ) = exp(2πi

n∑
j=1

mjθj ), (1.2.23)

we can sum the geometric series

1
N

N −1∑
k=0

f(e2πikα1 , . . . , e2πikαn ) =
1
N

N −1∑
k=0

exp
(
2πki

n∑
j=1

mjαj

)
=

1− exp(2πiN
∑n

j=1 mjαj )

N(1− exp(2πi
∑n

j=1 mjαj ))
(1.2.24)

where the denominator is non zero by rational independence of the
exponents. Hence

1
N

N −1∑
k=0

f(e2πikα1 , . . . , e2πikαn )→ 0 (N →∞). (1.2.25)

By Féjer’s theorem, any f ∈ C(Tn ;C) can be approximated in the
uniform norm by a finite sum of exp(2πi

∑n
j=1 mjθj ); hence the limit

formula holds in general. As in Exercise 1.2.3, {gj : j ∈ Z} is dense in Tn .
(ii) Let σ : A→ A/A0 be the quotient map, and observe that A/A0 is

compact and discrete, hence finite. By hypothesis, A/A0 is isomorphic
to the cyclic group of order k for some finite k, and we introduce v ∈ A

such that σ(v) generates A/A0 , and by (i) we can introduce a generator
u ∈ A0 for A0 . Evidently the closure of the group generated by u and v
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is A. Further, vk ∈ A0 , so vku−1 ∈ A0 and we can introduce s ∈ A0 such
that sk = vku−1 . Now our generator for A is g = vs−1 ; indeed, u = gk

and s ∈ A0 = cl〈gk 〉, so v = gs ∈ 〈g〉. �

Definition (Actions). Let G be a compact metric group and Ω a Polish
space. An action of G on Ω is a continuous map α : G × Ω → Ω :
(g, ω) �→ αg (ω) such that αe(ω) = ω for all ω ∈ Ω, and αh ◦ αg = αhg

for all g, h ∈ G.

Definition (Invariant measure). Let µ be a measure on Ω. Say that µ

is invariant for α if∫
Ω

f(αh (ω))µ(dω) =
∫

Ω
f(ω)µ(dω) (h ∈ G)

for all continuous f : Ω→ R of compact support.

Example. Let G be a compact metric group and let G = Ω. Then there
are three natural actions of G on G:

(i) left translation, where (g, h) �→ gh;
(ii) right translation, where (g, h) �→ hg−1 ;
(iii) conjugation, where (g, h) �→ ghg−1 , for all g, h ∈ G.

Verify that Haar measure is invariant for all of these actions.

1.3 Measures on non-compact Polish spaces

In applications to random matrix theory we use Polish spaces (Ω, d)
which are non-compact, and hence there are various natural topologies
on Mb(Ω). In this section we aim to recover results which are analogous
to those of Section 1.1, often by imposing stronger hypotheses. The
contents of this section are rather technical, so the reader may wish to
skip this on a first reading and proceed to 1.4.

For technical convenience, we sometimes wish to have a standard com-
pact space into which we can map other spaces. Let

Ω∞ = [0, 1]N = {(xj )∞j=1 : xj ∈ [0, 1]} (1.3.1)

have the metric

d∞((xj ), (yj )) =
∞∑

j=1

2−j |xj − yj |. (1.3.2)

Let B∞(Ω) be the space of bounded and Borel measurable functions
f : Ω→ R with the supremum norm ‖ ‖∞.
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Proposition 1.3.1 (Kuratowski).

(i) (Ω∞, d∞) is compact.
(ii) For any Polish space (Ω, d), there exists a continuous and injective

function ϕ : Ω→ Ω∞.
(iii) Let (Ω0 , d0) be a compact metric space. Then there exists an iso-

metric map j : Ω0 → B∞(Ω∞).

Proof. (i) The metric space (Ω∞, d∞) is complete and totally bounded,
hence compact.

(ii) Let (ωj )∞j=1 be a dense sequence in (Ω, d), and let

ϕ(x) =
( d(x, ωj )

1 + d(x, ωj )

)∞

j=1
. (1.3.3)

One can easily check that ϕ is injective and that d(xn , x) → 0 implies
d∞(ϕ(xn ), ϕ(x))→ 0 as n→∞.

(iii) Let fx : Ω0 → R be the function fx(y) = d0(x, y). Then fx is
continuous, hence Borel measurable and by the triangle inequality, the
map x �→ fx is an isometry Ω0 → B∞(Ω0). Now by (ii) there is an in-
jective and continuous map ϕ0 : Ω0 → Ω∞, which by compactness must
give a homeomorphism Ω0 → ϕ0(Ω0). Thus there is a linear isometric
morphism B∞(Ω0)→ B∞(Ω∞) with range equal to

{f ∈ B∞(Ω∞) : f(x) = 0;x ∈ Ω∞ \ ϕ0(Ω0)}.

The composition of these maps gives the required isometry Ω0 →
B∞(Ω∞). �

Definition (Inner regularity). Let Cc(Ω) be the space of continuous
and compactly supported functions f : Ω → R, and let Cc(Ω)	 = {g ∈
Cb(Ω) : g = f + tI; t ∈ R, f ∈ Cc(Ω)}. Suppose that (Ω, d) has infinite
diameter and that closed and bounded subsets of Ω are compact. Then
the norm closure of Cc(Ω) is C0(Ω) = {f ∈ Cb(Ω) : f(x) → 0, as
d(X,X0)→∞} for some X0 ∈ Ω.

Let µ ∈ M+
b (Ω) where Ω is a non-compact Polish space. Then µ is

inner regular if each ε > 0 there exists a compact subset K such that
µ(Ω\K) < ε. An inner regular Borel measure is called a Radon measure.
See [88].

Lemma 1.3.2 (Lusin). Let (Ω, d) be a Polish space, let µ ∈ Prob(Ω).
Then µ is inner regular.

Proof. Given ε > 0, let (an )∞n=1 be a dense sequence and let Bn,k = {x ∈
Ω : d(x, an ) ≤ 1/k}. Then

⋃∞
n=1 Bn,k = Ω so there exists N(k) < ∞
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such that

µ
(N (k)⋃

n=1

Bn,k

)
> 1− 2−kε. (1.3.4)

Now let K =
⋂∞

k=1
⋃N (k)

n=1 Bn,k , and observe that K is a closed and
totally bounded subset of a Polish space, hence K is compact. Further,

µ(Ω \K) ≤
∞∑

k=1

µ
(
Ω \

N (k)⋃
n=1

Bn,k

)
<

∞∑
k=1

2−kε ≤ ε. (1.3.5)

�

Lemma 1.3.3 The topology σ(Prob(Ω), Cb(Ω)) equals the topology
σ(Prob(Ω), Cc(Ω)	); that is, for µ ∈M+

b (Ω) a sequence (µj )∞j=1 satisfies

(i)
∫

g dµj →
∫

gdµ (g ∈ Cb(Ω)) as j →∞ (1.3.6)

if and only if

(ii) µj (Ω)→ µ(Ω)

and

∫
fdµj →

∫
fdµ as j →∞ (f ∈ Cc(Ω)). (1.3.7)

Proof. (i)⇒ (ii) This is clear.
(ii) ⇒ (i) Let g ∈ Cb(Ω) and ε > 0. By Lusin’s Lemma, there exists a

compact set K such that
∫

Ω\K
dµ < ε; hence by Urysohn’s Lemma [141,

p. 135] there exists h ∈ Cc(Ω) such that 0 ≤ h ≤ 1 and h(x) = 1 on K.
By hypothesis, there exists j0 such that

∫
(1− h)dµj < ε for all j ≥ j0 .

Now ∫
gdµj −

∫
gdµ =

(∫
ghdµj −

∫
ghdµ

)
+

∫
g(1− h)dµj −

∫
g(1− h)dµ (1.3.8)

where gh is of compact support, and∣∣∣∫ g(1− h)dµj

∣∣∣ ≤ ‖g‖∫ (1− h)dµj < ε‖g‖; (1.3.9)

likewise ∣∣∣∫ g(1− h)dµ
∣∣∣ ≤ ‖g‖∫ (1− h)dµ < ε‖g‖, (1.3.10)

and hence

lim
j

∫
gdµj =

∫
gdµ. (1.3.11)

�
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Lemma 1.3.4 Let (hn )∞n=1 be a sequence in Cc(Ω) such that 0 ≤ h1 ≤
h2 ≤ · · · ≤ 1. Let ϕ ∈ Cb(Ω)∗ and suppose that 0 ≤ f ≤ 1 ⇒ 0 ≤
ϕ(f) ≤ 1 for f ∈ Cb(Ω) and ϕ(hn ) → 1 as n → ∞. Then there exists
µ ∈ Prob(Ω) such that ϕ(f) =

∫
fdµ.

Proof. Let ϕn (f) = ϕ(hnf); so that ϕn defines an element of Cb(Ω)∗

such that 0 ≤ ϕn (f) ≤ 1 when 0 ≤ f ≤ 1. Since hn has compact
support, there exists a positive compactly supported measure µn such
that ‖µn‖var = ϕn (I) = ϕ(hn ) and ϕn (f) =

∫
fdµn . Further, ϕn → ϕ

as n→∞ in [−1, 1]B since

|ϕn (f)− ϕ(f)| = |ϕ((1− hn )f)| ≤ ‖f‖∞ϕ(1− hn )→ 0. (1.3.12)

Now we define, for each Borel set E, µ(E) = limn→∞ µn (E), where
the limit exists by monotonicity. Given any sequence of disjoint subsets
(Ej )∞j=1 with E =

⋃∞
j=1 Ej , we have µn (E) =

∑∞
j=1 µn (Ej ); by mono-

tonicity, we deduce that µ(E) =
∑∞

j=1 µ(Ej ), so µ is countably additive.
By the Lemma, µn → µ weakly, and hence

ϕ(f) = lim
n

ϕn (f) = lim
n

∫
fdµn =

∫
fdµ. (1.3.13)

We now have a satisfactory generalization of Proposition 1.1.6. �

Theorem 1.3.5 (Induced probability). Let (Ωj , dj ) for j = 1, 2 be Polish
spaces and let ϕ : Ω1 → Ω2 be continuous. Then for each µ ∈ Prob(Ω1),
there exists a unique ν ∈ Prob(Ω2) such that∫

Ω2

f(x)ν(dx) =
∫

Ω1

f(ϕ(x))µ(dx) (f ∈ Cb(Ω2)). (1.3.14)

Proof. By Lusin’s Lemma, for each j ≥ 2 there exists µj ∈ M+
b (Ω1)

such that µj (E) = µ(Kj ∩E) and ‖µj‖var ≥ 1− 1/j, where Kj is some
compact subset of Ω1. Now ϕ(Kj ) is a compact subset of Ω2 and ϕ	µj

is supported on ϕ(Kj ). Let φj ∈ Cb(Ω2)∗ be

φj (f) =
∫

Kj

f(ϕ(x))µ(dx), (1.3.15)

and let φ be a weak∗ cluster point of (φj )∞j=1, as in Alaoglu’s theorem.
By Lemma 1.3.3, there exists ν ∈ Prob(Ω2) such that

φ(f) =
∫

Ω2

fdν = lim
j

∫
Kj

f(ϕ(x))µ(dx) =
∫

Ω1

f(ϕ(x))µ(dx). (1.3.16)

�
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Definition (Induced probability). In Theorem 1.3.5, ν is the probability
measure that ϕ induces from µ, denoted ν = ϕ	µ.

Whereas Proposition 1.1.5 does not have a simple generalization to
non-compact metric spaces, the following is a usable analogue. The idea
is to introduce a weight that diverges at infinity, and then restrict at-
tention to families of probabilities that are ‘tight’ with respect to this
weight.

Proposition 1.3.6 (Tightness). Suppose that w ∈ C(Ω) has w ≥ 0
and KM = {x ∈ Ω : w(x) ≤ M} compact for each M < ∞. Suppose
moreover that (µj )∞j=1 is a sequence in Prob(Ω) such that

∫
w(x)dµj < L

for j = 1, 2, . . . for some L < ∞. Then there exists µ ∈ Prob(Ω) and a
subsequence (µnk

) such that µnk
→ µ weakly.

Proof. We observe that µn (Ω \KM L ) ≤ 1/M for all n ≥ 1. For M = 2,
we choose a subsequence (µn2 (k))∞k=1 and µ(2) such that µn 2 → µ(2)

weakly on K2L where 1/2 ≤ µ(2)(K2L ) ≤ 1 as n2(k) → ∞. Next we
choose a further subsequence (µn3 (k))∞k=1 and a µ(3) such that µn 3 → µ(3)

weakly on K4L where 3/4 ≤ µ(3) ≤ 1 as n3(k) → ∞. By Lemma 1.3.3,
the diagonal subsequence (µnk (k))∞k=1 has µjj → µ for some probability
measure µ. �

Example 1.3.7 To see how measures can leak away, consider the co-
ordinate projection ϕ : R2 → R : ϕ(x, y) = x and the measures
µn = δ(0,n) on R2. Then ϕ	µn = δ0 , whereas µn → 0 in the weak
topology σ(Prob(R2), Cc(R2)) as n→∞.

Examples. In subsequent sections we shall use the weights:

(i) w(x) = d(x, x0)s where s > 0 and x0 ∈ Ω is fixed;
(ii) w(x) = 2 log+ |x| on R.

Definition (Lebesgue spaces). Let µ be a Radon measure on a Polish
space (Ω, d). We identify Borel-measurable functions f and g if f(x) =
g(x) except on a set of µ measure zero. Then for 1 ≤ p < ∞, we define
Lp(µ;C) to be the space of Borel-measurable f : Ω → C such that∫
Ω |f(x)|pµ(dx) <∞. Then Lp (µ;C) forms a Banach space for the norm
‖f‖Lp = (

∫
Ω |f(x)|pµ(dx))1/p .

Proposition 1.3.7 (Hölder’s inequality). Let µ be a positive Borel mea-
sure on a Polish space Ω such that µ(K) is finite for each compact set
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K. Let 1 < p, q < ∞ satisfy 1/p + 1/q = 1. Then for all f ∈ Lp(µ;C)
and g ∈ Lq (µ;C), the product fg belongs to L1(µ;C) and satisfies∣∣∣∫

Ω
f(x)g(x)µ(dx)

∣∣∣ ≤ (∫
Ω
|f(x)|pµ(dx)

)1/p(∫
Ω
|g(x)|qµ(dx)

)1/q

.

(1.3.17)

Proof. See [71]. �

Exercise 1.3.8 (i) The set P of probability density functions f on
Rn consists of integrable functions f : Rn → R such that f ≥ 0 and∫

f(x)dx = 1. There is a natural map P → Prob(Rn ) : f �→ f(x)dx,

such that the range is closed for ‖.‖var , but is not closed for the weak
topology. Indeed, one can check that

‖f(x)dx− g(x)dx‖var =
∫
|f(y)− g(y)|dy,

so the range is norm closed since L1 is complete. For each x0 ∈ Rn

and j = 1, 2, . . . , there exists fj ∈ P such that fj is supported on
{x : ‖x− x0‖ ≤ 1/j}; then fj (x)dx converges weakly to the Dirac point
mass δx0 as j →∞. This construction gives rise to the term Dirac delta
function, which is sometimes used for the measure δx0 .

(ii) Let fj ∈ P be supported on {x : ‖x‖ ≤ 1} and suppose that
‖fj‖L 2 ≤M for some M and all j, and that fj (x)dx→ µ weakly as j →
∞ for some µ ∈ Prob(Rn ). Show that µ is absolutely continuous with
respect to Lebesgue product measure, and hence that µ(dx) = f(x)dx

for some f ∈ P .

Exercise 1.3.9 (i) Let 1 < p, q < ∞ satisfy 1/p + 1/q = 1. Use
Hölder’s inequality to show that, for f ∈ Lp(R), g ∈ L1(R) and
h ∈ Lq (R), the function f(x)g(x − y)h(y) is integrable with respect
to dxdy and∣∣∣∫∫ f(x)g(x− y)h(y) dxdy

∣∣∣ ≤ ‖f‖Lp ‖g‖L 1 ‖h‖Lq .

(ii) Now let f, g and h be positive and integrable with respect to dx.
By grouping the functions f(x)1/3 , g(x − y)1/3 and h(y)1/3 in suitable
pairs, show that∫∫

f(x)2/3g(x−y)2/3h(y)2/3 dxdy ≤
(∫

f(x) dx

∫
g(x) dx

∫
h(x) dx

)2/3
.
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1.4 The Brunn–Minkowski inequality
� The Brunn–Minkowski inequality has a functional form due to

Prékopa and Leindler.
� In subsequent sections, these results are used to prove concentration

inequalities.

Lebesgue product measure m on Rn is dx = dx1 . . . dxn , so the restric-
tion to [0, 1]n is a probability measure. Let 〈x, y〉 =

∑n
j=1 xjyj be the

usual bilinear pairing on Rn , and let ‖x‖ = 〈x, x〉1/2 . For a function
f : Rn → R, write [f > λ] = {x ∈ Rn : f(x) > λ}.

Definition (Sum of sets). For A,B ⊆ Rn , let A + B = {a + b : a ∈
A, b ∈ B} and tA = {ta : a ∈ A}.

Examples. (i) In many results it is convenient to use the quantity
m(A)1/n since m(tA)1/n = tm(A)1/n for t > 0 and A compact.

(ii) Let A = B = [0, 1]n . Then A + B = [0, 2]n .
(iii) For open A and B = {x : ‖x‖ < ε}, {x : d(x,A) < ε} = A + B.

Theorem 1.4.1 (Brunn–Minkowski). For all compact subsets A and B

of Rn ,

m(A + B)1/n ≥ m(A)1/n + m(B)1/n . (1.4.1)

The functional form of this inequality looks like a reverse of Hölder’s
inequality.

Theorem 1.4.2 (Prékopa–Leindler). Let f, g, h : Rn → R+ be inte-
grable functions and suppose that

h((1− t)x + ty) ≥ f(x)1−tg(y)t (x, y ∈ Rn ) (1.4.2)

for some t ∈ [0, 1]. Then∫
Rn

h(x) dx ≥
(∫

Rn

f(x) dx
)1−t(∫

Rn

g(x) dx
)t

. (1.4.3)

Proof. The following scheme of proof is due to Keith Ball and appears
in Pisier’s book [129]. We shall prove the Brunn–Minkowski inequality
in the case n = 1, then prove by induction the Prékopa–Leindler in-
equality; finally we deduce the remaining cases of the Brunn–Minkowski
inequality.

Suppose in Theorem 1.4.1 that n = 1, and that A and B are finite
unions of disjoint open intervals. We prove the result by induction on
the number of intervals, the result clearly being true for one or two
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intervals. Suppose then that A =
⋃N +1

j=1 (aj , bj ) and B =
⋃L

k=1(ck , dk )
where a < b1 ≤ a2 < · · · ≤ bN +1. By simple geometry we have

m(A + B) ≥ m
( N⋃

j=1

(aj , bj ) + B
)

+ m(aN +1 , bN +1),

and hence by the induction hypothesis

m(A + B) ≥ m(B) +
N +1∑
j=1

(bj − aj ) = m(B) + m(A), (1.4.4)

as required.
The map (a, b) �→ a + b maps compact sets to compact sets, and open

sets to open sets. Given compact sets A and B and ε > 0, since A+B is
compact, there exist finite unions Ã and B̃ of open intervals such that
Ã ⊇ A, B̃ ⊇ B and m(Ã + B̃) ≤ m(A + B) + ε. Then by the preceding
argument, we have

m(A) + m(B) ≤ m(Ã) + m(B̃) ≤ m(Ã + B̃) ≤ m(A + B) + ε; (1.4.5)

hence m(A) + m(B) ≤ m(A + B). Furthermore, for any Lebesgue mea-
surable set A that has finite measure, there exists a compact subset K

of A such that m(K) ≥ m(A) − ε. Hence the result holds for Lebesgue
measurable sets A and B that have finite measure.

We now consider Theorem 1.4.2 in the case n = 1. By the hypothesis
on the functions, we have [h > λ] ⊇ (1− t)[f > λ] + t[g > λ], hence

m[h > λ] ≥ (1− t)m[f > λ] + tm[g > λ] (λ > 0) (1.4.6)

holds by the previous paragraph. Integrating this inequality, we obtain
by the theorem of the arithmetic and geometric means∫ ∞

0
m[h > λ] dλ ≥ (1− t)

∫ ∞

0
m[f > λ] dλ + t

∫ ∞

0
m[g > λ] dλ

≥
(∫ ∞

0
m[f > λ] dλ

)1−t(∫ ∞

0
m[g > λ] dλ

)t

.

(1.4.7)

This gives the case n = 1 of Theorem 1.4.2.
Now suppose Theorem 1.4.2 holds for some n, and consider n+1. We

write x(n) = (x1 , . . . , xn ), so x(n+1) = (x(n) , xn+1). By the induction
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hypothesis and the hypotheses on h, we have∫
Rn

h(x(n) , xn+1)dx(n) ≥
(∫

Rn

f(y(n) , yn+1)dy(n)
)1−t

×
(∫

Rn

g(z(n) , zn+1)dz(n)
)t

(1.4.8)

whenever xn+1 = (1− t)yn+1 + tzn+1. We now apply the inequality for
n = 1 to the functions that are defined by the integrals in this inequality;
hence the result.

Finally, we can deduce the general case of Theorem 1.4.1 from Theo-
rem 1.4.2. Let A and B be any pair of compact sets that have positive
measure, and introduce the scaled compact sets A′ = A/m(A)1/n and
B′ = B/m(B)1/n so that A′ and B′ have unit volume. Then by The-
orem 1.4.2 applied to the indicator functions f = IA ′ , g = IB ′ and
h = ItA ′+(1−t)B ′ , we have

m(A′)t/nm(B′)(1−t)/n ≤ m(tA′ + (1− t)B′)1/n .

In particular, when we take t = m(A)1/n (m(A)1/n + m(B)1/n )−1 , we
have

tA′ + (1− t)B′ =
A + B

m(A)1/n + m(B)1/n
, (1.4.9)

so

m(A′)t/nm(B′)(1−t)/n ≤ m
( A + B

m(A)1/n + m(B)1/n

)1/n

(1.4.10)

and by homogeneity we recover the Brunn–Minkowski inequality

1 ≤ m(A + B)1/n

m(A)1/n + m(B)1/n
. (1.4.11)

�

Corollary 1.4.3 (Isoperimetric inequalities). Let B = {x : ‖x‖ < 1}
and for a bounded open set A, let Aε = {y : d(y,A) < ε}. Then

lim inf
ε→0+

mn (Aε)−mn (A)
ε

≥ nmn (A)(n−1)/nmn (B)1/n . (1.4.12)

Proof. We have Aε ⊆ A + εB, so the Brunn–Minkowski inequality gives

mn (Aε)1/n ≥ mn (A)1/n + εmn (B)1/n ,

so with a little reduction one can obtain (1.4.12). �
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1.5 Gaussian measures

The standard N(0, 1) Gaussian probability density function on R is
γ(x) = e−x2 /2/

√
2π. Let dx be the usual Lebesgue product measure on

Rn , which we sometimes refer to as volume measure. Let 〈, 〉 be the usual
inner product on Rn associated with the Euclidean norm ‖x‖2 = 〈x, x〉.
Let b ∈ Rn , and let A be a real symmetric positive definite matrix, so
A−1 is likewise. Let σ2

1 be the largest eigenvalue of A. Then

γb,A (dx) = (2π)−n/2(det(A)
)−1/2 exp

(
−〈A−1(x− b), (x− b)〉

)
dx

(1.5.1)
is a Gaussian measure that is the joint distribution of x = (x1 , . . . , xn )
with mean vector b and covariance matrix A; we write x ∼ N(b, A). In
particular, the standard Gaussian has b = 0 and A = I. Generally we
can write

γb,A (dx) = (2π)−n/2(det(A))−1/2

× exp
(
−1

2
〈A−1x, x〉+ 〈A−1b, x〉 − 1

2
〈A−1b, b〉

)
dx (1.5.2)

where the dominant term in the exponent is 〈A−1x, x〉 ≥ σ−2
1 ‖x‖2, hence

the integrals converge. The coordinate projection πj : x �→ xj induces a
Gaussian measure on R.

Lemma 1.5.1 (Gaussian distribution).
(i) The Gaussian density γA,b is correctly normalized so as to be a

probability density function, and its moment generating function is∫
Rn

exp(〈x, y〉)γA,b(dx) = exp
(1

2
〈Ay, y〉+ 〈y, b〉

)
(y ∈ Cn ). (1.5.3)

(ii) The standard normal distribution is invariant under orthogonal
transformation x �→ Ux for x ∈ Rn and U ∈ O(n).

Proof. (ii) Lebesgue measure is invariant under orthogonal transforma-
tion.

(i) Suppose temporarily that b = 0. The matrix A has eigenvalues
σ2

1 ≥ σ2
2 ≥ · · · ≥ σ2

n > 0, and there exists a real orthogonal matrix
U such that UAUt is a diagonal matrix with these eigenvalues on the
leading diagonal. The determinant of A satisfies (det A)1/2 = σ1 . . . σn .
We introduce the diagonal matrix D1/2 = diag(σ1 , . . . , σn ), and z =
D−1/2Ux so that dz = (σ1 . . . σn )−1dx and 〈A−1x, x〉 = ‖z‖2 . This
reduces γ0,A to the standard Gaussian γ0,I , and one can check that∫

γ0,I (dz) = 1.
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Likewise, one can check the normalizing constant when b = 0, since
Lebesgue measure in invariant under the transformation x �→ b + x.

Now we have the correct formula for the moment generating function
when y = 0. More generally, when y ∈ Rn , we simply replace b by b+Ay

in the exponent of γb,A and adjust the normalizing constant accordingly.
When y is complex, this formal transformation gives the correct result,
and may be justified rigorously by Cauchy’s theorem. �

Definition (The Gaussian orthogonal ensemble). Let Xjk : Ω → R for
1 ≤ j ≤ k ≤ n be mutually independent Gaussian random variables
on (Ω,P), with Xjk ∼ N(0, 1/2n) for j < k and Xjj ∼ N(0, 1/n);
then let Xjk = Xkj and form the real symmetric matrix X = [Xjk ].
The Lebesgue measure on a real symmetric matrix X is the product
of Lebesgue measure on the entries that are on or above the leading
diagonal,

dX = dx11 . . . dx1ndx22 . . . dx2n . . . dxnn . (1.5.4)

Let Ms
n (R) be the space of n×n real symmetric matrices, and let νn be

the probability measure on Ms
n (R) that is induced from P by the map

X : Ω→Ms
n (R); so that for all F ∈ Cb(Ms

n (R);R) we have∫
F (X)νn (dX) = 2−n/2

(n

π

)n(n+1)/4
∫

M s
n (R)

F (X) exp
(
−n

2

n∑
j,k=1

x2
jk

)
dX

(1.5.5)
and in particular we have∫

X2νn (dX) = diag
[n + 1

2n

]
(1.5.6)

and ∫
trace(X2)νn (dX) =

n + 1
2n

. (1.5.7)

Letting λ1 , . . . , λn be the eigenvalues of X = [xjk ], we can rewrite the
exponent as

n∑
j,k=1

x2
jk = trace X2 =

n∑
�=1

λ2
� , (1.5.8)

where ∫
1
n

n∑
�=1

λ2
� νn (dξ) =

1
n

n∑
j,k=1

∫
X2

j,k νn (dX) =
n + 1
2n

. (1.5.9)
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The Gaussian orthogonal ensemble is the space Ms
n (R) of real symmetric

matrices, when endowed with this probability measure νn . See [116].

Remark. The term ‘orthogonal’ alludes to the fact that the measure
is invariant under the conjugation action of the real orthogonal group
O(n) by X �→ UXUt for X ∈ Ms

n (R) and U ∈ O(n); the measure does
not live on the space of orthogonal matrices. Whereas the matrix entries
on or above the diagonal are mutually independent, the eigenvalues are
correlated. Later we shall consider ensembles for which the entries of the
random matrices are all correlated.

Definition (Symmetric). Let Sn be the symmetric group on {1, . . . , n}.
Then for x(n) = (x1 , . . . , xn ) ∈ Rn , write σx(n) = (xσ (1) , . . . , xσ (n)); now
for f : Rn → R, write fσ (x(n)) = f(σx(n)). Say that f is symmetric if
fσ = f for all σ ∈ Sn .

Proposition 1.5.2 Suppose that F ∈ (Ms
n (R);R) invariant under or-

thogonal conjugation, so that F (UXUt) = F (X) for all U ∈ O(n) and
all X ∈Ms

n (R). Then there exists a symmetric function f ∈ Cb(Rn ;R)
such that f(λ) = F (X), where λ = (λ1 , . . . , λn ) are the eigenvalues of
X, listed according to multiplicity.

Proof. For each X, there exists U ∈ O(n) such that UXUt is a diag-
onal matrix with diagonal entries in order λ1 ≤ · · · ≤ λn , namely the
eigenvalues of X. Hence we can identify the invariant function F with a
function on the real diagonal matrices. By elementary operator theory,
the eigenvalues depend continuously on the matrix entries. The function
f is symmetric since we can permute the diagonal entries by suitable
orthogonal matrices. �

In particular, when X is chosen from the Gaussian orthogonal en-
semble, we need to consider f(λ) when λ lies close to the sphere
{x ∈ Rn : ‖x‖ =

√
n/2}.

1.6 Surface area measure on the spheres

The spheres in high dimensional Euclidean space are important:

� in the historical context;
� as geometrical objects on which groups act naturally;
� as models for high dimensional phenomena exhibited elsewhere.

The sphere Sn (r) = {x ∈ Rn+1 : ‖x‖ = r} is the boundary of the open
ball Bn+1(r) = {x ∈ Rn+1 : ‖x‖ < r}. For an open set E in Rn+1, we
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define the Brunn–Minkowski outer upper content of the boundary of E

to be

σn (∂E) = lim sup
ε→0+

1
ε

(
vol

(
E + Bn+1(ε)

)
− vol(E)

)
. (1.6.1)

In particular, by taking E = Bn+1(r), we deduce that

σn (Sn (r)) = rnσn (Sn (1)). (1.6.2)

For an open subset F of Sn (r), we introduce Fδ = {rf : 1 < r <

1 + δ; f ∈ F} and define σn,r (F ) = lim supδ→0+ vol(Fδ )/δ. This σn,r

gives surface area measure on Sn (r).
Let Γ(s) =

∫∞
0 ts−1e−t dt be Euler’s Gamma function, as discussed in

[154]. Letting the nth coordinate projection point towards the pole, we
identify

Cφ = {x = (x(n−1) sin θ, cos θ) : x(n−1) ∈ Sn−1(1), 0 ≤ θ ≤ φ} (1.6.3)

with the polar cap of colatitude φ; so

σn,1(dx(n)) = σn−1,1(dx(n−1)) sinn−1 θdθ (1.6.4)

and so

σn,1(Sn (1)) =
Γ(n/2)Γ(1/2)
Γ((n + 1)/2)

σn−1,1(Sn−1(1)). (1.6.5)

We wish to consider the measure of polar caps in spheres as n → ∞,
and soon we find that most of the measure lies close to the equator; this
is our first example of the concentration of measure phenomenon, as we
discuss in Section 3.2. To make this precise, we consider the equatorial
regions

Eε =
{
(x(n−1) sin θ, cos θ) ∈ Sn (1) : x(n−1) ∈ Sn−1(1),

π/2− ε < θ < π/2
}
. (1.6.6)

Proposition 1.6.1 For each ε > 0,

σn,1(Eε/
√

n )
σn,1(Sn (1))

→ 1√
2π

∫ ε

−ε

e−x2 /2dx (n→∞). (1.6.7)

Proof. We need to estimate∫ π/2
π/2−ε/

√
n

sinn−1 θdθ∫ π/2
0 sinn−1 θdθ

=

∫ ε/
√

n

0 cosn−1 θdθ∫ π/2
0 cosn−1 θdθ

=

∫ ε

0 (1− ψ2/2n + O(1/n2))n−1 dψ
√

n
∫ π/2

0 cosn−1 θdθ
. (1.6.8)
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By a familiar calculation, we have∫ π/2

0
cos2n θ dθ =

(2n− 1)(2n− 3) . . . 1
(2n)(2n− 2) . . . 2

π

2
, (1.6.9)

where the right-hand side appears in Wallis’s product

(2n− 1)(2n− 3) . . . 3
(2n− 2)(2n− 4) . . . 2

√
π

2
√

n
→ 1 (n→∞). (1.6.10)

Thus we calculate the limit of the denominator of the previous quo-
tient, while we apply the dominated convergence theorem to the numer-
ator, thus obtaining∫ ε

0
(1− ψ2/2n + O(1/n2))n−1 dψ →

∫ ε

0
e−x2 /2dx (n→∞).

Thus we obtain the said limit. �

Let

σ̂n−1,
√

n =
σn−1,

√
n

n(n−1)/2σn−1,1(Sn−1(1))
, (1.6.11)

so that σ̂n−1,
√

n is the surface area measure on Sn−1(
√

n) normalized to
be a probability measure, and let πk,n : Rn → Rk : πk,n (x1 , . . . , xn ) =
(x1 , . . . , xk ) be the projection onto the first k coordinates.

Theorem 1.6.2 (Poincaré–McKean [115]). As n→∞, the probability
measure πk,n 	σ̂n−1,

√
n on the first k coordinates converges weakly to the

standard Gaussian γ0,I on Rk , so∫
S n −1 (

√
n)

g(x1 , . . . , xk )σ̂n−1,
√

n (dx)→ 1
(2π)k/2

∫
Rk

g(x)e−‖x‖2 /2 dx

(1.6.12)
as n→∞ for all g ∈ Cb(Rk ;R).

Proof. Let σ̂n,1 be the surface area measure on Sn−1(1), normalized to
be a probability. By geometrical considerations, we have

dσ̂n−1,1 = | sin θ|n−2dσ̂n−2,1

where θ is the colatitude.
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Given (ξ1 , . . . , ξn ) ∈ Sn−1(1), we introduce coordinates

ξ1 = cos θ1 ,

ξ2 = sin θ1 cos θ2 ,

ξ3 = sin θ1 sin θ2 cos θ3 ,

...
...

ξn−1 = sin θ1 sin θ2 . . . sin θn−2 cos θn−1 ,

ξn = sin θ1 . . . sin θn−1 . (1.6.13)

The Jacobian is lower triangular, so we can easily compute∣∣∣∂(ξ1 , . . . , ξn−1)
∂(θ1 , . . . , θn−1)

∣∣∣ = | sink θ1 sink−1 θ2 . . . sin θk |. (1.6.14)

By repeatedly applying (1.6.2), we deduce that

dσ̂n−1,1 = | sin θ1 |n−2 | sin θ2 |n−3 . . . | sin θk |n−k−1dσ̂n−k−1,1 (1.6.15)

where

| sin θ1 . . . sin θk | = (1− ξ2
1 − · · · − ξ2

k )1/2 . (1.6.16)

This one proves by induction, with the induction step

sin2 θ1 . . . sin2 θk = sin2 θ1 . . . sin2 θk−1 − ξ2
k

= 1− ξ2
1 − · · · − ξ2

k . (1.6.17)

Now we have

| sin θ1 |n−2 | sin θ2 |n−3 . . . | sin θk |n−k−1dθ1 . . . dθk

=
(
| sin θ1 |k | sin θ2 |k−1 . . . | sin θk |

)
| sin θ1 . . . sin θk |n−k−2dθ1 . . . dθk

=
(
1− ξ2

1 − · · · − ξ2
k )(n−k−2)/2dξ1 . . . dξk . (1.6.18)

Now we scale up to Sn−1(
√

n), and find that for g depending only upon
ξ1 , . . . , ξk ,∫

Sn −1 (
√

n)
g(ξ1 , . . . , ξk )σ̂n−1,

√
n (dξ)

= Ck,n

∫
B k (

√
n)

g(ξ1 , . . . , ξk )
(
1− 1

n

k∑
j=1

ξ2
j

)(n−k−2)/2
dξ1 . . . dξk

(1.6.19)

where Bk (
√

n) = {(ξj )k
j=1 :

∑k
j=1 ξ2

j ≤ n} and Ck,n is some positive
constant.
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Hence ∫
Sn −1 (

√
n)

gdσ̂n−1,
√

n →
1

(2π)k/2

∫
Rk

g(ξ1 , . . . , ξk )

× exp
(
−1

2

k∑
j=1

ξ2
j

)
dξ1 . . . dξk (1.6.20)

as n → ∞, where the limiting value of Cn,k is given by the Gaussian
constants in Section 1.5. �

For each unit vector e ∈ Rk , x �→ 〈x, e〉 gives a random variable
xe on Sn−1(

√
n) with probability distribution σ̂n−1,

√
n . The statistical

interpretation is that for each collection of k orthogonal coordinate direc-
tions, the random variables (xe1 , . . . , xek

) have an asymptotic N(0, Ik )
distribution; in particular they are asymptotically independent.

Remark. The previous results suggest an intuitively attractive picture
of the probability measures σ̂n,

√
n converging to some natural probability

measure on an infinite-dimensional sphere that has Gaussian marginals;
so one can think about S∞(

√∞). See [115]. In Chapter 11 we show how
to construct Gaussian measure on Hilbert space H, but also learn there
is no rotation-invariant Radon probability measure on the sphere of H.
Nevertheless, the notion of spherical harmonics does make sense, and
there is a self-adjoint operator that corresponds to the Laplace operator
on the sphere. The Ornstein–Uhlenbeck process is a convenient way of
uniting these ideas.

Exercise 1.6.5 Consider the unit sphere Sn−1 in Rn . Let Rjk =
xj

∂
∂xk
− xk

∂
∂xj

for 1 ≤ j < k ≤ n, let L =
∑

jk R2
jk and Γ(f, g) =

2−1 [L(fg)− fLg − gLf ] where f, g : Sn−1 → R are twice continuously
differentiable functions. Show that the Rjk generate rotations of the
sphere, and that that Γ(f, f) =

∑
jk (Rjkf)2 .

1.7 Lipschitz functions and the Hausdorff metric

Detailed discussion of the concepts in this section is available in [40,
162].

Definition (Lipschitz function). Let (Ωj , dj ) for j = 1, 2 be Polish
spaces. A function f : Ω1 → Ω2 is L-Lipschitz if

d2(f(x), f(y)) ≤ Ld1(x, y) (1.7.1)
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The infimum of such L is the Lipschitz seminorm ‖f‖Lip . Sometimes we
use Lip to stand for the space of Lipschitz function between specified
metric spaces.

Examples 1.7.1 (i) Let f : Rn → R be a differentiable function such
that ‖∇f(x)‖Rn ≤ L for all x ∈ Rn . Then f and |f | are L-Lipschitz.
This follows from the mean value theorem.

(ii) The function f(x) = x/(1 + |x|) is a Lipschitz bijection R →
(−1, 1), but the inverse function is certainly not Lipschitz.

Exercise 1.7.2 Let f, g : (Ω, d)→ R be Lipschitz functions on a com-
pact metric space. We define

δ(f)(x) = lim sup
y→x

|f(x)− f(y)|
d(x, y)

(x ∈ Ω). (1.7.2)

Show that

δ(tf + sg)(x) ≤ |t|δ(f)(x) + |s|δ(g)(x) (s, t ∈ R;x ∈ Ω) (1.7.3)

δ(fg)(x) ≤ |f(x)|δ(g)(x) + |g(x)|δ(f)(x). (1.7.4)

By comparison with the previous examples, one regards δ(f)(x) as the
analogue of ‖∇f(x)‖, without attaching any particular interpretation to
∇f .

Definition (Lipschitz equivalence). Polish spaces (Ω1 , d1) and (Ω2 , d2)
are said to be bi-Lipschitz equivalent if there exists a bijection ϕ : Ω1 →
Ω2 such that ϕ and its inverse ϕ−1 are Lipschitz maps. The Lipschitz
distance between Ω1 and Ω2 is

dL(Ω1 ,Ω2) = inf
ϕ

{
log(‖ϕ‖Lip‖ϕ−1‖Lip)

}
. (1.7.5)

One can prove that compact metric spaces (Ω1 , d1) and (Ω2 , d2) are
isometric if and only if dL (Ω1 ,Ω2) = 0; further, dL defines a metric on
each set of compact metric spaces that are bi-Lipschitz equivalent to a
given (Ω, d).

Unfortunately, the metric dL is too severe to give a useful notion of
convergence for metric measure spaces with the weak topology. Gromov
therefore introduced a more subtle concept which refines the classical
notion of Hausdorff distance; see [40].

Definition (Enlargement). Given nonempty A ⊆ Ω, let d(b, A) =
inf{d(b, a) : a ∈ A} be the distance of b to A. Then the ε-enlargement
of A is

Aε = {b ∈ Ω : d(b, A) ≤ ε}. (1.7.6)
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Definition (Hausdorff distance). The Hausdorff distance between sub-
sets A and B of (Ω, d) is

dH (A,B) = inf
{
ε > 0 : A ⊆ Bε, B ⊆ Aε

}
. (1.7.7)

Exercise 1.7.3 (Blaschke). Let (Ω, d) be a compact metric space and
let K(Ω) = {A ⊆ Ω : A compact}. Prove that (K(Ω), dH ) is a compact
metric space by proving the following.

(i) Let N be a ε-net of Ω. Show that 2N = {S : S ⊆ N} is a ε-net of
K(Ω).

(ii) Given a Cauchy sequence (Sn ) in K(Ω), let S be the set of x ∈ Ω
such that, for each ε > 0, the set {y : d(x, y) < ε} intersects Sn for
infinitely many n. Show that dH (Sn , S)→ 0 as n→∞.

Exercise 1.7.6 Let An (n = 1, 2, . . . ) and A be closed subsets of a com-
pact metric space (Ω, d) such that dH (An ,A) → 0 as n → ∞. Suppose
that µn ∈ Prob(An ) and that µn → µ weakly as n → ∞. Show that
µ ∈ Prob(A).

1.8 Characteristic functions and Cauchy transforms

With a view to later generalization, we express here some basic facts
about classical probability spaces in an unfamiliar style. Let (Ω,P) be
a probability space and let Xj (j = 1, . . . , n) be random variables on
(Ω,P). Then the (Xj )n

j=1 are mutually independent if and only if there
exist µj ∈ Prob(R) such that

Ef(X1 , . . . , Xn ) =
∫

. . .

∫
Rn

f(x1 , . . . , xn )µ1(dx1) . . . µn (dxn ), (1.8.1)

for any f ∈ Cb(Rn ;R). We write µ1 ⊗ · · · ⊗ µn for the product measure
here.

Definition (Convolution). The convolution of µ1 , µ2 ∈ Prob(R) is the
unique ν ∈ Prob(R) such that∫

f(x)ν(dx) =
∫∫

f(x + y)µ1(dx)µ2(dy) (1.8.2)

for any f ∈ Cb(R). When X1 and X2 are independent random variables,
X1 + X2 has distribution ν = µ1 ∗ µ2.

Definition (Characteristic function). Let X be a random variable on
(Ω,P). Then the characteristic function of X is

ϕX (t) = E exp itX (t ∈ R). (1.8.3)
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We recall that if Xj on (Ωj ,Pj ) (j = 1, 2) are random variables such
that the respective characteristic functions satisfy ϕX 1 (t) = ϕX 2 (t) for
all t ∈ R, then the respective cumulative distribution functions satisfy
P1[X1 ≤ x] = P2[X2 ≤ x] for all x ∈ R.

Example 1.8.1 (Gaussian characteristic function). Let X be a
Gaussian N(b, σ2) random variable. Then X has characteristic function

ϕ(t) = exp(itb− σ2t2/2) (t ∈ R). (1.8.4)

This follows from Proposition 1.5.1 when one takes y = it and A = σ2 .
See [73, 88].

Definition (Fourier transform). For f ∈ L1(R), we introduce the
Fourier transform by

f̂(ξ) =
∫ ∞

−∞
f(x)e−ixξ dx; (1.8.5)

we also use the Fourier–Plancherel transform

Ff(ξ) = lim
T →∞

∫ T

−T

f(t)e−itξ dt/
√

2π,

which gives a unitary operator on L2(R). Note that the sign in the
exponent differs from that used in the definition of the characteristic
function.

For completeness we include the following two results.

Theorem 1.8.2 (Glivenko [73, 88]). Let Xn and X be random variables
on (Ω,P), and let the corresponding characteristic functions be ϕn and
ϕ. Then ϕn (t) → ϕ(t) as n → ∞ for all t ∈ R, if and only if the
distribution of Xn converges weakly to the distribution of X as n→∞.

Theorem 1.8.3 (Kac). Random variables X1 , . . . , Xn on (Ω,P) are
mutually independent if and only if

E exp
( n∑

j=1

itjXj

)
=

n∏
j=1

E exp(itjXj ) (tj ∈ R). (1.8.6)

Proof. See [88]. �

Definition (Moments). Let X be a random variable on (Ω,P). If E|X|k
is finite for some integer k = 0, 1, 2, . . . , then the kth moment of X exists
and we let mk = EXk. The moment sequence associated with X is the
sequence (mk )∞k=0 when all moments exist; otherwise we terminate the
sequence.
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Example (Standard Gaussian). By various arguments one can show
that ∫ ∞

−∞
e−tx2 /2 dx√

2π
=

1√
t
. (1.8.7)

By differentiating this identity repeatedly with respect to t, and evalu-
ating the derivatives at t = 1, one obtains∫ ∞

−∞
x2ne−x2 /2 dx√

2π
= (2n− 1)(2n− 3) . . . 3.1. (1.8.8)

Example (Stieltjes). There exist random variables X and Y such that
all moments mk (X) of X and mk (Y ) of Y exist and satisfy mk (X) =
mk (Y ) for k = 0, 1, 2, . . . , but the distribution of X is not equal to the
distribution of Y . In fact, the lognormal distribution is not uniquely
determined by its moments.

Exercise. There exists a family of distinct probability distributions such
that, for each integer k ≥ 0, the kth moments of all the distributions are
finite and are equal.

(i) Show that for integers k = 0, 1, 2, . . . ,∫ ∞

0
uku− log u sin(2π log u) du = 0. (1.8.9)

This calculation can be carried out by successive changes of variable, the
first being u = ev .

(ii) Let c =
∫∞

0 u− log u du Check that c is finite and that for each
0 ≤ t ≤ 1 the function

pt(u) =
{

c−1u− log u
(
1 + t sin(2π log u)

)
, if u > 0;

0, if u ≤ 0;
(1.8.10)

defines a probability density function.
(iii) Deduce that the distribution with density pt has finite moments

of all orders for 0 ≤ t ≤ 1 and that∫ ∞

−∞
ukpt(u) du =

∫ ∞

−∞
ukp0(u) du (k = 0, 1, 2, . . . ). (1.8.11)

We recover uniqueness in the moment problem by imposing extra
integrability conditions on the random variables.

Proposition 1.8.4 (i) Let X be a random variable and suppose that
there exists δ > 0 such that E cosh(δX) is finite. Then the characteristic
function ϕ(t) = EeitX extends to define a analytic function on some
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open neighbourhood of zero. Further, the distribution of X is uniquely
determined by the moments EXk = i−kϕ(k)(0)k = 0, 1, . . . .

(ii) Equivalently, let ν be a positive Radon measure on R such that∫
(cosh δx)ν(dx) < ∞ for some δ > 0. Then φ(t) =

∫∞
−∞ e−ixtν(dx)

extends to define an analytic function on some neighbourhood of zero.
Furthermore, the polynomials give a dense linear subspace of L2(R, ν).

Proof. (i) Clearly we can introduce ϕ(z) = E(eizX ) for |z| < δ. By
Fubini’s theorem, ∫

T

ϕ(z) dz = E
∫

T

eizX dz = 0 (1.8.12)

for any triangle T inside {z : |z| < δ}, so ϕ(z) is analytic by Morera’s
theorem [154]. Hence ϕ is uniquely determined by the coefficients in its
power series about z = 0, which determine the moments of X. Indeed,
we can equate the coefficients in the convergent power series

ϕ(z) =
∞∑

n=0

inϕ(n)(0)zn

n!
(|z| < δ) (1.8.13)

and obtain the stated result.
(ii) One can show likewise that if f ∈ L2(R, ν) satisfies∫∞

−∞ f(x)xkν(dx) = 0 for all k = 0, 1, 2, . . . , then f = 0 almost every-
where with respect to ν. Hence by the F. Riesz representation theorem,
the polynomials give a dense linear subspace. �

Definition (Cumulants). Let X be a random variable and suppose that
there exists δ > 0 such that E cosh(δX) is finite. Then the logarith-
mic moment generating function of X is g(z) = log E exp(zX), and the
cumulants are the coefficients (κn )∞n=1 in the power series

g(z) =
∞∑

n=1

κnzn

n!
(|z| < δ).

In particular, from the power series one easily checks that

κ1 = E(X), κ2 = var(X). (1.8.14)

Under the hypotheses of Proposition 1.8.4, the cumulants determine the
distribution of X.

Proposition 1.8.5 (Convergence of cumulants). Let X and (Xn )∞n=1
be random variables on (Ω,P) and suppose that there exists δ > 0 such
that E cosh (δX) ≤M and E cosh(δXn ) ≤M for some M <∞ and all
n. Then the following are equivalent.
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(i) Xn converges to X in distribution as n→∞.
(ii) ϕXn

(z)→ ϕX (z) uniformly on {z : |z| ≤ δ/2} as n→∞.
(iii) EXk

n → EXk as n→∞ for all k = 1, 2, . . . ;
(iv) gXn

(z) → gX (z) uniformly on {z : |z| ≤ ε} as n → ∞ for some
ε > 0.

(v) κk (Xn )→ κk (X) as n→∞.

Proof. (ii)⇒ (i) This follows from Glivenko’s theorem.
(i) ⇒ (ii) When (i) holds, ϕXn

(t) converges uniformly to ϕX (t) for
t ∈ [−a, a] as n → ∞ for each a > 0; further, |ϕXn

(z)| ≤ 2M for all n

on {z : |z| ≤ δ}. By Vitali’s theorem on power series [154, p. 168], (ii)
holds.

(ii) ⇔ (iii) Vitali’s theorem and Cauchy’s estimates show that these
are equivalent.

(ii) ⇒ (iv) Since ϕX (0) = 1, there exists 0 < ε < δ such that
|ϕXn

(z)− 1| < 1/2 for all z such that |z| ≤ ε and all sufficiently large n.
Then one takes logarithms to deduce that gXn

(z) = log ϕ(−iz) converges
uniformly to gX (z) as n→∞.

(iv)⇒ (ii) One takes exponentials.
(iv) ⇔ (v) Vitali’s theorem and Cauchy’s estimates give this equiva-

lence. �

In addition to the characteristic function, we shall use the Cauchy
transform of measures. For convenience, we introduce the notion of a
distribution sequence, and then consider the issue of whether this arises
from the moments of any particular probability measure.

Definition (Distribution sequence). A distribution sequence is a com-
plex sequence (mn )∞n=1 such that

∑∞
n=1 mn/ζn+1 converge for some

ζ ∈ C, hence

G(ζ) =
1
ζ

+
∞∑

n=1

mn

ζn+1 (1.8.15)

defines an analytic function on {ζ ∈ C : |ζ| > K} for some K <∞.

Proposition 1.8.6 (Uniqueness of distribution sequences).

(i) Any probability measure µ of compact support in R determines a
distribution sequence by mn =

∫
[−a,a ] x

nµ(dx).
(ii) If µ1 and µ2 are compactly supported probability measures that de-

termine the same distribution sequence, then µ1 = µ2 .
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Proof. When µ has support contained in [−a, a],

G(z) =
∫

[−a,a ]

µ(dx)
z − x

(1.8.16)

is analytic on C \ [−a, a] and hence has a Laurent series about infinity
as in (1.8.16). The coefficients of the Laurent series, namely the (mn ),
are the moments of µ.

Given ε > 0 and a continuous f : [−a, a]→ R, there exists a rational
function R with poles in C \ [−a, a] such that |f(x)−R(x)| < ε. Indeed,
we can take f(∞) = 0 and apply Runge or Mergelyan’s theorem [176] to
the set [−a, a] ∪ {∞} in the Riemann sphere, where the set has empty
interior. When R has partial fractions decomposition

R(x) =
∑
j,k

ajk

(zk − x)j
(1.8.17)

we have by the Cauchy integral formula∫
[−a,a ]

R(x)µ1(dx) =
∑
j,k

(−1)j−1 ajk

(j − 1)!
G(j−1)

µ1
(zk )

=
∫

[−a,a ]
R(x)µ2(dx) (1.8.18)

since Gµ1 (z) = Gµ2 (z). Hence |
∫

[−a,a ] fdµ1 −
∫

[−a,a ] fdµ2 | < ε, where
ε > 0 is arbitrary, so

∫
[−a,a ] fdµ1 =

∫
[−a,a ] fdµ2 .

Definition (Cauchy transform [1]). The Cauchy transform of µ ∈
Prob(R) is

G(z) =
∫

µ(dx)
z − x

(z ∈ C \R). (1.8.19)

When µ has support inside [−A,A], we regard the Cauchy transform as
an analytic function on a region that includes C\[−A,A]. Note also that
G(z̄) = G(z), as in Schwarz’s reflection principle, and that G(z) � 1/z

as |z| → ∞. Typically, G will be discontinuous across the support of µ.

Lemma 1.8.7 (Convergence of distribution sequences). Let µn and µ

be probability measures on [−A,A]. Then the following conditions are
equivalent.

(i) µn → µ weakly as n→∞.
(ii) The respective Cauchy transforms converge, so Gµn

(ζ)→ Gµ (ζ) as
n→∞ for all ζ on some arc in the upper half plane {ζ : �ζ > 0}.
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(iii) Gµn
(ζ) → Gµ(ζ) as n → ∞ uniformly on compact subsets of C \

[−A,A].
(iv) The moments converge, so

∫
xkµn (dx)→

∫
xkµ(dx) as n→∞ for

each k = 1, 2, . . . .

Proof. (i) ⇒ (ii) This is immediate from the definition of weak conver-
gence applied to f(x) = 1/(ζ − x).

(ii)⇒ (iii) For any compact subset S in C\[−A,A], there exists δ > 0
such that |ζ−x| > δ for all x ∈ [−A,A] and ζ ∈ S. Hence |Gµn

(ζ)| ≤ 1/δ

for all ζ ∈ S, and Gµn
(ζ) → Gµ(ζ) for all ζ on some arc. By Vitali’s

theorem [154], Gµn → Gµ uniformly on S as n→∞.
(iii)⇒ (i) By (iii) and Weierstrass’s double series theorem [154], the

jth derivatives converge, so G
(j )
µn → G

(j )
µ uniformly on compact subsets of

C \ [−A,A] as n→∞. Given ε > 0 and a continuous f : [−A,A]→ R,
there exists a finite collection of coefficients ajk and points zj ∈ C \
[−A,A] such that ∣∣∣f(x)−

∑
j,k

ajk

(zk − x)j

∣∣∣ < ε, (1.8.20)

hence ∣∣∣∫ fdµn −
∑
j,k

(−1)j−1ajk

(j − 1)!
G(j )

µn
(zk )

∣∣∣ < ε,

and likewise with µn instead of µ. Hence
∫

fdµn →
∫

fdµ as n→∞.
(iv) ⇒ (i) This follows from Weierstrass’s approximation theorem

[154].
(i) ⇒ (iv). This is immediate from the definition of weak

convergence. �

Definition (Hölder continuity [1]). For 0 < α ≤ 1, a function f : [a, b]→
C is α-Hölder continuous at x if there exists C <∞ such that

|f(x)− f(y)| ≤ C|x− y|α (y ∈ [a, b]).

Definition (Principal value integral). Let f : [−K,L] \ {a} → C be
continuous, and suppose that the limit

p.v.
∫ L

−K

f(x)dx = lim
ε→0+

(∫ a−ε

−K

f(x)dx +
∫ L

a+ε

f(x)dx
)

(1.8.21)

exists. Then we call this the principal value integral of f over [−K,L].
We do not assert that f is (absolutely) integrable in Lebesgue’s
sense.
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Definition (Hilbert transform). The Hilbert transform is the linear op-
erator H : L2(R)→ L2(R) that is given by

Hf(x) = p.v.
∫

f(y)
x− y

dy

π
, (1.8.22)

or equivalently by the Fourier multiplier f̂(ξ) �→ −iξf̂(ξ)/|ξ|.

Theorem 1.8.8 (M. Riesz). For 1 < p < ∞ the Hilbert transform
defines a continuous linear operator Lp (R)→ Lp(R), so there exists Ap

such that

‖Hf‖Lp ≤ Ap‖f‖Lp (f ∈ Lp(R)). (1.8.23)

There exists A > 0 such that the optimal constant satisfies

A2 = 1; Aq ∼ A/(q − 1) as q → 1+; Ap ∼ Ap as p→∞.

(1.8.24)

Proof. See [71]. �

Proposition 1.8.9 (Plemelj, [1, 119]). Suppose that µ ∈ Prob(R) has
compact support Ω, and that µ = µp + µac where µp is atomic and µac

is absolutely continuous with respect to Lebesgue measure. Then G =
Gp + Gac where Gp and Gac are the Cauchy transforms of µp and µac .
Further, G is analytic on (C ∪ {∞}) \ Ω,

µp({x}) = lim
h→0+

ih

2
(
G(x + ih)−G(x− ih)

)
(1.8.25)

and
dµac

dx
= lim

h→0+

Gac(x + ih)−Gac(x− ih)
−2πi

(1.8.26)

at the points where dµac/dx is Hölder continuous.

Proof. We have

ih

2
(
G(x + ih)−G(x− ih)

)
=

∫
h2

(x− t)2 + h2 µ(dt),

so the dominated convergence theorem gives the first formula. The prop-
erties of the Cauchy integral are local, so to obtain the second formula,
we can suppose that f = dµac/dx is compactly supported and Hölder
continuous. Then

Gac(z) =
∫

f(x)
z − x

dx (1.8.27)
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has limits G+
ac(x) = limh→0+ Gac(x + ih) and G−

ac(x) =
limh→0+ Gac(x− ih) which satisfy

G±
ac(x) = ∓πif(x)− p.v.

∫
f(t)
t− x

dt; (1.8.28)

so G±
ac(x) satisfy the pair of equations

G+
ac(x)−G−

ac(x) = −2πif(x), G+
ac(x)+G−

ac(x) = 2πHf(x), (1.8.29)

by Plemelj’s formula. Thus the pair of functions G+
ac and G−

ac determine
and are determined by the pair f and Hf . �

The Cauchy transform G is uniquely determined by the pair of func-
tions G± on account of the following result.

Proposition 1.8.10 Suppose that g : C → C is a continuous function
that is analytic on C \ [−A,A] for some A <∞, that g(z̄) = g(z) for all
z ∈ C and that g(z)→ 0 as |z| → ∞. Then g(z) = 0 for all z.

Proof. By Schwarz’s reflection principle [1, 154], g extends to an analytic
function on C. Further, g is bounded on C and vanishes at infinity, so
by Liouville’s theorem is identically zero.

Exercise 1.8.11 Let p be a probability density function on R, and let
p−(x) = p(−x).

(i) Show that k = p ∗ p− has Fourier transform k̂ = |p̂|2; so that 0 ≤
k̂(ξ) ≤ 1 for all ξ ∈ R.

(ii) Let K : L2(R) → L2(R) be the convolution operator Kf = k ∗ f

for f ∈ L2(R). Using Plancherel’s formula, show that 0 ≤ K ≤ I as
an operator.
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Lie groups and matrix ensembles

Abstract

The purpose of this chapter is to give a brief introduction to the theory of
Lie groups and matrix algebras in a style that is suited to random matrix
theory. Ensembles are probability measures on spaces of random matri-
ces that are invariant under the action of certain compact groups, and
the basic examples are known as the orthogonal, unitary and symplectic
ensembles according to the group action. One of the main objectives is
the construction of Dyson’s circular ensembles in Sections 2.7–2.9, and
the generalized ensembles from the affine action of classical compact Lie
groups on suitable matrix spaces in Section 2.5. As our main interest is
in random matrix theory, our discussion of the classification is patchy
and focuses on the examples that are of greatest significance in RMT.
We present some computations on connections and curvature, as these
are important in the analysis in Chapter 3. The functional calculus of
matrices is also significant, and Section 2.2 gives a brief treatment of
this topic. The chapter begins with a list of the main examples and
some useful results on eigenvalues and determinants.

2.1 The classical groups, their eigenvalues and norms

Throughout this chapter,

� R = real numbers;
� C = complex numbers;
� H = quaternions;
� T = unit circle.

By a well-known theorem of Frobenius, R,C and H are the only finite-
dimensional division algebras over R, and the dimensions are β = 1, 2

42
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and 4 respectively; see [90]. From these division algebras, we introduce
the classical Lie groups on which we later construct the matrix ensem-
bles.

Definition (Involutions). The natural involution on C is conjugation
z �→ z̄. Now let i, j, k be the natural units in the quaternions, and for
real q0 , q1 , q2 , q3 , let

(q0 + q1i + q2j + q3k)R = (q0 − q1i− q2j − q3k). (2.1.1)

The transpose of a square matrix X = [xjk ] is Xt = [xkj ]; the Hermitian
conjugate of X = [xjk ] ∈Mn (C) is X∗ = [x̄kj ]. We extend the operation
of R to Mn (H) by [Wjk ] �→ [W R

kj ].

Using these involutions, we briefly define the classical groups, and then
we discuss the reasoning behind the definitions.

Definition (Classical groups). The main examples are:

� real symmetric matrices Ms
n (R) = {X ∈Mn (R) : X = Xt};

� hermitian matrices Mh
n (C) = {X ∈Mn (C) : X = X∗}; and

� self-dual hermitian matrices Mh
n (H) = {X ∈ M2n (C) : X = XR

= X∗}.

The main compact Lie groups, known as invariance groups, are:

� the real orthogonal group O(n) = {U ∈Mn (R) : UtU = I}, with
� special orthogonal subgroup SO(n) = {U ∈ O(n) : detU = 1};
� the unitary group U(n) = {U ∈Mn (C) : U∗U = I}, with
� special unitary subgroup SU(n) = {U ∈ U(n) : detU = 1} and
� the symplectic group Sp(n) = {X ∈M2n (C) : XRX = X∗X = I}.

The standard basis for M2(C) is

X = q0

[
1 0
0 1

]
+ q1

[
i 0
0 −i

]
+ q2

[
0 1
−1 0

]
+ q3

[
0 i

i 0

]
, (2.1.2)

where q0 , q1 , q2 , q3 ∈ C, and the standard hermitian conjugation on
M2(C) is

X �→ X∗ = q̄0

[
1 0
0 1

]
− q̄1

[
i 0
0 −i

]
− q̄2

[
0 1
−1 0

]
− q̄3

[
0 i

i 0

]
.

(2.1.3)
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There is another involution

X �→ XR = q̄0

[
1 0
0 1

]
− q1

[
i 0
0 −i

]
− q2

[
0 1
−1 0

]
− q3

[
0 i

i 0

]
.

(2.1.4)

Now H may be identified with the subspace of such X where q0 , q1 , q2

and q3 are all real, or equivalently as the subspace of X ∈ M2(C) such
that X∗ = XR .

We extend the involution R to M2n (C) by transposing matrices and
conjugating matrix elements [WR ]jk = [W ]Rkj ; we can identify Mn (H)
with those X ∈M2n (C) such that XR = X∗.

A X ∈ Mn (C) is symmetric when its entries satisfy [X]jk = [X]kj ,
so Xt = X; further, X is Hermitian when X∗ = X; so if X ∈ Mn (C)
is both symmetric and Hermitian, then X is real symmetric. Further,
X ∈M2n (C) matrix is self-dual when XR = X; so if X ∈M2n (C) is self-
dual and Hermitian, then X may be identified with a n× n symmetric
matrix with quaternion entries.

Proposition 2.1.1 When viewed as real vector spaces, the dimensions
of the ensembles are

N = n +
β

2
n(n− 1) (2.1.5)

where: β = 1 for Ms
n (R); β = 2 for Mh

n (C); β = 4 for Mh
n (H).

Proof. The matrices are symmetric with n real entries on the leading
diagonal, and n(n − 1)/2 entries from R, C or H above the leading
diagonal. Hence one can find a basis over R with the dimension as
listed. �

Definition (Invariant metrics). Let G = O(n), SO(n), U(n), SU(n) or
Sp(n). Then a metric d on G is bi-invariant if

d(UV,UW ) = d(V U,WU) = d(V,W ) (U, V,W ∈ G). (2.1.6)

Exercise. Show that for any bi-invariant metric, we have

d(V,W ) = d(D, I),

where D is the diagonal matrix that has entries given by the eigenvalues
of V W−1 .

Let 〈(zj ), (wj )〉 =
∑n

j=1 zj w̄j be the usual inner product on Cn .
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Definition (Positive semidefinite). A matrix [ajk ] in Mh
n (C) is positive

semidefinite if
n∑

j,k=1

ajkzj z̄k ≥ 0 ((zj ) ∈ Cn ). (2.1.7)

A minor of a matrix is the determinant of any square submatrix. A
principal minor is the determinant of any square submatrix that has the
same index set for the rows as it has for columns; see [4].

Proposition 2.1.2 (Characterisations of positive semidefiniteness).
The following are equivalent for A = [ajk ] ∈Mh

n (C).

(i) A is positive semidefinite.
(ii) There exists U ∈ U(n) and a diagonal matrix D = diag(λj ) such

that λj ≥ 0 and A = UDU∗.
(iii) There exist ξj ∈ Cn such that ajk = 〈ξj , ξk 〉 for j, k = 1, . . . , n.
(iv) The principal minors det[ajk ]j,k=1,...,� are non-negative for � =

1, . . . , n.

(v) The principal minors det[as,t ]s,t∈S indexed by S ⊆ {1, . . . , n} are
all nonnegative.

Proof. (i) ⇒ (ii) This is the spectral theorem applied to A = A∗.
(ii) ⇒ (iii) Let (ej ) be the usual orthonormal basis for Cn , and let

ξj =
√

DU∗ej .
(iii) ⇒ (i) By an easy calculation,∑

j,k

ajk zj z̄k =
〈∑

j

zj ξj ,
∑

k

zk ξk 〉 ≥ 0. (2.1.8)

(i) ⇒ (iv) Evidently detA ≥ 0 whenever A is positive semidefinite
on account of (ii). Further, PAP is positive semidefinite for all projec-
tions P , in particular for the projection P� onto span{e1 , . . . , e�}, so
det P�AP� ≥ 0.

(iv) ⇒ (i) One uses induction on dimension.
(v) ⇒ (iv) This is clear.
(iv)&(ii)⇒ (v) One uses a permutation matrix to take S into the top

left corner of the matrix, then one invokes (iv). �

Corollary 2.1.3 Let [ajk ] and [bjk ] be positive semidefinite n × n ma-
trices. Then the Schur product [ajk bjk ] is likewise positive semidefinite.

Proof. By (iii) we can introduce vectors ξj and ηk such that ajk = 〈ξj , ξk 〉
and bjk = 〈ηj , ηk 〉; then we obtain ajk bjk = 〈ξj ⊗ ηj , ξk ⊗ ηk 〉. �
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We can impose a common metric structure upon all of these examples,
since they are presented as closed subspaces of Mh

n (C). Let X be any
normal matrix in Mn (C), so that XX∗ = X∗X. Then there exist a
unitary matrix U and a diagonal matrix D such that UXU∗ = D; further,
the diagonal entries of D are the eigenvalues of X, listed according to
algebraic multiplicity.

For any Y ∈ Mm,n (C), we observe that Y ∗Y is Hermitian, and that
any eigenvector ξ with corresponding eigenvalue s satisfies s‖ξ‖2 =
〈sξ, ξ〉 = 〈Y ∗Y ξ, ξ〉 = ‖Y ξ‖2 ; so s ≥ 0. Hence we can write V Y ∗Y V ∗ =
∆2, where ∆ = diag(s1 , . . . , sn ) and V is so chosen that s1 ≥ · · · ≥ sn ≥
0. The sj are the singular numbers of Y .

Definition (Matricial norms). A matricial norm is a norm ‖·‖ on Mn (C)
such that ‖ABC‖ ≤ ‖A‖op‖B‖‖C‖op for all A,B,C ∈ Mn (C) where
‖ · ‖op denotes the usual operator norm on matrices. See [143].

Proposition 2.1.4 (i) When U, V are unitary matrices, the matricial
norm satisfies ‖UBV‖ = ‖B‖; indeed, ‖B‖ depends only upon the sin-
gular numbers of B.

(ii) The singular numbers satisfy

sj (ABC) ≤ ‖A‖opsj (B)‖C‖op (j = 1, 2, . . . ). (2.1.9)

(iii) For m× n matrices A and B the singular numbers satisfy

sj+k−1(A + B) ≤ sj (A) + sk (B) (j, k = 1, 2, . . . ). (2.1.10)

Proof.
(i) Given B, we can choose unitary matrices U and V so that

UBV is a diagonal matrix with diagonal entries S1 ≥ · · · ≥
Sn ≥ 0.

(ii) & (iii) See [143, Theorem 1.6]. �

Definition (Schatten norms). The Schatten norms are

‖Y ‖cp (n) =
( 1

n

n∑
j=1

sp
j

)1/p

(2.1.11)

for 1 ≤ p <∞ and

‖Y ‖Mm , n
= s1 = ‖Y ‖op = sup{�〈Y ξ, η〉 : ‖ξ‖ = ‖η‖ = 1} (2.1.12)

is the usual operator norm. The factor of 1/n is introduced so that the
identity matrix satisfies ‖I‖cp (n) = 1. When m = n, the normalized trace
of Y = [yjk ] is

tracenY =
1
n

n∑
j=1

yjj . (2.1.13)
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Definition (Standard metrics on compact groups). The standard met-
ric on O(n), SO(n), U(n) and SU(n) is the c2(n) norm via d(U, V ) =
‖U−V ‖c2 (n) ; the standard metric on Sp(n) is given by the c2(2n) norm.

Note that the diameter of the said groups is less than or equal to
√

2,
a bound which is independent of n.

If X = X∗, then the eigenvalues are real; whereas if X∗X = I then
the eigenvalues lie on the unit circle. For any function v : C → C, we
can form v(D) = diag(v(λ1), . . . , v(λn )) and hence v(X) = U∗v(D)U .
By checking through the definitions, one can verify that

‖X‖cp (n) =
( 1

n

n∑
j=1

|λj |p
)1/p

=
(
tracen |X|p

)1/p = ‖(λj )‖�p (n) . (2.1.14)

In particular, the c2(n) is the scaled Hilbert–Schmidt norm and satisfies

‖Y ‖2c2 (n) = tracenY ∗Y =
1
n

n∑
j,k=1

|yjk |2 . (2.1.15)

For consistency with these definitions, we introduce

∆n = {λ = (λ1 , . . . , λn ) ∈ Rn : λ1 ≤ · · · ≤ λn} (2.1.16)

with scaled norms ‖λ‖�p (n) = ( 1
n

∑n
j=1 |λj |p)1/p . Note that we usually

work with eigenvalues instead of singular numbers, and we take the
eigenvalues in increasing order.

Definition (Empirical eigenvalue distribution). Let X ∈ Ms
n (R) have

eigenvalues λ1 , . . . , λn . Then the empirical eigenvalue distribution of X

is the probability measure µX = n−1 ∑n
j=1 δλj

.
Let ∆n = {(xj ) ∈ Rn : x1 ≤ x2 ≤ · · · ≤ xn}; observe that the simplex

∆n ∩[0, 1]n has volume 1/n!. Note that there is a natural correspondence
between empirical eigenvalue distributions and points in ∆n .

Example. Let X and Y be real symmetric matrices with eigenvalues
λ1 ≤ · · · ≤ λn and ρ1 ≤ · · · ≤ ρn , and empirical eigenvalue distribu-
tions µX

n and µY
n respectively. Then the following measure the distance

between the spectra:

(i) The Hausdorff distance dH (spec(X), spec(Y ));
(ii) (n−1 ∑n

j=1 |λj − ρj |p)1/p ;
(iii) the Wasserstein distance Ws(µX

n , µY
n ) (as defined in Section 3.3).

We generally prefer (ii) and (iii) to (i), since it takes account of the
spectral multiplicity.
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Lemma 2.1.5 (Lidskii). The map Λ : X �→ λ that associates to each
hermitian matrix its ordered list λ = (λ1 ≤ λ2 ≤ · · · ≤ λn ) of eigen-
values, is Lipschitz from (Mh

n (C), cp(n)) → (∆n , �p(n)) with constant
one.

Proof. We require to show that, for any pair of hermitian matrices X

and Y , the eigenvalues satisfy( 1
n

n∑
j=1

|λj (X)− λj (Y )|p
)1/p

≤
( 1

n

n∑
j=1

|λj (X − Y )|p
)1/p

. (2.1.17)

Lidskii [143 Theorem 120(b)] showed that there exists a real matrix
A = [ajk ] that is doubly substochastic [71], so that

n∑
j=1

|ajk | ≤ 1,
n∑

m=1

|akm | ≤ 1 (k = 1, . . . , n), (2.1.18)

and such that

λj (X)− λj (Y ) =
n∑

j=1

ajkλk (X − Y ). (2.1.19)

The doubly substochastic matrix A can be written as A =
∑

j αjPj ,
where αj are real numbers such that

∑
j |αj | ≤ 1 and Pj are permutation

matrices, so

‖λ(X)− λ(Y )‖�p (n) ≤ ‖λ(X − Y )‖�p (n) = ‖X − Y ‖cp (n) (2.1.20)

follows by convexity of the norm on �p(n). �

More generally, several of our results apply to other norms on the ma-
trices.

Exercise. (i) Show that tracen (XX∗) ≥ |tracenX|2 holds for all X ∈
Mn (C).

(ii) Deduce the consequence when

X =
[ ∂2f

∂xj∂xk

]n

j,k=1
(2.1.21)

is a Hessian matrix of partial derivatives.

Some of these ideas are useful for infinite matrices.

Definition (Operator convergence). Let H be a Hilbert space and B(H)
the bounded linear operators on H with the operator norm. Let (Tn ) be
a sequence of operators in B(H), and T ∈ B(H). Say that:
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(1) Tn → T in norm, if ‖Tn − T‖B (H ) → 0 as n→∞;
(2) Tn → T strongly, if ‖Tnξ − Tξ‖H → 0 as n→∞ for each ξ ∈ H;
(3) Tn → T weakly, if |〈Tnξ, η〉 − 〈Tξ, η〉| → 0 as n → ∞ for each

ξ, η ∈ H.

Definition (Hilbert–Schmidt norm). Let H and K be Hilbert spaces,
with complete orthonormal bases (ej ) and (fj ) respectively. A linear
operator T : H → K is said to be Hilbert–Schmidt if

‖T‖2H S =
∞∑

j=1

‖Tej‖2 <∞; (2.1.22)

this expression is independent of the choice of the basis. The matrix that
represents T with respect to these bases is

[T ]jk = 〈Tej , fk 〉K (2.1.23)

with the property that ∑
j,k

|[T ]jk |2 = ‖T‖2H S . (2.1.24)

Any Hilbert–Schmidt operator is necessarily bounded, indeed compact.

Definition (von Neumann–Schatten norm [ 171, 143]). Let T be a com-
pact operator on H, and let s1 ≥ s2 ≥ · · · be the eigenvalues of (T ∗T )1/2 ,
listed according to multiplicity. For 1 ≤ p < ∞ the von Neumann–
Schatten norm of T is

‖T‖cp =
( ∞∑

j=1

sp
j

)1/p

and cp is the Banach space of all operators T such that this norm is finite.
In particular, c2 coincides with the space of Hilbert–Schmidt operators
as in; whereas c1 is the space of trace-class operators, namely the set of
products {ST : S, T ∈ c2}.

2.2 Determinants and functional calculus

Definition (Vandermonde determinant). Let xj be commuting indeter-
minates, and let the Vandermonde determinant be

Vn (x1 , . . . , xn ) = det[xk−1
j ]j,k=1,...,n . (2.2.1)
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Lemma 2.2.1 (Vandermonde’s determinant).

(i)
∏

j,k :1≤j<k≤n

(xk − xj ) = Vn (x1 , . . . , xn ). (2.2.2)

(Cauchy’s determinants) [4, 138].

(ii) det
[ 1
xj + yk + 1

]
j,k=1,...,n

=
Vn (x1 , . . . , xn )Vn (y1 , . . . , yn )∏n

j,k=1(1 + xj + yk )
.

(2.2.3)

(iii) det
[ 1
1− xjyk

]
j,k=1,...,n

=
Vn (x1 , . . . , xn )Vn (y1 , . . . , yn )∏n

j,k=1(1− xjyk )
. (2.2.4)

Proof. (i) This is a standard induction argument in which one uses row
and column operations on the determinant.

Both (ii) and (iii) may be proved by induction on n, and the induction
step consists of clearing the entries in the first column that are below
the top left entry. One applies the column operations Ck �→ Ck −C1, for
k = 2, . . . , n; then one takes out common factors; then one applies the
row operations Rj �→ Rj −R1 for j = 2, . . . , n. �

Definition (Pfaffian). Let A be a skew-symmetric 2N×2N matrix, and
define the Pfaffian of A to be

Pf(A) =
1

2N N !

∑
σ∈S2 N

sgn(σ)
N∏

j=1

aσ (2j−1),σ (2j ) . (2.2.5)

Let n = 2N be even. The standard non-singular skew matrix is C =
[cjk ], where

c12 = c34 = · · · = cn−1,n = 1,

c21 = c43 = · · · = cn,n−1 = −1;

then Pf(C) = 1 and det(C) = 1. See (2.3.17) for an example. Any
nonsingular skew matrix A can be written as A = BCBt . The identity

Pf(QAQt) = Pf(A)

reduces to the formula

Pf(A)2 = det(A).
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Lemma 2.2.2 (i) (Andréief ’s identity). Let fj and gj be continuous
complex functions on some bounded interval J . Then

1
n!

∫
. . .

∫
J n

det[fj (xk )]1≤j,k≤n det[g�(xk )]1≤�,k≤ndx1 . . . dxn

= det
[∫

J

fj (x)gk (x) dx
]

1≤j,k≤n
. (2.2.6)

(ii) (de Bruijn’s identity). For N even,∫
∆N ∩J N

det[fj (xk )]Nj,k=1dx1 . . . dxN

= Pf
(∫∫

J×J

sgn(y − x)fj (x)fk (y) dydx
)N

j,k=1
. (2.2.7)

Proof. (i) See [50]. Multiplying out the determinants and gathering
terms, we obtain∫

J n

det[fj (xk )] det[g�(xk )]dx1 . . . dxn

=
∑

σ,τ∈Sn

sgn(σ)sgn(τ)
n∏

j=1

∫
J

fσ (j )(xj )gτ (j )(xj )dxj

so we introduce α = στ−1 and express this as∫
J n

det[fj (xk )] det[g�(xk )]dx1 . . . dxn

=
∑

τ∈Sn

∑
α∈Sn

sgn(α)
n∏

j=1

∫
J

fατ (j )(x)gτ (j )(x) dx

=
∑

τ∈Sn

det
[∫

J

fτ (k)(x)gτ (j )(x) dx
]

= n! det
[∫

J

fj (x)gk (x) dx
]
. (2.2.8)

(ii) Omitted. �

Exercise. (i) For some real function v, let fj (x) = e−v (x)+ijx and
gj (x) = e−ijx , then simplify the resulting version of Andréief’s iden-
tity.

(ii) Apply de Bruijn’s identity to fj (x) = e−v (x)xj−1 and simplify the
left-hand side.

Definition (Unitary representation). Let G be any group, and U(H)
the group of unitary operators on separable Hilbert space H. A unitary
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representation of G on H is a map π : G → U(H) such that π(gh) =
π(g)π(h) for all g, h ∈ G. Suppose further that (G, d) is a metric group.
Then π is continuous if ‖π(gn )ξ − ξ‖H → 0 if d(gn , e) → 0 as n → ∞.
A vector ξ ∈ H is cyclic if the closed linear span of {π(g)ξ : g ∈ G} is
norm dense in H.

Proposition 2.2.3 Let (G, d) be a metric group with a continuous uni-
tary and injective representation π : G → U(H) on a separable Hilbert
space H. Then there exists a metric ρ on G such that

(i) ρ(gh, gk) = ρ(h, k), for all g, h, k ∈ G;
(ii) ρ(gn , e) → 0 if and only if ‖π(gn )ξ − ξ‖H → 0 as n → ∞ for all

(gn )∞n=1 in G.

Proof. Let (en ) be a complete orthonormal basis for H, and let

ρ(g, h) =
∞∑

n=1

2−n‖π(g)en − π(h)en‖H . (2.2.9)

(i) By unitary invariance ‖π(gh)en−π(gk)en‖H = ‖π(h)en−π(k)en‖H .
(ii) Evidently ρ(gn , e)→ 0 if and only if ‖π(gn )en−en‖H → 0 as n→∞,

and we can approximate a typical x in norm by a linear combination
of ej . �

Example. Let Y ∈ Mn (C). Then there is a natural algebra homomor-
phism C[x]→Mn (C) given by f(x) �→ f(Y ). In this section we extend
this in various natural ways.

Definition (Modules). Let A be an algebra over C. A left A mod-
ule M is a vector space and a left multiplication A × M → M such
that:

a(λm + µn) = λam + µan;
(λa + µb)m = λam + µbm;
(ab)m = a(bn); for all λ, µ ∈ C; a, b ∈ A and m,n ∈M.

When A is unital, we further require that M is unitary, so that 1m = m

for all m ∈ M . Each a ∈ A gives rise to a linear map M → M : m �→
am.

Right A-modules are defined analogously; bimodules have left and
right multiplications that commute, so that (am)b = a(mb).
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Definition (Derivations). Let A be an algebra over C and let M be
an A-bimodule. A derivation is a linear map δ : A → M that satisfies
Leibniz’s rule

δ(fg) = (δf)g + f(δg).

Example. Let G be a finite group, and let A = {
∑

g αg g : αg ∈ C} be
the group algebra. Then for any unitary representation π : G → U(H),
the Hilbert space H becomes a left A module for the multiplication
A×H → H : (

∑
g αgg, ξ) �→

∑
g αgπ(g)ξ.

The spectrum of a Hermitian matrix is real, so the Weierstrass approx-
imation theorem provides a natural means for extending the functional
calculus from polynomials in a single variable to spaces of continuous
and differentiable functions on a compact subset of the real line. To
convert these results into conventional calculus notation, we introduce
a natural system of coordinates.

Definition (Hessian). The space (Ms
n (R), c2(n)) has orthonormal basis

Ejj =
√

nejj , Ekm =
√

n

2
(
ekm + emk

)
(2.2.10)

for j = 1, . . . , n and 1 ≤ k < m ≤ n, where ekm are the usual matrix
units in Ms

n (R). We define the gradient of F : Ms
n (R)→ R by

〈∇F (X), Y 〉c2 (n) =
( d

dt

)
t=0

F (X + tY ) (2.2.11)

and express this in terms of the coordinates X =
∑

1≤j≤k≤n xjkEjk as

∇F (X) =
∑

1≤j≤k≤n

∂F

∂xjk
Ejk . (2.2.12)

The Hessian matrix is

Hess F =
∑

1≤j≤k≤n

∑
1≤l≤m≤n

∂2F

∂xjk∂xlm
Ejk ⊗ Elm (2.2.13)

and the Laplacian is

∆F = trace(Hess F ) =
∑

1≤j≤k≤n

∂2F

∂x2
jk

. (2.2.14)

In some significant cases, it is possible to express these derivatives in
terms of the eigenvalues of the matrices.
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Proposition 2.2.4 Let v : R→ R be continuously differentiable. Then
V (X) = tracenv(X) is a differentiable function on Mh

n (C) such that( d

dt

)
t=0

V (X + tY ) = tracen

(
v′(X)Y

)
. (2.2.15)

Proof. Suppose that ‖X‖op , ‖Y ‖op ≤ L and let (pj ) be a sequence of
polynomials such that pj → v and p′j → v′ uniformly on [−2L, 2L]
as j → ∞. Now introduce fj (t) = tracenpj (X + tY ) and observe that
f ′

j (t) = tracen (p′j (X+tY )Y ); this follows from the expansion of a typical
monomial as

(X + tY )m −Xm = tXm−1Y + tXm−2Y X + · · ·+ tY Xm−1 + O(t2).

(2.2.16)

Now f ′
j (t) → tracen (v′(X + tY )Y ) uniformly on [−2L, 2L] as j → ∞

and fj (0)→ V (X); hence f(t) = tracenv(X + tY )) is differentiable with
f ′(t) = tracen (v′(X + tY )Y ). �

Theorem 2.2.5 (Rayleigh–Schrödinger). Let v : R → R be twice
continuously differentiable. Let X ∈ Ms

n (R) have distinct eigenval-
ues λ1 , . . . , λn with corresponding unit eigenvectors ξ1 , . . . , ξn . Then
V (X) = tracenv(X) is a twice differentiable function on Ms

n (R) such
that

〈Hess V, Y ⊗ Y 〉 =
1
n

n∑
j=1

v′′(λj )〈Y ξj , ξj 〉2

+
2
n

∑
1≤j<k≤n

v′(λj )− v′(λk )
λj − λk

〈Y ξj , ξk 〉2 . (2.2.17)

Proof. As in the proof of the preceding proposition, we suppose that
v(x) = xm and observe that

〈Hess V, Y ⊗ Y 〉 =
( d2

dt2

)
t=0

V (X + tY )

=
m−1∑
�=0

mtracen (X�Y Xm−�−2Y ), (2.2.18)

where by the spectral theorem

tracen (X�Y Xm−�−2Y ) =
1
n

n∑
j=1

〈
X�Y Xm−�−2Y ξj , ξj

〉
=

1
n

n∑
j,k=1

λ�
kλm−�−2

j 〈Y ξj , ξk 〉2 . (2.2.19)
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Now we have

m−1∑
�=0

mλ�
jλ

m−�−2
k = m

λm−1
j − λm−1

k

λj − λk
=

v′(λj )− v′(λk )
λj − λk

, (2.2.20)

for λj �= λk ; whereas when λj = λk we have

m−1∑
�=0

mλ�
jλ

m−�−2
k = m(m− 1)λm−2

j = v′′(λj ). (2.2.21)

�

Definition (Functional calculus). Let F be analytic on {z : |z| < R}
and suppose that Y ∈Mn (C) has ‖Y ‖op < R. Let

F (Y ) =
∞∑

j=0

F (j )(0)
j!

Y j . (2.2.22)

Examples 2.2.6 (i) The exponential expY is defined for any Y ∈
Mn (C). When Y = Y ∗, exp(iY ) is unitary. We shall use this in the
context of Lie groups later.

(ii) When Y ∈Mn (C) has ‖Y ‖ < 1, we can define

log(I + Y ) = Y − Y 2/2 + Y 3/3− · · · . (2.2.23)

(iii) Suppose that X ∈ Mn (C) has λI + X invertible for all λ ≥ 0.
Then

log X =
∫ ∞

0

(
(λ + 1)−1I − (λI + X)−1)dλ

defines a logarithm of X such that exp log X = X.
(iv) For either of the above definitions, an invertible Y satisfies

log det Y = trace log Y.

Proposition 2.2.7 Let f ∈ C2(R) have f, f ′′ ∈ L2(R). Then there
exists a constant Lf , depending only on f , such that X �→ f(X) is
a Lf -Lipschitz function from (Mh

n (C), ‖ · ‖) → (Mh
n (C), ‖ · ‖) for any

matricial norm.

Proof. This proof is suggested by Duhamel’s formula. First we prove that
X �→ eiX is 1-Lipschitz (Mh

n , ‖ · ‖)→ (Mh
n , ‖ · ‖). We connect X and Y
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by a straight line segment in Mh
n (C) and write

eiX − eiY =
∫ 1

0

d

dt
ei(tX +(1−t)Y )dt

=
∫ 1

0

∫ 1

0
eiu(tX +(1−t)Y )i(X − Y )ei(1−u)(tX +(1−t)Y ) dtdu,

so by convexity we have

‖eiX − eiY ‖ ≤ ‖X − Y ‖. (2.2.24)

Now we use the Fourier inversion formula to write

f(X)− f(Y ) =
1
2π

∫ ∞

−∞
f̂(ξ)

(
eiξX − eiξY

)
dξ, (2.2.25)

so by the triangle inequality and the preceding observations we obtain

‖f(X)− f(Y )‖

≤ 1
2π

∫ ∞

−∞
|f̂(ξ)|‖eiξX − eiξY ‖dξ

≤ 1
2π

∫ ∞

−∞
|ξ||f̂(ξ)|dξ ‖X − Y ‖

≤
( 1

2π

∫ ∞

−∞

dξ

1 + ξ2

)1/2(∫ ∞

−∞
(1 + ξ2)2 |f̂(ξ)|2dξ

)1/2
‖X − Y ‖

≤ 1
2

(∫ ∞

−∞
(|f(x)|2 + 2|f ′(x)|2 + |f ′′(x)|2)dξ

)1/2
‖X − Y ‖.

(2.2.26)

�

2.3 Linear Lie groups

Definition (Lie group). A Lie group is a finite-dimensional analytic
manifold that is a group such that multiplication (g, h) �→ gh is analytic
G × G → G and the inversion g �→ g−1 is analytic G → G. We often
write eG for the neutral element of the group G. A linear Lie group G is
a closed subset of MN (R) for some N that is a group for multiplication.
See [134].

Whereas one can develop the theory axiomatically without reference
to MN (R), we find it convenient to have an ambient space in which to
carry out calculations. In particular, the group G has a natural manifold
structure and a global system of coordinates such that the multiplication
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and inversion are differentiable. The connection between the topologi-
cal structure of G, the analytic and differentiable structures and the
algebraic operations has been investigated in great detail. The general
theory shows that any compact metric group is the limit, in a certain
sense, of a sequence of Lie groups. We refer the reader to [87, 130] for
an account of the structure theorem.

Examples. The main examples of interest in random matrix theory
are O(n), U(n) and Sp(n) with the standard multiplication, as men-
tioned above; these are all compact. The group GL(n) = {X ∈Mn (C) :
X invertible} is a noncompact example. The additive group Mn (R) be-
comes a linear Lie group when we embed it in GL(N) with the usual
multiplication for a suitably large N .

Definition (Lie algebra). The Lie bracket on MN (R) is [X,Y ] = XY −
YX. A linear Lie algebra is a real linear subspace g of MN (R) such
that [X,Y ] ∈ g for all X,Y ∈ g. The product on the Lie algebra is
nonassociative and nonunital, and [X,X] = 0.

The exponential map provides the link between the Lie algebra and
the Lie group.

Definition (Generator). The set {exp(tX) : t ∈ R} forms a connected
one parameter abelian group under matrix product, and X is its gener-
ator, since it satisfies ( d

dt

)
t=0

exp(tX) = X. (2.3.1)

Example. In G = SO(2) we have a one-parameter group[
cos θ sin θ

− sin θ cos θ

]
= exp

[
0 θ

−θ 0

]
(θ ∈ R), (2.3.2)

where the right-hand side may be computed as a power series of matrices,
as in (2.2.22).

The following result identifies the Lie algebra g of G with the set
of connected, one-parameter abelian subgroups of G. The Campbell–
Baker–Hausdorff formula states that exp(tX) exp(tY ) = exp(tZ), where
Z is given by an explicit universal series that involves only iterated Lie
brackets in X and Y . By considering power series, one can easily obtain
the first few terms in the series for Z; the first couple of terms are used
in the following proof.
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Proposition 2.3.1 For a connected linear Lie group G, the set

g = {X ∈MN (R) : exp(tX) ∈ G for all t ∈ R} (2.3.3)

is a linear Lie algebra. Each X ∈ g gives a tangent vector to G at eG .

Proof. Let X,Y ∈ G. Clearly sX ∈ g for all s ∈ R. By power series
expansions we have

exp(tX) exp(tY ) = exp
(
t[X,Y ] +

t2

2
[X,Y ] + O(t3)

)
, (2.3.4)

so

exp
(
t(X + Y )

)
= lim

n→∞

(
exp(tX/n) exp(tY/n)

)n

(2.3.5)

belongs to G for all t ∈ R; hence X + Y ∈ g.
Further, the series expansions give

exp(tX) exp(tY ) exp(−tX) exp(−tY ) = exp
(
t2 [X,Y ] + O(t3)

)
, (2.3.6)

so

exp(t[X,Y ]) = lim
n→∞

(
exp

(√
t

n
X

)
exp

(√
t

n
Y

)

× exp

(
−
√

t

n
X

)
exp

(
−
√

t

n
Y

))n

(2.3.7)

belongs to G for t > 0 and by inversion also for t < 0; hence [X,Y ] ∈ g.

We have X = d
dt exp(tX) at t = 0, so X is tangential to G at eG .

This matches with the usual notion of tangents from differential geom-
etry since we can take a differentiable function f : G → R and write
Xf(eG ) = d

dt
f(exp(tX)) at t = 0. By the preceding calculations, we

have (X + Y )f(eG ) = Xf(eG ) + Y f(eG ). �

Exercise. Show that the subgroups exp(tX) and exp(tY ) commute if
and only if [X,Y ] = 0.

Definition (Lie algebra of subgroup). Let H be a closed subgroup of a
linear Lie group G that is also a linear Lie group. Then the Lie algebra
of H is the set

h = {Y ∈ g : exp(tY ) ∈ H for all t ∈ R}. (2.3.8)

By the proof of Proposition 2.3.1, h is a subalgebra of g.
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Example. Any closed subalgebra h of g gives rise to an immersed sub-
group H = {exp(Y ) : Y ∈ h} of G, but such an H need not be closed
as a subset of G. For instance, let G = T2 , which may be identified
with the torus (R/2πZ)2 . The Lie algebra is g = R2 with the trivial
Lie product [X,Y ] = 0 for all X,Y ∈ g. For α irrational, the element
X = 2π(1, α) generates the line of irrational slope in the torus, which
gives a connected subgroup which is not closed.

Mainly we are interested in compact linear Lie groups, so we wish to
formulate a criterion on the Lie algebra for compactness of the group.

Definition (Adjoint action). There is a natural action of G on g by
Ad : G→ Aut(g) : g �→ Ad(g) where Ad(g)X = gXg−1 ; evidently

Ad(g)X =
( d

dt

)
t=0

g exp(tX)g−1 . (2.3.9)

The adjoint satisfies

Ad(gh) = Ad(g) ◦Ad(h); Ad(I) = Id; Ad(g−1) = (Ad(g))−1 .

(2.3.10)

The adjoint action ad : g→ End(g) is X �→ ad(X) where ad(X)(Y ) =
[X,Y ].

Remark. One can regard Ad(g) : g→ g as the derivative of the conju-
gation c(g) : G→ G : c(g)h = ghg−1 . The conjugation satisfies

c(gh) = c(g) ◦ c(h); c(I) = Id; c(g−1) = c(g)−1 . (2.3.11)

The kernel of Ad is a closed subgroup of G, and hence a Lie group.

Since End(g) is an algebra of linear transformations on the vector
space g, the exponential function operates on End(g) and one can define
exp(ad(X)) by power series. The operations are natural in the sense of
the following result, which shows that the derivation ad(X) generates
the endomorphism Ad(exp(tX)).

Proposition 2.3.2 (i) The adjoint ad(X) gives a derivation g→ g.
(ii) The exponential and adjoint act naturally, so that

Ad(exp(X)) = exp(ad(X)). (2.3.12)

Proof. (i) We can regard g as a bimodule over g. The property

ad(X)[Y,Z] = [ad(X)(Y ), Z] + [Y, ad(X)Z] (2.3.13)
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is equivalent to Jacobi’s identity

[X, [Z, Y ]] + [[X,Y ], Z] + [Y, [X,Z]] = 0, (2.3.14)

which follows from a simple calculation.
(ii) A more explicit version of this formula is Ad(exp(tX))Y =

exp(ad(tX))(Y ), and where exp(tX) belongs to the group G and
exp(ad(tX)) is calculated in End(g). Both sides of this formula give
Yt , where Yt is the solution of

d

dt
Yt = [X,Yt ]; Y0 = Y (2.3.15)

in g. By uniqueness of solutions of ordinary differential equations, the
expressions are therefore equal. �

Proposition 2.3.3 Let G be a connected linear Lie group. The Lie
algebra of the centre Z(G) of G equals the centre z of the Lie algebra g,
namely z = {X ∈ g : ad(X) = 0}.

Proof. Now X belongs to the Lie algebra of Z(G) if and only if exp(tX) ∈
Z(G) for all t; that is exp(tX) exp(Y ) exp(−tX) = exp(Y ) for all Y ∈ g.
Differentiating this identity, we obtain [X,Y ] = 0 for all Y ∈ g, so that
X belongs to the centre z of g, or equivalently ad(X) = 0. �

Definition (Killing’s form). The Killing form is the bilinear map B :
g × g → R

B(X,Y ) = trace(ad(X)ad(Y )), (2.3.16)

where the trace may be calculated with respect to any basis of g. Suppose
that B is nondegenerate so that B(X,Y ) = 0 for all Y ∈ g implies X = 0.
Then the Lie algebra g is said to be semisimple and by extension, G is
also said to be semisimple.

Definition (Ideals). An ideal h in a Lie algebra g is a subalgebra such
that [X,Y ] ∈ h for all X ∈ h and Y ∈ g. By convention, a simple Lie
algebra g has dimension greater than one and the only ideals are {0}
and g itself.

Proposition 2.3.4 (Cartan’s criterion). Any semisimple linear Lie al-
gebra is the direct sum of simple ideals.

The following list gives the main examples of semisimple linear Lie alge-
bras, as described in terms of compact groups. There are finitely many
other exceptional Lie algebras, which we do not describe here.
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� An−1 : su(n) = {X ∈ Mn (C) : X∗ = −X, trace(X) = 0},
n = 2, 3, . . . ;

� Bn : so(2n + 1) = {X ∈M2n+1(R) : Xt = −X}, n = 2, 3, . . . ;
� Cn : sp(n) = {X ∈M2n (C) : X∗ = −X,JXtJ = X}, n = 3, 4, . . . ;
� Dn : so(2n) = {X ∈M2n(R) : Xt = −X}, n = 4, 5, . . . . . . ;

where

J =
n⊕

j=1

[
0 1
−1 0

]
. (2.3.17)

The ranges of n start from different places so as to avoid redundancy
in the listings. There are alternative descriptions in terms of the Lie
algebras of noncompact groups, and the lists may be classified by Dynkin
diagrams as in [144].

Example 2.3.5 For su(n) we take inner product 〈A,B〉 = −2−1

trace(AB) to get an invariant inner product on the Lie algebra. Then
su(n) has orthonormal basis{

ejk − ekj , iejk + iekj , iF� : 1 ≤ j < k ≤ n, 1 ≤ � ≤ n− 1
}

(2.3.18)

where ejk has 1 in place (j, k) and zeros elsewhere, and the F� are chosen
by the Gram–Schmidt process to give an orthonormal basis for the real
diagonal matrices with zero trace. The dimension equals n2 − 1.

Proposition 2.3.6 The exponential map gives a surjection in each of
the cases:

(An−1) su(n)→ SU(n);
(Bn) so(2n + 1)→ SO(2n + 1);
(Cn) sp(n)→ Sp(n);
(Dn) so(2n)→ SO(2n).

Proof. We verify this by diagonalizing the matrices involved. We take
u∈SU(n), and introduce v∈SU(n) such that u=vdiag(eiθ1 , . . . , eiθn )v∗,
where we can suppose that θ1+· · ·+θn =0. Then Y = vdiag(θ1 , . . . , θn )v∗

belongs to su(n), and satisfies u = exp(Y ). The other cases are
similar. �

Theorem 2.3.7 Let G be a connected, semisimple and linear Lie group
with finite centre. Then G is compact if and only if the Killing form is
negative definite.
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Remark. This result is true without the hypothesis that the centre is
finite, but the final step in the proof involves more differential geometry
than we wish to discuss here.

Proof. Suppose that G is compact, and let µG be its Haar probability
measure. Suppose that dim g = n, and let ( , ) be any inner product on
g. Then

〈X,Y 〉 =
∫

G

(Ad(g)X,Ad(g)Y )µG (dg) (2.3.19)

given an inner product on g such that

〈
Ad(g)X,Ad(g)Y

〉
=

〈
X,Y

〉
(g ∈ G;X,Y ∈ g). (2.3.20)

Thus Ad(g) can be represented by an element of O(n). Now the Lie
algebra of O(n) is the space of real skew-symmetric matrices, so by
Proposition 2.3.2, each ad(X) can be represented by some A = [ajk ]
where ajk = −akj ; hence

B(X,X) = trace ad(X)2

= trace A2

=
n∑

j,k=1

ajkakj = −
n∑

j,k=1

a2
jk

≤ 0. (2.3.21)

By hypothesis, the Killing form is nondegenerate, and now known to be
negative semidefinite, hence B is negative definite.

The converse uses a similar idea. Since g is semisimple, the kernel
of ad : g → End(g) is {0}, so the kernel of Ad : G → Aut(G) is a
zero dimensional Lie group. Hence KerAd, namely the centre of G, is a
discrete subgroup Z of G. We shall prove that G/Z is compact.

Suppose that B is negative definite, and introduce the (positive defi-
nite) inner product 〈X,Y 〉 = −B(X,Y ) on g. We shall prove that

〈Ad(g)X,Ad(g)Y 〉 = 〈X,Y 〉 (X,Y ∈ g; g ∈ G)

so that Ad(g) is an orthogonal transformation on (g, 〈 , 〉). Let σ = Ad(g),
and note that ad(σX) = σad(X)σ−1 and likewise ad(σY ) = σad(Y )σ−1 ;
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hence

B(σX, σY ) = trace
(
ad(σX)ad(σY )

)
= trace

(
σad(X)ad(Y )σ−1)

= trace
(
ad(X)ad(Y )

)
= B(X,Y ). (2.3.22)

Hence Ad : G→ O(n) has image Ad(G) which is a closed subgroup of the
compact Lie group O(n), and hence is compact; so G/Z is homeomorphic
to a compact subgroup of O(n). Since Z is finite by hypothesis, we deduce
that G itself is compact. �

2.4 Connections and curvature

See [69, 47, 128] for more discussion of the concepts mentioned in this
section.

Suppose that G is a compact and connected semisimple linear Lie
group with finite centre, and let 〈·〉 be an invariant inner product on
g as in (2.3.20). For each g ∈ G there is a left translation Lg : G →
G : h �→ gh, which is differentiable. The derivative of Lg induces an
isomorphism between the tangent space to G at e and the tangent space
to G at g, namely dLg : TeG → TgG dLg (Y )(h) = dLg (X(g−1h)). Now
TeG may be identified with the Lie algebra g of G by Proposition 2.3.1
since exp is surjective. For V,W ∈ TgG, we introduce Ve,We ∈ g such
that V = dLgVe and W = dLgWe ; then we use the invariant inner
product to define an inner product on TgG by 〈V,W 〉 = 〈Ve,We〉.

Definition (Curvatures). An affine connection is a rule that associates
to each X ∈ g a linear map ∇X : g→ g such that

∇f X +hY = f∇X + h∇Y , ∇X (fY ) = f∇X Y + (Xf)Y, (2.4.1)

for X,Y ∈ g and f, h ∈ C∞(G). Further, for each Riemannian metric,
there is a unique affine connection such that

X〈Y,Z〉 = 〈∇X Y,Z〉+ 〈Y,∇X Z〉,
∇X Y −∇Y X − [X,Y ] = 0. (2.4.2)

For this connection, we introduce the curvature tensor R(X,Y ) : g→
g by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇X Z −∇[X,Y ]Z, (2.4.3)
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and the Ricci curvature tensor Ric by

Ric(X,Y ) =
n∑

j=1

〈R(Ej ,X)Y,Ej 〉 (2.4.4)

where (Ej )n
j=1 is an orthonormal basis of g for the invariant inner prod-

uct given by the negative of Killing’s form; the sectional curvature of the
plane spanned by X,Y ∈ g is

〈R(X,Y )X,Y 〉
〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2 . (2.4.5)

Proposition 2.4.1 (Curvature of compact Lie groups).

(i) The Riemannian affine connection is given by ∇X Y = [X,Y ]/2.
(ii) The curvature tensor satisfies

〈R(X,Y )Z,W 〉 = 4−1〈[X,W ], [Y,Z]〉 − 4−1〈[X,Z], [Y,W ]〉.
(2.4.6)

(iii) The sectional curvature of the plane spanned by X,Y ∈ g is

1
4

‖[X,Y ]‖2
〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2 , (2.4.7)

and in particular is non-negative.
(iv) The Ricci curvature satisfies

Ric(X,X) =
1
4

∑
j

〈[X,Ej ], [X,Ej ]〉 (2.4.8)

where (Ej )n
j=1 is any orthonormal basis of g.

Proof. (i) Since the inner product is invariant, we have

〈Ad(exp(tZ))X,Ad(exp(tZ))Y 〉 = 〈X,Y 〉, (2.4.9)

so that, when we take the derivative at t = 0 we obtain

〈[Z,X], Y 〉+ 〈X, [Z, Y ]〉 = 0 (X,Y,Z ∈ g). (2.4.10)

Again by left invariance, we obtain relations such as

0 = X〈Y,Z〉 = 〈∇X Y,Z〉+ 〈Y,∇X Z〉,

and similarly with X,Y and Z permuted. When we combine these rela-
tions with the Riemannian metric condition, we obtain

〈∇X Y,Z〉 =
1
2

(
〈[X,Y ], Z〉 − 〈Y, [X,Z]〉 − 〈X, [Y,Z]〉

)
(2.4.11)
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which on account of the preceding identity reduces to

〈∇X Y,Z〉 =
1
2
〈[X,Y ], Z〉; (2.4.12)

the identity ∇X Y = [X,Y ]/2 follows.
(ii) By the definition of the curvature tensor and invariance we have

〈R(X,Y )Z,W 〉 = 〈∇X∇Y Z,W 〉 − 〈∇Y ∇X Z,W 〉 − 〈∇[X,Y ]Z,W 〉
= −〈∇Y Z,∇X W 〉+ 〈∇X Z,∇Y W 〉 − 〈∇[X,Y ]Z,W 〉

= −1
4
〈
[Y,Z], [X,W ]

〉
+

1
4
〈
[X,Z], [Y,W ]

〉
− 1

2
〈
[X,Y ]Z,W

〉
, (2.4.13)

where the last step follows from (i). Now Jacobi’s identity in the form

[[X,Y ], Z] = [Y, [Z,X]] + [X, [Y,Z]] (2.4.14)

and invariance leads to a simplified from of the last term, namely〈
[X,Y ]Z,W

〉
= −

〈
[Z,X], [Y,W ]

〉
−

〈
[Y,Z], [X,W ]

〉
. (2.4.15)

This choice of affine connection is consistent with the Riemannian metric
on the group.

(iii) The identity

〈R(X,Y )X,Y 〉 =
1
4
〈
[X,Y ], [X,Y ]

〉
(2.4.16)

follows from (ii) by substitution, and then (iii) follows.
(iv) This is immediate from (ii). �

Exercise 2.4.2 (Ricci curvature of SO(n)). (See [48]). On so(n), take
the inner product 〈X,Y 〉 = −2−1trace(XY ) and introduce the orthonor-
mal basis {Êj,k = ejk − ekj : 1 ≤ j < k ≤ n}, where ejk has one in place
(j, k) and zeros elsewhere.

(i) Show that when X = [xjk ] ∈ so(n),

〈[X, Êj,k ], [X, Êj,k ]〉 =
n∑

�=1

(x2
j�+x2

k�)−x2
jk−x2

kj (1 ≤ j < k ≤ n).

(ii) By using the formulæ of Proposition 2.4.1, deduce that

Ric(X,X) =
1
4

∑
1≤j<k≤n

〈[X, Êj,k ], [X, Êj,k ]〉 =
n− 2

2
〈X,X〉.

(2.4.17)



66 Random Matrices: High Dimensional Phenomena

(iii) Use a similar technique to show that for SU(n) there exists c > 0
such that Ric ≥ cnI.

The Ricci curvature plays an important role in the next chapter, where
it is the main hypothesis of the isoperimetric inequalities that are used
in subsequent convergence theory.

2.5 Generalized ensembles

In this section we are concerned with probability measures on the real
symmetric, Hermitian or quaternion matrices. Let G be a compact linear
Lie group with Haar probability measure µG . We suppose that M is a
submanifold of MN (R) and thus inherits a differentiable structure from
MN (R); likewise G inherits a differentiable structure.

Let α be a continuous action of G on M . Since the action is continuous,
each orbit XG = {αU (X) : U ∈ G} is a compact subset of M , and we
form the quotient space

∆ = M/G = {XG : X ∈M} (2.5.1)

with the quotient topology. The natural quotient map Λ : M → ∆ is
open.

Example 2.5.1 (i) Let G = O(n), β = 1, and M = Ms
n (R), and let G

act on M by conjugation; so αU (X) = UXU∗. Each X ∈M is conjugate
to a unique real diagonal matrix that has eigenvalues in increasing order;
so ∆ = {λ : λ1 ≤ · · · ≤ λn} and Λ : M → ∆ is the eigenvalue map
X �→ λ.

(ii) Let G = U(n), β = 2, and M = Mh
n (C), and let G act on M by

conjugation; so αU (X) = UXU∗. Then Λ is the eigenvalue map as in (i).
(iii) Let G = Sp(n), β = 4 and M = Mh

n (H), and let G act on M by
conjugation; so αU (X) = UXU∗. Then Λ is the eigenvalue map as in (i).

In each of these cases, the conjugation action satisfies

αU (tX + sY ) = tαU (X) + sαU (Y ), (2.5.2)

and hence α is a linear representation of G as a group of linear auto-
morphisms of the real vector space M ; that is, there is a group homo-
morphism α : G→ GL(M).

(iv) In Sections 2.8 and 2.9, we consider actions on a group M by
a subgroup G that are given by left translation αU : V �→ UV where
U ∈ G and V ∈M . Then ∆ is a space of cosets.
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Definition (Invariant measure). Let α be an action of G on M and let
ν be a probability measure on M such that αU 	ν = ν for all U ∈ G.
Then ν is invariant for the action.

Lemma 2.5.2 (i) The map Λ : M → ∆ induces

δ(dλ) =
1
n!

∏
1≤j<k≤n

(
λk − λj

)β
dλ1 . . . dλn (2.5.3)

from the Lebesgue product measure on M .
(ii) The map Cc(M ;R)→ Cc(∆;R) specified by f �→ f̄ where

f̄(λ(X)) =
∫

G

f(αU (X))µG (dU) (2.5.4)

satisfies ∫
∆

f̄(λ)δ(dλ) =
∫

M

f(X)dX. (2.5.5)

Proof. (i) Weyl calculated this formula. In Theorem 2.6.5 we give a
detailed proof of a similar result.

(ii) Let

CG
b (M) = {f ∈ Cb(M ;R) : f(X) = f(αU (X)) : U ∈ G;X ∈M}

(2.5.6)
be the space of invariant functions, and observe that the linear map
P : Cb(M)→ Cb(M) :

(Pf)(X) =
∫

G

f(αU (X))µG (dU) (2.5.7)

satisfies ‖P‖ = 1, P 2 = P and has range CG
b (M). The map Cb(∆) →

CG
b (M) : g �→ g ◦ Λ is a linear isometric isomorphism which identifies

functions on ∆ with G-invariant functions on M ; further, g ◦ Λ has
compact support if and only if g has compact support. The adjoint of
Cc(∆)→ Cc(M) is the map Mb(M)→Mb(∆) : µ �→ Λ	µ.

Since dX is invariant under αU , we have∫
M

f̄(λ(X))dX =
∫

M

∫
G

f(αU (X))µG (dU)dX (2.5.8)

so ∫
∆

f̄(λ)Λ	dX =
∫

M

f(X)dX. (2.5.9)

�
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Definition (Generalized ensembles). The following result proves the ex-
istence of the generalized ensembles, which consist of a probability mea-
sure ν

(β )
n on the space n×n real symmetric matrices for β = 1, complex

Hermitian matrices for β = 2 or self-dual hermitian matrices for β = 4
that is determined by a suitable potential function v. The invariance
group is: O(n) for β = 1, U(n) for β = 2 and Sp(n) for β = 4; hence the
ensembles are called the generalized orthogonal, unitary and symplectic
ensembles. The action of the invariance group and the specific proba-
bility measure νβ

n determine a probability measure σβ
n on the space of

ordered eigenvalues.

Theorem 2.5.3 (Generalized ensembles). Suppose that v : R→ R is a
continuous function such that v(x) ≥ κx2/2 all sufficiently large |x| for
some κ > 0. Then with V (X) = tracen v(X), there exists Zn <∞ such
that

νn (dX) = Z−1
n exp(−n2V (X)) dX (2.5.10)

defines a probability measure on M where M = Ms
n (R); likewise with

Mh
n (C) and Ms

n (H) for suitable Zn .
The probability measure induced by Λ : M → ∆n is

σ(β )
n (dλ) = (Z(β )

n )−1 exp
(
−n

n∑
j=1

v(λj )
) ∏

1≤j<k≤n

(λk − λj )β dλ1 . . . dλn

with β = 1 for Ms
n (R); β = 2 for Mh

n (C); β = 4 for Mh
n (H). The

normalizing constant Z
(β )
n is stated in Proposition 2.5.4.

Proof. By the Lemma, there is a bijective correspondence between prob-
ability measures on ∆n with respect to δ(dλ) and probability measures
on M with respect to dX that are invariant with respect to G. The
density exp(−n2V (X)) is invariant under the action of G.

In particular, when v(x) = κx2/2, we have the Gaussian measure
on M , which defines a probability measure when we choose a suitable
constant. Generally, when v(x) ≥ κx2/2, we can choose Z so that νn

defines a probability measure. �
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ensemble orthogonal hermitian symplectic
M Ms

n (R) Mh
n (C) Mh

n (H)
G O(n) U (n) Sp(n)

action βU : X �→ UXU∗ βU : X �→ UXU∗ βU : X �→ UXU∗

M/G ∆n ∆n ∆n

Haar measure on M dX dX dX

Gibbs measure ν
(1)
n (dX) ν

(2)
n (dX) ν

(4)
n (dX)

σ σ
(1)
n σ

(2)
n σ

(4)
n

(2.5.11)

We now express the normalizing constants from Proposition 2.5.3 in
terms of one or two dimensional integrals.

Proposition 2.5.4 Let Z
(β )
n be the normalizing constant for σ

(β )
n .

(i) For n even, the generalized orthogonal ensemble has

Z(1)
n =Pf

[∫ ∞

−∞

∫ ∞

−∞
(sgn(y − x))xj−1yk−1e−nv (x)−nv (y )dxdy

]
j,k=1,...,n

.

(2.5.12)

(ii) For all n, the generalized unitary ensemble has

Z(2)
n = det

[∫ ∞

−∞
λj+k−2e−nv (λ) dλ

]
j,k=1,...,n

. (2.5.13)

Proof. (i) By Lemma 2.2.1(i), the expression for σ
(1)
n integrates to one

when

Z(1)
n =

∫
∆n

det
[
e−nv (λj )λk−1

j

]
j,k=1,...,n

dλ1 . . . dλn , (2.5.14)

and this reduces to the stated formula by Lemma 2.2.2(ii).
(ii) The (λ1 , . . . , λn ) in Proposition 2.5.3 range over ∆n , but we can

permute the λj so that integrals are taken over Rn ; of course, we must
introduce a factor of n! when we do this. We observe that by Lemma
2.2.1(i),

n!Z(2)
n =

∫
Rn

det[λk−1
j ]j,k=1,...,n det[λk−1

j e−nv (λj ) ]j,k=1,...,ndλ1 . . . dλn ,

(2.5.15)

so the result follows from Lemma 2.2.2(i). �



70 Random Matrices: High Dimensional Phenomena

Remarks. (i) In the generalized orthogonal ensemble, we have a specific
form for the potential, namely V (X) = 1

n

∑n
j=1 v(λj ). One can construct

invariant ensembles where the potential has the more general form

W (X) =
n∑

j=1

w1(λj ) +
n∑

j �=k :j,k=1

w2(λj , λk )

+
n∑

j,k ,�=1;j,� �=k ;j,k �=�

w3(λj , λk , λ�) + · · · .

(ii) The entries of random matrices under the ν
(β )
n distribution are

typically correlated; the Gaussian ensembles are an exception to this. In
all cases, the eigenvalues are correlated, and their interaction is described
by powers of the Vandermonde determinant∏

1≤j<k≤n

(λk − λj )β = exp
(
β

∑
j,k :1≤j<k≤n

log(λk − λj )
)
. (2.5.16)

Clearly, the product and hence the density of σn are small when eigen-
values are close together, so eigenvalues tend to repel one another. In
Chapter 4 we shall consider this type of logarithmic interaction term in
detail for any β > 0, using ideas borrowed from electrostatics.

(iii) For the generalized unitary ensembles, there are special results
from the theory of orthogonal polynomials which can be used to analyse
σ

(2)
n ; see [56, 116] and Chapter 8 below.

Exercise 2.5.5 (Characteristic functions). Let ejk ∈Mn (R) have entry
one in (j, k) and zeros elsewhere, let T ∈Mn (R) and let

ϕ(T ) =
∫

M s
n (R)

exp
(
itrace(TX)

)
ν(1)

n (dX) (2.5.17)

be the characteristic function of the matrix-valued random variable X

on (Ms
n (R), ν(1)

n ). Let Xjk be the (j, k)th entry of X, which is a random
variable with characteristic function

ϕ(tejk ) =
∫

M s
n (R)

exp
(
ittrace(ejkX)

)
ν(1)

n (dX) (t ∈ R).

Show that

ϕ
( ∑

1≤j≤k≤n

tjk ejk

)
=

∏
1≤j≤k≤n

ϕ(tjk ejk )

if and only if the entries on and above the leading diagonal of X are
mutually independent.
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The generalized orthogonal ensemble is invariant under the action
of O(n) on Ms

n (R), and it is natural to consider the distribution of
blocks and entries within the matrix. For 0 < m < n, there is a natural
action of the subgroup O(m) × O(n −m) on Ms

n (R) by left and right
translations [

X Z

Zt Y

]
�→

[
UXU t UZV t

VZ tU t VYV t

]
(2.5.18)

where U ∈ O(m), V ∈ O(n − m), X ∈ Ms
m (R), Y ∈ Ms

n−m (R) and
Z ∈Mm,n−m (R).

Proposition 2.5.6 Suppose that the block matrix in (2.5.18) is random,
subject to the generalized orthogonal ensemble.

(i) The marginal distribution of X is invariant under conjugation by
O(m), and hence depends only upon the eigenvalues of X.

(ii) The marginal distribution of Y is invariant under conjugation by
O(n−m), and hence depends only upon the eigenvalues of Y .

(iii) The marginal distribution of Z is invariant under the left and right
translation action of O(m) × O(n − m), and hence depends only
upon the singular numbers of Z.

Proof. (i) and (ii). These statements follow from Lemma 2.4.2(ii).
(iii) Suppose that m ≥ n − m. For each Z ∈ Mm,n−m (R), there

exists U ∈ O(n−m) such that Ut(ZtZ)1/2U = S, where S is a diagonal
matrix that has the nonnegative eigenvalues of (ZtZ)1/2 on the diagonal.
Now (ZtZ)1/2 : Rn−m → Rn−m ⊆ Rm and Z : Rn−m → Rm satisfy
‖Zξ‖ = ‖(ZtZ)1/2ξ‖ for all ξ ∈ Rn−m , so there exists V ∈ O(m) such
that V = I on the orthogonal complement of the range of (ZtZ)1/2

in Rn−m , and Zξ = V (ZtZ)1/2ξ for all ξ ∈ Rn−m , hence we have an
identity between m×m matrices as follows:

[Z 0] = V

[
U 0
0 I

] [
S 0
0 0

] [
Ut 0
0 I

]
. (2.5.19)

Hence the orbits of Z under the action of O(m)×O(m−n) are parametr-
ized by the matrices S, which are determined by the singular numbers
of Z.

When m ≤ n−m, we can apply a similar argument to Zt ; hence the
result. �
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2.6 The Weyl integration formula
� Complex semisimple Lie algebras can be classified in terms of root

systems.
� The Weyl integration formula gives the measure on the maximal torus

that is induced from Haar measure by the eigenvalue map.

The purpose of this section is to prove the Weyl integration formula,
which we use later to obtain the eigenvalue distributions of unitary ma-
trices in terms of the Haar probability measure. Readers who are knowl-
edgeable about Lie groups, or interested only in the specific examples,
may wish to proceed to Section 2.7. The approach that is taken in the
results in this section resembles that of Steer’s lectures and uses proofs
due to Bott [36].

Definition (Maximal torus). A torus T of rank k in a linear Lie group G

is a connected abelian Lie group that is continuously isomorphic to Tk .
A maximal torus T is a torus that is not contained in any strictly larger
torus in G. The normalizer of T is N(T ) = {u ∈ G : uT u−1 = T }, which
contains T as a normal subgroup, and the Weyl group is W = N(T )/T .

Lemma 2.6.1 Suppose that G is a compact linear Lie group such that
exp : g→ G is surjective. Then

(i) each g ∈ G is an element of some maximal torus;
(ii) the Weyl group is finite.

Proof. In the specific examples of the classical groups, one can easily
verify (i) by following the proof of Proposition 2.3.5. Not every maximal
abelian subgroup is a maximal torus.

(i) First we observe that each x ∈ G lies in some torus. Indeed, since
exp is surjective, x = expX for some X ∈ g and the closure of
{exp(tX) : t ∈ R} is a torus that contains x.

A connected abelian subgroup T of G is a maximal torus if and
only if T = Z(T ), where

Z(T ) = {u : utu−1 = t for all t ∈ T } (2.6.1)

is a closed submanifold.
First suppose that T is a maximal torus. Clearly T is a subgroup

of Z(T ), so to prove that reverse containment, we suppose that g ∈
G satisfies gtg−1 = t for all t ∈ T . Then A = {gn t : n ∈ Z, t ∈ T } is
an abelian group, so the connected component A0 that contains the
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identity of G is a closed and connected abelian group which contains
T , and such that A/A0 is finite by compactness. Unfortunately, it
is not clear that g belongs to A0 , so we introduce the abelian group
A1 = {gna : n ∈ Z, a ∈ A0} which has A1/A0 cyclic and A0 a torus;
hence A1 is monogenic by Proposition 1.2.2, so A1 is the closure of
{xn : n ∈ Z} for some x ∈ G. Now x belongs to some torus T1 , and
so T1 contains A1 and hence the maximal torus T ; so T = T1 and
g ∈ T .

Conversely, suppose that T = Z(T ). Then T is a closed and
connected abelian subgroup of a Lie group, hence is a torus. If T is
not a maximal torus, then there exists a torus T ′ that contains T ;
but any x ∈ T ′ satisfies x ∈ Z(T ), so x ∈ T . Hence T is a maximal
torus.

(ii) The normalizer subgroup N(T ) acts on T by conjugation, and since
T is isomorphic to Rk/Zk for some k, we thus obtain a homomor-
phism N(T ) → GL(k,Z) with kernel T by the proof of (i). The
Weyl group W = N(T )/T is therefore compact and discrete, hence
finite.

�

Theorem 2.6.2 Suppose that G is a compact, semisimple, and linear
Lie group such that exp : g → G is surjective and let T1 and T2 be
maximal tori in G. Then T1 and T2 are conjugate, so there exists g ∈ G

such that T2 = gT1g
−1 .

Proof. (In the specific examples of the classical groups, one can easily
verify this by following the proof of Proposition 2.3.5.) Since tori are
monogenic, there exists x, y ∈ G such that T1 is the closure of {xn :
n ∈ Z} and T2 is the closure of {yn : n ∈ Z}; further, x = exp(X)
and y = exp(Y ) for some X,Y ∈ g. By Theorem 2.3.7, g has an inner
product associated with the Killing form.

We introduce the adjoint orbit of X by ξX = {Ad(g)X; g ∈ G}, which
is compact and contains X. If Y ∈ ξX , then Y = Ad(g)X for some g ∈ G

and since the exponential map has the natural property that

y = exp(Y ) = c(g) exp(X) = c(g)(x), (2.6.2)

one deduces that T2 = gT1g−1 .

Suppose now that Y lies outside of ξX , and choose g that attains the
infimum

Ad(g)(X) = inf
{
〈W,Y 〉 : W ∈ ξX

}
.
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In particular, we can consider W = Ad(exp(tZ)g)X for any Z ∈ g. Then
the derivative of 〈Ad(exp(tZ)g)X,Y 〉 vanishes at t = 0, so

0 = 〈[Z,Ad(g)X], Y 〉 = 〈Z, [Ad(g)X,Y ]〉, (2.6.3)

and hence [Ad(g)X,Y ] = 0 since Z was arbitrary. Now

A = {exp(tAd(g)(X) + sY ) : t, s ∈ R} (2.6.4)

is a connected abelian group such that the closure Ā of A contains the
maximal torus T2 , so Ā = T2 . In particular, exp(tAd(g)X) belongs to T2

for all t ∈ R; so c(g)x ∈ T2 and hence gT1g
−1 is contained in T2 ; hence

gT1g
−1 = T2 . �

Let gC be a finite-dimensional complex Lie algebra, so for each Z ∈
gC , ad(Z) is a linear transformation of gC . To motivate further work,
we make an informal definition. A root is an eigenvalue of ad(Z), or
equivalently a solution of the characteristic equation

det(λI − ad(Z)) = 0.

The root space is the eigenspace that corresponds to the root.

Proposition 2.6.3 Let G be a compact and semisimple Lie groups with
Lie algebra g. Then the roots of ad(Z) are purely imaginary for all Z ∈ g.

Proof. By Proposition 2.3.2, exp(ad(Z)) = Ad(exp Z). By Theorem
2.3.7, we can regard Ad(exp Z) as an orthogonal transformation of g with
the inner product given by the negative Killing form; hence Ad(exp Z)
has all its eigenvalues in T, so ad(Z) has all its eigenvalues in iR. �

We now construct representations from roots. A typical element of Tk

is u = exp(2πi
∑k

j=1 θj ). The Lie algebra

τ = {Θ = (θ1 , . . . , θk ) : θj ∈ R}

has dual

τ∗ = {r∗ = (r1 , . . . , rk ) : rj ∈ Z}; (2.6.5)

so that r∗(Θ) =
∑

j θj rj belongs to Z whenever Θ ∈ Zk . There is a

natural map exp : τ → T : Θ �→ exp
(
2πi

∑k
j=1 θj

)
; for each r∗ ∈ τ∗

there is an irreducible representation of T on R2 by T→ SO(2):

exp
(
2πi

k∑
j=1

θj

)
�→

[
cos 2πr∗(Θ) sin 2πr∗(Θ)
− sin 2πr∗(Θ) cos 2πr∗(Θ)

]
. (2.6.6)
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Lemma 2.6.4 Let G be a compact, connected and semisimple Lie group.
Let gC be the complexified version of the Lie algebra of G, and let τ be
the Lie algebra of some maximal torus T in G. Then there exist nonzero
linear functionals α : τ → R such that −iα(Z) is an eigenvalue of
ad(Z) : gC → gC for each Z ∈ τ . Each such α gives rise to an irreducible
representation of T on R2 .

Proof. By Theorem 2.3.7, the Killing form is negative definite on g,
so we extend the inner product 〈X,Y 〉 = −B(X,Y ) to a sesquilinear
form on gC . Then by Theorem 2.3.7, ad(Z) is a skew-symmetric linear
operator on gC for each Z ∈ g, so {iad(Z);Z ∈ τ} is a commuting family
of selfadjoint operators on gC . Eigenvectors corresponding to distinct
eigenvalues of a selfadjoint operator are orthogonal. Hence there is a
simultaneous diagonalization, and for each Z ∈ τ there exists a non-zero
Y ∈ gC such that iad(Z)(Y ) = −α(Z)Y , where α(Z) is real; evidently
the map Z �→ α(Z) is a linear functional τ → R.

Given such an α, let the eigenvector be Y = U + iV where U, V ∈ g.
Then the eigenvalue equation leads via Proposition 2.3.2 to

exp(2πad(Z))(U + iV ) = e2πiα(Z )(U + iV ) (2.6.7)

and in terms of the real and imaginary subspaces of g + ig we have a
rotation matrix

exp(2πad(Z))
[

U

V

]
=

[
cos 2πα(Z) sin 2πα(Z)
− sin 2πα(Z) cos 2πα(Z)

] [
U

V

]
, (2.6.8)

so exp(2πZ) �→ exp(2πad(Z)) is a representation T → SO(2). �

Definition (Roots). A root α is a nonzero linear functional α : τ → R
such that iα(Z) is an eigenvalue of ad(Z) for each Z ∈ τ.

Let G be a compact, connected and semisimple Lie group. Then by
an extension of Proposition 2.3.4, the Lie algebra of G has the form

g = τ ⊕ gr∗
1
⊕ · · · ⊕ gr∗

m
;

where gr∗
j

is the eigenspace that corresponds to r∗j and here the r∗j ∈ τ∗

are said to form a fundamental system of positive real roots.
Each positive real root gives rise to a distinct irreducible representa-

tions of T as above. When viewed as a real vector space, g has dimension
k + 2m.
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Definition (Weyl denominator). For u = exp 2πi
∑k

j=1 θj , let the Weyl
denominator be

∆(u) =
m∏

j=1

(
e2πir∗

j (Θ) − 1
)
. (2.6.9)

Theorem 2.6.5 (Weyl integration formula). Let G act upon itself by
conjugation. Then the space of orbits may be identified with a maximal
torus T in G. Let |W | be the order of the Weyl group. Suppose that F

is a continuous class function, so that F is constant on orbits. Then the
natural probability measure on the orbits associated with µG satisfies∫

G

F (g)µG (dg) =
1
|W |

∫
T

F (u)|∆(u)|2µT (du). (2.6.10)

Proof. We introduce the cosets gT = {gt : t ∈ T } and the coset space
G/T = {gT : g ∈ G}; the quotient map π : G → G/T induces π	µG

from the Haar measure on G; whereas T has its Haar measure µT (dt).
The map Φ : G × T → G : (g, u) �→ gug−1 is surjective since every
element of G is conjugate to some point in the maximal torus by Theorem
2.6.2; further, Φ induces a surjective map ϕ : G/T × T → G since
gug−1 = huh−1 whenever h−1g ∈ T . Hence ϕ is well defined, and the
number of times that ϕ covers each g ∈ G equals |W | since

gtg−1 = huh−1 ⇔ (h−1g)t(h−1g)−1 = u⇔ h−1g ∈ N(T ). (2.6.11)

One can show that ϕ is differentiable, except on a set E which has
zero measure with respect to π	µG⊗µT ; further, ϕ(E) has measure zero
with respect to µG . By the change of variables formula, we have

|W |
∫

G

f(g)µG (dg) =
∫
T

∫
G/T

f ◦ ϕ(gT , u)Jϕ (gT , u)π	µG (dgT )µT (du)

(2.6.12)

for all f ∈ C(G) where Jϕ is the Jacobian; in particular∫
G

F (g)µG (dg) =
1
|W |

∫
T

F (u)
(∫

G

Jϕ(gT , u)µG (dg)
)
µT (du) (2.6.13)

where F ∈ C(G) depends only upon the conjugacy class.
Now we calculate the Jacobian. The Lie algebra decomposes as g = τ⊕

τ⊥, where τ is the Lie algebra of T and τ⊥ is the orthogonal complement
with respect to the invariant inner product that is given by the Killing
form as in Theorem 2.3.7. We have shown that the intersection of each
adjoint orbit ξX with τ is an orbit of the Weyl group.
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To calculate the derivative at (g, u), we shift to a neighbourhood of
the identity and consider

Ψ(X,Z) = gu−1g−1(g exp(X) exp(Z)u exp(−X)g−1) (X ∈ τ⊥, Z ∈ τ)

(2.6.14)

which satisfies Ψ(0, 0) = I and( d

dt

)
t=0

Ψ(tX, tZ) = gu−1Zug−1 + gu−1Xug−1 − gXg−1

= Ad(g)
(
Z + Ad(u−1)X −X

)
. (2.6.15)

Now det Ad(g) = 1, so we need to find det(Ad(u−1) − I), where u ∈ T
and Ad(u−1)− I operates on τ⊥. Suppose that u = exp(−2πZ), so

Ad(u−1) = exp(ad(2πZ))

=
m⊕

j=1

[
cos 2πr∗j (Z) sin 2πr∗j (Z)
− sin 2πr∗j (Z) cos 2πr∗j (Z)

]
(2.6.16)

and hence the determinant is∣∣det(Ad(u−1)− I)
∣∣ =

m∏
j=1

det
[

cos 2πr∗j (Z)− 1 sin 2πr∗j (Z)
− sin 2πr∗j (Z) cos 2πr∗j (Z)− 1

]

=
m∏

j=1

(
e2πr∗

j (Z ) − 1
)(

e−2πr∗
j (Z ) − 1

)
= ∆(u)∆̄(u). (2.6.17)

�

One can classify the complex semisimple Lie algebras by their roots.
The axiomatic approach involves specifying a root system as in [110].

Definition (Root system). Let V be an �-dimensional real vector space
with inner product, and R a finite collection of non-zero vectors in V ,
such that R spans V . Let α̌ = 2α/〈α, α〉 be the co-root that corresponds
to α ∈ R, and let sα : V → V be the linear map sα (β) = β−〈α̌, β〉α; so
sβ gives the reflection in the hyperplane Vα = {v ∈ V : 〈v, α〉 = 0}. We
say that R is a root system when:

(1) sα (R) = R for all α ∈ R;
(2) 〈α̌, β〉 ∈ Z for all α, β ∈ R;

and the root system is reduced when:

(3) If α, β ∈ R are proportional, then α = ±β.
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The Weyl group W that corresponds to R is the group generated by
the reflections {sα : α ∈ R}, which by (1) is a group of permutations
of R. One can show that this is consistent with the definition given
above. The hyperplanes Vα divide up V into cones, which are known as
Weyl chambers, and the Weyl group permutes the Weyl chambers. One
can select such a chamber C which is bounded by hyperplanes Vαj

for
j = 1, . . . , �, where the αj ∈ R are so chosen that αj (x) > 0 for all x ∈ C;
then C is called the fundamental chamber and the αj (j = 1, . . . , �) give a
basis of R. The root system is determined by the Cartan matrix, namely
[〈α̌j , αk 〉]j,k=1,...,� ; on account of (2) the entries are integers, and one can
show that the off-diagonal entries are less than or equal to zero. Let φα,β

be the angle between α and β. Then 4 cos2 φα,β = 〈β̌, α〉〈α̌, β〉.
� The Cartan matrix determines the complex semisimple Lie algebra up

to isomorphism.

Remark. (Killing–Cartan classification). Killing classified the semisim-
ple Lie algebras that give compact Lie groups of rank n, and Cartan filled
the lacunae in his proof. There are four infinite series An,Bn ,Cn and
Dn that give Lie groups of rank n, and five exceptional algebras G2 , F4 ,

E6 , E7 and E8 which we shall not discuss further. Dynkin showed how
to classify the algebras in terms of fundamental root systems, for which
the Cartan matrices have a diagrammatic representation; see [110].

Cartan type Lie algebra dimR |W |
An su(n + 1) n(n + 2) (n + 1)!
Bn so(2n + 1) n(2n + 1) 2nn!
Cn sp(n) n(2n + 1) 2nn!
Dn so(2n) n(2n− 1) 2n−1n!

(2.6.18)

Exercise. Let G and H be compact and semisimple Lie groups, and let
ϕ : G→ H be a bijective and differentiable map such that ϕ(eG ) = eH .

(i) Show that the derivative Dϕ(eG ) gives a nonsingular linear map
between the Lie algebras g→ h.

(ii) Let dx be some version of Lebesgue product measure on g and dy

be some version of Lebesgue product measure on h. Prove that the
Jacobian of Dϕ(eG ) is |det Dϕ(eG )|.

2.7 Dyson’s circular ensembles
� Circular ensembles live on tori.
� The circular ensembles arise from actions on the unitary group by

various compact groups.
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� The probability measure for the circular unitary ensemble is given by
Weyl’s integration formula.

� CUE describes integer spin and asymmetric time reversal.

Dyson [64, 116] introduced three ensembles based upon classical com-
pact Lie groups, namely the orthogonal, circular and symplectic circular
ensembles. Whereas their properties are similar, their definitions are sub-
tly different. So we begin by stating how they can be defined in terms of
the general construction via group actions, and then consider each one
in turn.

The circular ensemble consists of the space M with the probability
measure ν. The joint eigenvalue distribution is given by a probability
measure of the form

σ(β )
n (dΘ) = c(β )

n

∏
j,k :1≤j<k≤n

|eiθj − eiθk |βdθ1dθ2 · · · dθn . (2.7.1)

ensemble circular orthogonal circular unitary circular symplectic
M U (n) U (n) U (2n)
G O(n) U (n) Sp(n)

action: βh : g �→ hg αh : g �→ hgh−1 βh : g �→ hg

M/G O(n)\U (n) Tn Sp(n)\U (2n)
symmetric U (n) maximal torus self-dual U (2n)

ν Haar measure Haar measure Haar measure
on U (n) on U (n) on U (2n)

invariance O(n) action on conjugation Sp(n) action on
under: symmetric matrices in self-dual U (2n)

U (n) matrices

σ σ
(1)
n σ

(2)
n σ

(4)
n

(2.7.2)

As an application of Theorem 2.6.2, we can now introduce the unitary
circular ensemble. For each U ∈ U(n) there exists V ∈ U(n) such that
V ∗UV = diag(eiθj ), where eiθj are eigenvalues of U with 0 ≤ θ1 ≤ · · · ≤
θn ≤ 2π.

Definition (Circular unitary ensemble). The unitary circular ensemble
is the probability measure on Tk that is induced from the Haar proba-
bility measure on U(n) by the eigenvalue map Λ.
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The circular ensemble is used to describe some physical systems that
have integer spin and are not symmetric under time reversal.

Proposition 2.7.1 (Existence of CUE). The group SU(n) has rank
k = n − 1, the Weyl group has order n! and with θn = −

∑k
j=1 θj , the

natural measure on the maximal torus associated with Haar measure on
the group is

σSU (n)(dΘ) =
1
n!

∏
1≤j<�≤n

|eiθj − eiθ� |2dθ1 . . . dθk . (2.7.3)

Proof. Each U ∈ SU(n) has eigenvalues on T, and detU = 1, hence a
maximal torus is

T =
{

diag(e2πiθ1 , . . . , e2πiθn ) :
n∑

j=1

θj ≡ 0 mod 2π
}

. (2.7.4)

Evidently T has rank n−1, and N(T ) is generated by T and the permu-
tation matrices which swap around the diagonal entries, hence |W | = n!.

The Lie algebra is

su(n) = {A ∈Mn (C) : A∗ = −A; trace(A) = 0}, (2.7.5)

and hence su(n) has dimension n2 − 1 as a real vector space. The expo-
nential map A �→ exp A is surjective and open, so su(n) has dimension
n2 − 1 as a real manifold.

Let (ej ) be the standard unit vector basis of Rn ; then ej gives rise
to the linear functional (θ1 , . . . , θn ) �→ θj . Hence each pair {j, �} with
1 ≤ j < � ≤ n gives a root r∗j,� = ej − e� or

diag(e2πiθj ) �→ e2πi(θj −θ� ) , (2.7.6)

and there are
(

n
2

)
choices of such pairs. Hence we obtain ∆(u) in the

Weyl denominator. By applying the formula n = 2m+k, we recover the
reassuring identity

n2 − 1 = 2
(

n

2

)
+ n− 1.

�
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M = G G compact semisimple

G acts on M βh : g �→ hgh−1

M/G Tk = maximal torus

phase space periods

ν on M Haar measure of G

σ on M/G ∆̄∆(Θ)
|W | dΘ

invariance conjugation

(2.7.7)

The Weyl denominator is

∆(X) =
∏

α∈P+

(
eiπα(X ) − e−iπα(X )), (2.7.8)

P+ is the set of positive roots and W is the Weyl group.

Example 2.7.2 Let

QN (eiθ ) =
N∑

j=−N

eiθ =
sin(2N + 1)θ/2

sin θ/2
,

and let U be the (2N + 1) × (2N + 1) matrix U =
[eiθj k ]j=1,...,2N +1;k=−N,...,N . Then by a simple calculation we have

UU∗ = [QN (ei(θj −θk ) ]

and hence

det[QN (ei(θj −θk ) ] = |det U |2 =
∏

1≤j<k≤2N +1

|eiθj − eiθk |2 .

The operator

f �→
∫

T
QN (ei(θ−φ))f(eiφ)

dφ

2π

gives the orthogonal projection onto span{eijθ : j = −N, . . . , N}, and
hence has rank 2N + 1.

2.8 Circular orthogonal ensemble
� COE describes integer spin and symmetric time reversal.

The circular orthogonal ensemble was introduced to describe some phys-
ical systems that have integer spin and are symmetrical under time
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reversal. The COE is not quite the joint eigenvalue distribution of eigen-
values from the groups O(n). In this section only we write S(n) = {u ∈
U(n) : ut = u} and let U(n) act on S(n) by βu (s) = usut . Dyson showed
that there exists a unique νS (n) ∈ Prob(S(n)) that is invariant under βu .
See [18].

Definition (Circular orthogonal ensemble). The orthogonal circular en-
semble is the probability measure σ

(1)
n = Λ	νS (n) that is induced from

νS (n) by the eigenvalue map Λ : S(n)→ Tn .

We observe that S(n) is not a group, so we construct σ
(1)
n by intro-

ducing a suitable coset space. For each s ∈ S(n), there exists w ∈ U(n)
such that wtw = s; furthermore, wtw = vtv with w, v ∈ U(n) if and
only if there exists r ∈ O(n) such that w = rv.

Let H = O(n) and let G = U(n), so that H is a closed subgroup
of G, and let H act on G by left multiplication βh (g) = hg to give
orbits the right cosets Hg = {hg : h ∈ H} and the space of right cosets
H\G. There is a natural bijective correspondence between S(n) and
H\G given by utu↔ Hu; hence any continuous function f : S(n)→ C
may be identified with a continuous function F : G→ C that is invariant
under the action of H, and conversely.

Proposition 2.8.1 (Existence of COE). Let νS (n) be the probability
measure on S(n) that is induced from µU (n) by the quotient map U(n)→
O(n)\U(n) followed by the natural isomorphism O(n)\U(n) ∼= S(n).
Then νS (n) is invariant under the action β of U(n) on S(n).

Proof. Since s = wtw corresponds to Hw, utsu corresponds to Hwu;
hence ∫

S (n)
f(utsu)ν(du) =

∫
H \G

F (Hwu)ν(dHw)

=
∫

G

F (wu)µG (dw)

=
∫

G

F (w)µG (dw)

=
∫

S (n)
f(s)ν(ds). (2.8.1)

�
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2.9 Circular symplectic ensemble
� CSE describes half integer spin.

By following the construction of the preceding section, we can introduce
the circular symplectic ensemble. The CSE was introduced to describe
physical systems that have half integer spin. A complex matrix v is
symplectic if vRv = I. The symplectic group Sp(n) is the subgroup of
U(2n) that consists of symplectic matrices. Let P (n) = {U ∈ U(2n) :
UR = U}, and let U(n) act on P (n) by βu (s) = usuR . As we shall
show shortly, there exists a unique νP (n) ∈ Prob(P (n)) that is invariant
under β.

Definition (Circular symplectic ensemble). The symplectic circular en-
semble σ(4) is the probability measure that is induced from νP (n) by
Λ : P (n)→ Tn .

For each s ∈ P (n), there exists w ∈ U(2n) such that wRw = s; further,
wRw = vRv with w,w ∈ u(2n) if and only if there exists r ∈ Sp(n) such
that w = bv.

Let G = u(2n) and H = Sp(n), and let H act on G by left multi-
plication βh (g) = hg to give right cosets Hg and space of right cosets
H\G = {Hg : g ∈ G}. There is a bijective correspondence between P (n)
and H\G given by uRu↔ Hu; hence any f ∈ C(P (n)) may be identified
with a F ∈ C(H\G) that is invariant under β, and conversely.

Proposition 2.9.2 (Existence of CSE). Let νP (n) be the probabil-
ity measure on P (n) that is induced from µU (2n) by the quotient
map U(2n) → Sp(n)\U(2n) followed by the natural isomorphism
Sp(n)\U(2n) ∼= P (n). Then νP (n) is invariant under the action β of
Sp(n) on P (n).

Proof. This follows by a similar argument to Proposition 2.8.1. �

Exercise 2.9.3 (i) Show that G =
∞∏

n=1
U(n) is a compact metric group.

(ii) Describe the Haar probability measure on G.
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Entropy and concentration of measure

Abstract

In this chapter we introduce the notion of entropy, and then relative
entropy. We then introduce the fundamental concept of concentration
of measure in the context of Lipschitz functions on metric probability
spaces. We consider the transportation problem for probability mea-
sures on metric spaces. The dual form of a concentration inequality is
a transportation inequality. In order to prove such transportation in-
equalities, we use the Brunn–Minkowski inequality on Euclidean space.
We formulate concentration inequalities for matrix ensembles with uni-
formly convex potentials, including Gaussian ensembles. We state some
concentration inequalities for measures on compact groups which follow
from the Gromov–Lévy isoperimetric inequality in differential geometry.
Surface area measure on the spheres in Rn provides a contrasting ex-
ample of the concentration of measure phenomenon in high dimension.
An important aspect of this approach is that we can move measures
and inequalities from one space to another; for instance, we can deduce
concentration for eigenvalue distributions from concentration of the cor-
responding measures on the random matrices.

3.1 Relative entropy

Definition (Entropy). Let ρ be a probability density function on Rn .
Then the entropy of ρ is

S(ρ) = −
∫

ρ(x) log ρ(x) dx (3.1.1)

when this integral is absolutely convergent. In this case, we say that
ρ has finite entropy. Shannon entropy involves the (−) sign, whereas
Boltzmann entropy involves the (+) sign.

84
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For probability densities ρ1 on Rm and ρ2 on Rn , the tensor product
ρ = ρ1 ⊗ ρ2 is ρ(x, y) = ρ1(x)ρ2(y). An immediate consequence of the
definition is that ρ satisfies

S(ρ) = S(ρ1) + S(ρ2); (3.1.2)

an identity which corresponds to the thermodynamic property that en-
tropy is an extensive variable [3].

Simplifying notation, we write γ1 for the probability density function
of the N(0, 1) random variable.

Proposition 3.1.1 Amongst all probability density functions on R with
finite second moments that have variance one, the standard Gaussian
density γ1 is a maximizer of the entropy. Furthermore, S(γ1) =
log
√

2πe.

Proof. We shall introduce the Gaussian as the candidate maximizer,
and then prove rigorously that γ1 attains the maximum. The entropy is
invariant under translation, so we seek to maximise S(ρ) subject to the
constraints

ρ ≥ 0; (3.1.3)∫
ρ(x) dx =

∫
x2ρ(x) dx = 1 (3.1.4)∫

xρ(x) dx = 0. (3.1.5)

By calculus we have ξ log ξ ≥ −1/e for ξ ≥ 0, so with ξ = ρe−v any
such ρ satisfies

−
∫

ρ log ρdx ≤ −
∫

vρdx +
∫

ev−1dx; (3.1.6)

in particular with v = 1− x2/2− log
√

2π we deduce

S(ρ) ≤ 1
2

∫
x2ρ(x) dx + log

√
2π = log

√
2πe. (3.1.7)

When ρ = γ1, we have ξ = 1/e and there is equality throughout. �

In the next result, we consider another notion of the average of log ρ(x).

Proposition 3.1.2 Let ρ be a probability density function on Rn that
has finite entropy, and for ε > 0, let

EN,ε =
{

(xj )N
j=1 ∈ (Rn )N :

∣∣∣ 1
N

N∑
j=1

log ρ(xj ) + S(ρ)
∣∣∣ < ε

}
. (3.1.8)
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Then
1
N

log vol (EN,ε)− ε ≤ S(ρ) ≤ 1
N

log vol (EN,ε) + ε (3.1.9)

holds for all sufficiently large N .

Proof. See [152]. We regard the xj as mutually independent random
variables with identical distribution specified by the probability density
function ρ. By hypothesis, log ρ is absolutely integrable with respect to ρ;
hence the log ρ(xj ) have finite expectation. Let ρ⊗N be the probability
measure ρ(x1) . . . ρ(xN )dx1 . . . dxN . By the strong law of large numbers
[88],

1
N

N∑
j=1

log ρ(xj )→
∫

log ρ(x) ρ(x) dx (N →∞) (3.1.10)

in probability; hence

ρ⊗N (EN,ε)→ 1 (N →∞). (3.1.11)

Now for (xj )N
j=1 ∈ EN,ε , we have

eN ερ(x1) . . . ρ(xN ) ≥ e−N S (ρ) ≥ e−N ερ(x1) . . . ρ(xN ) (3.1.12)

hence by integration with respect to Lebesgue product measure we have

eN ερ⊗N (EN,ε) ≥ e−N S (ρ)vol(EN,ε) ≥ e−N ερ⊗N (EN,ε), (3.1.13)

so

exp(S(ρ) + ε)
(
ρ⊗N (EN,ε)

)1/N ≥ vol(EN,ε)1/N

≥ exp(S(ρ)− ε)
(
ρ⊗N (EN,ε)

)1/N
, (3.1.14)

hence result. �

Definition (Convexity). Let Ω be nonempty subset of Rn . Say that Ω
is convex if tx + (1− t)y belongs to Ω for all x, y ∈ Ω and 0 < t < 1. We
define a continuous function V : Ω→ R to be convex if

tV (x) + (1− t)V (y)− V (tx + (1− t)y) ≥ 0 (3.1.15)

holds for all distinct x, y ∈ Ω and 0 < t < 1, and strictly convex if the
inequality is always strict.

Exercise. (i) Show that the functions ϕ(x) = x log x for x > 0 and ex

on R are convex.
(ii) Show that a strictly convex function on R cannot have a strict

local maximum.
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(iii) Show that a positive strictly convex function on R has at most
one strict local minimum.

Lemma 3.1.3 (Jensen’s inequality). Suppose that µ ∈ Prob (Ω), where
(Ω, d) is a Polish space, and that ϕ : (a, b)→ R is convex. Then for any
f : Ω→ (a, b) such that f and ϕ ◦ f are integrable with respect to µ,

ϕ
(∫

Ω
f(x)µ(dx)

)
≤

∫
Ω

ϕ(f(x))µ(dx). (3.1.16)

Proof. See [71]. �

Definition (Relative entropy). Let µ and ν be probability measures on
a Polish space (Ω, d), with µ absolutely continuous with respect to ν and
let dµ/dν be the Radon–Nikodym derivative. The relative entropy of µ

with respect to ν is

Ent(µ | ν) =
∫

log
dµ

dν
dµ; (3.1.17)

when this integral converges absolutely. We take Ent(µ | ν) = ∞ when
the integral diverges or when µ is not absolutely continuous with respect
to ν.

Proposition 3.1.4 Relative entropy has the following properties:

(i) 0 ≤ Ent(µ | ν), with equality only if µ = ν;
(ii) for µ1 , µ2 , ν1 , ν2 ∈ Prob (Ω) the product measures satisfy

Ent(µ1 ⊗ µ2 | ν1 ⊗ ν2) = Ent(µ1 | ν1) + Ent(µ2 | ν2); (3.1.18)

(iii) the variational formula

Ent(µ | ν) = sup
{∫

Ω
g dµ :

∫
Ω

egdν ≤ 1; g ∈ C(Ω;R)
}

. (3.1.19)

Proof. (i) The function exp is convex, and hence by Jensen’s inequality,

exp
∫

log
dν

dµ
dµ ≤

∫
dν

dµ
dµ = 1, (3.1.20)

hence Ent(µ | ν) ≥ 0. Further, we have equality only if dν/dµ = 1 holds
on a set of measure one with respect to µ; that is, µ = ν.

(ii) One integrates the identity

log
d(µ1 ⊗ µ2)
d(ν1 ⊗ ν2)

= log
dµ1

dν1
+ log

dµ2

dν2
(3.1.21)

with respect to ν1 ⊗ ν2 .
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(iii) By calculus we have ξ log ξ ≥ −1/e for ξ ≥ 0, with equality only
at ξ = 1/e; hence,

uv ≤ u log u + ev−1 (u > 0, v ∈ R). (3.1.22)

Let v = g + 1 and u = dµ/dν and obtain∫
g dµ ≤

∫
log

dµ

dν
dν +

∫
egdν − 1, (3.1.23)

with equality only when g = log dµ/dν. �

Exercise (Lower semicontinuity of relative entropy). Let σ ∈ Prob (Ω)
and let f and fn (n = 1, 2, . . . ) be probability density functions such
that fnσ → fσ weakly as n→∞. Show that

Ent(fσ | σ) ≤ lim inf
n→∞

Ent(fnσ | σ). (3.1.24)

Exercise (Joint convexity of relative entropy).

(i) Let U(x, y) = x log(x/y) for x, y > 0. Show that HessU ≥ 0.
(ii) Let f0 , f1 , g0 and g1 be probability density functions with respect

to σ where σ ∈ Prob (Ω), and let ft = (1 − t)f0 + tf1 and gt =
(1− t)g0 + tg1 for 0 < t < 1. Show that

U(ft , gt) ≤ (1− t)U(f0 , g0) + tU(f1 , g1) (0 < t < 1) (3.1.25)

and hence that

Ent(ft | gt) ≤ (1− t)Ent(f0 | g0) + tEnt(f1 | g1) (0 < t < 1).
(3.1.26)

Definition (Gibbs measure). Let V : R→ R be a measurable function
such that, for some β > 0 there exists a constant Z(β) such that

µV (dx) = Z(β)−1 exp(−βV (x)) dx (3.1.27)

defines a probability measure on R. Then µV is called a Gibbs measure
with potential V and partition function Z at inverse temperature β.

Proposition 3.1.5 (Partition functions). Let V1 and V2 be potentials
that give rise to Gibbs measures µ1 and µ2 respectively. Then the corre-
sponding partition functions satisfy

β

∫
(V2(x)− V1(x))µ1(dx) ≤ log

Z1(β)
Z2(β)

≤ β

∫
(V2(x)− V1(x))µ2(dx).

(3.1.28)
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Proof. By Proposition 3.1.4(i), we have

0 ≤ Ent(µ1 | µ2) =
∫ (

βV2(x)− βV1(x) + log Z2(β)− log Z1(β)
)
µ2(dx)

(3.1.29)
which implies the right-hand inequality, and one can obtain the left-hand
inequality by interchanging µ1 and µ2. �

The property Proposition 3.1.4(ii) is special to product measures, and
admits of some generalization.

Definition (Marginal densities). Let Ωn be a product of Polish spaces,
let σ ∈ Prob (Ωn ) and let f be a probability density function with respect
to σ. We define fj to be the jth marginal probability density functions
of f ; so that∫

Ωn

fj (xj )hj (xj )σ(dx) =
∫

Ωn

hj (xj )f(x)σ(dx) (3.1.30)

for any bounded and continuous hj : Ω → R that depends only upon
the jth coordinate xj in (xk )n

k=1 ∈ Ωn . The jth marginal measure σj for
j = 1, . . . , n of σ is induced by the map Ωn → Ω : (xk )n

k=1 �→ xj , and
likewise the jth marginal measure of fdσ is fjdσj .

Theorem 3.1.6 (Subadditivity of relative entropy). Let σ ∈ Prob (Ωn )
and let f be a probability density function such that fdω has finite relative
entropy with respect to dσ. Suppose that 1 ≤ p <∞ satisfies∫

Ωn

n∏
j=1

fj (xj )1/pσ(dx) ≤
( n∏

j=1

∫
Ωn

fj (xj )σ(dx)
)1/p

= 1. (3.1.31)

(i) Then

pEnt(fσ | σ) ≥
n∑

j=1

Ent(fjσ | σ). (3.1.32)

In particular, the inequality (3.1.31) holds:

(ii) with p = 1 when σ = ⊗n
j=1σj is a product of σj ∈ Prob (Ω);

(iii) with p = n for all σ ∈ Prob (Ωn );
(iv) with p = n/(n − 1) and n ≥ 2 when σ is a standard Gaussian

measure on the hyperplane

P =
{

(xj )n
j=1 :

n∑
j=1

xj = 0
}
⊂ Rn ; (3.1.33)
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(v) with p = 2, when σ is normalized surface area measure on the
sphere Sn−1 in Rn .

Proof. (i) We let

C =
∫

Ωn

n∏
j=1

fj (xj )1/pω(dx) (3.1.34)

so that g(x) = C−1 ∏n
j=1 fj (xj )1/p is a probability measure, and so by

Proposition 3.1.3(i) we have

0 ≤ Ent(fσ | gσ)

=
∫

Ωn

f(x) log f(x)σ(dx)−
∫

f(x) log g(x)σ(dx)

=
∫

Ωn

f(x) log f(x)σ(dx) + (log C)
∫

Ωn

f(x)σ(dx)

−
n∑

j=1

∫
Ωn

f(x) log fj (xj )1/pσ(dx) (3.1.35)

and hence by the definition of the marginal measures we have

1
p

n∑
j=1

∫
Ωn

fj (xj ) log fj (x)σ(dx) ≤
∫

Ωn

f(x) log f(x)σ(dx) + log C.

(3.1.36)
Now C ≤ 1 by the main hypothesis, so

1
p

n∑
j=1

Ent(fjσ | σ) ≤ Ent(fσ | σ). (3.1.37)

(ii) The jth marginal measure σj for j = 1, . . . , n of ω is induced by
the map Ωn → Ω : (xk )n

k=1 �→ xj , and likewise the jth marginal measure
of fdσ is fjdσj . Hence f1(x1) . . . fn (xn ) is a probability density function
with respect to σ(dx) = ⊗n

j=1σj (dxj ). Hence the inequality holds with
p = 1. This p = 1 is the optimal constant.

(iii) By Hölder’s inequality we have∫
Ωn

n∏
j=1

fj (xj )1/nσ(dx) ≤
( n∏

j=1

∫
Ωn

fj (xj )σ(dx)
)n

= 1 (3.1.38)

since the fj are probability density functions. This result is in some sense
trivial, and indicates that some should strive for p < n, and preferably
p independent of n.
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(iv) A special case of the Brascamp–Lieb inequality [45, (1.15)] gives

∫
P

n∏
j=1

fj (xj )(n−1)/nσ(dx) ≤
n∏

j=1

(∫
P

fj (xj )σ(dx)
)(n−1)/n

. (3.1.39)

Villani [162] gives a detailed discussion of how to prove such inequalities
by the techniques that we shall discuss later in this chapter, so we omit
the proof. The coordinates (xj )n

j=1 ∈ P are dependent, but only weakly
so; hence the constant n/(n− 1)→ 1 as n→∞.

(v) By a theorem of Carlen, Lieb and Loss [42],

∫
Sn −1

n∏
j=1

fj (xj )1/2σ(dx) ≤
n∏

j=1

(∫
S n −1

fj (xj )σ(dx)
)1/2

. (3.1.40)

In this case the coordinates of x = (x1 , . . . , xn ) are clearly not mutually
independent since

∑n
j=1 x2

j = 1, and σ is not a product measure in Rn .
In fact 2 is the smallest constant that works in all dimensions n, so
the mutual dependence of coordinates does not appear to diminish with
increasing dimension. �

Exercises 3.1.7 (a) Let ω be Haar probability measure on SO(n), and
let U = [ξ1 , . . . , ξn ] ∈ SO(n) have jth column ξj ∈ Sn−1 . The distri-
bution of ξj is the jth marginal measure of ω, namely normalized area
measure on Sn−1 .

(b) The following probability measures arise in joint eigenvalue dis-
tributions from random matrices. Suppose that v : R → R is contin-
uous and grows like x2 as x → ±∞. Then there exists ζ > 0 such
that

ωj (dλj ) = ζ−1 exp
(
−nv(λj )

)
dλj (3.1.41)

is a probability measure on R; further for β > 0 there exists Zn > 0
such that

σ(β )
n =

1
Zn

∏
1≤j,k≤n :j �=k

|λj − λk |β/2 exp
(
−

n∑
j=1

nv(λj )
)
dλ1 . . . dλn

(3.1.42)
defines a probability measure on Rn .



92 Random Matrices: High Dimensional Phenomena

(i) Show that the first marginal probability density of σ
(β )
n with respect

to the product measure ω(dλ) = ⊗n
j=1ωj (dλj ) is

f1(λ1) =
ζ

Zn

∫
Rn −1

∏
1≤j,k≤n :j �=k

|λj−λk |β/2 exp
(
−

n∑
j=2

nv(λj )
)
dλ2 . . . dλn ,

(3.1.43)
and deduce that

Ent(σ(β )
n | ω) ≥ nEnt(f1ω1 | ω1). (3.1.44)

(ii) Let p be a continuous probability density function on R that has
compact support, and let z > 0 be such that

qj (dλj ) = z−1 exp
(
−nv(λj ) + nβ

∫
log |λj − µ|p(µ)dµ

)
dλj (3.1.45)

defines a probability measure on R, and let Q(dλ) = ⊗n
j=1qj (dλj ).

Repeat (i) with Q in place of ω.

Problem. What is the appropriate version of Theorem 3.1.6 for the joint
eigenvalue distribution of generalized orthogonal ensembles? Is there a
version for Haar measure on SO(n)?

Proposition 3.1.8 (Csiszár’s inequality). Suppose that f and g are
probability density functions on Rn such that f is of finite relative en-
tropy with respect to g. Then∫

Rn

|f(x)− g(x)|dx ≤ 2
(
Ent(f | g)

)1/2
. (3.1.46)

Proof. Let ϕ(u) = u log u for u > 0; then by the mean value theorem
there exists a v between 1 and u such that

ϕ(u) = ϕ(1) + (u− 1)ϕ′(1) +
1
2
(u− 1)2ϕ′′(v), (3.1.47)

so

u log u = u− 1 +
(u− 1)2

2v
. (3.1.48)

Hence with u = f(x)/g(x), we have

f(x)
g(x)

log
f(x)
g(x)

≥ f(x)
g(x)

− 1 +
1
2

(f(x)
g(x)

− 1
)2

min
{

1,
g(x)
f(x)

}
, (3.1.49)

so after multiplying by g(x) and integrating, we find that∫
f(x) log

f(x)
g(x)

dx ≥ 1
2

∫ (
f(x)− g(x)

)2 min
{ 1

g(x)
,

1
f(x)

}
dx. (3.1.50)
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We observe that∫ (
min

{ 1
f(x)

,
1

g(x)

})−1
dx =

∫
max

{
f(x), g(x)

}
dx ≤ 2, (3.1.51)

and so by the Cauchy–Schwarz inequality(∫
|f(x)− g(x)| dx

)2

≤
∫ (

min
{ 1

f(x)
,

1
g(x)

})−1
dx

∫ (
f(x)− g(x)

)2 min
{ 1

g(x)
,

1
f(x)

}
dx

≤ 4
∫

f(x) log
f(x)
g(x)

dx. (3.1.52)

�

Remarks. (i) The result actually holds with an optimal constant
√

2
instead of 2, but the proof we give is more natural.

(ii) Suppose that (fk ) is a sequence of probability densities such that
Ent(fk | g)→ 0 as k →∞. Then we say that fk converges to g in relative
entropy. By Csiszár’s inequality, the limit g is uniquely determined by
the sequence (fk ). However, relative entropy does not define a metric
since it is asymmetrical and does not satisfy the triangle inequality;
nevertheless, relative entropy dominates the L1 metric on the probability
density functions.

(iii) We have occasion to use three measures of distance on probability
densities:

� L1 norm
∫
|f − g|dx;

� relative entropy Ent(f | g);
� transportation cost W1(f(x)dx, g(x)dx).

In Section 3.3 we compare the relative entropy with transportation cost.

3.2 Concentration of measure
� The moment generating function is used to define concentration in-

equalities.

Definition (Logarithmic moment generating function). The logarithmic
moment generating function of µ ∈ Prob (R) is Λ(t) = log

∫
R etxµ(dx),

where this is finite.
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Definition (Legendre transform). Let Λ : (a, b)→ R be a convex func-
tion. Define the Legendre transform Λ∗ : R→ R ∪ {∞} by

Λ∗(s) = sup
t∈(a,b)

{st− Λ(t)}.

Choose a slope s and find the point on the graph of Λ such that the
tangent Ts has slope s; then let −Λ∗(s) be the intercept of Ts with the
axis t = 0. By convexity, Λ(t) ≥ ts− Λ∗(s) for all t ∈ (a, b) and s ∈ R.

Exercise. Let µ ∈ Prob (R) have infinite support and mean zero, and
suppose that Λ(t) = log

∫
R etxµ(dx) is finite for all t ∈ (−δ, δ).

(i) Show that Λ : (−δ, δ)→ [0,∞) is strictly convex.
(ii) Let δ′ = limt→δ− Λ′(t), which may be infinite, and define the

Legendre transform of Λ as above. Show that the supremum is
uniquely attained at the point t such that s = Λ′(t), and that
Λ∗ : [0, δ′)→ [0,∞) is convex.

(iii) Compute the following table of Legendre transforms.

Λ(t) Λ∗(s)
t2/2 t ∈ (−∞,∞) s2/2 s ∈ (−∞,∞)
t log t t ∈ [0,∞) es−1 s ∈ (−∞,∞)√

1 + t2 − 1 −∞ < t <∞ 1−
√

1− s2 s ∈ (−1, 1)
t− log(1 + t) t ∈ (−1,∞) −s− log(1− s) s ∈ (−∞, 1)
− log(1− t2) t ∈ (−1, 1)

√
1 + s2 − 1 + log 2

1+
√

s2 +1
s ∈ (−∞,∞)

The domains of the functions have been adjusted to make them more
natural; note that t log t < 0 for some t > 0.

Definition (Concentration inequality). Suppose that (Ω, d) is a Polish
space with σ ∈ Prob (Ω) such that there exists α > 0 such that∫

etf (x)σ(dx) ≤ et2 /(2α) (t ∈ R) (3.2.1)

holds for all 1-Lipschitz functions f : Ω → R with
∫

f(x)σ(dx) = 0.
Then σ satisfies the concentration inequality C(α).

Examples 3.2.1 Given a L-Lipschitz function g with mean a, we can
apply this inequality to f = (g − a)/L. The form of this inequality
is suggested by (1.5.3) for Gaussian measure, where f is a linear
function. Lévy showed that the probability surface area measure on the



Entropy and concentration of measure 95

sphere (Sn (r), ‖ · ‖Rn + 1 ) satisfies the concentration inequality C(α) with
α = (n − 1)/r2 . Gromov and Milman considered a more general phe-
nomenon, which they described in terms of Lévy families and isoperi-
metric inequalities; see [74, 117]. For suitable Riemannian manifolds, α

coincides with Ricci curvature.

Exercise 3.2.2 Suppose that µ ∈ Prob (Ω) satisfies C(α), and that F :
Ω→ R is L-Lipschitz, where L2 < α and that

∫
F (x)µ(dx) = 0. Let γ1

be the probability density function of the Gaussian N(0, 1) distribution.
By considering ∫

Ω

∫
R

eξF (x)γ1(dξ)µ(dx), (3.2.2)

show as in [61] that ∫
Ω

eF (x)2 /2µ(dx) <∞. (3.2.3)

The concentration inequality expresses the fact that most of the σ

measure is concentrated near to the mean value of f namely zero. The
following result gives an essentially equivalent formulation.

Lemma 3.2.3 Suppose that σ satisfies C(α), and let f : Ω → R be a
1-Lipschitz function such that

∫
f(x)σ(dx) = 0. Then

σ{x ∈ Ω : |f(x)| < ε
}
≥ 1− 2 exp

(
−αε2

2
)

(ε > 0). (3.2.4)

Proof. By Chebyshev’s inequality we have

etεσ{x ∈ Ω : f(x) > ε} ≤
∫

Ω
etf (x)σ(dx) ≤ et2 /(2α) (ε, t > 0)

(3.2.5)
and we choose t = εα to optimize this inequality. Hence

σ{x ∈ Ω : f(x) > ε} ≤ e−αε2 /2 (3.2.6)

and likewise

σ{x ∈ Ω : f(x) < −ε} ≤ e−αε2 /2; (3.2.7)

these inequalities combine to give (3.2.4). �

The following result is in the same spirit as the isoperimetric inequality
for Rn as shown in 1.4.3, although the functions involved are Gaussian
rather than powers that depend upon dimension. See [172].
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Proposition 3.2.4 (Isoperimetric form of concentration). Suppose that
σ satisfies C(1/α). Then any closed subset A of Ω such that σ(A) ≥ 1/2
and any enlargement Aε with ε > 0 satisfy

σ(Aε) ≥ 1− exp
(
−α/(2ε2)

)
. (3.2.8)

Proof. Let Bc be the complement of a set B. The distance function
d(x,A) = inf{d(x, a) : a ∈ A} is 1-Lipschitz, so f : Ω→ [0, 1] defined by

f(x) = min
{d(x,A)

ε
, 1 +

d(x, (Aε)c)
ε

}
(3.2.9)

is 2/ε-Lipschitz. Further, f(x) = 0 on A and f(x) = 1 on (Aε)c , so∫
fdσ ≤ 1/2, hence

(Aε)c ⊆
[
f −

∫
fdσ ≥ 1/2

]
. (3.2.10)

By the proof of Lemma 3.2.3, the measures of these sets satisfy

σ
(
(Aε)c

)
≤ exp

(
−α/(2ε2)

)
, (3.2.11)

hence the result. �

In applications to random matrix theory it is very important to know
how the constant α depends upon the size of the matrices. To describe
this we make a definition that was proposed by Gromov and Milman in
[74].

Definition (Concentration of measure phenomenon). Let (Ωn , dn ) be
Polish spaces and σn probability measures on Ωn that satisfy C(αn ) for
n = 1, 2, . . . . If αn → ∞ as n → ∞, then we say that (σn )∞n=1 exhibits
the concentration of measure phenomenon.

Suppose that Fn : Ωn → R are L-Lipschitz and that
∫

Fndσn = 0.
We introduce the logarithmic moment generating functions

Λn (t) = log
∫

Ωn

etFn (x)σn (dx) (t ∈ R) (3.2.12)

and their Legendre transforms

Λ∗
n (s) = sup

t∈R

(
st− Λn (t)

)
(s ∈ R, n = 1, 2, . . . ). (3.2.13)

Proposition 3.2.5 The σn satisfy concentration of measure with αn →
∞ if and only if

Λ∗
n (s) ≥ αns2

2L2 (s ∈ R). (3.2.14)



Entropy and concentration of measure 97

Proof. The inequality (3.2.14) is equivalent to

st− Λn (t) ≥ αns2

2L2 (s, t ∈ R) (3.2.15)

which is equivalent to

L2t2

2αn
≥ Λn (t) (t ∈ R). (3.2.16)

�

Remark 3.2.6 (Concentration and deviations). In the theory of large
deviations [59], one considers quantities such as

lim sup
n→∞

α−1
n Λ∗

n (s), lim inf
n→∞

α−1
n Λ∗

n (s) (3.2.17)

and obtains asymptotic estimates on probabilities; whereas in the theory
of concentration of measure, one wishes to have uniform inequalities for
all s and n.

Example 3.2.7 As in Proposition 1.6.1, the normalized surface area
measures σn,1 on the spheres Sn (1) satisfy concentration of measure
with αn ≥ cn. We shall sort out the details in Theorem 3.8.2.

Whereas the definition does not require any specific connection be-
tween the Ωn , in applications the Ωn are typically spaces with a com-
mon geometrical structure and with dimension increasing to infinity as
n → ∞. The merit of this definition is that it applies to a wide class
of objects such as graphs, manifolds or spaces of measures. The sig-
nificance in random matrix theory is that the main matrix ensembles
involve matrices of increasing size, and the measures sometimes exhibit
concentration of measure.

There are several routes towards concentration inequalities with many
subtle connections between them. The main approaches involve:

� isoperimetric inequalities in the style of Gromov, Lévy and Milman,
as in [117] and Theorem 3.8.3 below;

� logarithmic Sobolev inequalities as introduced by Gross [75], as in
Theorem 6.3.2;

� transportation inequalities, as considered by Marton and Talagrand
[162], as in Theorem 3.4.4 and Corollary 3.5.4.

In Section 3.5 we shall systematically prove concentration inequalities
by taking the Prékopa–Leindler inequality as fundamental and introduce
transportation inequalities, which are dual to concentration inequalities.
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This line of development is effective for the generalized orthogonal, uni-
tary and symplectic ensembles; whereas for the circular ensembles we
shall use results from Riemannian geometry. In Section 6.8 we shall ul-
timately reconcile these two approaches.

Remark 3.2.8 (Scalings). (i) There is a cheap way of replacing the
metric on (Ω, d), namely by introducing δ(x, y) = τd(x, y) where τ > 0
is fixed. This does not materially affect the concentration inequality,
since the Lipschitz constant of a given f is scaled likewise. To avoid
trivial examples, we often scale the metrics on compact spaces (Ωn , dn )
so that the diameter is independent of n. In particular, the diameter of
(U(n), c2(n)) is 2 for n = 1, 2, . . . .

(ii) For Riemannian manifolds, we adopt a slightly different scaling,
whereby the Ricci curvature is computed in natural coordinates and
the metric d(x, y) is the infimum of lengths of all piecewise smooth
curves between x and y. For each y ∈ Ω, the function f(x) = d(x, y)
is 1-Lipschitz. Myers showed that if Ωn is complete n-dimensional Rie-
mannian manifold with Ric ≥ κI for some κ > 0, then Ωn is compact
and diameter (Ωn ) ≤ π

√
n− 1/

√
κ. So we often want the curvature to

grow with increasing n. In Theorem 3.8.3 we state a suitable concentra-
tion inequality.

Another merit of the formulation in terms of Lipschitz functions is that
we can move easily from one space to another. In particular, we can
replace (Ω, d) by any Polish space (Φ, δ) that is bi-Lipschitz equivalent
to (Ω, d).

Lemma 3.2.9 Let (Ωj , dj ) for j = 1, 2 be Polish spaces and let Λ :
Ω1 → Ω2 be a L-Lipschitz function. If σ1 ∈ Prob (Ω1) satisfies C(α1),
then Λ	σ1 satisfies C(α2) where α2 ≥ α1/L2 .

Proof. We observe that any 1-Lipschitz function g : Ω2 → R gives rise to
a 1-Lipschitz function f : Ω1 → R, namely f(x) = g(Λ(x))/L. Then we
use the definition of induced measure to obtain the required inequality
for (3.2.1) applied to f . �

Exercise 3.2.10 Suppose that (Ωj , dj ) are Polish spaces and that
σj ∈ Prob (Ωj ) satisfy the concentration of measure phenomenon with
constants αj → ∞ as j → ∞. Now let (Φj , δj ) be Polish spaces and
ϕj : Ωj → Φj be maps such that

dj (xj , yj ) ≤ δj (ϕj (xj ), ϕj (yj )) ≤ Ldj (xj , yj ) (xj , yj ∈ Ωj )
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for some L < ∞ and all j = 1, 2, . . . . Use Lemma 3.2.9 to show that
(ϕj 	σj ) satisfy the concentration of measure phenomenon with constants
αj/L2 .

3.3 Transportation

We now introduce metrics on the probability measures on a Polish space,
motivated by the following question.

Problem (Monge). Consider a pile of sand with unit volume and shape
represented by a probability measure µ, and a hole in the ground of unit
volume and shape represented by a probability measure ν. Suppose that
the cost of moving a grain of sand from x to y is proportional to |x−y|s .
The problem is to devise a strategy for filling the hole with the sand, at
the lowest possible cost.

In one dimension, a possible strategy is to take a monotonically in-
creasing function ϕ that induces ν from µ and take a grain of sand from
x to ϕ(x). Depending upon the value of s, this may or may not be a
good strategy. See [162].

The reader will be aware that the costs of transportation involve both
the cost of loading the vehicle and the cost of moving the vehicle. We
can account for this by defining a cost function c on a Polish space (Ω, d)
to be any function such that

(i) c : Ω× Ω→ R+ ∪ {∞} is lower semicontinuous.

Now suppose that c1 : Ω×Ω→ R∪ {∞} is any cost function such that

(ii) c1(x, x) = 0 for all x ∈ Ω;
(iii) and that L : Ω→ R∪{∞} is lower semicontinuous, and represents

the loading and unloading cost at x.

Then c(x, y) = c1(x, y) + L(x) + L(y) is a cost function, which takes
account of both the loading and the unloading cost. Suppose that π ∈
Prob (Ω×Ω) has marginals π1 = µ and π2 = ν and represents a strategy
for moving distribution µ to ν; then the cost is∫∫

Ω×Ω
c(x, y)π(dxdy) =

∫∫
Ω×Ω

c1(x, y)π(dxdy)

+
∫

Ω
L(x)µ(dx) +

∫
Ω

L(y)ν(dy).

Evidently the loading and unloading costs depend only upon L, µ and
ν, and not upon the strategy which we adopt for transportation; so we
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simply accept these costs, and concentrate on minimizing
∫∫

Ω×Ω c1(x, y)π
(dxdy). A possible choice of cost function is c1(x, d) = d(x, y)s for s > 0.

Definition (Transportation cost). Let (Ω, d) be a Polish space, let
Probs(Ω) be the set of all µ ∈ Prob (Ω) such that

∫
Ω d(x0 , x)sµ(dx)

is finite for some, or equivalently all, x0 ∈ Ω. Given µ, ν ∈ Probs(Ω), the
cost of transporting µ to ν with respect to the cost function d(x, y)s is

Ws(µ, ν)s = inf
π

{∫∫
Ω×Ω

d(x, y)sπ(dxdy) : π1 = µ, π2 = ν)
}

(3.3.1)

where π ∈ Probs(Ω × Ω) has marginals µ and ν. When 1 ≤ s < ∞,
Ws gives the Wasserstein metric on Probs(Ω). The names of Tanaka,
Kantorovich and Monge are also associated with these metrics.

Example. Let Ω = {1, . . . , n+1}, with the metric |m−k|, and introduce
µ = n−1 ∑n

j=1 δj and ν = n−1 ∑n+1
j=2 δj .

(i) If [ajk ] is an n × n doubly stochastic matrix such that ajk ≥ 0,∑n
�=1 aj� = 1 and

∑n
�=1 a�k = 1 for j, k = 1, . . . , n, then [ajk ] takes

µ to µ. In particular, we can consider permutation matrices.
(ii) Let G be the group of permutations on Ω, and consider the sub-

groups

{g ∈ G : g	µ = µ} = {g ∈ G : g(n + 1) = n + 1},
{h ∈ G : h	ν = ν} = {h ∈ G : h(1) = 1}.

One way of transporting µ to ν is by the cyclic permutation σ =
(1, 2, . . . , n + 1); then others are h ◦ σ ◦ g where h(1) = 1 and g(n + 1) =
n+1, and a notable example is the transposition τ = (1, n+1). Indeed,
for the cost function |m − k|, the strategies σ and τ both have cost 1;
whereas for |m− k|2 , σ costs 1, while τ costs n.

Proposition 3.3.1 (Upper bound on Wasserstein metric). Let µ ∈
Probs(R) have cumulative distribution function F , and ν ∈ Probs(Ω)
have cumulative distribution function G, where F and G are continu-
ous and strictly increasing. Then for 1 ≤ s < ∞, the inverse functions
satisfy

Ws(µ, ν)s ≤
∫ 1

0
|F−1(x)−G−1(x)|s dx. (3.3.2)

(In fact equality holds here.)
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Proof. Let ϕ be a strictly increasing and continuous function such that
F (x) = G(ϕ(x)), namely ϕ = G−1 ◦F ; then ϕ : R→ R is bijective with
inverse F−1 ◦G. Further, ϕ induces ν from µ since

µ(a, b) = F (b)− F (a) = G(ϕ(b))−G(ϕ(a)) = ν(ϕ(a), ϕ(b)). (3.3.3)

The map x �→ (x, ϕ(x)) induces a measure π on R2 which has marginals
π1 = µ and π2 = ν, hence

Ws(µ, ν)s ≤
∫∫
|x− y|sπ(dxdy)

=
∫
|ϕ(x)− x|sµ(dx). (3.3.4)

Now F−1 induces µ from the uniform distribution on (0, 1), so

Ws(µ, ν)s ≤
∫ 1

0
|ϕ(F−1(t))− F−1(t)|s dt

=
∫ 1

0
|G−1(t)− F−1(t)|s dt. (3.3.5)

The transportation strategy takes points to points monotonically. One
can show that this gives the optimal transportation strategy for Ws when
s ≥ 1; whereas for s < 1, this strategy is not optimal. Later we shall use
a deep result of Brenier and McCann which shows that for probability
density functions on Rn monotone transport gives the optimal strategy
for Ws when 1 ≤ s <∞. �

Theorem 3.3.2 (Kantorovich). Let (Ω, d) be a Polish space. Then for
all µ, ν ∈ Probs(Ω)

Ws(µ, ν)s = sup
{∫

Ω
f(x)µ(dx) −

∫
Ω

g(y)ν(dy) : f, g ∈ Cb(Ω),

f(x)− g(y) ≤ d(x, y)s
}

(3.3.6)

Proof. Villani [162] provides a detailed discussion of this result. �

There are some special cases worthy of note.

Proposition 3.3.3 (Formulae for the Wasserstein metric.)

(i) Let (Ω, d) be a Polish space. Then for µ, ν ∈ Prob1(Ω),

W1(µ, ν) = sup
{∫

Ω
f(x)(µ(dx)− ν(dx)) : f ∈ Cb(Ω); ‖f‖Lip ≤ 1

}
.

(3.3.7)
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(ii) Let µ ∈ Prob1(R) have cumulative distribution function F , and let
ν ∈ Prob1(R) have cumulative distribution function G. Then

W1(µ, ν) =
∫ ∞

−∞
|F (x)−G(x)| dx. (3.3.8)

(iii) Let d(x, y)2 = (x − y)2/2 for x, y ∈ R; let F (x) = x2/2 − f(x)
and G(y) = y2/2 + g(y). Then f(x)− g(y) ≤ d(x, y)2 if and only if
F (x) + G(y) ≥ xy, as in the definition of the Legendre transform.

Proof. (i) See [162].
(ii) We have∫ ∞

−∞
|F (x)−G(x)|dx

= sup
ϕ

{∫ ∞

−∞
ϕ′(x)(F (x)−G(x)) dx : ϕ ∈ Cb(R); ‖ϕ‖Lip ≤ 1

}
(3.3.9)

while

W1(µ, dν) =
∫

ϕ(x)
(
µ(dx)− ν(dx)

)
. (3.3.10)

(iii) This is clear. �

Proposition 3.3.4 (Characterization of weak convergence [88]). Let
ρn , ρ ∈ Prob ([a, b]), and let Fn (t) = ρn ([a, t]) and F (t) = ρ([a, t]) be
their cumulative distribution functions. Then the following are equiva-
lent.

(i) ρn → ρ weakly as n→∞.
(ii) Fn (t)→ F (t) as n→∞ at all points of continuity of F .
(iii) W1(ρn , ρ)→ 0 as n→∞.

Proof. (i)⇒ (ii) Let δ > 0. We choose continuous functions ϕ,ψ : R→
[0, 1] such that

I(−∞,t−δ ](x) ≤ ϕ(x) ≤ I(−∞,t](x) ≤ ψ(x) ≤ I(−∞,t+δ ](x), (3.3.11)

and by integrating against ρn , we deduce that

Fn (t− δ) ≤
∫ ∞

−∞
ϕ(x)ρn (dx) ≤ Fn (t) ≤

∫ ∞

−∞
ψ(x)ρn (dx) ≤ Fn (t + δ).

(3.3.12)
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Similarly, we deduce that

F (t− δ) ≤
∫ ∞

−∞
ϕ(x)ρn (dx) ≤ F (t) ≤

∫ ∞

−∞
ψ(x)ρ(dx) ≤ F (t + δ).

(3.3.13)
Letting n→∞, we have

∫
ϕdρn →

∫
ϕdρ and

∫
ψdρn →

∫
ψdρ, hence

F (t− δ) ≤ lim inf
n→

Fn (t) ≤ lim sup
n→∞

Fn (t) ≤ F (t + δ); (3.3.14)

so at points of continuity we have

F (t) = lim inf
n→∞

Fn (t) = lim sup
n→∞

Fn (t). (3.3.15)

(ii) ⇒ (iii) Since the cumulative distributions functions are increas-
ing, there exists a countable set E such that Fn and F are continuous on
[a, b] \ E, hence Fn (x) → F (x) as n → ∞ on [a, b] \ E. Then by the
bounded convergence theorem,

W1(ρn , ρ) =
∫ b

a

|Fn (x)− F (x)| dx→ 0 (3.3.16)

as n→∞.
(iii) ⇒ (i) Suppose that ρn → ρ in W1 metric. Let f ∈ C[a, b], and

given ε > 0 let p be a polynomial such that ‖f − p‖∞ < ε on [a, b]. Now
let L = ‖p‖Lip and observe that∣∣∣∫ b

a

fdρn −
∫ b

a

fdρ
∣∣∣ ≤ ∣∣∣∫ b

a

p(dρn − dρ)
∣∣∣ +

∫ b

a

|f − p|(dρn + dρ)

≤ LW1(ρn , ρ) + 2ε (3.3.17)

by Proposition 3.3.3(i). Hence ρn→ ρ weakly as n→∞. �

3.4 Transportation inequalities
� Transportation inequalities are dual to concentration inequalities.
� Transportation inequalities bound transportation cost between prob-

ability measures by their relative entropy.

Definition (Transportation inequality). We say that ν ∈ Prob (Ω) satis-
fies a transportation inequality for cost d(x, y)s if there exists α = α(ν, s)
such that

(Ts(α)) Ws(µ, ν) ≤
( 2

α
Ent(µ | ν)

)1/2
(3.4.1)

for all µ ∈ Prob (Ω).
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Whereas the left-hand side is symmetrical in µ and ν, the validity of
this inequality represents a special property of ν as we shall see below.

Examples 3.4.1 Talagrand showed that the standard Gaussian γ1 sat-
isfies T2(1), and used the following result to generate further examples;
see [162].

Proposition 3.4.2 Suppose that ν satisfies T2(α). Then the product
measure ν⊗n satisfies Ts(α) for all s ∈ [1, 2] and n ≥ 1.

This follows from repeated applications of the next Lemma.

Lemma 3.4.3 (i) Suppose that ν satisfies Ts(α). Then ν also satisfies
Tr (α) for 1 ≤ r ≤ s.

(ii) Suppose that νj on (Ωj , dj ) satisfies Ts(αj ) for j = 1, 2. Then ν1⊗
ν2 satisfies Ts(α) on (Ω, d) where Ω = Ω1 ×Ω2, α = 2s/2−1 min{α1 , α2}
and

d((x1 , x2), (y1 , y2))s = d1(x1 , y1)s + d2(x2 , y2)s . (3.4.2)

Proof. (i) By Hölder’s inequality applied to (3.3.1), we have

Wr (µ, ν) ≤Ws(µ, ν). (3.4.3)

(ii) If we are so fortunate as to have µ = µ1 ⊗ µ2, then

Ws(µ, ν)s = Ws(µ1 , ν1)s + Ws(µ2 , ν2)s (3.4.4)

and we can use Lemma 5.3.1 to conclude the proof. In general we intro-
duce the marginal π1	µ on Ω1 and disintegrate µ as an integral∫∫

f(x, y)µ(dxdy) =
∫∫

f(x, y)µ2(dy | x)µ1(dx) (3.4.5)

where µ2(dy | x) ∈ Prob (Ω2) is the conditional measure. The theory of
measures on Polish spaces ensures the existence of this decomposition.
Then we take f = log dµ/d(ν1 ⊗ ν2) and write

log f(x, y) = log
dµ1(x)
dν1(x)

+ log
dµ2(y | x)

dν2(y)
(3.4.6)

hence

Ent(µ | ν1 ⊗ ν2) = Ent(µ1 | ν1) +
∫

Ent(µ2(· | x) | ν2)µ1(dx). (3.4.7)

There is a matching inequality for the transportation costs

Ws(µ, ν1 ⊗ ν2)s ≤Ws(µ1 , ν1)s +
∫

Ws(µ2(· | x), ν2)sµ1(dx) (3.4.8)
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and hence by the transportation inequality

Ws(µ, ν1 ⊗ ν2)s ≤
( 2

α1

)s/2
Ent(µ1 | ν1)s/2

+
( 2

α2

)s/2(∫
Ent(µ2( · | x) | ν2)s/2µ1(dx)

)
≤

( 2
α1

)s/2
Ent(µ1 | ν1)s/2

+
( 2

α2

)s/2(∫
Ent(µ2( · | x) | ν2)µ1(dx)

)s/2
(3.4.9)

by Hölder’s inequality. By applying the elementary inequality as/2 +
bs/2 ≤ 2(2−s)/2(a + b)s/2 , one can obtain the stated result. �

Theorem 3.4.4 (Bobkov–Götze [25]). Let (Ω, d) be a Polish space and
let ν ∈ Prob (Ω). Then ν satisfies T1(α) if and only if ν satisfies the
concentration inequality C(α).

Proof. Suppose that ν satisfies C(α) and that f : Ω → R is 1-Lipschitz
with mean

∫
f(x)ν(dx) = 0. Then∫

etf (x)−t2 /(2α) ν(dx) ≤ 1 (t ∈ R) (3.4.10)

and hence by Proposition 3.1.4 we have

Ent(µ | ν) ≥
∫

(tf(x)− t2/(2α))µ(dx) (t ∈ R) (3.4.11)

so ∫
fdµ ≤ t

2α
+

1
t
Ent(µ | ν) (t > 0). (3.4.12)

Optimizing this inequality, we obtain∫
f dµ ≤

( 2
α

Ent(µ | ν)
)1/2

(3.4.13)

and hence by Kantorovich–Rubinstein theorem Proposition 3.3.3(i)

W1(µ, ν) ≤
( 2

α
Ent(µ | ν)

)1/2
; (3.4.14)

so ν satisfies T1(α). This argument also works in reverse, and we obtain
the stated result. �

The following refinement of Theorem 3.4.4 shows that all probability
measures that have Gaussian decay at infinity satisfy a T1 inequality; in
particular, all probability measures on compact metric spaces satisfy a
T1 inequality.
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Theorem 3.4.5 (Djellout, Guillin, Wu, [61]). Let (Ω, d) be a Polish
space and let ν ∈ Prob (Ω). Then ν satisfies T1(α) for some α > 0 if and
only if there exists ε > 0 such that∫∫

Ω2
exp

(
εd(x, y)2)ν(dx)ν(dy) <∞. (3.4.15)

Proof. See [61]. �

In Section 3.5 we provide examples of measures on Rn that satisfy
the concentration of measure inequality.

3.5 Transportation inequalities for uniformly
convex potentials

� The Prékopa–Leindler inequality implies transportation and concen-
tration inequalities for Gibbs measures with uniformly convex poten-
tials.

� The standard Gaussian measure on Rn satisfies a concentration in-
equality with constants independent of dimension.

In this section we produce examples of Gibbs probability measures that
satisfy transportation and concentration inequalities. The method orig-
inates in [27].

Definition (Uniform convexity). Let Ω be a convex subset of Rn and
let V : Ω→ R be continuous. Then V is uniformly convex if there exists
α > 0 such that

tV (x) + (1− t)V (y)− V (tx + (1− t)y) ≥ α

2
t(1− t)‖x− y‖2 (3.5.1)

holds for all x, y ∈ Ω and 0 < t < 1.

Proposition 3.5.1 Suppose that V : Ω → R is twice continuously
differentiable with Hessian matrix

HessV =
[ ∂2V

∂xj∂xk

]
. (3.5.2)

Then V is uniformly convex with constant α > 0 if and only if

Hess V ≥ αI (3.5.3)

as operators on �2 .
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Proof. By Taylor’s theorem, we have

V (x + z) = V (x) + 〈∇V (x), z〉+ 1
2
〈
HessV z, z

〉
, (3.5.4)

where the Hessian is computed at some point between x and x+z. Hence
ϕ(t) = V (tx + (1− t)y) is convex with ϕ′′(t) ≥ α if and only if〈

HessV (x− y), (x− y)
〉
≥ α‖x− y‖2 . (3.5.5)

�

Theorem 3.5.2 Let V : Rn → R be uniformly convex with constant
α > 0. Then there exists Z <∞ such that

ν(dx) = Z−1 exp(−V (x))dx (3.5.6)

defines a probability measure. Further, ν satisfies T2(α) for the �2 metric,
so

W2(ρ, ν)2 ≤ 2
α

Ent(ρ | ν). (3.5.7)

Proof. By (3.5.5), lim inf V (x)/α‖x‖2 > 0 as ‖x‖ → ∞, so V can be
normalized. We write s + t = 1, where 0 < s, t < 1 and introduce the
expression

Ls(x, y) =
1
st

(
tV (x) + sV (y)− V (tx + sy)

)
. (3.5.8)

By uniform convexity, there exists εs such that εs → 0 as s→ 0+ and

Ls(x, y) ≥ α

2t
(1 + εs)‖x− y‖2 .

Now suppose that F,G : Rn → R are continuous and bounded functions
such that

F (y)−G(x) ≤ α

2
‖x− y‖2 . (3.5.9)

Then by the Prékopa–Leindler inequality

1 =
∫

e−V (x)dx/Z ≥
(∫

e−sG−V dx/Z
)t(∫

etF −V dx/Z
)s

(3.5.10)

Taking power 1/s and letting s→ 0+, we deduce that

1 ≥
(
exp

(
−

∫
Gdν

)) ∫
eF dν, (3.5.11)

so h(x) = F (x)−
∫

Gdν has
∫

ehdν ≤ 1. Hence by Proposition 3.1.4(iii)
we have ∫

F (x)ρ(dx)−
∫

G(y)ν(dy) ≤ Ent(ρ | ν).
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Finally, by the Kantorovich duality theorem we have

α

2
W2(ρ, ν)2 ≤ Ent(ρ | ν). (3.5.12)

�

Corollary 3.5.3 Let ν be as in Theorem 3.5.2. Then ν satisfies the
concentration inequality C(α).

Proof. By Proposition 3.4.2 and Theorem 3.5.2, ν satisfies T1(α). Hence
ν satisfies the concentration inequality C(α) by the Bobkov–Götze
theorem. �

Corollary 3.5.4 (Talagrand). Let γn be the standard Gaussian on Rn .
Then γn satisfies the transportation inequality T2(1) and the concentra-
tion inequality C(1).

Proof. Here V (x) = ‖x‖2/2 has Hessian equal to the identity, so Theorem
3.5.2 and Corollary 3.5.3 apply with α = 1. �

Our first application to random matrix theory covers a variety of models,
including the Gaussian orthogonal ensemble.

Proposition 3.5.5 (Concentration for GOE). Suppose that X ∈
Ms

n (R) has entries Xjk , and that X is random subject to probability
measure µ such that

(i) Xjk are mutually independent for 1 ≤ j ≤ k ≤ n;
(ii) the distribution µjk of Xjk satisfies T2(α) for some α > 0 and all

1 ≤ j ≤ k ≤ n.

Let F : (Ms
n (R), c2(n)) → R be an L-Lipschitz function such that∫

F (X)µ(dX) = 0. Then∫
exp

(
tF (X)

)
µ(dX) ≤ exp(t2L2/(nα)) (t ∈ R).

Proof. The product measure ω = ⊗1≤j≤k≤nµjk on Rn(n−1)/2 satisfies
T2(α) and hence T1(α) by Proposition 3.4.2. Let X =

∑n
j=1 Xjjejj +∑

1≤j<k≤n Xjk (ejk + ekj ). Then the map (Rn(n−1)/2 , �2)→ R given by
(Xjk ) �→ F (X) is L

√
(2/n)-Lipschitz; so by Theorem 3.4.4, the concen-

tration inequality holds. �

In particular, Proposition 3.5.5 applies with α = 2 when the Xjj

have a N(0, 1) distribution and the Xjk have a N(0, 1/2) distribution
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for j < k. In Section 2.2, there are examples of Lipschitz functions on
(Ms

n (R), c2(n)).

Exercise 3.5.6 Suppose that X is as in Proposition 3.5.5 and let
F (X) = tracenf(X) where f : R → R is 1-Lipschitz. Obtain a con-
centration inequality for F that improves with increasing dimension.

3.6 Concentration of measure in matrix ensembles

We now have the analytical tools that we require to prove the main
concentration theorems concerning concentration of measure for matrix
ensembles. The cases of the orthogonal, hermitian and symplectic en-
sembles are all treated likewise. For the orthogonal ensembles, there are
four main levels:

� generalized orthogonal ensemble νn (dX) on Ms
n (R);

� joint eigenvalue distribution σn (dλ) on ∆n ;
� empirical eigenvalue distribution µn = 1

n

∑n
j=1 δλj

on R;
� integrated density of states ρn on R (which we introduce in the next

chapter).

We begin at the level of eigenvalue distributions. The space (∆n , �2(n))
is noncompact, and the scaling is chosen so that ‖(1, . . . , 1)‖�2 (n) = 1.
We scale up the potential v to nv so as to balance the n summands from
the λj with the number of pairs λj < λk of distinct eigenvalues which
contribute to the Vandermonde determinant.

Theorem 3.6.1 Suppose that v : R → R is twice continuously differ-
entiable with v′′(x) ≥ α for all x and some α > 0; let β > 0. Then there
exists Z(n, β) <∞ such that

σ(β )
n (dλ) = Z(n, β)−1 exp

(
−n

n∑
j=1

v(λj )
) ∏

1≤j<k≤n

(λk − λj )β dλ1 . . . dλn

defines a probability measure on (∆n , �2(n)) and σ
(β )
n satisfies T2(αn2)

and C(αn2).

Proof. We can apply Theorem 3.5.2 to the potential

V (λ) = n
n∑

j=1

v(λj ) + β
∑

1≤j<k≤n

log
1

λk − λj
(3.6.1)

on (∆n , �2(n)), which is uniformly convex with constant αn2 . To check
that the potential is convex, we introduce λ = (λ1 , . . . , λn ) and
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µ = (µ1 , . . . , µn ) in ∆n , and join them by the straight line segment
σ(t) = (1− t)µ + tλ. Then for indices j < k, the components satisfy

σk (t)− σj (t) = (1− t)(µk − µj ) + t(λk − λj ) > 0 (0 < t < 1) (3.6.2)

so t �→ log 1/(σk (t)− σj (t)) is convex. �

Hence the sequence of ensembles (σ(β )
n ) on (∆n , �2(n)) exhibits the con-

centration of measure phenomenon since αn2 →∞ as n→∞. We recall
the special cases:

� β = 1 : the eigenvalues from the generalized orthogonal ensemble;
� β = 2 : the eigenvalues from the generalized unitary ensemble;
� β = 4 : the eigenvalues from the generalized symplectic ensemble.

We now obtain a concentration inequality for the empirical eigenvalue
distribution.

Corollary 3.6.2 Let f : R → R be an L-Lipschitz function, and let
F (λ) = 1

n

∑n
j=1 f(λj ). Then

σ(β )
n

{
λ ∈ ∆n :

∣∣F (λ)−
∫

F (ξ)σ(β )
n (dξ)

∣∣ > ε
}
≤ 2 exp

(
−αn2ε2

2L2

)
(ε > 0).

(3.6.3)

Proof. The function F : (∆n , �2(n))→ R is L-Lipschitz since

|F (λ)− F (ξ)| ≤ 1
n

n∑
j=1

|f(λj )− f(ξj )|

≤ L

n

n∑
j=1

|λj − ξj |

≤ L
( 1

n

n∑
j=1

|λj − ξj |2
)1/2

. (3.6.4)

Now we can use Lemma 3.2.3 and Theorem 3.4.4 to obtain the stated
result. �

Moving up to the level of random matrices themselves, we have a coun-
terpart of the previous result. Recall that the metrics are scaled so that
‖I‖c2 (n) = 1.

Theorem 3.6.3 Let v : R → R be twice continuously differen-
tiable, suppose that v′′(x) ≥ α for all x ∈ R where α > 0 and let
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V (X) = trace v(X)/n. Then there exists Zn <∞ such that

νn (dX) = Z−1
n exp

(
−n2V (X)

)
dX (3.6.5)

defines a probability measure on (Ms
n (R), c2(n)) and νn satisfies T2(αn2)

and C(αn2).

Proof. We shall use Proposition 3.4.2 to verify that n2V is uniformly
convex with constant αn2, and then Theorem 3.6.2 to establish the con-
centration inequality.

Let (ξj ) be an orthonormal basis of eigenvectors of X that correspond
to eigenvalues λ1 , . . . , λn ; the eigenvalues are distinct, except on a set of
Lebesgue measure zero. Then

d

dt
V (X + tY ) =

1
n

n∑
j=1

v′(λj )〈Y ξj , ξj 〉 (3.6.6)

by Proposition 2.2.4. Now the Rayleigh–Schrödinger formula Theorem
2.2.5 gives the variation of λj and ξj with respect to X, and in particular
leads to the formula( d2

dt2

)
t=0

V (X + tY ) =
1
n

n∑
j=1

v′′(λj )〈Y ξj , ξj 〉2

+
2
n

∑
1≤j<k≤n

v′(λj )− v′(λk )
λj − λk

〈Y ξj , ξk 〉2 . (3.6.7)

By the mean value theorem (v′(λj )− v′(λk ))/(λj − λk ) ≥ α and hence( d2

dt2

)
t=0

V (X + tY ) ≥ 1
n

n∑
j,k=1

〈Y ξj , ξk 〉2 = α‖Y ‖2c2 (n) . (3.6.8)

The result now follows from Theorem 3.5.2. �

Remark. Theorem 3.6.3 is formally stronger than Theorem 3.6.1, since
in the cases β = 1, 2, 4 we can use the eigenvalue map Λ to obtain
concentration inequalities for σ

(β )
n from the corresponding results for

νn on Ms
n (R), Mh

n (C) and Mh
n (H). For other β > 0, the ‘eigenvalue

distribution’ σ
(β )
n does not emerge naturally from a matrix ensemble, so

this approach is not available.

A fundamental property of Gaussian measure γ is that
∫

exp(ε‖x‖2)
γ(dx) is finite for some ε > 0. The following result generalizes this fact
to ensembles with uniformly convex potentials.
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Theorem 3.6.4 Let v be a continuously differentiable and even function
such that v′′(x) ≥ α for all real x and some α > 0. Then for 0 < ε < α/8
there exists M <∞, independent of n, such that∫

M s
n (R)

exp
(
ε‖X‖2op

)
νn (dX) ≤M. (3.6.9)

Proof. We have a simple bound ‖X‖op ≤
√

n‖X‖c2 (n) which we need
to refine. The unit sphere Sn (1) = {ξ ∈ Rn : ‖ξ‖ = 1} is compact and
hence has a finite 2δ net for each δ > 0. We can select a maximal sequence
{ξj : j = 1, . . . , N} in Sn (1) such that ‖ξj − ξk‖ ≥ 2δ for all distinct
pairs j, k ∈ {1, . . . , N}. Now the sets B(ξj , δ) = {η ∈ Rn : ‖η− ξj‖ < δ}
are mutually disjoint, and all contained in B(0, 1 + δ); hence

N ≤ vol(B(0, 1 + δ))
vol(B(0, δ))

=
(1 + δ

δ

)n

. (3.6.10)

Now we choose ξ to be a unit real eigenvector of X, corresponding
either to λ1 or λn , so that ‖X‖op = |〈Xξ, ξ〉|; then we choose j such
that ‖ξj − ξ‖ ≤ 2δ. The last step is possible, since we could otherwise
enlarge the maximal collection {ξk}. By simple estimates we have

‖X‖op ≤ |〈Xξj , ξj 〉|+ |〈Xξj , ξj 〉 − 〈Xξ, ξ〉|
≤ 2‖ξj − ξ‖‖X‖op + |〈Xξj , ξj 〉|, (3.6.11)

so

‖X‖op ≤
|〈Xξj , ξj 〉|

1− 4δ
.

The function fj : (Ms
n (R), c2(n)) → R given by fj (X) = 〈Xξj , ξj 〉

satisfies ∫
fj (X)νn (dX) = 0 (3.6.12)

by symmetry, and has ‖fj‖Lip =
√

n; hence by Theorem 3.6.3 we have

νn [|fj (X)| > s] ≤ 2 exp
(
−αns2/2

)
(s > 0).

Taking δ = 1/8 in (3.6.10), we deduce that N ≤ 9n and so

νn [‖X‖op > 2s] ≤
N∑

j=1

νn [|fj (X)| > s]

≤ 2.9n exp
(
−αns2/2

)
. (3.6.13)
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Now we choose K so large that αK2 > 8 log 9, and split the integral∫
M s

n (R)
exp

(
ε‖X‖2op

)
νn (dX) =

∫ ∞

0
2εseεs2

νn [‖X‖op > s] ds

≤
∫ K

0
2εseεs2

ds + 4.9nε

∫ ∞

K

se(ε−nα/8)s2
ds

= eεK 2 − 1 +
16ε9n

nα− 8ε
e−(nα−8ε)K 2 /8 .

(3.6.14)

We observe that the right-hand side is bounded as n → ∞, hence we
can select M independently of n. �

For a large random matrix, there is the remote possibility that some
eigenvalue is very large. The following result shows that even this occurs
with small probability. We introduce the space

∏∞
n=1 Ms

n (R) of se-
quences (Xn )∞n=1 of real symmetric matrices of increasing size, endowed
with the probability measure ⊗∞

n=1νn . The corresponding sequence of
empirical eigenvalue distributions in (µn )∞n=1.

Corollary 3.6.5 Let v be as in Theorem 3.6.4. Then for all δ > 0 and
A > 0, the event[

µn has support in [−nδA, nδA] for all but finitely many n
]

(3.6.15)
has probability one with respect to ⊗∞

n=1νn .

Proof. Clearly the support of µn is contained in [−‖Xn‖op , ‖Xn‖op ], so
we use Theorem 3.6.4 to bound the probability that µn has support
outside [−nδA, nδA], thus obtaining

exp
(
εn2δA2)νn [‖Xn‖op > nδA] ≤

∫
exp

(
ε‖Xn‖2op

)
νn (dXn ) ≤M.

(3.6.16)
Hence

∞∑
n=1

νn [‖Xn‖op > nδA] ≤
∞∑

n=1

M exp
(
−εn2δA2) <∞; (3.6.17)

so by the first Borel–Cantelli Lemma (Theorem 1.1.7), the event[
‖Xn‖op > nδA for infinitely many distinct n

]
(3.6.18)

has probability zero. Taking complements, we obtain the stated
result. �



114 Random Matrices: High Dimensional Phenomena

3.7 Concentration for rectangular Gaussian matrices
� Wishart considered rectangular matrices with IID Gaussian entries.
� The joint distribution of the singular numbers is known.
� Concentration inequalities hold for the joint distribution.
� The distribution of the smallest singular number is hard to deal with.

In previous sections we have considered normal matrices, which are uni-
tarily similar to diagonal matrices. In this section we consider probability
measures on the space Mm×n (R) of real m× n matrices, for which the
singular numbers are important. In particular, we obtain some results for
rectangular Gaussian matrices which are consequences of the preceding
theorems on symmetric Gaussian matrices. Rectangular Gaussian matri-
ces were introduced by Wishart and others in the context of multivariate
statistics, and have been studied by many authors.

We begin with an elementary case from [104]. Suppose that Y is an
m ×m real matrix with entries that are mutually independent N(0, 1)
random variables Yjk ; then certainly we have ‖Y ‖ ≥ maxj |Yjj |. The
asymptotic distribution of the right-hand side is given as follows.

Definition (Gumbel distribution). The Gumbel distribution is the prob-
ability distribution on R that has cumulative distribution

G(x) = exp(−e−x) (x ∈ R).

Proposition 3.7.1 Let Zj (j = 1, . . . ,m) be mutually independent
N(0, 1) random variables, let Mm = max{Z1 , . . . , Zm} be their maxi-
mum and introduce the scaling constants am = (2 log m)1/2 and

bm = (2 log m)1/2 − 2−1(2 log m)−1/2(log log m + log 4π). (3.7.1)

Then

P[am (Mm − bm ) ≤ x]→ G(x) (m→∞).

Proof. We observe that the tail of the Gaussian distribution satisfies

Ψ(s) =
∫ ∞

s

e−s2 /2ds√
2π

=
e−s2 /2

s
√

2π

(
1 + O(s−2)

)
(s→∞) (3.7.2)
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due to elementary and familiar estimates. Likewise, one can easily show
that

P
[
Mm ≤ bm +

x

am

]
= P

[
Zj ≤ bm +

x

am
; j = 1, . . . ,m

]
=

(
1−Ψ

(
bm +

x

am

))m

(3.7.3)

where

bm +
x

am
= (2 log m)1/2 +

2x− log log m− log 4π

2(2 log m)1/2

has bm + x/am →∞ as m→∞ and(
bm +

x

am

)2
= 2 log m + 2x− log log m− log 4π

+
(2x− log log m− log 4π)2

8 log m
, (3.7.4)

hence

exp
(
− 1

2

(
bm + x

am

)2
)

(
bm + x

am

)√
2π

=
e−x+o(1)

m
(m→∞),

so (
1−Ψ

(
bm +

x

am

))m

→ exp(−e−x) (m→∞). (3.7.5)

�

Let Y be a m × n real matrix with mutually independent standard
Gaussian N(0, 1) random variables as entries, and let S = Y tY have
nonnegative eigenvalues s1 ≤ s2 ≤ · · · ≤ sn . If m < n, then rank S ≤ m,
so at least n−m of the sj are zero. We suppose henceforth that m = �λn�
where λ > 1, so m ≥ n. Let

∆n
+ = {s = (s1 , . . . , sn ) ∈ Rn : 0 ≤ s1 ≤ · · · ≤ sn},

be endowed with the �2(n) norm.

Proposition 3.7.2 (i) E
∑n

j=1 sj = mn.
(ii) There exists ε0 > 0 such that for 0 < ε < ε0 there exists Mε ,

independent of n and λ, such that

E exp
( εsn

(λ + 1)n

)
≤Mε.

(iii) For δ > 0, the largest eigenvalue of S satisfies

P[sn > n1+δ ] ≤Mε exp
(
−εnδ

1 + λ

)
. (3.7.6)
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Proof. (i) We have
n∑

j=1

sj = trace S = trace Y tY =
m∑

j=1

n∑
k=1

[Yjk ]2 (3.7.7)

where the entries [Yjk ] have a N(0, 1) distribution; hence the result.
(ii) Let X ∈ Ms

m+n (R) be a matrix from the Gaussian orthogonal
ensemble as in Section 1.5. Then we obtain Y/

√
2(m + n) as the top

right corner of X, so

sn

2(m + n)
=

1
2(m + n)

‖Y tY ‖Mn (R)

=
1

2(m + n)

∥∥∥ [ 0
Y t

Y

0

] ∥∥∥2

Mm + n (R)

≤ ‖X‖2M s
m + n (R) . (3.7.8)

The result now follows directly from Theorem 3.6.4.
(iii) This follows from (ii) by Chebyshev’s inequality. �

Olkin [123] provides a survey of the distributions of random matrices,
using algebraic arguments similar to the following proof.

Lemma 3.7.3 (Hua). Let f(XtX) be a probability density function with
respect to Lebesgue product measure dX on the entries of X ∈Mm×n (R)
for m ≥ n; let S = XtX. Then there exists C(m,n) > 0 such that S has
distribution

C(m,n)f(S) det(S)(m−n−1)/2I[S≥0] dS (3.7.9)

where dS is the product of Lebesgue measure on entries on or above the
leading diagonal of S ∈Ms

n (R).

Proof. The joint distribution of the elements of S on and above the
leading diagonal is f(S)h(S) dS, where h is a function to be determined.

For each row ξj of X and nonsingular A ∈Mn×n (R), the linear trans-
formation ξj = ηjA of the row ηj has Jacobian |det A|; hence the trans-
formation X = Y A has Jacobian |det A|m . With V = Y tY , we find that
the distribution of the entries of V is f(AtV A)h(V )|det A|mdV .

Now the scaling transformation S = a2V where a > 0 gives dS =
an(n+1)dV since there are n(n + 1)/2 entries of S on and above the
leading diagonal. More generally, the linear transformation S = AtV A,
with A ∈Mn×n (R) nonsingular, gives the joint distribution

f(S)h(S)dS = f(AtV A)h(AtV A)|det A|n+1dV. (3.7.10)
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Equating these expressions, we find that

h(V )|det A|m = h(AtV A)|det A|n+1; (3.7.11)

so that with V = I and B = AtA we have h(B) = C(m,n)
(det B)(m−n−1)/2 where C(m,n) = h(I). �

Definition (Chi-squared distribution). A random variable ξ has a χ2(k)
distribution when it has probability density function

pk (x) =
x(k/2)−1e−x/2

2k/2Γ(k/2)
, x > 0;

0, x ≤ 0. (3.7.12)

A standard result states that if ζj (j = 1, . . . , k) are mutually indepen-
dent N(0, 1) random variables, then

∑k
j=1 ζ2

j has a χ2(k) distribution.

Exercise. (i) Show that pk (x) is largest at x = k − 2 when k > 2.
(ii) Use integration by parts to show that∫ ∞

α

pk (x) dx ≤ αk/2e−α/2

(α− k + 2)2(k/2)−1Γ(k/2)
(α > k − 2 > 0).

(3.7.13)
(iii) Suppose that ξ = Xs where X ∼ χ2(k). Show that

E ξ = 2s Γ((k + s)/2)
Γ(k/2)

� ks

as k →∞.

The following gives a noncommutative χ2 distribution.

Proposition 3.7.4 (Wishart). Let S be as in Proposition 3.7.2. Then
the joint eigenvalue distribution of S is

σn (ds) = Z(n, λ)−1 exp
(
−1

2

n∑
j=1

sj

)( n∏
j=1

sj

)(m−n−1)/2

×
∏

1≤j<k≤n

(sk − sj )I∆n
+
(s)ds1 . . . dsn (3.7.14)

where the normalizing constant is

Z(n, λ) =
(2m

π

)n/2 n∏
j=1

Γ
(m + 1− j

2

)
Γ
(n + 1− j

2

)
. (3.7.15)

Proof. In Lemma 3.7.3 we let S = XtX and

f(XtX) = (2π)−mn/2 exp
(
−2−1trace(XtX)

)
(3.7.16)
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so that the entries of X ∈ Mm×n (R) are mutually independent Gaus-
sian N(0, 1) random variables. The ordered eigenvalues of S satisfy
trace(XtX) =

∑n
j=1 sj and detS =

∏n
j=1 sj ; furthermore, the Jaco-

bian of the map S �→ (sj ) contributes a factor
∏

1≤j<k≤n (sk − sj ).
These give the variable terms in the probability density function. We
omit the lengthy calculations that are needed to compute the numerical
constants. �

We change variables to sj = nxj and introduce the potential function

V (x) =
n

2

n∑
j=1

(
xj − (λ− 1) log xj

)
+

β

2

n∑
j �=k ;j,k=1

log
1

|xj − xk |
. (3.7.17)

In view of Proposition 3.7.2(ii) the scaled eigenvalues xj are concen-
trated on a bounded interval of the real line, so there is no great loss in
truncating the distribution to a bounded interval [0,K] where we can
use previous theory to obtain a more precise concentration inequality.

Theorem 3.7.5 (Eigenvalue concentration for the Wishart distribution
[170]). For 0 < K,β <∞ and n = 1, 2, . . . there exists Z > 0 such that

ν(dx) = Z−1 exp
(
−V (x)

)
I∆n

+ ∩[0,K ]n (x)dx1 . . . dxn (3.7.18)

defines a probability measure. Furthermore, ν satisfies the transportation
inequality on (∆n

+ ∩ [0,K]n , �2(n))

W2(ρ, ν) ≤ 4K2

(λ− 1)n2 Ent(ρ, ν). (3.7.19)

Proof. The function v(x) = (x− (λ− 1) log x)/2 satisfies

v′′(x) =
λ− 1
2x2 ≥

λ− 1
2K2 (x ∈ (0,K]). (3.7.20)

Hence V is uniformly convex on (∆n
+ ∩ [0,K]n , �2(n)) with constant

n2(λ− 1)/(2K2), so we can apply Theorem 3.5.2. �

Proposition 3.7.6 (Polar decomposition). Let Y be a n× n Gaussian
random matrix with mutually independent N(0, 1) entries. Then with
probability one, Y has a polar decomposition Y = US1/2 where S is a
n×n real symmetric matrix with eigenvalues jointly distributed according
to σn , and U is a real n×n orthogonal matrix that is distributed according
to Haar measure on O(n).

Proof. We choose S = Y tY , which is invertible with probability one, and
the eigenvalue distribution of S is specified in Proposition 3.7.4. Now we
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observe that U = Y (Y tY )−1/2 satisfies UUt = I; so there exists a Borel
set K ⊆ Mn (R) of full Gaussian measure such that ϕ : K → O(n) :
ϕ(Y ) = Y (Y tY )−1/2 is well defined. For V ∈ O(n), the matrices V Y

and Y have equal distributions, and hence the maps Y �→ ϕ(Y ) and Y �→
ϕ(V Y ) induce the same probability measure on O(n) from the Gaussian
measure on K; but ϕ(V Y ) = V ϕ(Y ), so the induced probability mea-
sure is invariant under translation and hence must be Haar measure
on O(n). �

Remarks. In Proposition 3.7.6, we do not assert that U and S are
independent. In Exercise 3.9.7, we give an alternative approach to polar
decomposition.

The following result was used by Silverstein [140] to analyze the smallest
singular values of large Wishart matrices. General concentration theo-
rems are not ideally suited for dealing with smallest eigenvalues and
singular numbers, so his proof involves a reduction process that makes
use of the special invariance properties of Gaussians.

Lemma 3.7.7 (Silverstein). Let Y be a n × n Gaussian random ma-
trix with mutually independent N(0, 1) entries. Then there exist random
matrices U, V ∈ O(n) and nonnegative random variables ξj and ηk such
that:

(i) the ξj and ηk are mutually independent;
(ii) ξ2

j ∼ χ2(j) for j = 1, . . . , n, and η2
j ∼ χ2(j) for j = 1, . . . , n− 1;

(iii) UYV is lower triangular, with the ξj on the leading diagonal and
ηj on the diagonal below, with all other entries zero; so

UYV =



ξn 0 0 0 . . . 0
ηn−1 ξn−1 0 0 . . . 0
0 ηn−2 ξn−2 0 . . . 0
...

...
0 0 . . . η2 ξ2 0
0 0 . . . 0 η1 ξ1


. (3.7.21)

Proof. We select U and V by the following iterative process. We let
R1 be the first row of Y , and let ξn = ‖R1‖�2 ; so ξ2

n ∼ χ2(n). Now
we let V1 be an orthogonal matrix with first column Rt

1/‖R1‖�2 and the
other columns chosen by the Gram–Schmidt process; so that V1 depends
statistically on the row R1, but is independent of the other rows in Y .
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Then

YV1 =

[
ξn

C1

0
Z1

]
(3.7.22)

where C1 is a (n − 1) × 1 random matrix with mutually independent
N(0, 1) entries, Z1 is a (n− 1)× (n− 1) random matrix with mutually
independent N(0, 1) entries, and C1 , Z1 and ξn are mutually indepen-
dent. Next we let ηn−1 = ‖C1‖�2 so that η2

n−1 ∼ χ2(n− 1) and form

U1 =

[
1
0

0
Û1

]

where Û1 ∈ O(n−1) is chosen with first row Ct
1/‖C1‖�2 and the remain-

ing rows given by the Gram–Schmidt process. Then we have

U1Y V1 =

[
ξn

ηn −1

0
0
Y1

]
(3.7.23)

where Y1 is a (n− 1)× (n− 1) random matrix with N(0, 1) entries, such
that the entries of Y1 , ξn and ηn−1 are mutually independent.

We repeat the construction for Y1 by choosing V2 ∈ O(n − 1) and
Û2 ∈ O(n− 2) such that[

1
0

0
Û2

]
Y1V2 =

[
ξn −1
ηn −2

0
0
Y2

]
where Y2 is a (n− 2)× (n− 2) random matrix with N(0, 1) entries, such
that the entries of Y2 , ξn−1 and ηn−2 are mutually independent.

By repeating this process, we obtain smaller and smaller matrices Yj

and unitaries of the form

Uj =
[I

0
0
Ûj

]
(3.7.24)

such that Un−1 . . . U1Y V1 . . . Vn has the required form. �

Exercise. Let Y be a n × n Gaussian random matrix with mutually
independent N(0, 1) entries.

(i) Use Proposition 3.7.6 to show that for s > −1/2,

E|det Y |2s = 2ns
n∏

j=1

Γ((j + s)/2)
Γ(j/2)

.
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(ii) By differentiating this formula at s = 0, deduce that

E log |det Y | = n

2
log 2 +

1
2

n∑
j=1

Γ′(j/2)
Γ(j/2)

.

Remark. Szarek [151] observed that the ξj and ηk in (3.7.21) are close to
their mean values, so the singular numbers of Y are with high probability
close to the singular numbers of the constant lower triangular matrix

A =



n1/2 0 0 0 0
(n− 1)1/2 (n− 1)1/2 0 0 0
0 (n− 2)1/2 (n− 2)1/2 0 0
...

...
...

0 0 21/2 21/2 0
0 0 0 1 1


so

A = [diag(n− j + 1)1/2 ](I + R) (3.7.25)

where R is the operator

R =


0 0 0 . . . 0 0
1 0 0 . . . 0 0
0 1 0 . . . 0 0
...

...
0 0 0 . . . 1 0

 . (3.7.26)

Proposition 3.7.8 The singular numbers of A satisfy

n−1(k + 1)1/2 ≤ sn−k (A) ≤ (k + 2)π/
√

n (k = 0, . . . , n− 1).

Proof. We express the previous equality as A = D(I + R), and observe
that ‖(I + R)‖ ≤ 2 and

‖(I + R)−1‖ = ‖I −R + R2 − · · ·+ (−1)n−1Rn−1‖ ≤ n. (3.7.27)

Hence by Proposition 2.1.3, we have n−1sn−k (D) ≤ sn−k (A) ≤
2sn−k (D) where sn−k (D) = (k + 1)1/2 . For small k, we can improve
the right-hand side of this inequality.

We let B be the matrix that arises by replacing 0 by n1/2 in the
top right corner of A, and let T be the permutation matrix that arises
by replacing 0 by 1 in the top right corner of R; then B = D(I + T ).
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Since B−A has rank one, the theory of singular numbers gives sn (A) ≤
sn−1(B). Further, T is a unitary matrix with eigenvalues given by the
roots of unity of order n; so I −T is unitarily equivalent to the operator
[diag(1 + e2πik/n )]. Now

|1 + e2πik/n | = 2| cos(πk/n)| (k = 0, . . . , n− 1)

gives the sequence of singular values of I + T in some order, so by
considering cases of odd and even n, one can determine the singular
numbers and show that sn−k (I + T ) ≤ π(k + 1)/n for k = 0, . . . , n− 1.
Hence

sn−k (A) ≤ sn−1−k (B) ≤ ‖D‖sn−1−k (I + T ) ≤ (k + 2)π/
√

n.

�

From these and similar estimates, Szarek obtains detailed results on the
distribution of the upper bounds on singular values of Y . Lower bounds
on the singular values are more difficult to achieve, and are important
in applications to random numerical algorithms. At the time of writing,
the following result of Rudelson seems to be the best known; the proof
involves subtle arguments from the geometry of Banach spaces relating
to almost Euclidean sections of convex bodies. Note that the lower bound
on sn of n−1 in Proposition 3.7.8 deteriorates to n−3/2 once we return
from the constant matrix A to the random matrix Y . For geometrical
applications of these results, the reader can consult [53].

Proposition 3.7.9 (Rudelson [136]). Let Y be a n × n Gaussian
random matrix with mutually independent N(0, 1) entries. Then there
exist absolute positive constants cj such that for all k = 1, . . . , n and
c1n

−3/2 ≤ t ≤ c2k/n, the singular numbers satisfy

sn−k (Y ) ≥ c3tk√
n

(3.7.28)

with probability greater than 1− c4 exp(−c5n)− (c6tn/k)k .

Furthermore, for c1n
−1/2 ≤ ε ≤ c2 ,

sn (Y ) ≥ c7εn
−3/2

with probability greater than 1− c4 exp(−c5n)− ε.

Proof. See [136]. �
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3.8 Concentration on the sphere
� The Gaussian concentration inequality gives the concentration of mea-

sure phenomenon for the spheres Sn (1).
� Riemannian manifolds with uniformly positive Ricci curvature satisfy

a concentration inequality.

In Section 1.4 we obtained the Prékopa–Leindler inequality for Eu-
clidean space. Cordero–Erausquin proved an analogue of this result for
the rotation invariant measure on the spheres in Euclidean space by con-
sidering the notion of optimal transport on the sphere. Given a suitable
Prékopa–Leindler inequality, one can follow the same path as in Sec-
tion 3.5 and deduce concentration inequalities. However, in this section
we take a short-cut: the concentration inequality for Gaussian measure
implies the concentration inequality for the Euclidean spheres.

The orthogonal group O(n) acts naturally on the sphere Sn−1(1) by
x �→ Ux; hence there is a single orbit Sn−1(1) = {Ue : U ∈ O(n)}
for any e ∈ Sn−1(1) and the stability group {U ∈ O(n) : Ue = e} is
O(n − 1). Thus the map U �→ Ue induces surface measure σn−1,1 from
Haar probability measure µO (n) on O(n). Let (ek )n

k=1 be the standard
orthonormal basis for the �2 norm on Rn .

Proposition 3.8.1 Under the natural actions of the classical groups on
the spheres, given by U �→ Ue, there are the following homeomorphisms:

SO(n)/SO(n− 1) ∼= Sn−1 , SU(n)/SU(n− 1) ∼= S2n−1 ,

Sp(n)/Sp(n− 1) ∼= S4n−1 . (3.8.1)

Proof. See [36]. �

We continue with some comments on the metric structure. On
Sn−1(1), there are several natural metrics that are invariant under this
action; in particular:

� ‖x− y‖�2 , the chordal distance between x, y ∈ Sn−1(1);
� ρ(x, y), the geodesic distance, namely the distance along the shorter

arc of the great circle that passes through x and y.

By simple geometry we have

‖x− y‖�2 ≤ ρ(x, y) ≤ π

2
‖x− y‖�2 , (3.8.2)

with ‖Ux − Uy‖�2 = ‖x − y‖�2 , ρ(Ux,Uy) = ρ(x, y) and ρ(x, y)/‖x −
y‖�2 → 1 as x→ y.
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Definition (Metrics). The standard metric on Sn−1(1) is the chordal
metric for the �2 norm on Rn .

Theorem 3.8.2 (Lévy). Let f : Sn−1(1) → R be a Lipschitz function
such that ‖f‖Lip ≤ L. Then there exists a universal constant c > 0 such
that

σn−1,1

{
x ∈ Sn−1(1) :

∣∣f(x)−
∫

fdσn−1,1
∣∣ > t

}
≤ 4e−ct2 n/L2

(t ∈ R).

(3.8.3)

Proof. Following [117], we deduce this result from the concentration
of measure for the standard Gaussian γn on Rn . Let ξ = (ξ1 , . . . , ξn )
be mutually independent N(0, 1) random variables; then ξ has the
same distribution as Uξ for any U ∈ O(n), by the basic invariance
properties of Gaussian measure as in Lemma 1.5.1. Hence we pick e0 ∈
Sn−1(1) and integrate with respect to U and obtain for any continuous
h : Sn−1(1)→ R:∫

Rn

h(ξ/‖ξ‖)γn (dξ) =
∫

O (n)

∫
Rn

h(Uξ/‖ξ‖)γn (dξ)µO (n)(dU)

=
∫

O (n)
h(Ue0)µO (n)(dU); (3.8.4)

hence we obtain the identity∫
Rn

h(ξ/‖ξ‖)γn (dξ) =
∫

S n −1 (1)
h(e)σn−1,1(de). (3.8.5)

Suppose without loss that
∫

fdσn−1,1 = 0; then the f vanishes at
some point on Sn−1(1) and hence f is bounded with upper bound
Ldiam (Sn−1(1)), so |f | ≤ 2L. Next we introduce the function

g(x) = ‖x‖f
( x

‖x‖
)
, (3.8.6)

which is Lipschitz with constant 4L since

g(x)− g(y) = ‖x‖
(
f
( x

‖x‖
)
− f

( y

‖y‖
))

+
(
‖x‖ − ‖y‖

)
f
( y

‖y‖
)

(3.8.7)

and hence

|g(x)− g(y)| ≤ L‖x‖
∥∥∥ x

‖x‖ −
y

‖y‖

∥∥∥ + 2L‖x− y‖

≤ L‖x‖
∥∥∥ x

‖x‖ −
y

‖x‖ + y
( 1
‖x‖ −

1
‖y‖

)∥∥∥ + 2L‖x− y‖

≤ 4L‖x− y‖. (3.8.8)
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Further, one can check by calculation in polar coordinates that∫
‖x‖γn (dx) =

∫∞
0 rne−r2 /2dr∫∞

0 rn−1e−r2 /2dr

=
√

2Γ((n + 1)/2)
Γ(n/2)

�
√

n (n→∞). (3.8.9)

Now we have, for t > 0 and 0 < δ < 1, the inclusion of events[
|f(x/‖x‖)| > t

]
⊆

[
|g(x)| > t(1− δ)

√
n
]
∪
[
‖x‖ < (1− δ)

√
n
]
, (3.8.10)

and hence by Corollary 3.5.4,

σn−1,1[|f | > t] ≤ γn [|g| > t(1− δ)
√

n] + γn [‖x‖ < (1− δ)
√

n]

≤ 2 exp(−nt2(1− δ)2/(32L2/α)) + exp(−αnδ2/2).

(3.8.11)

By choosing δ = t/(4L + t) we obtain the inequality

σn−1,1 [|f | > t] ≤ 3 exp(−nt2α/(2(t + 4L)2)) (t > 0);

where only the values 0 < t < 2L are of interest due the upper bound
on |f |. �

The sphere Sn−1(R) has constant sectional curvature R−2 . The pre-
ceding result extends to other manifolds with positive curvature.

In Section 2.4, we defined the Ricci curvature tensor for Lie groups.
There is a corresponding definition for a Riemannian manifold M , where
the Lie algebra g is replaced by the tangent space to M at each point of
M . We shall state the isoperimetric inequality in general, and apply it
only in the case of Lie groups. The normalized Riemannian measure on a
compact Lie group coincides with Haar measure, since Haar measure is
the unique probability measure that is invariant under left translation.
In the next section we compare the Riemannian metric with the standard
metric on the classical compact Lie groups.

Theorem 3.8.3 (Gromov–Lévy). Let M be a smooth compact Rieman-
nian manifold, and let σ be the Riemannian volume form, normalized so
as to be a probability measure. Suppose further that there exists κ > 0
such that the Ricci curvature satisfies Ric ≥ κI in the sense that the
Ricci tensor Rijk� and the Riemannian metric gjk satisfy

∑
� R�j�k ≥

κgjk at all points on M . Then any 1-Lipschitz function f : M → R such
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that
∫

M
f(x)σ(dx) = 0 satisfies∫

M

exp(tf(x))σ(dx) ≤ exp(t2/κ) (t ∈ R). (3.8.12)

Proof. This statement appears in D. Cordero–Erausquin et al. [51]. See
also [69]. �

Corollary 3.8.4 (Concentration for Riemannian manifolds). Let Mn

be smooth compact Riemannian manifolds with normalized Riemannian
measures σn , and suppose that Ric(Mn ) ≥ κnI, where κn → ∞ as
n→∞. Then (σn ) satisfies the concentration of measure phenomenon.

The sharp form of the Sobolev inequality for the sphere was obtained by
Beckner by a delicate symmetrization argument. Note that as n → ∞,
the constant in the inequality improves, whereas the permitted range of
values of p contracts.

Theorem 3.8.5 Suppose that F ∈ L2(Sn ) has gradient ∇F ∈ L2(Sn ).
Then

‖F‖2Lp (S n ) ≤ ‖F‖2L2 (S n ) +
p− 2

n
‖∇F‖2L 2 (S n ) (3.8.13)

where 2 ≤ p < ∞ for n = 1 and n = 2, and 2 ≤ p ≤ 2n/(n − 2) for
n ≥ 3.

Proof. See [12]. �

Exercise 3.8.6 By differentiating this inequality at p = 2+, deduce
that ∫

Sn

F 2 log
(

F 2/

∫
F 2dσ

)
dσ ≤ 2

n

∫
Sn

‖∇F‖2dσ.

These inequalities lead to concentration inequalities for Lipschitz func-
tions on the spheres, and to related isoperimetric inequalities.

3.9 Concentration for compact Lie groups
� The Riemannian metric is equivalent to the standard metric on com-

pact Lie groups.
� The Gromov–Lévy concentration inequality implies concentration of

measure for the families of classical compact Lie groups.
� Their eigenvalue distributions also exhibit concentration of measure.
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We introduce the normalized Hilbert–Schmidt metric of c2(n) on
Mn (C) by

‖X − Y ‖c2 (n) =
( 1

n
trace(X − Y )(X − Y )∗

)1/2
, (3.9.1)

and the matching metric of �2(n) of Cn by ‖λ−µ‖�2 (n) = ( 1
n

∑n
j=1 |λj −

µj |2)1/2 .

Definition (Standard metrics on the classical groups). The standard
metric on O(n), U(n), SU(n) and SO(n) is the c2(n) norm; the standard
metric on Sp(n) is the c2(2n) norm.

There are several invariant metrics on O(n), and the following give
equivalent formulae for the normalized Hilbert–Schmidt norm:

‖U − V ‖2c2 (n) = tracen

∫
O (n)

W ∗(U − V )∗(U − V )WµO (n)(dW )

=
∫

Sn −1 (1)
‖(U − V )e‖2�2 σn−1,1(de)

=
1
n

n∑
k=1

‖Uek − V ek‖2�2 .

Lemma 3.9.1 Let G = SO(n), U(n),SU(n) or Sp(n), and let g be the
corresponding Lie algebra. Then for all U, V ∈ G, there exists A ∈ g
such that UV −1 = expA and

2
π
‖A‖c2 (n) ≤ ‖U − V ‖c2 (n) ≤ ‖A‖c2 (n) . (3.9.2)

Hence the Riemannian metric d(U, V ) is Lipschitz equivalent to the
standard metric, so

4
π
√

n
d(U, V ) ≤ ‖U − V ‖c2 (n) ≤

2√
n

d(U, V ). (3.9.3)

Proof. Suppose that G = U(n). We introduce W ∈ G and a diagonal
matrix D such that UV−1 = WDW−1 and D = diag(eiθj ) where θj ∈
(−π, π]. Then UV−1 = expA where A = WBW−1 with B = idiag(θj )
and ( 2

π

)2 1
n

n∑
j=1

|θj |2 ≤
1
n

n∑
j=1

|eiθj − 1|2 ≤ 1
n

n∑
j=1

|θj |2 , (3.9.4)
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so that
2
π
‖A‖c2 (n) ≤ ‖D − I‖c2 (n) ≤ ‖A‖c2 (n) , (3.9.5)

and the desired inequality follows.
In the case of G = SO(n), we replace D by some element of the max-

imal torus, and B by an element of the corresponding Lie algebra as in
Proposition 2.3.6.

With the standard Riemannian structure on G from Proposition 2.4.1,
d(U, V ) is the distance along the one-parameter subgroup exp tA from I

to UV−1 . Further, the Riemannian metric is given by the invariant inner
product

〈A,B〉 = −1
2
trace(AB) =

1
2
trace(AB∗) =

n

2
〈A,B〉c2 (n) (A,B ∈ g).

(3.9.6)
�

Theorem 3.9.2 Let µn be Haar probability measure on U(n) and
let F : (U(n), c2(n)) → R, be an L-Lipschitz function such that∫
U (n) F (U)µn (dU) = 0. Then there exists an absolute constant c > 0

such that∫
U (n)

exp{tF (U)}µn (dU) ≤ exp{ct2L2/n2} (t ∈ R). (3.9.7)

Similar statements hold for SO(n),SU(n) and Sp(n).

Proof. By Lemma 3.9.1, we have

|F (u)− F (v)| ≤ 2L√
n

d(U, V ) (U, V ∈ U(n)), (3.9.8)

so F is (2L/
√

n)-Lipschitz for the Riemannian metric. The Ricci cur-
vature of U(n) satisfies Ric ≥ cn by Exercise 2.4.2, hence the result by
Theorems 3.8.3. The Ricci curvature of SO(n) is (n− 2)I/4 by Exercise
2.4.2. �

For compact Lie groups G, there are probability measures at four main
levels:

� Haar measure on µG (dg) on G;
� the joint eigenvalue distribution σG (dλ) on the maximal torus T k ;
� empirical eigenvalue distribution 1

k

∑k
j=1 δexp(iθj ) on T;

� equilibrium measure dθ/2π on T.
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Given a unitary matrix U , there is a unique way of listing the eigenvalues
according to multiplicity eiθ1 , . . . , eiθn , so that 0 ≤ θ1 ≤ · · · ≤ θn < 2π;
hence we can introduce the eigenvalue map Λ : U(n) → Tn : U �→
(eiθj )n

j=1. Let µn be a probability measure on U(n), and let σn be the
joint eigenvalue distribution; that is, the measure that is induced on Tn

from µn by Λ so∫
Tn

f(Λ(U))σn (dU) =
∫

U (n)
f(U)µn (dU). (3.9.9)

When convenient, we can relax the ordering and permute the eigenvalues
on T.

Corollary 3.9.3 [18] Any 1-Lipschitz function F : (Tn , �2(n)) → R
such that

∫
Tn F (Θ)σn (dΘ) = 0 satisfies∫

Tn

exp{tF (eiθ1 , . . . , eiθn )}σn (dΘ) ≤ exp{ct2/n2} (t ∈ R).

(3.9.10)

Proof. On account of Theorem 3.9.2 and Proposition 2.7.1, this follows
directly from the following variant on Lidskii’s Lemma. �

Lemma 3.9.4 (Lidskii’s Lemma for unitaries). The map Λ : (U(n),
c2(n)) → (Tn , �2(n)) is K-Lipschitz for some finite K that is indepen-
dent of n.

Proof of Lemma 3.9.4. Let u and v be unitary matrices, and let A and
B be self-adjoint matrices such that u = eiA and v = eiB . We suppose
that the eigenvalues of A and B are

0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θn ≤ 2π and 0 ≤ φ1 ≤ φ2 ≤ · · · ≤ φn ≤ 2π

(3.9.11)

respectively. By Lidskii’s Lemma [144], we have( 1
n

n∑
j=1

|eiθj − eiφj |2
)1/2

≤
( 1

n

n∑
j=1

|θj − φj |2
)1/2

≤ ‖A−B‖c2 (n) .

(3.9.12)

To convert this into a condition involving u− v, we employ a functional
calculus argument. We form a partition of unity on T by taking the
overlapping quadrants Qj = {eiθ : θ ∈ [jπ/4, (j+2)π/4]} for j = 1, . . . , 8
and introduce twice continuously differentiable functions hj : T→ [0, 1]
such that hj (eiθ ) = 0 for eiθ outside Ij and

∑8
j=1 hj (eiθ ) = 1. Next we
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let gj (eiθ ) = θhj (eiθ ) and extend it to give a 2π periodic function with an
absolutely convergent Fourier expansion gj (θ) =

∑
k∈Z ĝj (k)eikθ . Then

we define

gj (A) =
∞∑

k=−∞
ĝj (k)eikA =

∞∑
k=−∞

ĝj (k)uk ; (3.9.13)

likewise we define gj (B). Then we estimate

∥∥gj (A)− gj (B)
∥∥

c2 (n) =
∥∥ ∞∑

k=−∞
ĝj (k)(uk − vk )

∥∥
c2 (n)

≤
( ∞∑

k=−∞
k4 |ĝj (k)|2

)1/2

×
( ∞∑

k �=0;k=−∞
k−4‖uk − vk‖2c2 (n)

)1/2

(3.9.14)

by the Cauchy–Schwarz inequality. Using the fact that c2(n) is a matri-
cial norm, one can easily check that ‖uk − vk‖c2 (n) ≤ |k|‖u− v‖c2 (n) for
all k ∈ Z, hence

‖gj (A)− gj (B)‖c2 (n) ≤
π√
3

(∫ 2π

0
|g′′j (θ)|2 dθ

2π

)1/2
‖u− v‖c2 (n) (3.9.15)

since π2/6 =
∑∞

k=1 k−2 .

Since θ =
∑8

j=1 gj (θ), we have A =
∑8

j=1 gj (A) and we can use the
preceding estimates to obtain a constant K such that

‖A−B‖c2 (n) ≤
8∑

j=1

‖gj (A)− gj (B)‖ ≤ K‖u− v‖c2 (n) .

�

Exercise 3.9.5 (Alternative proof of concentration of measure on the
spheres). Let Sn−1(1) be the unit sphere in Rn with the �2 metric, and
SO(n) the special orthogonal group with the Riemannian metric d, as
Lemma 3.9.1.

(i) Let e ∈ Rn be a unit vector, and let λ : SO(n) → Sn−1(1) be the
map λ(U) = Ue. Show that λ is 1-Lipschitz, and that λ induces the
normalized surface areas measure σn on Sn−1(1) from Haar proba-
bility measure on SO(n) .
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(ii) Deduce from Theorem 3.8.3 that if f : (Sn−1(1), �2) → R is 1-
Lipschitz, and that

∫
f(x)σn (dx) = 0, then∫

S n −1 (1)
exp(tf(x))σn (dx) ≤ exp(ct2/n) (t ∈ R),

where c is a constant that is independent of t and n.

Problem 3.9.6 Can one deduce Theorem 3.9.2 from Corollary 3.5.4,
and thereby avoid the more difficult Theorem 3.8.3?

Exercise 3.9.7 In the polar factorization of matrices, the orthogonal
factor can be expressed as the closest point in the orthogonal matrices;
see [162, p. 123]. Let X be an invertible n × n real matrix. Then there
exists a unique R ∈Ms

n (R) and U ∈ O(n) such that R ≥ 0 and X = RU .
Further, U is uniquely characterized by the condition

‖X − U‖c2 (n) ≤ ‖X − V ‖c2 (n) (V ∈ O(n)). (3.9.16)

(i) Show that the condition (3.9.16) is equivalent to trace(XUt) ≥
trace(XV t) for all V ∈ O(n). By considering V = exp(S)U with
S skew-symmetric, deduce that XUt is symmetric, and hence that
the eigenvalues of XUt are nonnegative.

(ii) Let U = P (X); show that P (XW ) = P (X)W for all W ∈ O(n).
(iii) Let γjk (1 ≤ j, k ≤ n) be mutually independent N(0, 1) random

variables, and let X = [γjk/
√

n]. Show that P (X) is distributed
according to Haar measure on O(n).

Exercise 3.9.8 Let µn be Haar measure on Tn . Use Lemma 3.4.3 and
the concentration inequality for T = SO(2) to show that any 1-Lipschitz
function F : (Tn , �2(n))→ R such that

∫
Tn F (Θ)µn (dΘ) = 0 satisfies∫

Tn

exp{tF (eiθ1 , . . . , eiθn )}µn (dΘ) ≤ exp{ct2/n} (t ∈ R).

Remark. In Exercise 3.9.8, the concentration inequality does not im-
prove with increasing n since the factor of 1/n in the exponent arises
solely from the scaling of the metric. Hence the measure σn in Corollary
3.9.3 has better concentration constant than does Haar measure µn . At
the start of Chapter 4, we shall see why this is the case. In Section 10.6,
we shall show that the dependence of the concentration constant upon
n in Theorem 3.9.2 is optimal.
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Free entropy and equilibrium

Abstract

In this chapter we are mainly concerned with one-dimensional electro-
static problems; that is, with measures on the circle or the real line
that represent charge distributions subject to logarithmic interaction
and an external potential field. First we consider configurations of elec-
trical charges on the circle and their equilibrium configuration. Then we
review some classical results of function theory and introduce the no-
tion of free entropy for suitable probability densities on the circle; these
ideas extend naturally to spheres in Euclidean space. The next step is
to introduce free entropy for probability distributions on the real line,
and show that an equilibrium distribution exists for a very general class
of potentials. For uniformly convex potentials, we present an effective
method for computing the equilibrium distribution, and illustrate this
by introducing the semicircle law. Then we present explicit formulæ for
the equilibrium measures for quartic potentials with positive and nega-
tive leading term. Finally we introduce McCann’s notion of displacement
convexity for energy functionals, and show that uniform convexity of the
potential implies a transportation inequality.

4.1 Logarithmic energy and equilibrium measure

Suppose that N unit positive charges of strength β > 0 are placed upon
a circular conductor of unit radius, and that the angles of the charges
are 0 ≤ θ1 < θ2 < · · · < θN < 2π. Then the electrostatic energy is

E = β
∑

1≤j<k≤N

log
1

|eiθj − eiθk | . (4.1.1)

132
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As N → ∞, one would expect the charges to seek a configuration that
minimizes the energy, and to move to a configuration in which they are
uniformly distributed around the unit circle. We can calculate the energy
exactly when the charges are equally spaced around the unit circle.

Proposition 4.1.1 Suppose that θk = 2π(k − 1)/N for k = 1, . . . , N .
Then

E = −β

2
N log N. (4.1.2)

Proof. The points eiθj are equally spaced around the unit circle, and
|eiθj − eiθk | depends only upon |j − k|, so we have

− β
∑

1≤j<k≤N

log |eiθj − eiθk | = −βN

2

N∑
k=2

log |eiθk − 1|

= −βN

2

N −1∑
k=1

log
∣∣2 sin

πk

N

∣∣. (4.1.3)

The Gauss–Legendre multiplication formula [169]

Γ(z)Γ(z + 1/N)Γ(z + 2/N) . . . Γ(z + (N − 1)/N)

= (2π)(N −1)/2N 1/2−N zΓ(Nz) (4.1.4)

and the familiar identity Γ(z)Γ(1− z) = πcosec πz combine to give

N −1∏
k=1

(
2 sin

kπ

N

)
= N ; (4.1.5)

hence

−β
∑

1≤j<k≤N

log |eiθj − eiθk | = −βN log N

2
. (4.1.6)

�

We note that, as N →∞,

1
N

N −1∑
k=1

log
∣∣ sin πk

N

∣∣→ ∫ 1

0
log | sin πθ|dθ = − log 2, (4.1.7)

where the value of the integral is due to Euler [35, p. 245].
When we choose a random element of SU(N + 1), the eigenvalues

(eiθj )N +1
j=1 have a distribution specified by Proposition 2.7.1, so that the
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θj are random, subject to the joint distribution

σ
(β )
SU (N )(dΘ) = Z−1

∏
1≤j<k≤N +1

|eiθj − eiθk |β dθ1dθ2 . . . dθN (4.1.8)

with β = 2 and
∑N +1

j=1 θj = 0. Then we would expect that the θj would
tend to form a uniform distribution round the circle as N → ∞ since
the uniform distribution appears to minimize the energy. In Chapter 5,
we investigate this further.

The logarithmic term in the electrostatic energy is sometimes called
a Coulomb interaction, and some authors refer to the study of E as the
statistical mechanics of a Coulomb gas [94].

Definition (Logarithmic energy). Let ν be a probability measure on Rn

that has no atoms and is such that∫∫
Rn ×Rn

log
1

‖x− y‖ν(dx)ν(dy) (4.1.9)

converges absolutely. Then we say that ν has finite logarithmic energy.
The logarithmic energy satisfies, for suitable probability density func-

tions, the formula∫∫
Rn ×Rn

log
1

‖x− y‖f(x)f(y) dxdy

=
( d

dp

)
p=0

∫∫
Rn ×Rn

f(x)f(y)
‖x− y‖p dxdy, (4.1.10)

which contrasts with the formula for entropy∫
Rn

f(x) log f(x) dx =
( d

dp

)
p=1

∫
Rn

f(x)p dx. (4.1.11)

4.2 Energy spaces on the disc

The best place from which to view the circle is the unit disc D = {z ∈ C :
|z| < 1}. In this section, we review some basic results concerning function
theory on D which are involved in random matrix theory, specifically
the definition of free entropy. Some of these are particularly relevant to
circular ensembles; others provide models of abstract constructions that
we require later.

Let L2(T) be the space of measurable functions f : T→ C such that∫ 2π

0 |f(eiθ )|2dθ/2π is finite, with the inner product

〈f, g〉L2 =
∫ 2π

0
f(eiθ )ḡ(eiθ )

dθ

2π
; (4.2.1)
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often we use the complete orthonormal basis (einθ )∞n=−∞ of trigonomet-
ric characters.

Definition (Poisson kernel). The Poisson kernel is

Pr (θ − φ) =
1− r2

1− 2r cos(θ − φ) + r2 =
∞∑

n=−∞
r|n |ein(θ−φ) , (4.2.2)

and the Poisson extension of u ∈ L2(T) is

u(z) = Pzu =
∫ 2π

0
Pr (θ − φ)u(eiθ )

dφ

2π
(z = reiθ ∈ D). (4.2.3)

Theorem 4.2.1 (Fatou, [102]). (i) For each u ∈ L2(T), the Poisson
extension of u gives a harmonic function on D such that

sup
0<r<1

∫ 2π

0
|u(reiθ )|2 dθ

2π
=

∫ 2π

0
|u(eiθ )|2 dθ

2π
, (4.2.4)

and u(reiθ )→ u(eiθ ) almost surely and in L2 as r → 1− .

(ii) Conversely, let U be a harmonic function on D such that

sup
0<r<1

∫ 2π

0
|U(reiθ )|2dθ/(2π) (4.2.5)

is finite. Then there exists u ∈ L2(T) such that U(z) = Pzu for all
z ∈ D.

Proof. We omit the proof, which may be found in [102], but note the
formula

u(reiθ ) =
∞∑

n=−∞
r|n |aneinθ (4.2.6)

where (an )∞n=−∞ are the Fourier coefficients of u. �

Thus we can identify L2(T) with the boundary values of harmonic
functions that satisfy (ii). For many purposes, D is a more convenient
domain.

Definition (Reproducing kernels). A Hilbert space of functions on a
set Ω is a Hilbert space H such that each f ∈ H defines a function
f : Ω→ C, and such that f �→ f(w) is a continuous linear functional on
H for each w ∈ Ω. By the Riesz–Fréchet theorem, there exists a unique
kw ∈ H such that f(w) = 〈f, kw 〉H ; furthermore K(z, w) = 〈kw , kz 〉H is
called the reproducing kernel for H.
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Evidently K satisfies K(z, w) = K(w, z) and K(z, w) = kw (z), so may
be viewed either as a function Ω× Ω→ C or as a family of elements of
H parametrized by Ω. When Ω is a metric space, we normally require
w �→ kw to be injective and continuous for the weak topology on H.

Example 4.2.2 (Harmonic functions). Consider L2(T) as a function
space on D via Theorem 4.2.1, and observe that u(z) = 〈u, kz 〉L 2 where
kz (ψ) = Pr (ψ − θ) when z = reiθ . Evidently u is continuous on D as a
harmonic function.

Definition (Hardy space). Let H2 be the Hardy space of analytic func-
tions f : D → C such that sup0<r<1

∫
|f(reiθ )|2dθ/(2π) is finite; evi-

dently each f has a Taylor series f(z) =
∑∞

n=0 bnzn such that

∞∑
n=0

|bn |2 = sup
0<r<1

∫
|f(reiθ )|2 dθ

2π
. (4.2.7)

Example 4.2.3 (The Cauchy kernel for Hardy space). By Theorem
4.2.1, we can identify H2 as the closed linear subspace of L2(T) spanned
by (einθ )∞n=0. Furthermore, by Cauchy’s integral formula, H2 is a repro-
ducing kernel Hilbert space on D with kernels hw (z) = 1/(1− w̄z) since

f(w) =
1

2πi

∫
T

f(z)dz

z − w
=

1
2π

∫ 2π

0

f(eiθ )dθ

1− sei(ψ−θ) (w = seiψ ). (4.2.8)

Definition (Hilbert transform on the circle [102]). Let sgn(n) = n/|n|
for n �= 0 and sgn(0) = 0. Then the conjugate function operator H :
L2 → L2 is defined by

H :
∞∑

n=−∞
aneinθ →

∞∑
n=−∞

−isgn(n)aneinθ . (4.2.9)

Clearly H is a linear isometry such that H2 = P0 − I; furthermore,
R+ = (I + P0 + iH)/2 gives the orthogonal projection L2 → H2 .

Proposition 4.2.4 (Conjugate function). (i) Let u ∈ L2(T), and let

v(reiθ ) =
∫ π

−π

2r sin(θ − t)
1− 2r cos(θ − t) + r2 u(eit)

dt

2π
. (4.2.10)

Then f = u + iv belongs to H2, and the boundary values of v are

v(eiθ ) = p.v.
∫

cot
θ − t

2
u(eit)

dt

2π
. (4.2.11)
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(ii) Now suppose that u ∈ L1(T). Then the principal value integral for
v exists almost everywhere, and there exists an analytic function f on
D such that f(reiθ )→ u(eiθ ) + iv(eiθ ) almost everywhere as r → 1− .

Proof. (i) By summing geometric series, one can prove that
∞∑

n=−∞
−isgn(n)r|n |einθ =

i2r sin θ

1− 2r cos θ + r2 , (4.2.12)

and that as r → 1−, this gives the formal identity
∞∑

n=−∞
−isgn(n)einθ = i cot

θ

2
. (4.2.13)

Now v = Hu is the harmonic conjugate of u in the sense that u + iHu

extends by the Poisson kernel to define the analytic function f(z) =
a0 +

∑∞
n=1 2anzn .

(ii) See [102, p. 78]. �

Definition (Dirichlet space). Let ∇u ∈ C2 be the gradient of a contin-
uously differentiable function of two variables u : D→ C. Let D0 be the
space of harmonic functions u : D→ C such that u(0) = 0 and the area
integral is finite, so

1
2π

∫∫
D
‖∇u(z)‖2dxdy <∞. (4.2.14)

Dirichlet spaces play an important role in the theory of orthogonal
polynomials on the unit circle, and hence in random matrix theory for
compact Lie groups. See [145].

Proposition 4.2.5 The harmonic function u has finite area integral if
and only if

∞∑
n=−∞

|n||û(n)|2 <∞; (4.2.15)

in this case

1
2π

∫∫
D
‖∇u‖2rdrdθ =

∫∫
T2

∣∣∣u(eiθ )− u(eiφ)
eiθ − eiφ

∣∣∣2 dθ

2π

dφ

2π
. (4.2.16)

Proof. We can express the gradient in polar coordinates ∇ =
(∂/∂r,−i∂/r∂θ), and then calculate

∇u(reiθ ) =
∞∑

n=−∞
r|n |−1 û(n)einθ (|n|, n) (4.2.17)
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so ∫ 2π

0
‖∇u(reiθ )‖2 dθ

2π
=

∞∑
n=−∞

2n2 |û(n)|2r2|n |−2 (4.2.18)

and
1
2π

∫∫
D
‖∇u(reiθ )‖2rdrdθ =

∞∑
n=−∞

|n||û(n)|2 . (4.2.19)

Using
∑′ to stand for a sum excluding the index n = 0, we observe that

u(eiθ )− u(eiφ)
eiθ − eiφ

=
′∑

û(n)
einθ − einφ

eiθ − eiφ

=
∞∑

n=1

û(n)
n−1∑
k=0

eikθ+i(n−k−1)φ

+
−1∑

n=−∞
û(n)

∞∑
k=0

e−ikθ−i(|n |−1−k)φ , (4.2.20)

wherein all of these characters ei�θ+imφ are orthogonal with respect to
dθdφ/(2π)2 hence∫∫

T2

∣∣∣u(eiθ )− u(eiφ)
eiθ − eiφ

∣∣∣2 dθ

2π

dφ

2π
=

∞∑
n=−∞

|n||û(n)|2 . (4.2.21)

�

Example 4.2.6 The inner product on D0 is

〈u, v〉D =
1
π

∫∫
D
∇u(z)∇v(z)dxdy =

∞∑
n=−∞

|n|an b̄n (4.2.22)

when v(reiθ ) =
∑∞

n=−∞ r|n |bneinθ and u(reiθ ) =
∑∞

n=−∞ r|n |aneinθ .
Evidently the subspace of D0 that consists of analytic functions
is a reproducing kernel Hilbert space on D with kernels gw (z) =
log 1/(1− w̄z).

The identity hw (z) = egw (z ) that relates the reproducing kernels of
H2 and D0 is no coincidence, for in the next result we show that the ex-
ponential function operates on analytic elements to D0 to give elements
of H2. We prove that ‖ef ‖2H 2 ≤ exp ‖u‖2D0

.

Theorem 4.2.7 (Lebedev–Milin [124]). Suppose that u : D→ R belongs
to D0 . Then∫ 2π

0
e2u(θ) dθ

2π
≤ exp

( 1
π

∫∫
D
‖∇u(z)‖2dxdy

)
. (4.2.23)
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Proof. We prove the inequality∫ 2π

0
exp

(
2

N∑
n=−N

aneinθ
) dθ

2π
≤ exp

( N∑
n=−N

|n||an |2
)
, (4.2.24)

where a−n = ān . Let αk =
√

2|ak |; then let ϕ(z) =
∑∞

k=1 αkzk and
ψ(z) =

∑∞
k=0 βkzk , where the βk are chosen so that ψ(z) = eϕ(z ) . We

need to show that ‖ψ‖2H 2 ≤ exp ‖ϕ‖2D0
.

Then ψ′(z) = eϕ(z )ϕ′(z) = ψ(z)ϕ′(z), so by equating coefficients in
the power series, we have

βn =
1
n

n−1∑
k=0

(n− k)αn−kβk . (4.2.25)

Hence by the Cauchy–Schwarz inequality, we have

|βn |2 ≤
1
n

n−1∑
k=0

(n− k)|αn−k |2 |βk |2 . (4.2.26)

We write Ak = k|αk |2 and observe that |βk |2 ≤ Bk , where (Bk ) is the
solution of the recurrence relation

Bn =
1
n

n−1∑
k=0

(n− k)An−kBk (4.2.27)

B0 = 1 = β0 .

Now this has a similar form to (4.2.25), so we deduce that
∞∑

k=0

Bkzk = exp
( ∞∑

k=1

Akzk
)
; (4.2.28)

setting z = 1, we obtain
∞∑

k=0

|βk |2 ≤
∞∑

k=0

Bk = exp
( ∞∑

k=1

Ak

)
= exp

( ∞∑
k=1

k|αk |2
)
, (4.2.29)

as required. �

Clearly there is a natural contractive linear inclusion map D0 → L2 since
‖f‖D0 ≥ ‖f‖L 2 ; hence each h ∈ L2 defines a bounded linear functional
on D0 by f �→

∫
fh̄dθ/2π.

Definition (Sobolev space). The space of harmonic functions

h(reiθ ) =
∞∑

n=−∞
r|n |bneinθ (4.2.30)
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such that h(0) = 0 and
∑∞

n=−∞ |n|−1 |bn | < ∞ is the homogeneous
Sobolev space Ḣ−1/2 , also denoted D′

0 . This space has the inner product

〈h, k〉Ḣ −1 / 2 =
∞∑

n=−∞

bn c̄n

|n| (4.2.31)

where k(reiθ ) =
∑∞

n=−∞ r|n |cneiθ . Evidently Ḣ−1/2 is the dual space of
D0 under the pairing 〈u, h〉 =

∑∞
n=−∞ an b̄n . The Sobolev space Ḣ−1/2

should not be confused with the Hardy space H2 of (4.2.7).

Definition (Energy spaces). In subsequent sections, we also require mea-
sures on subintervals of the real line, and hence some function spaces that
have a similar role to D0 and D′

0 . We introduce the Green’s function for
the disc, namely

G(z, w) = log
∣∣∣1− zw̄

z − w

∣∣∣ (z, w ∈ D) (4.2.32)

and the energy space, for [−1/2, 1/2] ⊂ D,

E+ =
{

µ ∈M+
b [−1/2, 1/2] :

∫ ∫
[−1/2,1/2]2

G(x, y)µ(dx)µ(dy) <∞
}

;

(4.2.33)
then let

〈µ, ν〉E =
∫ ∫

[−1/2,1/2]2
G(x, y)µ(dx)ν(dy) (µ, ν ∈ E+). (4.2.34)

The space of differences E = E+ −E+ = {µ−ν : µ, ν ∈ E+} is an inner
product space with inner product

〈µ1 − ν1 , µ2 − ν2〉E = 〈µ1 , µ2〉E + 〈ν1 , ν2〉E − 〈µ1 , ν2〉E − 〈ν2 , µ1〉E ,

(4.2.35)

and has the norm ‖µ1 − ν1‖E = 〈µ1 − ν1 , µ1 − ν1〉1/2
E .

The relationship between weak convergence and convergence in energy
is described in the following theorem.

Theorem 4.2.8 (Cartan [80]). (i) E+ is complete for the energy norm.
(ii) Let (µj ) be a bounded sequence in E+ . Then (µj ) converges weakly

in E+ if and only if it converges weakly in the sense of measures.

Remark. There are two subtleties concerning this result: first, the space
E may not be complete; secondly, the integral

∫
G(x, y)µ(dy) can be

unbounded on [−1/2, 1/2], even when µ ∈ E+ .
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Definition (Equilibrium measure). Given a compact subset S of C, and
µ ∈ Prob(S), the logarithmic energy is

Σ(µ) =
∫∫

[x �=y ]
log

1
|x− y| µ(dx)µ(dy) (4.2.36)

when the integral is absolutely convergent; here we follow the sign con-
ventions of [137]. The energy of S is

E(S) = inf{Σ(µ) : µ ∈ Prob(S)}, (4.2.37)

and the µ that attains the infimum is called the equilibrium measure.
In electrostatics, one thinks of S as a conductor and µ as the distri-

bution of unit charge on S.

Examples 4.2.9 (i) Let S = {ζ : |ζ| ≤ 1}. Then the equilibrium mea-
sure of S is arclength measure dθ/2π on the unit circle {ζ : |ζ| = 1},
normalized to be a probability measure. This result is intuitively natural,
as the charge should tend to move towards the boundary of the conduc-
tor, and the equilibrium measure should be invariant with respect to
rotations of the disc.

(ii) Now let S = [−1, 1], and let ρ be the Chebyshev distribution

ρ(dx) =
dx

π
√

1− x2
(x ∈ [−1, 1]), (4.2.38)

otherwise known as the arcsine distribution. Then ρ is the equilibrium
measure for [−1, 1]; as follows from the previous example, by an argu-
ment which we now sketch. The unit positive charge on [−1, 1] distributes
itself so that most of the unit charge accumulates near to the endpoints
±1.

Note that the mapping ϕ(ζ) = 2−1(ζ + ζ−1) takes {ζ : |ζ| > 1} onto
C \ [−1, 1], and takes the unit circle {ζ : |ζ| = 1} onto [−1, 1] twice
over. One can check that ϕ induces the Chebyshev distribution from the
normalized arclength, since∫ 2π

0
f
(1

2
(
eiθ + e−iθ

)) dθ

2π
=

1
π

∫ 1

−1

f(x)dx√
1− x2

. (4.2.39)

By the principle of subordination, ρ must be the equilibrium measure
for [−1, 1]; see [131, p. 107].

Definition (Chebyshev polynomials). Let Tk and Uk be the Cheby-
shev polynomials of degree k of the first and second kinds, so that
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Tk (cos θ) = cos kθ and Uk (cos θ) = sin(k + 1)θ/ sin θ. Then

Un (x) = 2xUn−1(x)− Un−2(x), (4.2.40)

Tn (x) = 2xTn−1(x)− Tn−2(x). (4.2.41)

Exercise 4.2.10 Use these identities to calculate the following.

T0(x) = 1 U0(x) = 1

T1(x) = x U1(x) = 2x

T2(x) = 2x2 − 1 U2(x) = 4x2 − 1

T3(x) = 4x3 − 3x U3(x) = 8x3 − 4x

T4(x) = 8x4 − 8x2 + 1 U4(x) = 16x4 − 12x2 + 1 (4.2.42)

(ii) Show also that∫ 1

−1

Tj (x)Tk (x)dx

π
√

1− x2
= 0 (j �= k), (4.2.43)

∫ 1

−1

Tj (x)2dx

π
√

1− x2
=

1
2

(j = 1, 2, . . . ). (4.2.44)

Exercise 4.2.11 Let K be the space of continuous functions f : T→ C
such that

∑
k |k||f̂(k)|2 < ∞. Show that K forms an algebra under

pointwise multiplication of functions.

Definition (Hardy space on the upper half-plane). The open upper half-
plane is C+ = {z ∈ C : �z > 0}. Given an analytic function f : C+ →
C, we say that f belongs to the Hardy space H2(R) if the expression

‖f‖H 2 = sup
y>0

(∫ ∞

−∞
|f(x + iy)|2 dx

)1/2
(4.2.45)

is finite. Analogously, one can define the Hardy space for the right half
plane {z : �z > 0}.

4.3 Free versus classical entropy on the spheres

Definition (Free entropy on circle). Let p and q be probability density
functions with respect to dθ/2π on T, and such that p− q ∈ D′

0 . Then



Free entropy and equilibrium 143

the relative free entropy of p and q is

Σ(p, q) =
∫∫

T2
log

1
|eiθ − eiφ |

(
p(eiθ )− q(eiθ )

)(
p(eiφ)− q(eiφ)

) dθ

2π

dφ

2π

(4.3.1)

when the integral is absolutely convergent.

Theorem 4.3.1 (Classical versus free entropy). Let f be a probability
density function on T that has finite relative entropy with respect to
dθ/2π. Then Σ(f, I) ≤ Ent(f | I).

Proof. By joint convexity of relative entropy [43], any pair of probability
density functions of finite relative entropy satisfies

Ent(f | u) =
∫

T
Pr (eiφ)Ent(fφ | uφ)

dφ

2π

≥ Ent(Prf | Pru); (4.3.2)

so in particular

Ent(f | I) ≥ Ent(Prf | I) (0 ≤ r < 1). (4.3.3)

Hence it suffices to prove the theorem for Prf instead of f , and then
take limits as r → 1−. For notational simplicity, we shall assume that f

has a rapidly convergent Fourier series so that various integrals converge
absolutely.

Suppose that u is a real function in the Dirichlet space D0 that has∫
T u(eiθ )dθ/2π = −t and ‖u‖D0 = s; by adding a constant to u if neces-

sary, we can assume that s2/2 = t. Then by (4.2.23) we have∫
T

expu(eiθ )
dθ

2π
≤ exp(s2/2− t) = 1 (4.3.4)

and consequently by the dual formula for relative entropy∫
T

f(eiθ ) log f(eiθ )
dθ

2π
= sup

{∫
T

h(eiθ )f(eiθ )
dθ

2π
:
∫

T
exp h(eiθ )

dθ

2π
≤ 1

}
≥

∫
T

f(eiθ )u(eiθ )
dθ

2π
. (4.3.5)

Introducing the dual pairing of Ḣ−1/2(T) with D0, we write

〈f, u〉 =
∫

T
f(eiθ )u(eiθ )

dθ

2π
−

∫
T

f(eiθ )
dθ

2π

∫
T

u(eiθ )
dθ

2π
, (4.3.6)



144 Random Matrices: High Dimensional Phenomena

so that by (4.3.2)

〈f, u〉 ≤ t +
∫

T
f(eiθ ) log f(eiθ )

dθ

2π
. (4.3.7)

We choose the û(n) for n �= 0 to optimize the left-hand side, and deduce
that

‖f‖Ḣ −1 / 2 (T)‖u‖D0 = s‖f‖Ḣ −1 / 2 (T)

≤ s2/2 +
∫

T
f(eiθ ) log f(eiθ )

dθ

2π
, (4.3.8)

so by choosing s we can obtain the desired result

2Σ(f, I) = ‖f‖2
Ḣ −1 / 2 (T) ≤ 2

∫
T

f(eiθ ) log f(eiθ )
dθ

2π
. (4.3.9)

�

Problem. Let q be a probability density function on T with respect to
dθ/2π. Under what further conditions does there exist C <∞ such that

Σ(f, q) ≤ CEnt(f | q) (4.3.10)

for all probability density functions f that have finite relative entropy
with respect to q?

The next step is to go from the circle to the real line. Given a + ib

with b > 0, there is a linear fractional transformation ϕ(z) = (z − a −
ib)/(z−a+ ib) that maps the upper half-plane bijectively onto the open
unit disc and ϕ(a+ib) = 0; further, with ϕ(x) = eiθ the measures satisfy

ha,b(x)dx =
bdx

π((x− a)2 + b2)
=

dθ

2π
. (4.3.11)

Proposition 4.3.3 The entropy functional

E(f) =
∫ ∞

−∞

∫ ∞

−∞
f(x)f(t) log |x− t| dxdt +

∫ ∞

−∞
f(x) log f(x) dx

(4.3.12)
is defined for probability density functions with finite entropy and loga-
rithmic energy. The probability density function ha,b is a stationary point
of E, and E(ha,b) = − log 2π.
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Proof. We introduce a Lagrange multiplier λ and calculate the functional
derivative of

F (f) =
∫ ∞

−∞

∫ ∞

−∞
f(x)f(t) log |x− t| dxdt

+
∫ ∞

−∞
f(x) log f(x)dx + λ

∫ ∞

−∞
f(x) dx, (4.3.13)

as in (6.1.1) below, obtaining

δF

δf
= 2

∫ ∞

−∞
f(t) log |x− t| dt + log f(x) + 1 + λ. (4.3.14)

Now log |z − a + ib| is a harmonic function in the upper half plane, so

π

b

∫ ∞

−∞

log |z − t|
(t− a)2 + b2 dt = log |z − a + ib|. (4.3.15)

Hence

log
b

π((x− a)2 + b2)
=

2b

π

∫ ∞

−∞

log |x− t|
(t− a)2 + b2 dt + log

b

π
(4.3.16)

so ha,b gives a solution to δF/δf = 0 for suitable λ. Now we use trans-
lation invariance to suppress a and calculate

E(ha,b) =
∫ ∞

−∞

∫ ∞

−∞

b/π

x2 + b2 log |x− t| b/π

t2 + b2 dxdt + log(b/π)

+
∫ ∞

−∞

b/π

x2 + b2 log |x + ib| dx (4.3.17)

= log(b/π)− b

π

∫ ∞

−∞

log |x + ib|
x2 + b2 dx (4.3.18)

= log(b/π)− log |2ib|
= − log 2π. (4.3.19)

�

The functions involved in the above proof suggest the correct result
for Sn and Rn , as we now discuss. The unit sphere Sn has surface area

voln (Sn ) =
2π(n+1)/2

Γ((n + 1)/2)
, (4.3.20)

and we let σn be the surface area normalized so as to be a probability
measure. The stereographic projection G : Sn → Rn ∪ {∞} is given by

G(s0 , . . . , sn ) =
( sj

1 + s0

)n

j=1
(4.3.21)
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and its inverse has Jacobian JG−1 (x) = 2n (1 + x2)−n ; hence

h(x) = voln (Sn )−1
( 2

1 + ‖x‖2
)n

(4.3.22)

is a probability density function on Rn . There is a linear isometric bi-
jection f �→ F = (f/h) ◦G from L1(Rn , dx) → L1(Sn ;σn ) which takes
probability density functions to probability density functions.

The stereographic projection is conformal; that is, angle preserving.
Conformal maps of Rn include translations, rotations, dilations and in-
version in the sphere.

Theorem 4.3.4 (Carlen and Loss, [45]).
(i) Suppose that F is a probability density function with respect to σn

such that F log F is integrable. Then

0 ≤
∫∫

S n ×S n

(F (ω)− 1) log
1

‖ω − ζ‖ (F (ζ)− 1)σn (dω)σn (dζ)

≤ 1
n

∫
Sn

F (ω) log F (ω)σn (dω); (4.3.23)

furthermore, the optimizers of this inequality all have the form
F (ω) = |JT (ω)| where JT is the Jacobian of a some conformal map
T : Sn → Sn .

(ii) There exist constants Cn such that the inequality∫∫
Rn ×Rn

f(x) log
1

‖x− y‖f(y) dxdy ≤ 1
n

∫
Rn

f(x) log f(x) dx + Cn

(4.3.24)
holds for all probability density functions that have finite entropy.
Furthermore, all the optimizers have the form f(x) = |Jτ (x)|h◦τ(x)
where τ : Rn → Rn is conformal.

Proof. (i) We are only able to prove a small part of this result by the
methods of this book, namely the left-hand inequality of (i). For unit
vectors ω and ζ, we have ‖ω − ζ‖2 = 2(1− 〈ω, ζ〉) and hence

log
1

‖ω − ζ‖ = −1
2

log 2 +
1
2

∞∑
k=1

〈ω, ζ〉k
k

. (4.3.25)

Now we recall that σn is induced from Haar measure µn on O(n) by the
map U �→ Uen , hence∫∫

Sn ×S n

〈ω, ζ〉k (F (ω)− 1)(F (ζ)− 1)σn (dω)σn (dζ) (4.3.26)

=
∫∫

O (n)×O (n)
〈Uen , V en 〉k (F (Uen )− 1)(F (V en )− 1)µn (dU)µn (dV )
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since

〈Uen , V en 〉k = 〈Uen ⊗ · · · ⊗ Uen , V en ⊗ · · · ⊗ V en 〉 (4.3.27)

is the coefficient of a representation of O(n), so the integral is nonnega-
tive. The rest of the proof involves a delicate rearrangement argument.
See [45]. �

The expressions in Theorem 4.3.4(i) give the logarithmic and classical
relative entropy of F with respect to the constant function I.

Note that for n > 2, h(x) is not the Poisson kernel on Rn and log ‖x−
y‖ is not the Green’s function for the standard Laplace operator. Hence
the proof of Proposition 4.3.3 does not easily extend to the present
context.

4.4 Equilibrium measures for potentials on the real line

In the remaining sections of this chapter, we consider electrostatics for
charges on the real line, subject to logarithmic interaction in the presence
of a force field which is represented by potential v. So we are concerned
with energy expressions of the form

1
n

n∑
j=1

v(λj )−
β

n2

∑
1≤j<k≤n

log(λk − λj ) (4.4.1)

where λ1 < λ2 < · · · < λn , such as arise as eigenvalue distributions for:

� β = 1 generalized orthogonal ensemble:
� β = 2 generalized unitary ensemble;
� β = 4 generalized symplectic ensemble.

More generally, we can take β > 0 and contemplate an electrostatic
energy associated with positive charges of strength β > 0 on a linear
conductor in an electrical field that has potential v. Throughout rest of
this chapter, v satisfies at least the following hypotheses.

(a) v is bounded below, so that v(x) ≥ −C for some C ∈ R and all
x ∈ R.

(b) There exist ε > 0 and M <∞ such that

v(x) ≥ β + ε

2
log(x2 + 1) (|x| ≥M). (4.4.2)
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(c) v : R→ R is absolutely continuous and v′ is α− Hölder continuous
on [−A,A] for some α > 0 and each A <∞.

Evidently (c) and (b) together imply (a).

Definition (Potential and electrostatic energy). Let µ ∈ Prob(R). Then
the logarithmic energy is

Σ(µ) =
∫∫

[x �=y ]
log

1
|x− y| µ(dx)µ(dy) (4.4.3)

when the integral is absolutely convergent. The potential energy is

Fv (µ) =
∫

v(x)µ(dx) (4.4.4)

when the integral is absolutely convergent. If µ has compact support
and belongs to Cartan’s space E+, as in Section 4.2, then the potential
energy and the electrostatic energy are both finite. When both energies
are defined, the electrostatic energy is

Ev (µ) =
∫

v(x)µ(dx)− β

2

∫∫
[x �=y ]

log |x− y|µ(dx)µ(dy). (4.4.5)

From our understanding of electrostatics, we should expect the system
to seek an equilibrium configuration that minimizes the energy. The po-
tential energy is relatively small when the measure is concentrated near
to the minima of v; whereas by (b), Fv (µ) is large when µ places mass
on large values of x, so v acts as a confining potential. The logarithmic
energy is positive when µ is concentrated on a set of diameter less than
one, reflecting the principle that charges of like sign repel one another.
Hence there should be a minimizer that balances these contrary effects.
The following problem is considered in detail in [137].

Problem (Equilibrium problem with potential). Given v that satisfies
(a), (b) and (c), find ρ ∈ Prob(R) that attains the infimum in

Ev = inf
ν

Ev (ν) (4.4.6)

where the infimum is taken over all ν ∈ Prob(R) that have finite loga-
rithmic energy and finite potential energy with respect to v.

Theorem 4.4.1 (Equilibrium measure given a potential). There exists
a minimizer ρ for the equilibrium problem for a unit charge on the real
line in the presence of a potential. This ρ has compact support S, and
is absolutely continuous with respect to Lebesgue measure. The density
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p = dρ/dx belongs to L2 , is α-Hölder continuous and is characterized
by:

p(x) ≥ 0;
∫

p(x) dx = 1; (4.4.7)

v(x) ≥ β

∫
log |x− y|p(y)dy + C (x ∈ R); (4.4.8)

v(x) = β

∫
log |x− y|p(y) dy + C (x ∈ S) (4.4.9)

where C is some constant.

Proof. We introduce the functions

fη (x, y) =
1
2
(v(x) + v(y)) +

β

2
log

1
|x− y|+ η

, (4.4.10)

and observe that since |x − y| ≤ (1 + x2)1/2(1 + y2)1/2 the functions
satisfy

f0(x, y) ≥ 1
2
(v(x) + v(y))− β

4
log(1 + x2)(1 + y2)

≥ ε

4
log(1 + x2)(1 + y2). (4.4.11)

Now f0 is bounded below, the energy satisfies

Ev (µ) =
∫∫

f0(x, y)µ(dx)µ(dy) (4.4.12)

and there exists ν ∈ Prob(R) such that Ev (ν) < ∞, so the infimum is
finite. Let µm ∈ Prob(R) satisfy

Ev (µm ) ≤ Ev + 1/m

and observe that the set{
ν ∈ Prob(R) :

∫
log(1 + x2)ν(dx) ≤M

}
(4.4.13)

is relatively compact for the weak topology by Proposition 1.3.6. Hence
there exists a subsequence (µnk

) and a ρ ∈ Prob(R) such that µnk
→

ρ weakly. Next we check that ρ is a minimizer, starting by using the
monotone convergence theorem to obtain

Ev (ρ) = lim
η→0+

∫∫
fη (x, y)ρ(dx)ρ(dy). (4.4.14)
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Now µnk
⊗ µnk

→ ρ⊗ ρ weakly and hence

Ev (ρ) = lim
η→0+

lim
nk

∫∫
fη (x, y)µnk

(dx)µnk
(dy)

= lim
nk

lim
η→0+

∫∫
fη (x, y)µnk

(dx)µnk
(dy)

= lim
nk

∫∫
f0(x, y)µnk

(dx)µnk
(dy)

= lim
nk

Ev (µnk
) = Ev (4.4.15)

where we used monotone convergence to replace fη by f0 .
Since f0(x, y) → ∞ as |x|+ |y| → ∞, the support S of ρ is compact;

otherwise we could diminish Ev (ρ) by moving mass towards the origin
from far away.

Let ν = (1 + th)ρ where −1 < t < 1, h ∈ Cc(R) has ‖h‖∞ < 1 and∫
hdρ = 0; so ν is also a probability measure. Then Ev ((1 + th)ν) has a

minimum at t = 0, so

0 =
( d

dt

)
t=0

Ev ((1 + th)ν) =
∫

h(x)
(
v(x)− β

∫
log |x− y|ρ(dy)

)
ρ(dx);

(4.4.16)
hence there exists a constant C such that

v(x) = β

∫
log |x− y|ρ(dy) + C. (4.4.17)

Now by (c), the function v is differentiable and its derivative satisfies

v′(x) = p.v.
∫

βρ(dy)
x− y

(4.4.18)

on each open subinterval S0 of S. There are standard formulae for invert-
ing this principal value integral equation, and here we report the conclu-
sions. Since v′ is locally an L2 function, it follows from [137, Theorem
2.2, page 211] that ρ is absolutely continuous with respect to Lebesgue
measure and that the density p = dρ

dx
is in L2(S0 ; dx) for each proper

subinterval S0 of S; furthermore, p is α-Hölder continuous on S0 by
properties of the Hilbert transform.

In principle, p could have singularities of the form 1/
√
|b− x| at an

endpoint b of S. In the next Lemma, we show that this does not happen,
so p is actually in L2(R; dx). �

A crucial feature of the equilibrium problem in the presence of a po-
tential is that the equilibrium measure is free to choose its own support;
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that is, the equilibrium measure is not constrained to lie on any par-
ticular bounded interval and S is not specified in advance. Intuitively,
one sees that the energy will become large if the density p is unbounded
at the end of any interval, so instead the logarithmic term will tend to
force some of the mass away from the end and hence equilibrium mea-
sure should have a bounded density. To make this precise, we present a
more general result based upon mass transportation.

Lemma 4.4.2 (Endpoint regularity). Suppose that v satisfies (a) and
(b), and that b is the supremum of the support S of the equilibrium
distribution ρv . Suppose further that (d) v is δ-Hölder continuous on S.
Then there exist ε0 ,Mv > 0 such that∫

[b−ε,b]
ρv (dx) ≤Mvε

δ (ε ∈ (0, ε0)). (4.4.19)

In particular, when v satisfies (c) and hence v′ is locally bounded, this
inequality holds with δ = 1 and the equilibrium density is bounded at the
endpoint b.

Proof. We introduce the Lipschitz function ϕ : R → R that satisfies
ϕ(x) = x for x ≤ b − ε and ϕ′(x) = 2 for x > b − ε. The effect of ϕ

is to shift some of the mass from [b − ε, b] to outside S; clearly, ϕ	ρv

is an admissible probability measure only because b is a free end in the
equilibrium problem. By the mean value theorem, the function ϕ satisfies
the simple properties ϕ(x)− x ≤ 2ε for x ∈ [b− ε, b];

ϕ(x)− ϕ(y)
x− y

{
≥ 1, for all x, y ∈ R;
= 2, for all x, y ∈ [b− ε, b]).

(4.4.20)

Comparing the energies associated with the minimizer ρv and ϕ	ρv ,
we have

0 ≤ Ev (ϕ	ρv )− Ev (ρv ) =
∫ (

v(ϕ(x))− v(x)
)
ρv (dx)

+
β

2

∫∫
log

∣∣∣ x− y

ϕ(x)− ϕ(y)

∣∣∣ ρv (dx)ρv (dy) (4.4.21)

which we can rearrange to give

β

2

∫∫
[b−ε,b]2

log
∣∣∣ϕ(x)− ϕ(y)

x− y

∣∣∣ ρv (dx)ρv (dy)

≤
∫

[b−ε,b]

(
v(ϕ(x))− v(x)

)
ρv (dx), (4.4.22)
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which gives

β

2
(log 2)

(∫
[b−ε,b]

ρ(dx)

)2

≤ Cv

∫
[b−ε,b]

(ϕ(x)− x)δ ρv (dx)

≤ Cv (2ε)δ

∫
[b−ε,b]

ρ(dx). (4.4.23)

By cancelling the final integral, we obtain the stated result. �

Proposition 4.4.3 (Support of the equilibrium measure).

(i) Suppose that v is strictly convex. Then ρ is supported on a single
interval [a, b] and p > 0 on (a, b).

(ii) Suppose that v is analytic. Then there exist finitely many intervals
[aj , bj ] (j = 1, . . . , m) such that the support of ρ equals

S =
m⋃

j=1

[aj , bj ] (4.4.24)

and p > 0 inside S.
(iii) If v is a polynomial with degree 2k > 0 and positive leading term,

then m ≤ k + 1.

Proof. (i) Suppose on the contrary that the support of ρ has a gap [c1 , c2 ]
and observe that

ϕ(s) = β

∫ ∞

c2

ρ(dt)
t− s

+ β

∫ c1

−∞

ρ(dt)
t− s

(4.4.25)

is an increasing function on (c1 , c2). But

ϕ(c1) = −v′(c1) > −v′(c2) = ϕ(c2) (4.4.26)

holds by strict convexity of v. Hence the support of ρ is a compact and
connected set, so equals [a, b] for some a, b.

(ii) Deift et al. [57] show that the number of intervals in the support
of ρ is bounded by a quantity that depends only upon the number of
local minima of v. The details involve mainly potential theory, so are
omitted here.

(iii) See [57, Theorem 1.46 and p. 408]. �

Proposition 4.4.4 (Integral formula for equilibrium density). For S as
in Proposition 4.4.3(ii), let

R(z) =
m∏

j=1

(z − aj )(z − bj ) (4.4.27)
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and choose branches of square roots so that
√

R(z) is analytic on C \S,
and

√
R(z)/zm = 1 + O(1/z) as |z| → ∞. Then the density of the

equilibrium measure satisfies

pv (x) = p.v.

√
R(x)
βπ2

∫
S

v′(t) dt√
R(t)(x− t)

(x ∈ S). (4.4.28)

Proof. This follows from [119, p. 252; 57, Theorem 1.34]. �

Exercise 4.4.5 (i) Let v be a polynomial of degree 2k with positive
leading coefficient, and let m be the number of local minima of v on
[−1, 1]. Show that m ≤ k.

(ii) Show that if v has degree 2k + 1, then m ≤ k + 1.

Remarks. (i) As in Proposition 4.4.4, we introduce the algebraic equa-
tion

y2 =
m∏

j=1

(x− aj )(x− bj )

so that S = {x : y2 ≤ 0}. The natural coordinates for such points
are cos θj since (aj + bj )/2 + ((bj − aj )/2) cos θj gives an element of S.
In particular, the quartics y2 = (1 − x2)(1 − k2x2) with k2 �= 0, 1 are
associated with the elliptic integrals∫ x

0

(
(1− t2)(1− k2t2)

)−1/2
dt.

(ii) The Riemann surface for
√

R(z) consists of a handle-body with
m− 1 handles, which is obtained by taking two copies of C ∪ {∞} and
joining them crosswise along the cuts [aj , bj ].

(iii) Starting from the equilibrium problem in the presence of a poten-
tial with ν ∈ Prob(R), we have shown that the minimizer is supported
on some compact subset S. Generally it is difficult to determine S, even
when one has a simple formula for v; as an illustration, in Section 4.7
we find S for v(x) = x2/2 + gx4/4. In the standard theory of singular
integral equations, one specifies S in advance and then solves the inte-
gral equation in terms of functions that are determined by S and the
index data; whereas in our problem we need to find S. We contrast this
equilibrium problem from the more standard ‘constrained’ equilibrium
problem which we consider in Section 4.7.

(iv) The Cauchy transform of a measure uniquely determines the mea-
sure by Propositions 1.8.6 and 1.8.9. In the next section we show how
to solve the singular integral equation on a single interval.
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Example 4.4.6 (Johansson, [94]). The minimization problem

J = inf
ν

{∫∫
T×T

log
1

|eiθ − eiφ |ν(dθ)ν(dφ) : ν ∈ Prob(T)
}

has solution given by normalized arclength measure ν(dθ) = dθ/(2π).
By making the change of variables t = tan θ/2 and s = tanφ/2, one can
easily convert this to a minimization problem for probability measures
on R, namely

J = inf
µ

{∫
R

log(1 + t2)µ(dt)

+
∫∫

R×R
log

1
2|t− s|µ(dt)µ(ds) : µ ∈ Prob(R)

}
. (4.4.29)

This is essentially the map that was used in Section 4.3 to go from
the line to the circle. Here the potential v(t) = log(1 + t2) is of slower
growth at infinity than is required by (b), so Theorem 4.4.1 does not
apply. By the transformation, the minimizer is the Cauchy distribution
µ(dt) = (π(1 + t2))−1dt, which is not of compact support.

In subsequent sections we introduce the standard equilibrium distri-
butions, namely:

� the semicircular distribution in Section 4.5;
� quartic potentials in Sections 4.6 and 4.7;
� the Marchenko–Pastur distribution in Section 5.5;
� Vershik’s Ω distribution in Section 7.3.

4.5 Equilibrium densities for convex potentials
� The equilibrium measure for a convex potential can be found from a

singular integral equation on an interval.
� The semicircular distribution arises thus.
� Tricomi’s method gives the equilibrium density for convex polynomial

potentials.

If the support of the equilibrium measure is a single interval S, and
the density is strictly positive inside S, then the integral equation (4.4.9)
simplifies considerably. Without further loss of generality, we can reduce
the integral equation to

w(x) =
1
π

∫ 1

−1

q(y)dy

x− y
(x ∈ (−1, 1)) (4.5.1)
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where q is a probability density function on [−1, 1], and w is the deriva-
tive of the potential. Here the Hilbert transform of a function is evaluated
on [−1, 1], so the term finite Hilbert transform is often used; this is dis-
tinct from the Hilbert transform on the circle, as considered in Section
4.2.

First we show how to obtain an orthogonal polynomial basis for
L2([−1, 1]; q). Let W (θ) = 2πq(cos θ)| sin θ| so that W (θ) is a proba-
bility density function with respect to dθ/(2π) on T. We let (ϕn )∞n=0 be
the orthogonal basis of L2(T;W ) that is given by 4.2.5, and introduce
x = cos θ and

pn (x) = e−inθϕ2n (eiθ ) + einθϕ2n (e−iθ ). (4.5.2)

Proposition 4.5.1 The (pn )∞n=0 are polynomials of degree n which are
are orthogonal with respect to the weight q and have real coefficients.

Proof. See [145, p. 292]. �

By Proposition 4.4.4, we should expect q to have the form q(x) =√
1− x2h(x) for some smooth function h that has h(x) > 0 for all x ∈

(−1, 1). This suggests that the Chebyshev functions of Example 4.2.10
should be useful in this context.

Lemma 4.5.2 (The Aerofoil equations). The finite Hilbert transforms
of the Chebyshev polynomials satisfy

Tk (x)=p.v.
1
π

∫ 1

−1

Uk−1(y)
√

1− y2

x− y
dy, (x ∈ (−1, 1); k = 1, 2, 3, . . . ),

Uk−1(x)=−p.v.
1
π

∫ 1

−1

Tk (y)
x− y

dy√
1− y2

, (x ∈ (−1, 1), k = 1, 2, . . . ),

0=p.v.
1
π

∫ 1

−1

dy

(x− y)
√

1− y2
(x ∈ (−1, 1)). (4.5.3)

Proof. The basic idea behind the proof is that for u ∈ L2(R), the
function f = u + iHu extends to define an analytic function on the
upper half plane. The idea is to select f such that u is supported on
[−1, 1]. The basic idea is that

√
1− z2 is real for z ∈ [−1, 1] and purely

imaginary for x ∈ R \ [−1, 1], so this is useful for constructing suitable
functions u.

The function

Φ(z) =
(
z − i

√
1− z2

)k (4.5.4)
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is analytic on C \ [−1, 1] and is real on R \ [−1, 1], where we choose the
root so that

√
1− z2 � −iz as |z| → ∞. On [−1, 1], we let x = cos θ

and

Φ(x) = cos kθ − i sin kθ

= Tk (cos θ)− iUk−1(cos θ) sin θ

= Tk (x)− iUk−1(x)
√

1− x2 . (4.5.5)

Hence �Φ(x) = −Uk−1(x)
√

1− x2I[−1,1](x), so

H : Uk−1(x)
√

1− x2 �→ Tk (x)I[−1,1](x) +
1

(x +
√

x2 − 1)k
IR\[−1,1](x),

(4.5.6)
and hence the first identity holds.

Now let

Ψ(z) =
(z −

√
1− z2)k

√
1− z2

(4.5.7)

is analytic on C \ [−1, 1] and is purely imaginary for x ∈ R \ [−1, 1]. On
[−1, 1], we let x = cos θ and obtain

Ψ(x) =
cos kθ − i sin kθ

sin θ

=
Tk (x)√
1− x2

− iUk−1(x). (4.5.8)

Hence �Ψ(x) = Tk (x)/
√

(1−x2)I[−1,1](x), so Tk = HUk−1 on [−1, 1] and
the second identity holds. The sign difference between the expressions is
ultimately due to the property H2 = −I of the Hilbert transform.

Finally, the function R(z) = 1/
√

1− z2 is analytic on C \ [−1, 1] and

R(x) =
1√

1− x2
I[−1,1](x)− i

sgn (x)√
x2 − 1

IR\[−1,1](x), (4.5.9)

so HR(x) vanishes for x ∈ (−1, 1). �

Proposition 4.5.3 (Tricomi [160]). Suppose that w is a polynomial
with expansion w(x) =

∑∞
k=0 αkTk+1(x) as a finite sum of Chebyshev

polynomials. Then in Lp(−1, 1) with p > 1 the general solution of the
integral equation

w(x) = p.v.
1
π

∫ 1

−1

q(y)dy

x− y
(x ∈ (−1, 1)) (4.5.10)
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is given by

q(x) =
√

1− x2
∞∑

k=0

αkUk (x) +
γ√

1− x2
; (4.5.11)

further, if q belongs to L2(−1, 1), then γ = 0.

Proof. The fact that q satisfies the integral equation is immediate from
Lemma 4.5.2. The unique solution in Lp(−1, 1) with p > 1 of the corre-
sponding homogeneous equation

p.v.
∫ 1

−1

q(y)dy

x− y
= 0 (x ∈ (−1, 1)) (4.5.12)

is given by q(x) = γ(1−x2)−1/2. When γ �= 0, this q belongs to Lp (−1, 1)
for p < 2, but does not belong to L2(−1, 1). �

Proposition 4.5.3 gives an effective means for determining the equi-
librium density for convex polynomial potentials w. We shall use this
result for quadratics in the remainder of this section then for quartics in
Section 4.6.

Example 4.5.4 (Semicircle law). Let v(x) = βx2 , and note that the
integral equation for the equilibrium distribution p and v′ is

v′(x) = 2βx = p.v.
∫ 1

−1

βp(t)dt

x− t
(x ∈ (−1, 1)). (4.5.13)

Since p ∈ L2(−1, 1), the unique solution is the semicircular law

σ0,1(dx) =
2
π

√
1− x2 I[−1,1](x)dx. (4.5.14)

Definition (Semicircular distribution). The probability distribution
that has probability density function

p(x) =
2

πr2

√
r2 − (x− a)2I[a−r,a+r ](x) (4.5.15)

is the semicircular S(a, r) distribution.

Proposition 4.5.5 The moment sequence for the S(0, 2) distribution is

mn =

0, for odd n;
2

n + 2

(
n

n/2

)
, for even n.

(4.5.16)
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Proof. This following computation dates back to Wallis, and is a familiar
calculus exercise. The odd case is clear. In the even case, we substitute
x = 2 sin θ and obtain

mn =
2n+1

π

∫ π/2

0
sinn θ cos2 θ dθ

=
2nΓ(3/2)Γ((n + 1)/2)

Γ(n/2 + 2)π
, (4.5.17)

and one can simplify the gamma functions. �

Definition (Catalan numbers). The Catalan numbers

Cn =
1

n + 1

(
2n

n

)
(4.5.18)

arise in various problems in enumerative geometry. See [83].

Proposition 4.5.6 The Cauchy transform of the S(a, r) distribution is

G(z) =
2
r

(z − a

r
−

√(z − a

r

)2
− 1

)
, (4.5.19)

where the branch of the square root is chosen so that G(z) ∼ 1/z as
|z| → ∞. Furthermore

G(z) =
2
r

∞∑
k=0

(2(z − a)
r

)−2k−1
Ck . (4.5.20)

Proof. By expanding the integrand as a geometric series, we have

G(z) =
2

πr2

∫ a+r

a−r

√
r2 − (x− a)2

z − x
dx

=
2
πr

∞∑
n=0

(z − a

r

)−n−1
∫ 1

−1
xn

√
1− x2 dx (|z − a| > r).

(4.5.21)

Plainly only the even terms contribute, and as in Proposition 4.5.4 we
obtain

G(z) =
1
r

∞∑
k=0

(z − a

r

)−2k−1
(

2k

k

)
1

22k (k + 1)
. (4.5.22)
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By comparing with the binomial expansion, we obtain

G(z) = −2
r

∞∑
k=0

(−1)k

(
1/2

k + 1

)(z − a

r

)−2k−1

=
2
r

(z − a

r

) ∞∑
k=0

(−1)k+1
(

1/2
k + 1

)(z − a

r

)−2(k+1)

=
2
r

(z − a

r

)(
1−

(
1−

(z − a

r

)−2)1/2)
(4.5.23)

We choose
√

(z − a)2 − r2 to be asymptotic to z − a as z → ∞; hence
the statement of the Proposition follows from an identity of the form
1/(
√

c +
√

b) = (
√

c−
√

b)/(c− b). �

Corollary 4.5.7 The Hilbert transform of the S(a, r) distribution is

2
π2r2 p.v.

∫ a+r

a−r

√
r2 − (t− a)2

x− t
dt

=
(2/π)sgn(x− a)

|x− a|+
√

(x− a)2 − r2
(|x− a| > r)

=
2

πr2 (x− a) (|x− a| < r). (4.5.24)

�

Proof. The integrand f(x) is Hölder continuous inside (a− r, a+ r) and
hence we have

p.v.
∫

f(t)
x− t

dt

π
=

G+(x) + G−(x)
2π

, (4.5.25)

where by (4.5.21), we have

G(z) =
2

z − a +
√

(z − a)2 − r2
(|z − a| > r). (4.5.26)

Note that the root has opposite signs on opposite sides of the cut [a −
r, a+r], but is positive across [a+r,∞) and negative across (−∞, a−r).

�

4.6 The quartic model with positive leading term

In this section we consider an historically important example which in-
volves several important ideas. The even quartic potential

� gx4/4± x2/2 with g > 0 satisfies (a), (b) and (c) of Section 4.4;
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� gx4/4 + x2/2 with g ≥ 0 has an equilibrium measure supported on a
single interval;

� gx4/4 − x2/2 with g > 0 has an equilibrium measure supported on
one or two intervals.

For g ≥ 0, we introduce the symmetric and uniformly convex potential

v(x) =
g

4
x4 +

1
2
x2 (x ∈ R). (4.6.1)

We shall determine the equilibrium measure by using the technique of
Section 4.4. Most of the results appear in [39, 83], and here we fill in
the details of the calculations that were reported there. Such potentials
have also been considered in free probability, as in [15].

Theorem 4.6.1 Let a, g > 0 satisfy 3ga4 + a2 = 1. Then the density of
the equilibrium distribution for the potential v is supported on [−2a, 2a]
and has the form

p(x) =
1
2π

(gx2 + 1 + 2ga2)
√

4a2 − x2 . (4.6.2)

Proof. By Proposition 4.4.3, the equilibrium distribution of v is sup-
ported on a single interval which is symmetrical about zero, so we take
the support to be [−2a, 2a] and write

v′(x) = p.v.
∫ 2a

−2a

2p(y)dy

x− y
, (4.6.3)

where a is to be determined. Next we scale the support to [−1, 1] by
writing x = 2au

8a3gu3 + 2au = p.v.
2
π

∫ 1

−1

πp(2at) dt

u− t
, (4.6.4)

which we express in Chebyshev polynomials as

a3gT3(u) + (a + 3a3g)T1(u) =
1
π

∫ 1

−1

πp(2at)dt

u− t
. (4.6.5)

By Theorem 4.4.1, the equilibrium distribution of v belongs to L2(R),
so in Lemma 4.5.2, we must have γ = 0. By Lemma 4.5.2, the required
solution is

πp(2au) =
(
a3gU2(u) + (a + 3a3g)U0(u)

)√
1− u2 , (4.6.6)

which reduces to

p(t) =
1
2π

(
1 + 2a2g + gt2

)√
4a2 − t2 . (4.6.7)
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To ensure that p is a probability density, we need to substitute t =
2a cos θ and impose the condition

1 =
∫ 2a

−2a

p(x) dx = a2 + 3a4g. (4.6.8)

We note that p(x) ≥ 0 provided that 1 + 6a2g ≥ 0, where 1 + 6a2g =√
1 + 12g. When these conditions are satisfied, ρv (dx) = p(x)dx gives

the equilibrium distribution, since one can show that there exists C

such that

v(x) ≥
∫ 2a

−2a

log |x− y|p(y)dy + C (x ∈ R) (4.6.9)

with equality if and only if x ∈ [−2a, 2a], so ρv satisfies the uniqueness
conditions of Theorem 4.4.1. �

Corollary 4.6.2 The Cauchy transform of p is

G(z) =
1
2
(
z + gz3)− 1

2
(
1 + 2ga2 + gz2)√z2 − 4a2 (z ∈ C \ [−2a, 2a])

(4.6.10)

where the root is so chosen that
√

z2 − 4a2 � z as |z| → ∞. The odd
moments m2k−1 are all zero, whereas the even moments are

mn =
(

n

n/2

)
2(1 + 2a2g)an+2

n + 2
+

(
n + 2

(n + 2)/2

)
2gan+4

n + 4
. (4.6.11)

Proof. By the calculation of the moments for the semicircular law, we
have

mn =
1
2π

∫ 2a

−2a

tn (1 + 2a2g + gt2)
√

4a2 − t2 dt

= (1 + 2a2g)an+2
∫ 2

−2
tn
√

4− t2
dt

2π
+ gan+4

∫ 2

−2
tn+4

√
4− t2

dt

2π
.

(4.6.12)

The given G(z) satisfies:

(i) G(z) = 1/z + O(1/z2) as |z| → ∞;
(ii) G(z) is analytic on C \ [−2a, 2a];
(iii)

p(x) = lim
h→0+

−1
2πi

(
G(x + ih)−G(x− ih)

)
. (4.6.13)
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We choose the square root so that
√

z2 − 4a2 = z(1 − 4a2/z2)1/2 and
one can use the binomial theorem to verify (i). Then (ii) is clear, and
(iii) follows immediately. The stated result on moments follows from the
expansion of G(z) by the binomial theorem. �

Now consider the potential w(x) = gx4/4− x2/2 with g > 0. When x

is large, the quartic term predominates; whereas when |x| is small, w(x)
is concave and has a local maximum at 0. When g > 1/4, the local max-
imum at 0 has little effect, so the equilibrium measure is supported on
a single interval and has a density that is given by a formula resembling
that in Theorem 4.6.1. When 0 < g < 1/4, the equilibrium measure is
supported on two disjoint intervals which surround the local minima of
w, as we prove in the following result.

Proposition 4.6.3 Suppose that 0 < g < 1/4. Then the equilibrium
distribution for w(x) = gx4/4− x2/2 is an even function p that is sup-
ported on the pair of disjoint intervals given by {x ∈ R : 1 − 2

√
g <

gx2 < 1 + 2
√

g}, and on these intervals

p(x) =
g|x|
2π

[(1 + 2
√

g

g
− x2

)(
x2 − 1− 2

√
g

g

)]1/2
. (4.6.14)

Proof. By means of a trick whereby we exploit the symmetry of the prob-
lem, we construct a solution to the integral equation by using Lemma
4.5.2, and then invoke uniqueness to show that this gives the density of
the equilibrium measure. Suppose that p is an even probability density
function that is supported on [−b,−c] ∪ [c, b]; then

w′(x) = p.v.
∫ b

c

4xp(y)dy

x2 − y2 (x ∈ (c, b)) (4.6.15)

and with the substitutions x =
√

ξ and y =
√

η we obtain

gξ − 1 = p.v.
∫ b2

c2

2p(
√

η) dη

(ξ − η)
√

η
. (4.6.16)

We introduce the variables X and Y by

ξ = 2−1(c2 + b2) + 2−1(b2 − c2)X, η = 2−1(c2 + b2) + 2−1(b2 − c2)Y
(4.6.17)

so that

b2 − c2

8π

(
(b2 − c2)gX + g(c2 + b2)− 2

)
= p.v.

1
π

∫ 1

−1

q(Y )dY

X − Y
, (4.6.18)
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where q is a probability density function in L2(−1, 1). By comparing this
with Lemma 4.5.1, we deduce that the constant term on the left-hand
side must vanish, and

q(Y ) =
g(b2 − c2)2

8π

√
1− Y 2 (−1 < Y < 1), (4.6.19)

so

g(b2 − c2)2 = 16, g(c2 + b2) = 2. (4.6.20)

Writing η = y2, from the equation

p(y)
|y| =

2
(b2 − c2)

q(Y ) =
4

π(b2 − c2)

(
(1− Y )(1 + Y )

)1/2
(4.6.21)

we recover

p(y) =
8|y|

π(b2 − c2)2

(
(b2 − y2)(y2 − c2)

)1/2
(c2 < y2 < b2), (4.6.22)

which is equivalent to the stated result. �

Exercise 4.6.4 Let w(x) = gx4/4−x2/2 where g > 1/4. Show that the
equilibrium measure is supported on [−b, b] where

3
16

gb4 − b2

4
= 1 (4.6.23)

and that the equilibrium density is

p(x) =
1
2π

(
gx2 +

gb2

2
− 1

)√
b2 − x2 . (4.6.24)

Show further that as g → 1/4+, b2 → 8− and p(0)→ 0 + . Hence there
is a phase transition at g = 1/4.

Example 4.6.5 The double-well potential v(x) = 4−1(x2 − 1)2 has
minima at ±1 and is even. By Exercise 4.6.4, the equilibrium distribution
is supported on [−b, b], where

b =
(2

3
(
1 +
√

13
))1/2

. (4.6.25)

Carlen et al. [46] have considered displacement convexity for this poten-
tial in a model for binary fluids.

Exercise 4.6.6 Let v be an even polynomial of degree 6 with positive
leading term; so that v(x) = w(x2) for some cubic w. Let pv be the
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equilibrium measure for v. Show that there exist 0 ≤ a ≤ b ≤ c such
that

w′(ξ) = p.v.
∫

[0,a ]∪[b,c]

pv (
√

η)dη

(ξ − η)
√

η
(ξ ∈ [0, a] ∪ [b, c]). (4.6.26)

4.7 Quartic models with negative leading term

In this section we consider even quartic potentials with negative leading
term. In particular the potential v(x) = gx4/+x2/2 with g < 0 violates
hypotheses (a) and (b) of Section 4.4 and does not have an equilibrium
measure in the sense of Section 4.4; so in this section we constrain the
support of the measures in the equilibrium problem to be contained in a
compact set S. Thus we obtain an equilibrium measure which depends
upon v and S.

We can regard v(x) = x2/2+gx4/4 as a perturbation of the quadratic
potential x2/2, and seek to expand various quantities as power series in g

for small |g|. Later, we consider whether the energy thus obtained relates
to a meaningful variational problem. We continue with the notation and
conditions from Section 4.6.

Proposition 4.7.1 (i) For |g| < 1/12, a2 is an analytic function of g

with

a2 =
1
6g

(
−1 +

√
1 + 12g

)
. (4.7.1)

(ii) With p(x) = (1 + 2a2g + gx2)
√

4a2 − x2/(2π) the energy function

E(g) =
∫ 2a

−2a

v(x)p(x) dx +
∫∫

log
1

|x− y|p(x)p(y) dxdy (4.7.2)

satisfies E(0) = 3/4 and

E(g) = E(0) +
1
24

(a2 − 1)(9− a2)− 1
2

log a2 . (4.7.3)

Proof. (i) From the condition that
∫ 2a

−2a
p(x)dx = 1, we have 3ga4 +a2 =

1 and as a consequence we have p(x) ≥ 0. Then we recover a2 from this
quadratic equation, choosing the root such that a2 → 1 as g → 0.

(ii) Since v(0) = 0, we can integrate (4.4.18) and obtain the identity

v(x) = 2
∫ 2a

−2a

(log |x− y| − log |y|)p(y) dy, (4.7.4)
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and hence

E(g) =
1
2

∫ 2a

−2a

v(x)p(x) dx−
∫ 2a

−2a

(log |x|)p(x) dx. (4.7.5)

In the first of these integrals we substitute x = 2a sin θ and obtain
after some elementary integration

1
2

∫ 2a

−2a

v(x)p(x) dx =
1
4
a4 +

5
12

a2(1− a2) +
1
8
(1− a2)2 . (4.7.6)

In the other integral we need an identity due to Euler [35, p. 245]∫ π/2

0
log | sin θ|dθ = −π

2
log 2 (4.7.7)

and two consequences of integrating this logsine integral by parts,
namely ∫ π/2

0
sin2 θ log | sin θ| dθ =

−π

4
log 2 +

π

8
, (4.7.8)

∫ π/2

0
sin4 θ log | sin θ|dθ =

−3π

16
log 2 +

7π

64
. (4.7.9)

Hence with x = 2a sin θ we have∫ 2a

−2a

log |x|p(x) dx = log |2a|

+
4a2

π

∫ π/2

0

(
(1 + 2a2g) + (2a2g − 1) sin2 θ

− 4a2 sin4 θ
)
log | sin θ| dθ

= log a− 1
4
(
1 + a2). (4.7.10)

When g = 0, we have a = 1 and E(0) = 3/4, Hence

E(g)− E(0) =
1
4
a4 +

5
12

a2(1− a2) +
1
8
(1− a2)2 +

1
4

+
a2

4
− 3

4
− log a

(4.7.11)

which reduces to the formula

E(g)− E(0) =
1
24

(a2 − 1)(9− a2)− 1
2

log a2 . (4.7.12)

�

When g < 0, the potential does does not satisfy the condition (b)
stated in Section 4.4, so Theorem 4.4.1 does not apply. We consider v
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to represent an electrical field and ρ to be the distribution of electrical
charge on a conductor S.

Problem. (Constrained equilibrium problem with potential). We choose
S to be some interval and consider the variational problem of finding
ρ ∈ Prob(S) that attains the infimum

inf
ρ

{
Ev,S (ρ) : Ev,S (ρ) =

∫
S

(x2/2 + gx4/4)ρ(dx)

+
∫∫

S×S

log
1

|x− y|ρ(dx)ρ(dy)
}

. (4.7.13)

The constrained variational problem is considered in detail by Saff and
Totik in [137], and the paper [57] contains some subtle refinements; here
we summarize the conclusions without attempting to fit together the
proofs needed to address the different cases. Clearly we can make Ev,S (ρ)
tend to −∞ when S = R and g < 0 by moving mass towards ±∞; so
we choose S = [−λ, λ] to make the problem nontrivial. There are a
few intuitive observations concerning the solution of this constrained
minimization problem.

(1) The minimizer ρv will be symmetrical about 0.
(2) The support S0 of ρv can consist of several intervals

S0 = [−λ,−aj ] ∪ [−bj−1 ,−aj−1 ] ∪ · · · ∪ [aj , λ]. (4.7.14)

(3) On S0, the integral equation

gx3 + x = p.v.
∫

S0

ρ(dy)
x− y

(4.7.15)

holds, so ρ must be absolutely continuous on S0 and have a L2

density on compact subsets inside S0.
(4) When we replace the potential by v = 0, leaving only the loga-

rithmic energy, by [137, page 25] the equilibrium distribution is the
Chebyshev (inverse sine) distribution

ρ0(dx) =
1

π
√

λ2 − x2
I(−λ,λ)(x)dx (4.7.16)

by [137, page 25]. Thus Lemma 4.4.2 does not apply to ±λ in con-
strained variational problems on [−λ, λ].

Proposition 4.7.2 Let S0 be the support of ρv . There exist critical
values g2 < g1 < g0 such that:

(i) for g > g0, there exists b < λ such that [−b, b] = S0 ;
(ii) for g1 < g < g0, S0 = [−λ, λ];
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(iii) for g2 < g < g1, there exists 0 < b < c < λ such that S0 =
[−λ,−c] ∪ [−b, b] ∪ [c, λ];

(iv) for g < g2, there exists 0 < c < λ such that S0 = [−λ,−c] ∪ [c, λ].

Definition. We choose the radicals so that (z2 − λ2)1/2 > 0 for real
z > λ, then we write (x2 −λ2)1/2

+ for the value of this radical on the top
half of the cut [−λ, λ]. To deal with case (ii), we introduce the function

F (z) = − (z2 − λ2)1/2

2π2

∫ λ

−λ

v′(y)

(y2 − λ2)1/2
+

dy

z − y
+

iγ

(z2 − λ2)1/2 .

(4.7.17)
In the notation of case (iii), let

G(z) =
R(z)1/2

2π2

∫
S0

v′(y)
R(y)1/2

dy

z − y
(4.7.18)

where

R(z) =
(z + c)(z + b)(z − b)(z − c)

z2 − λ2 , (4.7.19)

and we choose the radicals so that R(z)1/2 > 0 for real z > λ.
In the notation of case (iv), let

H(z) =
T (z)1/2

2π2

∫
S0

v′(y)
T (y)1/2

dy

z − y
(4.7.20)

where

T (z) =
z2 − c2

z2 − λ2 . (4.7.21)

We choose the radicals so that T (z)1/2 > 0 for real z > λ. Given a radical
K(z) on a neighbourhood of (a, b), we let K+(x) = limh→0+ K(x + ih)
for x ∈ (a, b).

Theorem 4.7.3 In case (ii), the minimizer ρv is absolutely continu-
ous with respect to Lebesgue measure and its density p satisfies p(x) =
�F (x)+ , so

p(x) =
√

λ2 − x2

2π

(
g
(
16x2 − 7λ2) + 1

)
+

γ√
λ2 − x2

(−λ < x < λ).

(4.7.22)
Furthermore, the interior of the support of ρv equals {x : �F (x)+ > 0}.
Corresponding results hold in the cases (iii) with F replaced by G and
(iv) with F replaced by H.
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Instead of providing a proof of Theorem 4.7.3, we consider how the
various cases arise and give some indication of how the various parame-
ters are related in the specific cases.

Remarks. (i) Suppose the λ > 2, and let g decrease from g = 0.
The constrained variational problem on [−λ, λ] is essentially equivalent
to the free variational problem since the potential is either convex or
sufficiently close to convex that the equilibrium distribution is supported
on the single interval [−2a, 2a] which is contained in [−λ, λ]. Hence the
equilibrium distribution is given by Theorem 4.6.1, so

p(x) =
1
2π

(gx2 + 1 + gb2/2)
√

b2 − x2 .

Then in the notation of Section 4.6, b = 2a where a = 1 at g = 0 and
2a = 2

√
2 at g = −1/12.

(ii) As g decreases, b increases so that the support of p fills out (−λ, λ)
and ±λ become endpoints. To find the equilibrium distribution p, we
substitute z = λ cos θ and y = λ cos φ in the formula for F so that

v′(λ cos φ) = gλ3(4 cos 3φ− 3 cos φ) + λ cos φ (4.7.23)

then

F (λ cos θ) =
− sin θ

2π2

∫ π

0

v′(λ cos φ)dφ

cos θ − cos φ
+

γ

λ sin θ
, (4.7.24)

which we evaluate with the help of Lemma 4.7.1 to obtain

F (λ cos θ) =
1

2π2

(
4gλ3 sin 3θ − 3gλ3 sin θ + λ sin θ

)
+

γ

λ sin θ
, (4.7.25)

which in the original variables is

F (x) =
√

λ2 − x2

2π

(
g
(
16x2 − 7λ2) + 1

)
+

γ√
λ2 − x2

. (4.7.26)

Now F is a probability density function on [−λ, λ], only if

1 =
∫ λ

−λ

F (x) dx

=
∫ π

0
F (λ cos θ)λ sin θ dθ

=
1
2π

∫ π

0

(
4gλ4 sin 3θ sin θ + (λ2 − 3gλ4) sin2 θ

)
dθ + πγ

=
λ2 − 3gλ4

4
+ πγ, (4.7.27)
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and F (x) ≥ 0 only if γ ≥ 0. When γ > 0, F (x) behaves like a Chebyshev
(inverse sine) distribution as x → ±λ, indicating that the equilibrium
distribution tends to accumulate towards the ends of the interval S =
[−λ, λ].

Suppose now that λ < 2. Then γ > 0 for |g| sufficiently small and one
can check that F does define a probability density function on [−λ, λ].

(iii) Note that v(x) is convex near to x = 0, so we would still expect
the equilibrium distribution to accumulate near to the local minimum of
v at x = 0. As g decreases further, two gaps open up in the support of
p on either side of the local minimum of v, so there are Chebyshev type
singularities at ±λ, and semicircle type endpoints at ±c and ±b inside
(−λ, λ).

(iv) As g decreases further still, the central interval [−b, b] disappears
from the support of p, leaving only the intervals [−λ,−c] and [c, λ] at
the ends. When |g| is large, ρ will have mass accumulating at ±λ, so
dρ/dx is unbounded near to ±λ, indeed the equilibrium density grows
like C/

√
λ− |x|.

� The notion of an equilibrium measure can depend upon the potential
and on the constraints imposed upon the support.

4.8 Displacement convexity and relative free entropy

In this section, we use a special kind of affine structure on the cone of
probability density functions, which was introduced by McCann in the
context of gas dynamics. See [114, 162, 174].

Example 4.8.1 Let Φ and Ψ be strictly increasing and continuous
cumulative distribution functions, and let φ : (0, 1) → R be the inverse
function of Φ and ψ : (0, 1)→ R be the inverse function of Ψ. Then for
each 0 < t < 1, the function Rt(x) = (1 − t)Φ(x) + tΨ(x) is likewise a
strictly increasing and continuous cumulative distribution function. The
corresponding Riemann–Stieltjes integrals give the standard notion of
convexity on the space of probability measures on R; so that∫

v(x)dRt(x) = (1− t)
∫

v(x)dΦ(x) + t

∫
v(x)dΨ(x)

= (1− t)
∫ 1

0
v(φ(y))dy + t

∫ 1

0
v(ψ(y))dy (4.8.1)

for all bounded and continuous real functions v.
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In contrast, ρt(y) = (1 − t)φ(y) + tψ(y) is a strictly increasing and
continuous function from (0, 1) onto R, and hence is the inverse of some
cumulative distribution function St ; but the corresponding integrals
satisfy∫

vdSt =
∫ 1

0
v(ρt(y))dy =

∫ 1

0
v
(
(1− t)φ(y) + tψ(y)

)
dy. (4.8.2)

In each case, we obtain a one-parameter family of measures which
interpolates between dΦ and dΨ, but the properties of the intermediate
measures dRt and dSt are different. Whereas (4.8.1) is an affine function
of t, one can easily choose example of f such that (4.8.2) is not a convex
function of t.

Definition (Displacement interpolation). Let µ and ν be probability
measures on [a, b] that have no atoms. Then by the proof of Proposition
1.6.1, there exists an increasing ϕ : [a, b] → [a, b] such that ϕ	µ = ν;
then we let

ϕt(x) = (1− t)x + tϕ(x) (t ∈ [a, b], x ∈ [a, b]) (4.8.3)

be increasing functions and let νt = ϕt	µ. We say that the family
(νt)0≤t≤1 interpolates between µ and ν. In Section 6.1 we shall return
to this concept and formulate it more generally for probability measures
on Rn , where we need a less obvious choice of inducing map ϕ.

Proposition 4.8.2 (Displacement convexity of energy). Let v be twice
continuously differentiable on [a, b] with v′′(x) ≥ α for all x ∈ (a, b) for
some α > 0. Then t �→ Ev (νt) is convex on [a, b] with

d2

dt2
Ev (νt) ≥ αW2(ν, µ)2 . (4.8.4)

Proof. We use the definition of induced measure to write

Ev (νt) =
∫

v(x) νt(dx)− β

2

∫∫
log |x− y|νt(dx)νt(dy)

=
∫

v(ϕt(x))µ(dx)− β

2

∫∫
log |ϕt(x)− ϕt(y)|µ(dx)µ(dy).

(4.8.5)

Now (d/dt)ϕt(x) = ϕ(x)− x, hence

d

dt
Ev (νt) =

∫
v′(ϕt(x))(ϕ(x)− x)µ(dx)

−β

2

∫∫
ϕ(x)− x− ϕ(y) + y

ϕt(x)− ϕt(y)
µ(dx)µ(dy) (4.8.6)
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and so

d2

dt2
Ev (νt) =

∫
v′′(ϕt(x))(ϕ(x)− x)2 µ(dx)

+
β

2

∫∫ (ϕ(x)− x− ϕ(y) + y

ϕt(x)− ϕt(y)

)2
µ(dx)µ(dy)

≥ α

∫
(ϕ(x)− x)2µ(dx)

≥ αW2(ν, µ)2 . (4.8.7)

�

Definition (Relative free entropy). Let v be a potential with equilibrium
measure ρ as in Theorem 4.4.1. Then for an arbitrary ν of finite energy,
we define the relative free entropy with respect to ρ by

Σ(ν | ρ) = Ev (ν)− Ev (ρ). (4.8.8)

By definition of ρ, we have 0 ≤ Σ(ν | ρ); note that some authors
reverse the signs.

Theorem 4.8.3 (Free transportation inequality). Let v be twice contin-
uously differentiable on [a, b] with v′′(x) ≥ α for all x ∈ (a, b) for some
α > 0. Then ρ satisfies the free transportation inequality

W2(ν, ρ)2 ≤ 2
α

Σ(ν | ρ). (4.8.10)

Proof. There exists an increasing function that induces ν from ρ, so we
can introduce a one-parameter family of measures νt with ν0 = ρ and
ν1 = ν. By Proposition 4.8.2, the function Ev (νt) is convex and takes
its minimum value at 0, hence by the mean value theorem

Ev (ν1) = Ev (ν0) +
1
2

d2

dt2
Ev (νt) (4.8.11)

for some t, so

Ev (ν1)− Ev (ν0) ≥
α

2
W2(ν1 , ν0)2 (4.8.12)

and hence

Σ(ν | ρ) ≥ α

2
W2(ν, ρ)2 . (4.8.13)

�

We can now recover a formula for the relative free entropy which
resembles more closely the definition of relative free entropy over the
circle.
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Proposition 4.8.4 Suppose that ν has finite energy and that the support
of ν is contained in the support of ρ. Then

Σ(ν | ρ) =
β

2

∫∫
log

1
|x− y|

(
ν(dx)− ρ(dx)

)(
ν(dy)− ρ(dy)

)
. (4.8.14)

Proof. On the support of ρ we have

v(x) = β

∫
log |x− y|ρ(dy) + C (4.8.15)

for some constant C; hence∫
v(x)

(
ν(dx)− ρ(dx)

)
= β

∫∫
log |x− y|ρ(dy)

(
ν(dx)− ρ(dx)

)
. (4.8.16)

We deduce that

Ev (ν)− Ev (ρ) =
∫

v(x)
(
ν(dx)− ρ(dx)

)
+

β

2

∫∫
log

1
|x− y|ν(dx)ν(dy)

− β

2

∫∫
log

1
|x− y|ρ(dx)ρ(dy)

=
β

2

∫∫
log

1
|x− y|

(
ν(dx)− ρ(dx)

)(
ν(dy)− ρ(dy)

)
.

(4.8.17)

�

4.9 Toeplitz determinants

The subspaces of H2 are traditionally described by prediction theory.
At each epoch n, we consider 0, 1, . . . , n − 1 as the past and n as the
future and, for a given bounded and positive Radon measure ω on with
infinite support on T, we wish to find

αn = inf
{∫

T

∣∣∣∣einθ −
n−1∑
j=0

aj e
ijθ

∣∣∣∣2ω(dθ) : aj ∈ C
}

. (4.9.1)

Our presentation is based upon [145], where one can find much more
detail.

Definition (Toeplitz determinant). A n×n Toeplitz matrix has the form

T (n) = [ck−j ]j,k=0,...,n−1 (4.9.2)

for some complex coefficients cj so that the leading diagonals are con-
stant; the corresponding Toeplitz determinant is Dn−1 = det T (n) . In
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particular, given a measure ω on T, we introduce the Fourier coeffi-
cients cj =

∫
T e−ijθω(dθ) and form the corresponding Toeplitz matrices

T (n) and determinants Dn−1 . Note that D
1/(n+1)
n is the geometric mean

of the eigenvalues of T (n+1).
We observe that T (n) is self-adjoint, and hence that its eigenvalues are

real. Let ω be absolutely continuous, so ω(dθ) = W (eiθ )dθ/(2π) where
W ≥ 0 is integrable.

Exercise. Verify that T n as a positive definite matrix.

Proposition 4.9.1 (Heine). (i) There exists a unique monic polynomial
Φn of degree n such that

αn =
∫

T
|Φn (eiθ )|2W (eiθ )

dθ

2π
. (4.9.3)

(ii) This Φn is given by

Φn (z) =
1

Dn−1

∣∣∣∣∣∣∣∣∣
c0 c̄1 c2 . . . c̄n

c1 c0 c̄1 . . . c̄n−1
...

...
...

. . .
...

1 z z2 . . . zn

∣∣∣∣∣∣∣∣∣ . (4.9.4)

(iii) The Φn are orthogonal in L2(W ).

Proof. (i) Since the measure has infinite support, the eijθ give linearly
independent vectors in L2(W ). By elementary Hilbert space theory, there
is a unique element in span{1, eiθ , . . . , ei(n−1)θ} that is closest in L2(W )
to einθ , and this closest element is orthogonal to the span. See [171].

(ii) The given Φn is monic by the definition of the Dn−1 . Furthermore,
by substitution we obtain

∫
T

Φn (eiθ )e−ijθW (eiθ )
dθ

2π
=

1
Dn−1

∣∣∣∣∣∣∣∣∣
c0 c̄1 c2 . . . c̄n

c1 c0 c̄1 . . . c̄n−1
...

...
...

. . .
...

cj cj−1 cj−2 . . . cj−n

∣∣∣∣∣∣∣∣∣
(4.9.5)

where c−k = c̄k , and since a determinant with two equal rows vanishes,
we have∫

T
Φn (eiθ )e−ijθ dθ

2π
=

{
0 for j = 0, 1, . . . , n− 1;
Dn/Dn−1 for j = n.

(4.9.6)

(iii) Given (i) and (ii), this is part of the Gram–Schmidt process. �
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It is convenient to write

α∞ = exp
( 1

2π

∫
T

log W (eiθ ) dθ
)
. (4.9.7)

Theorem 4.9.2 (Helson–Szegö, [102]). Suppose that ω is absolutely con-
tinuous with dω = W (eiθ ) dθ

2π and that log W is integrable. Then

αn → α∞ (n→∞). (4.9.8)

Proof. We introduce Pn = {
∑n

j=1 aj z
j : aj ∈ C} and observe that

αn = inf
{∫

T
|1 + pn (eiθ )|2W (eiθ )

dθ

2π
: pn ∈ Pn

}
. (4.9.9)

As in Proposition 4.2.5(ii), we can introduce the harmonic conjugate v

of u = log W and then form the function

h(z) = exp
(1

2
Pzu +

i

2
Pzv

)
(4.9.10)

which belongs to H2 and satisfies

|h(eiθ )|2 = W (eiθ ) (4.9.11)

almost everywhere, and

h(0) = exp
(1

2

∫
T

log W (eiθ )
dθ

2π

)
. (4.9.12)

Hence for any pn ∈ Pn , the function (1 + pn )h belongs to H2 and so we
have

αn ≥ |(1 + pn (0))h(0)|2 = exp
(∫

T
log W (eiθ )

dθ

2π

)
. (4.9.13)

The sequence (αn ) is evidently decreasing, and to show that the right-
hand side of (4.9.7) is the limit, we exploit the fact that h is an outer
function. By Beurling’s theorem [102], there exist polynomials qn of de-
gree n such that

qn (eiθ )h(eiθ )→ h(0) (4.9.14)

in H2 as n→∞, and hence qn (0)→ 1 as n→∞. We now choose

pn (z) =
qn (z)
qn (0)

− 1 ∈ Pn (4.9.15)

such that∫
T
|1 + pn (eiθ )|2 |h(eiθ )|2 dθ

2π
→ |h(0)|2 (n→∞). (4.9.16)

�
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� The geometric mean of the eigenvalues of T (n) converges as n → ∞
to the geometric mean of the weight W .

Corollary 4.9.3 (Szegö). Let W be as in Theorem 4.9.2, and let Dn be
the corresponding Toeplitz determinants. Then

D1/n
n → α∞ (n→∞). (4.9.17)

Proof. Using orthogonality as in (4.9.5), one can check that

αn =
∫

T
Φn (eiθ )Φ̄n (eiθ )W (eiθ )

dθ

2π

=
∫

T
Φn (eiθ )e−inθW (eiθ )

dθ

2π

=
Dn

Dn−1
(4.9.18)

by Proposition 4.9.1(ii). Hence we have

Dn = (Dn/Dn−1)(Dn−1/Dn−2) . . . (D2/D1)D1 = αnαn−1 . . . α2D1 ,

(4.9.19)
where αn → α∞ as n→∞ by Theorem 4.9.2; the result now follows by
elementary analysis. �

Lemma 4.9.4 Let ω be as in Theorem 4.9.2. Then

Dn−1 =
1
n!

∫
. . .

∫
Tn

∏
0≤j<k≤n−1

|eiθj − eiθk |2ω(dθ0) . . . ω(dθn−1).

(4.9.20)

Proof. The right-hand side involves the Vandermonde determinant∏
0≤j<k≤n−1

(eiθk − eiθj ) = det[eikθj ]j,k=0,...,n−1 ; (4.9.21)

so the expression on the right-hand side of (4.9.20) is

1
n!

∫
T

det[W (eiθk )eijθk ]j,k=0,...,n−1 det[e−i�θk ]k,�=0,...,n−1
dθ0

2π
· · · dθn−1

2π
;

(4.9.22)

so by Andréief’s Lemma 2.2.2, this expression reduces to

Dn−1 = det
[∫

T
ei(j−k)θW (eiθ )

dθ

2π

]
j,k=0,...,n−1

. (4.9.23)

�
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Definition (Linear statistics). Let f : T→ R be a continuous function.
A linear statistic on SU(n) is the function F : SU(n)→ R

Fn (U) = trace f(U) =
n∑

j=1

f(eiψj ) (U ∈ U(n)) (4.9.24)

where (eiψj ) are the eigenvalues of U .

Proposition 4.9.5 (i) The exponential integral over U(n) of a linear
statistic of f satisfies∫

U (n)
eFn (U )µU (n)(dU) = det

[∫ 2π

0
exp

(
f(eiψ ) + i(j − k)ψ)

dψ

2π

]
1≤j,k≤n

.

(4.9.25)

(ii) The linear statistic satisfies a law of large numbers in the sense
that

1
n

log
(∫

U (n)
eFn (U )µU (n)(dU)

)
→

∫
T

f(eiθ )
dθ

2π
(n→∞). (4.9.26)

Proof. (i) We can regard Fn as a function on the maximal torus T and
replace the Haar measure by the expression in Proposition 2.7.1. Then
we have∫

U (n)
eFn (U )µU (n)(dU)

=
1
n!

∫
T

exp
( n∑

j=1

f(eiψj )
) ∏

1≤j<k≤n

|eiψj − eiψk |2 dψ1

2π
. . .

dψn

2π
.

(4.9.27)

Now we can apply Lemma 4.9.4 to obtain the stated identity.
(ii) Given (i), this follows directly by Corollary 4.9.3 with W = ef . �

In Section 10.6, we shall state a stronger version of Szegö’s theorem
which gives more precise information about the fluctuation of linear
statistics; effectively we obtain a central limit theorem.
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Convergence to equilibrium

Abstract

In this chapter we combine the results from Chapter 3 about concen-
tration of measure with the notion of equilibrium from Chapter 4, and
prove convergence to equilibrium of empirical eigenvalue distributions of
n × n matrices from suitable ensembles as n → ∞. We introduce var-
ious notions of convergence for eigenvalue ensembles from generalized
orthogonal, unitary and symplectic ensembles. Using concentration in-
equalities from Chapter 3, we prove that the empirical eigenvalue distri-
butions, from ensembles that have uniformly convex potentials, converge
almost surely to their equilibrium distribution as the number of charges
increases to infinity. Furthermore, we obtain the Marchenko–Pastur dis-
tribution as the limit of singular numbers of rectangular Gaussian ma-
trices. To illustrate how concentration implies convergence, the chapter
starts with the case of compact groups, where the equilibrium measure
is simply normalized arclength on the circle.

5.1 Convergence to arclength

Suppose that n unit positive charges of strength β > 0 are placed upon a
circular conductor of unit radius, and that the angles of the charges are
0 ≤ θ1 < θ2 < · · · < θn < 2π. Suppose that the θj are random, subject
to the joint distribution

σ(β )
n (dΘ) = Z−1

∏
1≤j<k≤n

|eiθj − eiθk |β dθ1dθ2 . . . dθn . (5.1.1)

Then we would expect that the θj would tend to form a uniform distri-
bution round the circle as n→∞ since the uniform distribution appears
to minimize the energy. We prove this for β = 2.

177
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We introduce the product of maximal tori for the circular unitary
ensembles, on which lives the probability measures given by the Weyl
integration formula as in Proposition 2.7.1:

(T, σ) =
( ∞∏

n=1

Tn ,
∞⊗

n=1

σSU (n+1)

)
. (5.1.2)

The empirical eigenvalue distribution for the nth factor is

µΘ
n =

1
n

n∑
j=1

δexp(iθj ) , (5.1.3)

so µΘ
n ∈ Prob(T), with Θ = (eiθj )n

j=1 is a random point of Tn which is
subject to σSU (n+1).

Theorem 5.1.1 (Metric convergence of empirical distribution). The
empirical distribution of the eigenvalues from the circular ensembles
SU(n) converges to normalized arclength measure almost surely; so that

W1(µΘ
n , dθ/(2π))→ 0 (n→∞) (5.1.4)

almost surely on (T, σ).

Proof. Let f : T → R be a 1-Lipschitz function and let ε > 0. Then
Fn : (Tn , �2(n))→ R defined by

Fn (Θ) =
1
n

n∑
j=1

f(eiθj )−
∫

Tn

( 1
n

n∑
j=1

f(eiθ ′
j )
)
σSU (n+1)(dΘ′) (5.1.5)

is a K–Lipschitz function for some K independent of n as in Lemma
3.9.4, and ∫

Fn (Θ)σSU (n+1)(dΘ) = 0. (5.1.6)

By the concentration inequality Corollary 3.9.3, there exists a universal
constant κ such that

σSU (n+1)
[
|Fn (Θ)| > ε

]
≤ 2 exp(−ε2κn) (5.1.7)

hence
∞∑

n=1

σSU (n+1)
[
|Fn (Θ)| > ε

]
<∞. (5.1.8)

So by the first Borel–Cantelli lemma, the event[
|Fn (Θ)| > ε for infinitely many distinct n

]
(5.1.9)

has zero probability; hence Fn (Θ)→ 0 almost surely as n→∞.
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With the convention that eiθn + 1 = e−i(θ1 +···+θn ) , the maximal torus
of SU(n + 1) and the measure σSU (n+1) are invariant under the trans-
formation θj �→ θj +2π/(n+1) for j = 1, . . . , n+1, which we can apply
repeatedly to generate points on the maximal torus. So one can check
by a simple averaging argument that∣∣∣ 1

2π

∫
T

f(eiθ ) dθ −
∫

Tn

1
n

n∑
j=1

f(eiθj )σSU (n+1)(dΘ)
∣∣∣ ≤ 1

n
; (5.1.10)

hence the equilibrium measure is indeed normalized arclength measure
on the circle, in the sense that

1
n

n∑
j=1

f(eiθj )→
∫

T
f(eiθ )

dθ

2π
(5.1.11)

almost surely as n→ on (T, σ).
The Arzelà–Ascoli theorem [141] shows that {g : T → R : g(1) =

0, ‖g‖Lip ≤ 1} is a relatively compact subset of (C(T;R), ‖ · ‖∞), and
hence for each ε > 0 has a finite ε-net f1 , . . . , fM (ε) such that fj (1) = 0
and ‖fj‖Lip ≤ 1. We shall spell out details of how to choose ε-nets in
the proof of Theorem 5.5.3, so leave the details until then.

Suppose that W1(µΘ
n , dθ/2π) > 2ε. Then by the Kantorovich dual-

ity Theorem 3.3.2, there exists g such that g(1) = 0, ‖g‖Lip ≤ 1 and∫
g(µΘ

n (dθ) − dθ
2π ) > 2ε, so we can choose a j such that ‖g − fj‖∞ < ε

and so
∫

fj (µΘ
n (dθ)− dθ

2π
) > ε. Hence

[
W1(µΘ

n , dθ/2π) > 2ε
]
⊆

M (ε)⋃
j=1

[∣∣∣∫
T

fj (eiθ )(µΘ
n (dθ)− dθ

2π
)
∣∣∣ > ε

]
.

(5.1.12)
Repeating the preceding proof with fj instead of f , we deduce that[

W1(µΘ
n , dθ/2π) > 2ε for infinitely many distinct n

]
(5.1.13)

has probability zero. �

Likewise, one can formulate almost sure convergence results for the
circular orthogonal ensemble and the circular symplectic ensemble.

5.2 Convergence of ensembles

The discussion in this section is carried out at three levels:

� the joint distribution σ
(β )
n (dλ) of λ ∈ ∆n ;

� the empirical eigenvalue distribution µλ
n (dx) = 1

n

∑n
j=1 δλj

(dx);
� the integrated density of states.
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In the typical applications to random matrix theory, σ
(β )
n (dλ) is the

probability measure on ∆n that describes the joint distribution of eigen-
values from the orthogonal, unitary or symplectic ensembles; but without
worrying about the source, we simply assume here that

σ(β )
n = Z−1

n exp
(
−n

n∑
j=1

v(λj )
) ∏

j<k

(λk − λj )β dλ1 . . . dλn (5.2.1)

where β > 0 and λ = (λ1 , . . . , λn ) has λ1 ≤ · · · ≤ λn . Then we intro-
duce the probability measure µλ

n , where λ is random and subject to the
distribution σ

(β )
n .

Let µλ
n be the empirical eigenvalue distribution of a self–adjoint matrix

X, and let |zI−X| = ((zI−X)(z̄I−X))1/2 . Then by functional calculus,

tracen log |zI −X| =
∫

log |z − w|µλ
n (dw) (5.2.2)

since tracen log |zI −X| = n−1 log det |zI −X|.

Definition (IDS). The integrated density of states ρn is the probability
measure on R that satisfies∫

f(x)ρn (dx) =
∫∫

f(x)µλ
n (dx)σ(β )

n (dλ); (5.2.3)

we use the term density although ρn need not a priori be absolutely
continuous.

Definition (Modes of convergence). The principal modes of convergence
to equilibrium that are discussed in the literature are:

(1o) weak convergence of the IDS, so ρn → ρ as n→∞ weakly for some
ρ ∈ Prob(R);

(2o) weak convergence in probability of the empirical distributions to
the equilibrium measure, so

σ(β )
n

[
λ ∈ ∆n :

∣∣∣∫ fdµλ
n −

∫
fdρ

∣∣∣ > ε
]
→ 0 (n→∞) (5.2.4)

for all ε > 0 and f ∈ Cb(R);
(3o) almost sure weak convergence. Let (∆, σ)=(

∏∞
n=1∆

n,⊗∞
n=1σ

(β)
n (dλ)).

Say that µλ
n converges weakly almost surely to ρ as n → ∞ if, for

each f ∈ Cb(R), the sequence of random variables
∫

f(x)µλ
n (dx) on

(∆, σ) converges almost surely to
∫

f(x)ρ(dx).
(4o) Metric almost sure weak convergence occurs when W1(µλ

n , ρ) → 0
almost surely on (∆, σ) as n→∞.
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Lemma 5.2.1 Suppose that all the measures are supported on [−A,A]
for some A <∞. Then the modes of convergence satisfy

(4o)⇒ (3o)⇒ (2o)⇒ (1o). (5.2.5)

Proof. (4o)⇒ (3o). This follows from Proposition 3.3.4.
(3o) ⇒ (2o). Almost sure convergence implies convergence in proba-

bility by the bounded convergence theorem or [88].
(2o) ⇒ (1o). Suppose that ‖f‖∞ ≤ K. Then |

∫
f(x)µλ

n (dx) −∫
f(x)ρ(dx)| is bounded by 2K always, and is less than 2ε on a set

with σ
(β )
n measure that converges to one as n → ∞. Hence the integral

with respect to σ
(β )
n (dλ) converges to zero as n→∞, as in [88]. �

Remarks. (i) The probability measures in condition (1o) are not ran-
dom. In (2o), (3o) and (4o), the µλ

n are random; whereas their limit ρ is
not random. In Section 5.4 we introduce another condition (3′) to deal
with this anomaly.

(ii) Conditions such as (4o) feature in Bolley’s thesis [29], and give a
metric notion of weak convergence. Bolley shows that for certain inter-
acting particle systems, these can improve upon the Sanov-type theo-
rems concerning large deviations.

(iii) On the probability space (∆, σ), the ordered lists of eigenvalues
λn ∈ ∆n and λm ∈ ∆m are statistically independent when n �= m. This
construction is artificial, but in practice one seldom considers eigenvalues
from distinct n and m simultaneously; more often, one is interested in
the µλ

n as n→∞.

Conclusion (1o) holds under very general hypotheses. First we identify
ρ, after restating the main hypotheses of Section 4.4.

(a) v is bounded below, so that v(x) ≥ −C for some C ∈ R and all
x ∈ R.

(b) There exist ε > 0 and M <∞ such that

v(x) ≥ β + ε

2
log(x2 + 1) (|x| ≥M). (5.2.6)

(c) v : R→ R is absolutely continuous and v′ is α− Hölder continuous
on [−A,A] for some α > 0 and each A > 0.

Proposition 5.2.2 Suppose that v satisfies (a), (b) and (c), and let
ρ be as in Theorem 4.4.1. Then the ground state energy of the statis-
tical mechanical system equals the minimum value of the electrostatic
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energy, so

− lim
n→∞

log Zn

n2 = Ev =
∫

v(x)ρ(dx)− β

2

∫∫
log |x− y| ρ(dx)ρ(dy).

(5.2.7)

Proof. See [37] and Section 5.3. �

Theorem 5.2.3 (Convergence of IDS). Suppose that v satisfies the hy-
potheses (a), (b) and (c), and let ρ be the equilibrium measure. Then
ρn → ρ weakly as n→∞.

Boutet de Monvel, Pastur and Shcherbina [37] proved this theorem
using operator theory, and went on to establish convergence in proba-
bility (2o) for the ensembles. In [37] the result is stated for a hypothesis
weaker than (c), but Totik [155] showed that the stronger hypothesis (c)
really is needed. In Section 5.3, we shall prove some of the key steps to-
wards Theorem 5.2.3. Theorem 5.2.3 has equivalent statements in terms
of the Cauchy transforms and the eigenvalue counting function

Nn (t) = 	{j : λj ≤ t} (t ∈ R). (5.2.8)

Corollary 5.2.4 Suppose that the hypotheses of Theorem 5.2.3 hold.
Then ∫

ρn (dx)
z − x

→
∫

ρ(dx)
z − x

(5.2.9)

uniformly on compact subsets of C \R as n→∞, and

1
n
ENn (t)→

∫
(−∞,t]

ρ(dx) (5.2.10)

as n→∞ at all points of continuity of the right-hand side.

Proof. By Lemma 1.8.7, weak convergence of the ρn to the compactly
supported ρ is equivalent to uniform convergence of the Cauchy trans-
forms on compact sets. In another language, the normalized counting
function Nn (t)/n is the cumulative distribution function for the empir-
ical distribution, so ENn (t)/n is the cumulative distribution function
for the integrated density of states ρn . Hence the result follows from
Proposition 3.3.4. �
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5.3 Mean field convergence

In mean field theory, we select a probability density function f and
replace

1
n

n∑
j=1

v(λj ) +
β

2n2

∑
j,k :j �=k

log
1

|λj − λk |
(5.3.1)

by

1
n

n∑
j=1

(
v(λj ) +

β

2

∫
log

1
|λj − x|f(x) dx

)
(5.3.2)

so that the eigenvalues decouple. This idea was previously mentioned
in Exercise 3.1.5, where the joint eigenvalue distribution σ

(β )
n was com-

pared with a product measure. With a suitable choice of f , this gives a
sufficiently good approximation to the true potential since the interac-
tion between eigenvalues is controlled by a logarithmic term which has
a relatively weak effect.

Using this idea, we now sketch the main stages in the proof of
Theorem 5.2.3. Since by Corollary 3.6.5 and Theorem 4.4.1, the equilib-
rium measure is supported on [−A,A] for some A < ∞, we can rescale
the variables to xj = λj/(2A) and the potential to u(x) = v(Ax) so that
x ∈ [−1/2, 1/2] and u : [−1/2, 1/2] → [M0 ,∞) for some M0 > −∞.
We consider probability density functions f such that: f(x) ≥ 0 for all
x ∈ [−1/2, 1/2]; ∫ 1/2

−1/2
f(x) dx = 1; (5.3.3)∫∫
log

1
|x− y|f(x)f(y)dxdy <∞. (5.3.4)

To formulate these in a Hilbert space context, we observe that each
nonnegative g ∈ C([−1/2, 1/2]) gives a bounded linear functional on
L2 [−1/2, 1/2], so

P ∩ L2 =
{

f ∈ L2 [−1/2, 1/2] :
∫ 1/2

−1/2
f(x) dx = 1; f(x) ≥ 0

}
=

⋂
g

{
f ∈ L2[−1/2, 1/2] :

∫ 1/2

−1/2
f(x) dx = 1;

×
∫ 1/2

−1/2
f(x)g(x) dx ≥ 0

}
(5.3.5)

is a closed and convex subset of L2 [−1/2, 1/2].
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Lemma 5.3.1 Let L : L2[−1/2, 1/2] → L2 [−1/2, 1/2] be the linear
operator

Lf(x) =
∫ 1/2

−1/2
log |x− y| f(y) dy. (5.3.6)

Then:

(i) L is a Hilbert–Schmidt and self-adjoint operator;
(ii) L is negative definite; so that for f1 , f2 ∈ P ∩L2, the quadratic form

associated with L satisfies

−
〈
L(f1 − f2), (f1 − f2)

〉
L2 ≥ 0. (5.3.7)

Proof. (i) The kernel of L is real and symmetric, so L is self-adjoint.
Furthermore, one can check by direct calculation that∫∫

[−1/2,1/2]2

(
log |x− y|

)2
dxdy <∞. (5.3.8)

Hence L is a Hilbert–Schmidt operator, so is completely continuous and
maps weakly convergent sequences into norm convergent sequences.

(ii) Passing to the Fourier transform, we have the identity∫∫
[−1/2,1/2]2

(f1(x)− f2(x))(f1(y)− f2(y))
|x− y|s dxdy

=
C(s)
(2π)2

∫ ∞

−∞

|f̂1(ξ)− f̂2(ξ)|2
|ξ|1−s

dξ, (5.3.9)

where 0 < s < 1 and

C(s) =
∫ ∞

−∞

e−ix

|x|s dx = 2Γ(1− s) sin
πs

2
≥ 0, (5.3.10)

so both sides of this formula are nonnegative. Since f1 and f2 are both
probability density functions, we have∫∫

[−1/2,1/2]2

(
f1(x)− f2(x)

)(
f1(y)− f2(y)

)
dxdy = 0, (5.3.11)

so the right-hand derivative of (5.3.10) at s = 0+ must be nonnegative;
that is

−
∫∫

[−1/2,1/2]2
log |x− y|

(
f1(x)− f2(x)

)(
f1(y)− f2(y)

)
dxdy ≥ 0.

(5.3.12)
�



Convergence to equilibrium 185

Definition (Energy norm [80]). Let D′
0 be the completion of{

f ∈ L2 [−1/2, 1/2] :
∫

f(x)dx = 0
}

(5.3.13)

for the energy norm ‖ ‖E associated with the inner product

〈f, g〉E =
∫∫

[−1/2,1/2]2
log

1
|x− y|f(x)ḡ(x) dxdy. (5.3.14)

Say that a sequence (fj ) in D′
0 converges in energy norm when ‖fj −

fk‖E → 0 as j, k →∞. There is a natural map P ∩L2 → D′
0 : f �→ f−I;

so we say that (fj ) in P ∩L2 converges in energy when (fj −I) converges
in energy norm D′

0 . [We do not assert that the limit is an L2 function.]

For each n ≥ 1, and f ∈ P ∩ L2 we introduce the approximating
Hamiltonian

Hn (x1 , . . . , xn ; f) =
1
n

n∑
j=1

(
u(xj )− βLf(xj )

)
+

β

2

∫
f(x)Lf(x) dx;

(5.3.10)
this has properties that there is no interaction between each xj and the
other variables and Hn (; f) is a symmetrical function. In effect, we have
replaced one of the copies of µn by a mean field f , and allowed the other
to remain as an empirical distribution. The partition function Zn (f) for
the Hamiltonian n2Hn (; f) satisfies

Φn (f) =
1
n2 log Zn (f)

=
1
n2 log

∫ 1/2

−1/2
exp

(
−n2Hn (x1 , . . . , xn ; f)

)
dx1 . . . dxn

=
−β

2

∫
f(x)Lf(x) dx

+
1
n

log
∫ 1/2

−1/2
exp

(
−nu(x) + nβLf(x)

)
dx. (5.3.16)

In particular, suppose that pn is a probability density function that
satisfies the molecular field equation

pn (x) = Zn (pn )−1 exp(−nu(x) + βnLpn (x)); (5.3.17)

then∫
f(x)pn (x)dx = Zn (pn )−1

∫
Rn

( 1
n

n∑
j=1

f(xj )
)

× exp(−n2Hn (x1 , . . . , xn ; pn )dx1 . . . dxn , (5.3.18)

so pn gives an approximation to the integrated density of states ρn .
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Lemma 5.3.2 The functional Φn has a unique minimizer pn such that
pn − I ∈ D′

0 .

Proof. First we prove that Φn is bounded below. By Jensen’s inequality

Φn (f)≥
∫ 1/2

−1/2
v(x)f(x)dx + β

∫ 1/2

−1/2
Lf(x) dx− β

2

∫ 1/2

−1/2
f(x)Lf(x) dx

=
∫ 1/2

−1/2
v(x)f(x) dx− β

2

∫ 1/2

−1/2
(f(x)− 1)L(f − 1)(x) dx +

β

2

≥M0 +
β

2
, (5.3.19)

where we have used (ii) of the preceding Lemma 5.3.1.
Now we show that Φn is convex. By Hölder’s inequality, we have

log
∫ 1/2

−1/2
exp

(
−nv(x) + ntβLf1(x) + n(1− t)βLf2(x)

)
dx

≤ t log
∫ 1/2

−1/2
exp

(
−nv(x) + nβLf1(x)

)
dx

+ (1− t) log
∫ 1/2

−1/2
exp

(
−nv(x)) + nβLf2(x)

)
dx,

(5.3.20)

so by Lemma 5.3.1

tΦn (f1) + (1− t)Φn (f2)− Φn (tf1 + (1− t)f2)

≥ − t(1− t)
2

∫ (
f1(x)− f2(x)

)
L(f1 − f2)(x) dx ≥ 0. (5.3.21)

We let fj be a minimizing sequence in P ∩L2 , for Φn so that Φn (fj )→
inff Φn (f). Then (fj ) is a Cauchy sequence in D′

0 ; hence (fj − I) is
likewise a Cauchy sequence and hence converges in energy to a unique
pn − I ∈ D′

0 . �

There are in principle two cases to consider.

(1) If ‖fj‖L 2 →∞ as j →∞, then pn may be a singular measure.
(2) There exists a subsequence (fmj

) such that fmj
→ pn weakly in L2

as mj →∞.

Then the infimum is attained at pn ∈ P ∩L2 since Lfmj
→ Lpn in norm

by Lemma 5.3.1(i), so Φn (fmj
)→ Φn (pn ) as mj →∞.

In fact (2) occurs, so the minimizer pn belongs to P ∩ L2 .
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Theorem 5.3.3 (Mean field convergence). The pn converge weakly in
L2 to ρ, the equilibrium measure that corresponds to the potential v as
in Theorem 4.4.1.

The proof involves a few more Lemmas.

Lemma 5.3.4 There exists ρ such that pn → ρ in energy as n→∞.

Proof. By Hölder’s inequality, we have Φn (f) ≥ Φn+1(f) for all f , and
Φn (f) ≥ Φn+1(pn+1) by the choice of pn+1, so

Φn (pn ) ≥ Φn+1(pn+1) ≥M0 +
1
2
. (5.3.22)

Hence (Φn (pn )) is a decreasing sequence which is bounded below, and
so converges to some limit m0 as n→∞. For m ≥ n we have

Φn (pn )− Φm (pm ) ≥ Φm (pn )− Φm (pm )

≥ −β

∫
(pm (x)− pn (x))L(pm − pn )(x)dx

− 2Φm (pm ) + 2Φm ((pn + pm )/2)

≥ −β

∫
(pm (x)− pn (x))L(pm − pn )(x)dx. (5.3.23)

The left-hand side converges to zero as n → ∞, hence (pn − I) gives a
Cauchy sequence in D′

0 , so there is a limit ρ− I in D′
0 . �

Lemma 5.3.5 (Molecular field equation). Suppose that (2) holds. Then
pn satisfies the molecular field equation

pn (x) =
exp(−nu(x) + nβLpn (x))∫ 1/2

−1/2 exp(−nu(y) + nβLpn (y))dy
. (5.3.24)

Proof. Let p ∈ P ∩ L2 and introduce q = p− pn . We have

Φn (pn ) ≤ Φ((1− t)pn + tp) = Φn (pn + tq) (5.3.25)

for 0 ≤ t ≤ 1, so

0 =
( d

dt

)
t=0

Φn (pn + tq)

hence

0 =β

∫
pn (x)L(q)(x)dx− β

Zn (pn )

∫
exp

(
−nu(x)+ nβLpn (x)

)
L(q)(x) dx,

(5.3.26)

hence the result. �
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When we consider the limits as n→∞, there are again two possibil-
ities, either:

(3) ‖pn‖L 2 →∞; or
(4) there exists ρ ∈ P ∩L2 and a subsequence (pmk

) such that pmk
→ ρ

weakly.

When v satisfies (c), conditions (1) and (3) cannot hold, since by
Theorem 4.4.1, the equilibrium measure ρ belongs to L2 .

Proposition 5.3.6 Condition (4) holds, and there exists a constant M∗

such that

u(x) ≥ β

2

∫
log |x− y|ρ(y)dy −M∗ (5.3.27)

with equality on the support of ρ.

Proof. By Theorem 4.4.1, (4) holds, and by Lemma 5.3.4 Lpnk
→ Lρ

in L2 as nk → ∞. Then Lρ is continuous since x �→ log |x − y| is
continuous [−1/2, 1/2] → L2 [−1/2, 1/2]; hence we can introduce M∗ =
supx{−u(x) + Lρ(x)} and, for each ε > 0, also introduce the set

S(ε) = {x : −u(x) + βLρ(x) ≥M∗ − ε}, (5.3.28)

which has positive Lebesgue measure m(S(ε)) > 0. Likewise we introduce

S(ε)
n = {x : −u(x) + βLpn (x) ≥M∗ − ε}, (5.3.29)

which satisfies m(S(ε)
nj \ S(ε)) + m(S(ε) \ S

(ε)
nj ) → 0 as nj → ∞ since

Lpnj
→ Lρ in L2 . By the molecular field equation, any x outside of

S
(2ε)
nj satisfies

pnj
(x) ≤ exp(nM∗ − 2nε)∫

S
( ε )
n j

exp(−nu(y) + βLpn (y))dy
≤ exp(−nε)

m(S(ε)
nj )

(5.3.30)

so pnj
(x)→ 0 as nj →∞. Finally, we have

Φn (pn )→M∗ − β

2

∫
ρ(x)Lρ(x) dx (n→∞). (5.3.31)

Hence we obtain the result, consistent with Proposition 5.3.2,

− lim
n

Φn (pn ) = Eu = u(x)− β

2

∫
ρ(x)Lρ(x) dx. (5.3.32)

�
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5.4 Almost sure weak convergence for uniformly
convex potentials

This section contains the main result of this chapter, which refines
Theorem 6.1 of [17]. In Section 5.3, we established convergence in the
sense of condition (1o) for the integrated densities of states, and we wish
to proceed to establish convergence in the sense of (4o) by using the
results of Section 3.6. We first introduce another notion of convergence,
which does not refer to the limit distribution ρ and which is well suited
to analysis by concentration techniques.

Definition (weak almost sure convergence). Let µλ
n and ρn on (∆, σ) be

as in Section 5.2. We say that µλ
n − ρn → 0 weakly almost surely when

(3′)
∫

f(x)(µλ
n (dx)− ρn (dx))→ 0 (5.4.1)

almost surely on (∆, σ) for all f ∈ Cb(R) as n→∞.

Proposition 5.4.1 Suppose that the σ
(β )
n on (∆, σ) satisfy the concen-

tration of measure phenomenon C(αn ) of 3.2 with constants αn ≥ Cnα

for some C,α > 0. Then µλ
n − ρn → 0 weakly almost surely as n→∞.

Proof. Let f ∈ Cb(R;R) be uniformly continuous, and let ε > 0. Then
there exists L <∞ and an L-Lipschitz function g such that ‖f − g‖∞ <

ε/4; so[∣∣∣∫ fdµλ
n −

∫
fdρn

∣∣∣ > ε
]
⊆

[∣∣∣∫ gdµλ
n −

∫
gdρn

∣∣∣ > ε/2
]
. (5.4.2)

Now let Gn : (∆n , �2(n))→ R be

Gn (λ) =
1
n

n∑
j=1

g(λj ) =
∫

gdµλ
n , (5.4.3)

which is L-Lipschitz since

|Gn (λ)−Gn (λ′)| ≤ 1
n

n∑
j=1

|g(λj )− g(λ′
j )|

≤ L

n

n∑
j=1

|λj − λ′
j |

≤ L
( 1

n

n∑
j=1

|λj − λ′
j |2

)1/2
. (5.4.4)
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Now
∫

Gn (λ)σ(β )
n (dλ) =

∫
g(x)ρn (dx) by definition of the integrated

density of states, so[∣∣∣Gn −
∫

Gndσ(β )
n

∣∣∣ ≥ ε

2

]
=

[∣∣∣ ∫ gdµλ
n −

∫
gdρn

∣∣∣ ≥ ε

2

]
. (5.4.5)

By the concentration of measure Corollary 3.6.2, and Lemma 3.2.3

σ(β )
n

[∣∣Gn −
∫

Gndσ(β )
n

∣∣ ≥ ε

2

]
≤ 2 exp

(
−ε2αn/(8L2)

)
(5.4.6)

and hence
∞∑

n=1

σ(β )
n

[∣∣Gn −
∫

Gndσ(β )
n

∣∣ ≥ ε

2

]
≤

∞∑
n=1

2 exp
(
−ε2αn/(8L2)

)
<∞.

(5.4.7)
By the Borel–Cantelli lemma, the event[∣∣Gn −

∫
Gndσ(β )

n

∣∣ ≥ ε

2
for infinitely many n

]
(5.4.8)

occurs with probability zero with respect to ⊗∞
n=1σ

(β )
n ; hence∫

gdµλ
n −

∫
gdρn → 0 (5.4.9)

almost surely as n→∞. Likewise∫
fdµλ

n −
∫

fdρn → 0 (5.4.10)

almost surely as n→∞. �

Corollary 5.4.2 (Almost sure weak convergence of the empirical dis-
tribution). Suppose that v is twice continuously differentiable and that
there exists κ > 0 such that v′′(x) ≥ κ for all x ∈ R. Then (3o) holds, so
that the empirical eigenvalue distribution µλ

n converges to the equilibrium
distribution ρ weakly almost surely as n→∞.

Proof. The hypotheses of Theorem 5.2.3 are clearly satisfied, so (1o)
holds. Further, by Theorem 3.6.1, the σ

(β )
n satisfy the concentration of

measure phenomenon with constants κn2, so (3′) holds by Proposition
5.4.1. Clearly, we have

(3′)&(1o)⇒ (3o), (5.4.11)

hence the result. �

By refining the proof, we can obtain a stronger theorem, namely con-
vergence in the sense of (4o).
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Theorem 5.4.3 (Metric almost sure weak convergence of the empirical
distribution). Suppose that v is twice continuously differentiable and that
there exists κ > 0 such that v′′(x) ≥ κ for all x ∈ R. Then

W1(µλ
n , ρ)→ 0 (5.4.12)

almost surely as n→∞.

Proof. By Theorem 5.2.3 we have ρn → ρ weakly as n → ∞, and
W1(ρn , ρ) → 0 as n → ∞, so it suffices to prove that W1(µλ

n , ρn ) → 0
almost surely.

By Corollary 3.6.5, the event that µλ
n has support inside [−nA, nA]

for all sufficiently large n occurs with probability one. Hence we suppose
that µn and ρn are probability measures on [−nA, nA], and let ε > 0.

The Arzelà–Ascoli theorem [141] asserts that a uniformly bounded and
uniformly equicontinuous subset of C([−nA, nA]) is relatively compact
for the ‖ · ‖∞ norm. In particular, the inclusion map g �→ g :

{g : [−nA, nA]→ R : g(0) = 0, ‖g‖Lip ≤ 1} → C([−nA, nA]) (5.4.13)

has relatively compact range Kn , hence Kn is totally bounded for the
‖ · ‖∞ norm. Further, empirical distributions define bounded linear func-
tionals on C([−nA, nA]), so we can regard the Kantorovich formula as
a variational problem on the relatively compact set Kn .

Recall that

W1(µλ
n , ρn ) = sup

g

{∫ nA

−nA

g(dµλ
n −dρn ) : g(0) = 0, ‖g‖Lip ≤ 1

}
, (5.4.14)

and observe that for each n and ε we can choose some such g satisfying[
W1(µλ

n , ρn ) > 4ε
]
⊆

[∣∣∣∫ nA

−nA

g(dµλ
n − dρn )

∣∣∣ > 4ε
]
. (5.4.15)

The next idea is to replace g at stage n by some fj which is to be chosen
from a net that depends upon ε, and involves more terms as n increases.

Let �x� = max{m ∈ Z : m ≤ x}. We introduce the grid points (kε, �ε)
for

k, � = −
(⌊nA

ε

⌋
+1

)
,−

⌊nA

ε

⌋
, . . . ,

(⌊nA

ε

⌋
+1

)
; (5.4.16)

then we form the graphs of 1-Lipschitz functions fj such that fj (0) = 0
by joining grid points with straight line segments. When we move
one step along the x-axis away from the origin, we have only three
choices available when constructing the graph of such a function: either
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a horizontal line segment, the segment that slopes upwards with gradi-
ent +1, or the segment that slopes downwards with gradient −1. Thus
one constructs functions fj : [−nA, nA] → R where j = 1, . . . , 3M (n) ,
where M(n) = 2�nA/ε�+ 3.

The (fj ) form an ε-net for the supremum norm on {g ∈ C[−nA, nA] :
g(0) = 0}, so there exists j such that∣∣∣∫ nA

−nA

g(dµλ
n −dρn )−

∫ nA

−nA

fj (dµλ
n −dρn )

∣∣∣ ≤ 2‖g−fj‖∞ ≤ 2ε; (5.4.17)

hence we have the inclusion[∣∣∣∫ nA

−nA

g(dµλ
n − dρn )

∣∣∣ > 4ε
]
⊆

3M (n )⋃
j=1

[∣∣∣∫ nA

−nA

fj (dµλ
n − dρn )

∣∣∣ > 2ε
]
,

(5.4.18)
with the probabilistic consequence

σ(β )
n

[
W1(µλ

n , ρn ) > 4ε
]
≤

3M (n )∑
j=1

σ(β )
n

[∣∣∣∫ nA

−nA

fj (dµλ
n − dρn )

∣∣∣ > 2ε
]
.

(5.4.19)
By the concentration inequality Theorem 3.6.1, this gives

σ(β )
n

[
W1(µλ

n , ρn ) > 4ε
]
≤ 3M (n)2 exp

(
−4ε2κn2/8

)
, (5.4.20)

where M(n) ≤ (2nA/ε) + 4, hence

∞∑
n=1

σ(β )
n

[
W1(µλ

n , ρn ) > 4ε
]

<∞. (5.4.21)

By the first Borel–Cantelli lemma, the event[
W1(µλ

n , ρn ) > 4ε for infinitely many distinct n
]

(5.4.22)

occurs with probability zero. �

Problem. Is there an analogue of Theorem 5.4.3 for the generalized
orthogonal ensemble that has potential w as in Proposition 4.6.3?

The technical problem here is that the concentration inequalities such
as Theorem 3.6.3 that are used in the proof of Theorem 5.4.3 depend
upon convexity of the potential. When the support of the equilibrium
distribution splits into two disjoint intervals, it is difficult to see how
this method of proof can be adapted to prove almost sure convergence
of the empirical eigenvalue distribution.
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5.5 Convergence for the singular numbers from the
Wishart distribution

� The singular numbers of rectangular matrices with Gaussian IID en-
tries satisfy the Wishart distribution.

� The corresponding equilibrium distribution is the Pastur–Marchenko
distribution.

Let Y be a m×n matrix with mutually independent standard Gaussian
N(0, 1) random variables as entries, and let the real symmetric matrix
S = Y tY have nonnegative eigenvalues s1 ≤ s2 ≤ · · · ≤ sn . We let
m = �λn� for λ > 0, scale the eigenvalues to xj = sj /min{n,m}, and
then form the empirical distribution µn = 1

n

∑n
j=1 δxj

. Evidently, S has
rank(S) ≤ min{n,m}, so S is singular when λ < 1. Wishart considered
such random matrices in [170].

Definition (Marchenko–Pastur distribution [83]). The Marchenko–
Pastur distribution is

ρλ(dx) =

√
4λ− (x− 1− λ)2

2πx
IΛ(x)dx (λ ≥ 1),

ρλ(dx) = (1− λ)δ0 +

√
4λ− (x− 1− λ)2

2πx
IΛ(x)dx (0 < λ < 1),

(5.5.1)

where Λ = [(1−
√

λ)2 , (1 +
√

λ)2 ].

Theorem 5.5.1 (Singular numbers of Wishart matrices).

(i) Suppose that λ > 1. Then the empirical eigenvalue distribution µn of
Y tY/n converges weakly almost surely as n→∞ to the equilibrium
distribution ρλ on the bounded interval Λ ⊂ (0,∞).

(ii) Suppose that 0 < λ < 1. Then the empirical eigenvalue distribution
µn associated with Y tY/(λn) converges weakly almost surely as n→
∞ to

(1− λ)δ0 + λρ1/λ . (5.5.2)

Proof. (i) By Theorem 3.7.5, the potential function is

v(x) =
1
2
(
x− (λ− 1) log x

)
(5.5.3)

which is uniformly convex on (0,K] for each K. Since v(x)→∞ as x→
0+, and since Proposition 3.7.2 shows that the eigenvalue distributions
are concentrated on bounded intervals, there is no loss in supposing



194 Random Matrices: High Dimensional Phenomena

that the equilibrium distribution is supported on [δ,K] for some small
δ > 0 and some large K < ∞. Then v is uniformly convex on [δ,K],
and we can follow through the proofs in Sections 4.4–4.7. In particular,
Proposition 4.4.4 shows that the equilibrium measure is supported on
a single interval Λ, and Theorem 4.4.1 characterizes ρλ in terms of the
integral equation

1
2
(
x− (λ− 1) log x

)
=

∫
Λ

log |x− y|ρλ(dy) + C (x ∈ Λ) (5.5.4)

for some constant C. We shall verify in Lemma 5.5.2 that ρλ furnishes
a solution.

(ii) Now suppose that λ < 1, so m < n. Then rank(Y tY ) ≤ m, so the
spectrum of S contains at least n−m zero eigenvalues, hence µn assigns
at least 1 − λ of its mass to zero. Now by elementary spectral theory,
each nonzero eigenvalue of S is also an eigenvalue of Y Y t where Y t is a
n × �λn� matrix with mutually independent N(0, 1) entries. By (i), we
can obtain the limiting eigenvalue distribution of Y Y t/(λn). �

We now complete the proof of Theorem 5.5.1 by verifying that the
Marchenko–Pastur distribution satisfies the integral equation.

Lemma 5.5.2 For λ ≥ 1, the Hilbert transform of the Marchenko–
Pastur probability density function is

Hρλ(x) = p.v.
∫ (

√
λ+1)2

(
√

λ−1)2

√
4λ− (t− 1− λ)2

(x− t)t
dt

2π2

and this is equal to

Hρλ(x) =
x + 1− λ

2πx
(x ∈ Λ),

=
x + 1− λ−

√
(x− 1− λ)2 − 4λ

2πx
(x ∈ R \ Λ). (5.5.5)

Proof. Consider the function

G(z) =
z + 1− λ−

√
(z − 1− λ)2 − 4λ

2z
(5.5.6)

with square root such that√
(z − 1− λ)2 − 4λ � z − 1− λ (|z| → ∞) (5.5.7)
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so that G(z) is analytic on C \Λ and G(z) � 1/z as z →∞, due to the
power series. Then G(x) is real for x ∈ R\Λ, whereas for x ∈ Λ we have

G(x) =
x + 1− λ− i

√
4λ− (x− 1− λ)2

2x
(x ∈ Λ), (5.5.8)

hence G is the Cauchy transform of the Marchenko–Pastur distribution.
So with f(x) =

√
4λ− (x− 1− λ)2/(2x) we have

Hf(x) =
x + 1− λ

2πx
(x ∈ Λ);

=
1
π

2sgn(x + 1− λ)
|x + 1− λ|+

√
(x− 1− λ)2 − 4λ

(x ∈ R \ Λ). (5.5.9)

�

Remarks. (i) The Marchenko–Pastur distribution is sometimes referred
to as the free Poisson law due to its representation as a limit of stable
laws; see [83].

(ii) Our analysis does not cover the case of square matrices, when
λ = 1, and we are not able to prove almost sure weak convergence by
this type of argument. But the formula for ρ1 still makes good sense in
this case.

Exercise 5.5.3 Suppose that ξ is a random variable with probability
density function

dσ0,4

dx
=

√
4− x2I[−2,2](x)/(2π). (5.5.10)

Show that ξ2 has distribution given by the Marchenko–Pastur ρ1 law.
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Gradient flows and functional inequalities

Abstract

In this chapter we introduce various functionals such as entropy and free
entropy that are defined for suitable probability density functions on Rn .
Then we introduce the derivatives of such functionals in the style of the
calculus of variations. This leads us to the gradient flows of probability
density functions associated with a given functional; thus we recover the
famous Fokker–Planck equation and the Ornstein–Uhlenbeck equation.
A significant advantage of this approach is that the free analogues of
the classical diffusion equations arise from the corresponding free func-
tionals. We also prove logarithmic Sobolev inequalities, and use them
to prove convergence to equilibrium of the solutions to gradient flows of
suitable energy functionals. Positive curvature is a latent theme in this
chapter; for recent progress in metric geometry has recovered analogous
results on metric spaces with uniformly positive Ricci curvature, as we
mention in the final section.

6.1 Variation of functionals and gradient flows

In this chapter we are concerned with evolutions of families of prob-
ability distributions under partial differential equations. We use ρ for
a probability density function on Rn and impose various smoothness
conditions as required. For simplicity, the reader may suppose that ρ is
C∞ and of compact support so that various functionals are defined. The
fundamental examples of functionals are:

� Shannon’s entropy S(ρ) = −
∫

ρ(x) log ρ(x) dx;
� Potential energy F (ρ) =

∫
v(x)ρ(x) dx with respect to a potential

function v;
� Fisher’s information I(ρ) =

∫
‖∇ log ρ‖2ρ(x) dx;

196
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and in the special case of n = 1, Voiculescu introduced [163, 164]:

� free entropy χ(ρ) =
∫∫

log |x− y| ρ(x)ρ(y) dxdy;
� free information Φ(ρ) =

∫
ρ(x)3 dx.

We wish to calculate variations of these functionals by differentiating
with respect to ρ along the direction of some test function. The following
definition is suggested by the standard notion of Gateaux derivative, but
we adapt this since the probability density functions do not form a linear
space, hence do not have a dual in the classical sense.

Definition (Weak derivative). Let P be a subset of L2(Rn ), let D be
a Banach space that is continuously included as a linear subspace of
L2(Rn ), and let D′ be the dual space of D so that D ⊆ L2(Rn ) ⊆ D′.
(We do not require D to be closed as a subspace of L2.) Suppose that
for each ρ ∈ P and h ∈ D, a real functional F (ρ + εh) is defined for
sufficiently small ε > 0 and that there exists δF/δρ ∈ D′ such that

lim
ε→0+

F (ρ + εh)− F (ρ)
ε

=
〈δF

δρ
, h

〉
L 2

. (6.1.1)

Then F is weakly differentiable on P and the domain of the weak deriva-
tive δF/δρ contains D.

Examples 6.1.1 There exist suitable P and D such that the above
functionals are weakly differentiable with:

�
δ

δρ
S = − log ρ− 1;

�
δ

δρ
F = v(x);

�
δ

δρ
χ = 2

∫
log |x− y| ρ(y) dy;

�
δ

δρ
Φ = 3ρ(x)2.

We shall use these facts in calculations to follow. Before then, we intro-
duce a special metric structure on the probability densities.

Definition (Flows [162]). Let P2 denote the space of probability density
functions ρ on Rn such that

∫
‖x‖2ρ(x) dx <∞. Then P2 has the metric

associated with W2 .
In this section we shall see that (P2 ,W2) is associated with a Rie-

mannian structure whereby suitable ρ0 , ρ1 ∈ P2 are connected by a path
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{(ρt)0≤t≤1} in P2 that has minimal length with respect to W2; so

W2(ρ0 , ρ1) = inf
ρt

sup
π

{m−1∑
j=0

W2(ρtj
, ρtj + 1 ) : π = {0 = t0 < · · · < tm = 1}

}
.

We shall construct such a path by means of a differential equation.
Let ξt : Rn → Rn be a C1 vector field for each t > 0, and let ϕt be the
unique solution of the initial value problem

d

dt
ϕt(x) = ξt(ϕt(x)), ϕ0(x) = x0 . (6.1.2)

It helps to think of ρ as the density of a fluid that moves with velocity
ξ, where ξ = ξt(x) depends upon position x and time t.

Proposition 6.1.2 (Continuity equation). For each bounded open sub-
set Ω of Rn there exists t0 > 0 such that ϕt : Ω→ Ωt is a diffeomorphism
to some open bounded set Ωt for 0 < t < t0 . For ρ a probability density
function on Ω, the probability densities ρt = ϕt	ρ satisfy the continuity
equation

∂

∂t
ρt = −div

(
ξtρt

)
(6.1.3)

in the weak sense.

Proof. For a smooth vector field ϕ : Rn → Rn , let [∇ϕ] denote the
matrix of derivatives of the components of ϕ. By the existence theory
for ordinary differential equations, the solution ϕt(x) is a differentiable
function of the initial value x, and

∂

∂t
∇ϕt =

[
∇ξt(ϕt(x))

][
∇ϕt(x)

]
, (6.1.4)

∇ϕ0(x) = I.

Hence det[∇ϕt ] > 0 for small t > 0 and by the open mapping theorem
ϕt is a diffeomorphism.

Probability is conserved under transportation, so for any f ∈ C∞(Ω)
we have

∂

∂t

∫
f(x)ρt(x) dx =

∂

∂t

∫
f(ϕt(x))ρ(x) dx

=
∫
〈∇f(ϕt(x)), ξt(ϕt(x))〉ρ(x) dx

=
∫
〈∇f(x), ξt(x)〉 ρt(x) dx (6.1.5)
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since ρt = ϕt	ρ, so the continuity equation holds in the weak sense.
Furthermore, when ρ ∈ C1 the continuity equation holds in the classical
sense since all the terms in the expression

ρt(ϕt(x)) det
[
∇ϕt(x)

]
= ρ(x) (6.1.6)

are then differentiable.
�

The total kinetic energy associated with the flow (6.1.2) is

T =
∫ 1

0

∫
Rn

‖ξt(x)‖2ρt(x) dxdt. (6.1.7)

Given ρ0 and ρ1 , we wish to find a flow that takes ρ0 to ρ1 and that
minimizes the total kinetic energy.

Theorem 6.1.3 (Optimal transportation). Let ρ0 , ρ1 ∈ P2. Then there
exists a locally L2 vector field ξt that generates by (6.1.2) a flow of
probability densities (ρt)0≤t≤1 such that

W2(ρt, ρ0)2 = t2
∫
‖ϕ1(x)− x‖2ρ0(x) dx. (6.1.8)

Remarks. A rigorous proof of this result involves subtle points concern-
ing the regularity of solutions of the transportation partial differential
equations, so we give only a sketch that emphasizes the main ideas [44].
In earlier transportation arguments such as Proposition 3.3.1, the op-
timal transportation strategy was given by a monotonic inducing map,
and for Rn the correct notion of a monotone function is given by the gra-
dient of a convex function. By a theorem of Brenier and McCann [162],
there exists a convex function Φ : Rn → R such that ϕ1(x) = ∇Φ(x)
induces ρ1 from ρ0 ; this ϕ is defined except on a set of Lebesgue mea-
sure zero. Now we introduce an interpolating family of bijective maps
ϕt : Rn → Rn by

ϕt(x) = (1− t)x + tϕ1(x) (6.1.9)

and a vector field ξt such that

ξt(ϕt(x)) = ϕ1(x)− x, (6.1.10)

hence the differential equation (6.1.2) holds. In the special case in which
Φ is C2 , we have a positive definite matrix

∇ϕt(x) = (1− t)I + tHess Φ(x); (6.1.11)
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so ϕt is clearly bijective for 0 ≤ t < 1. In general, one can recover this
formula by interpreting the Hessian in Alexsandrov’s sense [162].

The merit of this construction is that the flow ρt = ϕt	ρ gives the path
of shortest length in (P2 ,W2) from ρ0 to ρ1 , and ϕt gives an optimal
transportation strategy, hence

W2(ρ0 , ρt)2 =
∫
‖ϕt(x)− x‖2ρ0(x) dx = t2

∫
‖ϕ1(x)− x‖2ρ0(x) dx.

(6.1.12)
The reader wishing to see how this can be made precise may refer to
Carlen and Gangbo’s paper [44], or Villani’s book [162]. Our subsequent
analysis does not require the technical details of the proof.

We think of the paths {ρt : 0 ≤ t ≤ 1} as geodesics in (P2 ,W2), and
investigate other functionals defined along these paths.

Definition (Displacement convexity). Let (ρt) be as in Theorem 6.1.3,
and let Ψ : P2 → R ∪ {∞} be a functional such that t �→ Ψ(ρt) is
continuous [0, 1]→ R. We say that Ψ is κ-uniformly displacement convex
for some κ > 0 if

Ψ(ρt+h)+Ψ(ρt−h)− 2Ψ(ρt) ≥ κh2W2(ρ0 , ρ1)2

for all (0 ≤ t− h ≤ t ≤ t + h ≤ 1). (6.1.13)

Example 6.1.4 (Uniform displacement convexity of electrostatic energy
and relative free entropy). Let v be twice continuously differentiable on
[a, b] with v′′(x) ≥ κ > 0. Then we saw in Proposition 4.8.1 that the
energy

Ev (µ) =
∫

[a,b]
v(x)µ(dx)− β

2

∫∫
[x �=y ]

log |x− y|µ(dx)µ(dy) (6.1.14)

is κ-uniformly displacement convex. Note that Ev is an energy in the
sense of potential theory and may be considered as a free entropy in
Voiculescu’s theory [163, 164, 166]; but it is different from the Gibbs
or Helmholtz functions of equilibrium thermodynamics [3], which are
sometimes referred to as the free energy.

� If the potential is uniformly convex, then relative free entropy is uni-
formly displacement convex.

� Uniform displacement convexity for relative free entropy amounts to
the free transportation inequality.
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Exercise 6.1.5 (Displacement convexity of Boltzmann’s entropy). Let
(ρt) be as in Theorem 6.1.3.

(i) Show that

ρt(ϕt(x))Jϕt
(x) = ρ0(x) (6.1.15)

where Jρt
is the Jacobian of the transformation x �→ ϕt(x), which

induces ρt from ρ0 ; deduce that

−S(ρt) =
∫

Rn

ρ0(x) log ρ0(x) dx−
∫

Rn

ρ0(x) log Jϕt
(x) dx.

(6.1.16)
(ii) By considering the eigenvalues of Hess Φ(x), show that

log Jϕt
(x) = trace log

(
(1− t)I + tHessΦ(x)

)
and deduce that

− d2

dt2
log Jϕt

(x) = trace
(
Rt

(
Hess Φ(x)−I

)
Rt

(
Hess Φ(x)−I

))
≥ 0,

(6.1.17)
where Rt =

(
(1− t)I + tHess Φ(x)

)−1 is positive definite.
(iii) Deduce that t �→ −S(ρt) is convex.

Exercise 6.1.6 (Uniform displacement convexity of relative entropy).

(i) Let ρ1 be a probability density function on Rn and let v be a
twice continuously differentiable function so that ρ0(x) = e−v (x) is
a probability density function. Show that

Ent(ρ1 | ρ0) =
∫

v(x)ρ1(x) dx +
∫

ρ1(x) log ρ1(x) dx. (6.1.18)

(ii) Suppose further that v : Rn → R is κ uniformly convex; let (ρt)
be as in Theorem 6.1.3. Combine Exercise 6.1.5 with the proof of
Proposition 4.8.2 to show that Ent(ρt | ρ0) is κ uniformly convex.

(iii) Deduce that the transportation inequality holds, as in Section 3.4:

W2(ρ1 , ρ0)2 ≤ 2
κ

Ent(ρ1 | ρ0). (6.1.19)

� If the potential is uniformly convex, then relative entropy is uni-
formly displacement convex.

� Uniform displacement convexity for relative entropy amounts to
the transportation inequality T2(κ).
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In Section 6.8 we return to this point, and give further conditions under
which relative entropy is indeed κ-uniformly convex.

Definition (Gradient flow). Let F be a functional on the geodesic P =
{ρt : 0 ≤ t ≤ 1} that is weakly differentiable and such that δF/δρ defines
a C1 function at each ρt . Then the gradient flow is

∂ρt

∂t
= div

(
ρt∇

δF

δρ

)
. (6.1.20)

In other words, the gradient flow is associated with the vector field

ξt(x) = −∇
(δF

δρ

)
ρt

. (6.1.21)

Let ρ be a probability density function on Rn and let v be a continuously
differentiable function so that µ(dx) = e−v (x)dx and ν(dx) = ρ(x) dx are
probability measures.

Examples 6.1.7 (Fokker–Planck equation, [65]). Consider the func-
tional given by

F (ρ) =
∫

v(x)ρ(x) dx +
∫

ρ(x) log ρ(x) dx, (6.1.22)

which is analogous to the expressions in Examples 6.1.4 and 6.1.6. Sup-
pose that Ω is a bounded open set, that ρ is supported on Ω̄ and that
ρ(x) > 0 on Ω; then for a compact subset K of Ω let

D =
{

h ∈ C1(Ω;R) :
∫

h(x) dx = 0, h(x) = 0 on Kc
}

. (6.1.23)

Then δF/δρ = log ρ + 1 + v defines an element of L2(K), and hence a
bounded linear functional on D. The gradient flow is

∂ρt

∂t
= div

(
∇ρt + ρt∇v

)
(6.1.24)

and there are two special cases of note. When v = 0, this is the standard
heat equation ∂ρt/∂t =

∑n
j=1 ∂2ρt/∂x2

j .
When v(x) = ‖x‖2/2 we have the diffusion equation

∂ρt

∂t
= div∇ρt + 〈∇ρt, x〉+ nρt (6.1.25)

that is associated to the Ornstein–Uhlenbeck process which we consider
in Chapter 11.
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6.2 Logarithmic Sobolev inequalities
� Logarithmic Sobolev inequalities bound relative entropy by relative

information.
� Logarithmic Sobolev inequalities imply convergence to equilibrium

under the gradient flow associated with relative entropy.
� The logarithmic Sobolev constant measures the rate of convergence to

equilibrium.

Definition (LSI). Let ρ be a probability density function on Rn . Then
ρ satisfies a logarithmic Sobolev inequality with constant α when

LSI(α) :
∫

Rn

f2 log
(

f 2
/∫

Rn

f2ρ

)
ρ(x) dx ≤ 2

α

∫
Rn

‖∇f‖2ρ(x) dx

(6.2.1)

holds for all f ∈ L2(ρ) with distributional gradient ∇f ∈ L2(ρ,Rn ).
Note that when we replace f by tf , where t > 0 is a constant, we scale

up both sides of the inequality by t2 . Suppose that ρ is a probability
density function and E is the corresponding expectation. Then LSI(α)
asserts that

� E(q log q) ≤ (2/α)E‖∇√q‖2 for all probability density functions qρ.

Example 6.2.1 Gross [75] showed that the standard N(0, 1) density
γ satisfies LSI with α = 1. He deduced this results from a discrete
inequality by means of a central limit theorem. This approach has been
revived in [71, p. 214]. In Corollary 6.3.3, we shall recover this result by a
quite different argument from [27, 17] based upon the Prékopa–Leindler
inequality as in Theorem 3.5.2.

The constant α measures the rate at which the system converges to
equilibrium under a suitable gradient flow, in a sense made precise in
the following result.

Theorem 6.2.2 (Barron [10]). Suppose that ρ∞ satisfies LSI(α) and
that (ρt)t≥0 is a family of probability density functions that undergoes
the gradient flow associated with the relative entropy functional F (ρ) =
Ent(ρt | ρ∞). Then

F (ρt) ≤ e−2αtF (ρ0) (t ≥ 0). (6.2.2)

Proof. With F (ρt) =
∫

ρt log(ρt/ρ∞)dx we find the variation

δF

δρ
= 1 + log

ρt

ρ∞
(6.2.3)
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and hence the gradient flow

∂ρt

∂t
= div

(
ρt∇ log

ρt

ρ∞

)
. (6.2.4)

Under this flow, the relative entropy satisfies

d

dt
F (ρt) =

〈 δF

δρt
,
∂ρt

∂t

〉
L 2

=
∫ (

1 + log(ρt/ρ∞)
)
div

(
ρt∇ log(ρt/ρ∞)

)
dx (6.2.5)

which by the divergence theorem and Proposition 6.1.2 gives

d

dt
F (ρt) = −

∫ 〈
∇ log(ρt/ρ∞),∇ log(ρt/ρ∞)

〉
ρt(x) dx

= −I(ρt | ρ∞). (6.2.6)

The logarithmic Sobolev inequality gives

d

dt
F (ρt) ≤ −2αF (ρt); (6.2.7)

hence by Gronwall’s inequality we have
F (ρt) ≤ e−2αtF (ρ0). (6.2.8)

�

Corollary 6.2.3 Under the hypotheses of Theorem 6.2.2,

‖ρt − ρ∞‖2L1 ≤ 2e−2αtEnt(ρ0 | ρ∞) (t ≥ 0), (6.2.9)

so ρt → ρ∞ in L1(dx) as t→∞.

Proof. This follows directly from the theorem via Csiszár’s inequality
Proposition 3.1.8. �

Remarks. (i) Barron [10] used this result with ρ∞ = γ1 to obtain a
quantitative version of the central limit theorem, where ρt undergoes a
gradient flow associated with the Ornstein–Uhlenbeck process.

(ii) For probability densities on R, Bobkov and Götze [25] found a rel-
atively simple characterization of LSI in terms of cumulative distribution
functions, including a formula for α. There is no such characterization
known for densities on Rn , but the following result allows us to manu-
facture examples of LSI on product spaces.
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(iii) The following proposition is interesting because it leads to con-
stants that are independent of dimension. The converse is part of a
subsequent exercise.

Proposition 6.2.4 (Tensorization). Suppose that ρ1 on Rm satisfies
LSI(α1) and that ρ2 on Rn satisfies LSI(α1). Then ρ1 ⊗ ρ2 satisfies
LSI(α), where α = min{α1 , α2}.

Proof. Let ∇x be the gradient operator with respect to the x variable.
Suppose that f(x, y) is a differentiable function on Rm × Rn and let
g(x) = (

∫
f(x, y)2ρ2(y) dy)1/2 ; then∫∫
Rm ×Rn

f 2 log
(

f 2/

∫
f 2d(ρ1 ⊗ ρ2)

)
ρ1(x)ρ2(y) dxdy (6.2.10)

=
∫

Rm

(∫
Rn

f 2(x, y) log
(
f(x, y)2/g(x)

)
ρ2(y)dy

)
ρ1(x) dx

+
∫

Rm

g(x)2 log
(
g(x)2/

∫
Rm

g2ρ1

)
ρ1(x) dx

and by the logarithmic Sobolev inequalities, this is

≤ 2
α2

∫
Rm

(∫
Rn

‖∇y f(x, y)‖2ρ2(y)dy
)
ρ1(x)dx

+
2
α1

∫
Rm

‖∇g(x)‖2ρ1(x) dx. (6.2.11)

Now by the triangle inequality, the function g is differentiable with

‖∇g(x)‖2 ≤
∫
‖∇xf(x, y)‖2ρ2(y) dy, (6.2.12)

so the right-hand side of (6.2.9) is bounded above by

2
α

∫∫
Rm ×Rn

(
‖∇xf(x, y)‖2 + ‖∇y f(x, y)‖2

)
ρ1(x)ρ2(y) dxdy. (6.2.13)

�

Exercise 6.2.5 (i) Let σ ∈ Prob(Ω) satisfy LSI(α) and let ϕ : Ω → Φ
be L-Lipschitz. Show that ϕ	σ satisfies LSI(α/L2).

(ii) Let ρ(x, y) be a probability density function on Rm × Rn that
satisfies LSI(α). Show that the marginal density

ρ1(x) =
∫

Rm

ρ(x, y) dy (6.2.14)

also satisfies LSI(α).
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6.3 Logarithmic Sobolev inequalities for uniformly
convex potentials

� Logarithmic Sobolev inequalities hold for Gibbs measures with uni-
formly convex potentials.

� This follows from the Prékopa–Leindler inequality by an argument
due to Bobkov and Ledoux.

� The are logarithmic Sobolev inequalities for matrix ensembles with
uniformly convex potentials.

The following theorem was important in the historical development of
the theory, as Bakry and Emery used it in their theory of Dirichlet forms
which linked diffusion processes with functional inequalities. Bobkov and
Ledoux [27] discovered the more elementary proof below, which depends
upon the Prékopa–Leindler inequality as in Theorem 1.4.2. In Section
6.8, we shall mention some more general logarithmic Sobolev inequalities
and related results from metric geometry.

Definition (Uniform convexity). A continuous function V : Rn → R is
uniformly convex if there exists α > 0 such that

sV (x) + tV (y)− V (sx + ty) ≥ stα

2
‖x− y‖2 (6.3.1)

for all x, y ∈ Rn and all 0 ≤ s, t ≤ 1 such that s + t = 1.

Example 6.3.1 The fundamental example is the quadratic function
V (x) = ‖x‖2/2, which satisfies the condition with α = 1. This potential
gives rise to the standard Gaussian measure γn , and it turns out that
uniformly convex potentials share several properties of the Gaussian.

Remark. The dual expression for the Wasserstein metric W2 on R
involves

g(x)− f(y) ≤ 1
2
‖x− y‖2 , (6.3.2)

or equivalently

g(x) ≤ inf
y

{
f(y) +

1
2
‖x− y‖2

}
. (6.3.3)

This expression appears in the Hamilton–Jacobi partial differential equa-
tion, an observation which has been exploited by Bobkov, Gentil and
Ledoux [26] to prove various transportation and logarithmic Sobolev in-
equalities. We shall use the differential form of this condition in the proof
of the following result, and then give a free version in Section 6.6.
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Theorem 6.3.2 (Bakry–Emery’s LSI, [9]). Let V : Rn → R be uni-
formly convex with constant α > 0. Then there exists Z <∞ such that

ρ(x) = Z−1e−V (x) (6.3.4)

defines a probability density function, and ρ satisfies LSI(α).

Proof. First we observe that V (x) grows like α‖x‖2/2 as ‖x‖ → ∞,
so the existence of Z < ∞ follows by comparison with the Gaussian
density.

Suppose that g ∈ C2
b (R). Let x, y ∈ Rn have z = sx + ty on the line

segment between them, where 0 ≤ s, t ≤ 1 satisfy s+ t = 1, where s will
be chosen to be small; then choose 0 < β < α − s‖Hess g‖. By Taylor’s
theorem we have z̄ between y and z such that

g(y) = g(z)− s〈∇g(y), x− y〉+ s2

2
〈Hess g(z̄)(x− y), (x− y)〉 (6.3.5)

and so

g(y)− stβ

2
‖x− y‖2

= g(z)− s

2
‖
√

tβ(x− y) +∇g(y)/
√

βt‖2 +
s

2tβ
‖∇g(z)‖2

+
s2

2
〈Hess g(z̄)(x− y), (x− y)〉; (6.3.6)

so by the choice of β

g(y)− stα

2
‖x− y‖2

≤ g(z)− s

2
‖
√

tβ(x− y) +∇g(y)/
√

βt‖2 +
s

2tβ
‖∇g(z)‖2 . (6.3.7)

Now on account of this we have

gt(z) = sup
{

g(y)− stα

2
‖x− y‖2 : z = sx + ty

}
≤ g(z) +

s

2tβ
‖∇g(z)‖2 . (6.3.8)

The inequality

g(y)−
(
sV (x) + tV (y)− V (z)

)
≤ g(y)− stα

2
‖x− y‖2 (6.3.9)

gives rise to the inequality

exp
(
g(z) + (s/2tβ)‖∇g(z)‖2 − V (z)

)
≥ exp

(
−sV (x)

)
exp

(
g(y)− tV (y)

)
(6.3.10)



208 Random Matrices: High Dimensional Phenomena

and hence by the Prékopa–Leindler inequality Theorem 1.4.2 we have∫
exp

(
g(z) + (s/2tβ)‖∇g(z)‖2

)
ρ(z) dz

≥
(∫

ρ(z)dz
)s(∫

exp(g(y)/t) ρ(y)dy
)t

. (6.3.11)

We take logarithms of both sides and differentiate at s = 0+; thus

1
2β

∫
‖∇g(z)‖2eg (z )ρ(z)dz ≥

∫
g(z)eg (z ) ρ(z)dz

−
(∫

eg (z )ρ(z)dz
)

log
(∫

eg (z )ρ(z)dz
)
. (6.3.12)

We can let β → α− to recover the stated result. �

Corollary 6.3.3 (Gross’s LSI [75]). The Gaussian density with covari-
ance matrix A satisfies LSI(α), where α is the smallest eigenvalue of
A−1 .

Proof. Here

v(x) =
1
2
〈A−1x, x〉+ 〈b, x〉 (6.3.13)

for some b ∈ Rn , and hence Hess v(x) = A−1 . By applying Taylor’s
theorem to v, we deduce that α is the constant in (6.3.1). �

We finally arrive at the intended application to random matrix theory.
In the Definition (6.3.1), for consistency with previous scalings, we take
‖ · ‖ to be the c2(n) norm on Ms

n (R). Nevertheless, it is significant that
the constants in the following results genuinely improve as n increases.

Corollary 6.3.4 (LSI for generalized ensembles). Suppose that v : R→
R is twice continuously differentiable with v′′(x) ≥ α for some α > 0,
and let V (X) = (1/n)trace v(X) for X ∈ Ms

n (R). Then for some Zn <

∞ the probability measure

νn (dX) = Z−1
n exp

(
−n2V (X)

)
dX (6.3.14)

satisfies the logarithmic Sobolev inequality with constant n2α > 0.

Proof. As in the proof of Theorem 3.6.3, n2V is uniformly convex on
(Ms

n (R), c2(n)) with constant n2α, hence we can apply Theorem 6.3.2.
�
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Corollary 6.3.5 (LSI for eigenvalue distributions). Suppose that v :
R → R is twice continuously differentiable with v′′(x) ≥ α for some
α > 0, and for β > 0 let

σ(β )
n (dλ) = Zn (β)−1 exp

(
−n

n∑
j=1

v(λj )
) ∏

1≤j<k≤n

(λk − λj )βdλ1 . . . dλn .

(6.3.15)
Then there exists 0 < Zn (β) < ∞ such that σ

(β )
n is a probability mea-

sure that satisfies the logarithmic Sobolev inequality on (∆n , �2(n)) with
constant n2α .

Proof. The potential

V (λ) = n
n∑

j=1

v(λj ) + β
∑

1≤j<k≤n

log
1

λk − λj
(6.3.16)

is uniformly convex on ∆n with constant n2α, so we can apply
Theorem 6.3.2. �
Exercise 6.3.6 (Logarithmic Sobolev inequality for conditioned Gaus-
sians). Let A be a positive definite n × n real matrix and let z ∈ Rn ;
then let

Q(x) = 2−1〈Ax, x〉 − 〈x, z〉. (6.3.17)

(i) Show that Q(x) ≥ −2−1〈A−1z, z〉, and the minimum value is at-
tained at x = A−1z.

(ii) For k ≤ n, let B be a k×n real matrix of rank k; let w ∈ Rk . Show
that the minimum of the constrained variational problem

minimize{Q(x) | Bx = w
}

(6.3.18)

is attained at x = x0 where

x0 = A−1z −A−1Bt(BA−1Bt)−1(BA−1z − w). (6.3.19)

(iii) Now let

q(y) = 2−1〈Ay, y〉+ 〈Ay, x0〉 − 〈y, z〉,

and let V = {v = Btu : u ∈ Rn}. Verify that x = y + x0 satisfies
Bx = w for all y ∈ V ⊥, where V ⊥ = {y : 〈y, v〉 = 0,∀v ∈ V }, and
that Q(x) = q(y) + Q(x0).

(iv) Deduce that there exists a constant Z such that

γ(dy) = Z−1e−q(y )dy (6.3.20)

defines a Gaussian probability measure on V ⊥, where the logarith-
mic Sobolev constant of γ depends only upon B and A.
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6.4 Fisher’s information and Shannon’s entropy
� Logarithmic Sobolev inequalities bound relative entropy by relative

Fisher’s information.
� Gaussian densities have a special rôle in the theory.
� The logarithmic Sobolev inequality for the Gaussian measure implies

Shannon’s entropy power.

Logarithmic Sobolev inequalities may be expressed in many ways, and
in this section we express them in the language of information theory.
Indeed, some of the results were originally stated thus.

Definition (Fisher’s information). Suppose that ρ is a probability den-
sity function on Rn such that

√
ρ has distributional gradient ∇√ρ in

L2(dx). Then the information of ρ is

I(ρ) =
∫ ‖∇ρ‖2

ρ
dx. (6.4.1)

If X is a random variable with probability density function ρ, then we
sometimes write I(X) for I(ρ).

Proposition 6.4.1 Suppose that ρ1 is a probability density function on
Rm and that ρ2 is a probability density function on Rn such that ρ1 and
ρ2 have finite information. Then ρ = ρ1 ⊗ ρ2 also has finite information
and

I(ρ) = I(ρ1) + I(ρ2). (6.4.2)

Proof. The reader should be able to extract the appropriate steps from
the proof of Proposition 6.2.4. �

Proposition 6.4.2 (Carlen). Suppose that ρ is a probability density
function on R2n that has finite information. Then the marginals ρ1 and
ρ2 on Rn have finite information, and

I(ρ1) + I(ρ2) ≤ I(ρ). (6.4.3)

Remarks. The result asserts that I(ρ1⊗ρ2) ≤ I(ρ), so that ρ has more
information than the tensor product of its marginals. This eminently
natural result is due to Carlen, who also showed that equality occurs in
(6.4.3) only when ρ = ρ1 ⊗ ρ2 . See [175].

In information theory, LSI is expressed differently.
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Theorem 6.4.3 (Shannon’s entropy power). Let ρ be a probability den-
sity function on Rn that has finite Fisher information. Then

exp
(−2S(ρ)

n

)
≤ I(ρ)

2πne
, (6.4.4)

with equality for the standard Gaussian density γn on Rn .

Proof. By Corollary 6.3.3, the standard Gaussian density γn satisfies
LSI(1). Into the logarithmic Sobolev inequality∫

Rn

f(x)2 log
(
f(x)2/

∫
f2γn

)
γn (x)dx ≤ 2

∫
Rn

‖∇f(x)‖2γn (x)dx

(6.4.5)
we substitute

f(x) = ρ(x)1/2(2π)n/4 exp(‖x‖2/4) (6.4.6)

and thus we obtain∫
ρ
(
log ρ + (n/2) log 2π + ‖x‖2/2

)
dx ≤ 1

2

∫ ∥∥∥∇ρ
√

ρ
+ x
√

ρ
∥∥∥2

dx (6.4.7)

hence∫
ρ log ρdx + (n/2) log 2π ≤ 1

2

∫ ‖∇ρ‖2
ρ

dx +
∫
〈x,∇ρ〉dx. (6.4.8)

By the divergence theorem
∫
〈x,∇ρ〉 dx = −n, so

−2S(ρ)
n

+ log 2π + 2 ≤ I(ρ)
n

. (6.4.9)

Now we rescale the density, replacing ρ by tnρ(tx) and thus obtain

−2S(ρ)
n

+ log 2π + 2 ≤ −2 log t +
t2I(ρ)

n
; (6.4.10)

then the optimal choice t = (n/I(ρ))1/2 gives

−2S(ρ)
n

+ log 2πe ≤ log
I(ρ)
n

, (6.4.11)

as required. Further, we have equality in these inequalities when f = 1.
�

Definition (Relative Fisher information). Let f and g be probability
density functions on Rn that are differentiable. Then the relative infor-
mation of f with respect to g is

I(f | g) =
∫

Rn

∥∥∥∇ log
f(x)
g(x)

∥∥∥2
f(x) dx (6.4.12)

whenever this integral converges.
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Proposition 6.4.4 The logarithmic Sobolev inequality holds for ρ if and
only if

Ent(q | ρ) ≤ 1
2α

I(q | ρ) (6.4.13)

holds for all probability density functions q that have finite information
relative to ρ.

Proof. We note that ‖∇|f |‖ ≤ ‖∇f‖ holds in the sense of distributions,
so we have LSI(α) for real-valued functions once we obtain the case of
f ≥ 0.

Let f =
√

q/ρ. Then LSI(α) reduces to the inequality∫
q log(q/ρ) dx ≤ 1

2α

∫ ∥∥∥∇q

q
− ∇ρ

ρ

∥∥∥2
q(x) dx. (6.4.14)

�

Remark. In this notation, the logarithmic Sobolev inequality LSI(α)
for Z ∼ N(0, 1/α) asserts that

Ent(X | Z) ≤ 1
2α

I(X | Z). (6.4.15)

Definition (Score function). Let X have probability density function f ,
and suppose that f is positive and differentiable. Then the score function
of X is

φ(x) = ∇ log f(x). (6.4.16)

Let X,Y : Ω → Rn be random variables, and suppose that X has
probability density function f and Y has probability density function g;
let φ be the score function of f and ψ be the score function of g. Then
we define

I(X | Y ) = E‖φ(X)− ψ(X)‖2 = I(f | g); (6.4.17)

and likewise

Ent(X | Y ) =
∫

f(x) log
f(x)
g(x)

dx, (6.4.18)

where this integral converges.

Example. On (Ω,P), let Z be a standard N(0, In ) random variable
on (Ω,P), and let X be a random variable such that EX = 0 and
E〈X,X〉 = n. Then the score function of Z is ψ(x) = −x, so

I(X | Z) = E‖φ(X) + X‖2 = I(X)− n. (6.4.19)
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Exercise. (i) Let p0 and p1 be probability density functions on Rn that
have finite Fisher information, and let pt = (1− t)p0 + tp1 for 0 ≤ t ≤ 1.
Show that

d2

dt2

∫
Rn

‖∇pt‖2
pt

dx = 2
∫

Rn

∥∥∥∇ṗt

pt
− ṗt∇pt

p2
t

∥∥∥2
pt dx,

where ṗt = p1 − p0 , and hence that information is a convex func-
tional.

(ii) Deduce that p �→ I(p | q) is also convex.

6.5 Free information and entropy
� Voiculescu introduced free information and free entropy.
� Free logarithmic Sobolev inequalities bound the relative free entropy

by the relative free information.
� Free logarithmic Sobolev inequalities imply convergence to equilibrium

under the gradient flow of relative free entropy.

in [163, 164] Voiculescu introduced the concepts of free information and
entropy in the context of non-commutative probability, and in Chapter 4
we saw how free entropy and relative free entropy arise in random matrix
theory. In order to emphasize the analogy between classical and free
functional equations, we introduce the concepts of free information and
relative free information by simple formulae and show that relative free
information arises in the gradient flow of relative free entropy. Before
presenting the complex Burgers equation, we pause to consider a form
of the Burgers equation that arises in fluid mechanics; see [62]. Consider
the motion of a fluid in one space dimension so that the velocity at
position x at time t is u(x, t). When the density is ρ, and the mass of
the fluid is conserved, we also have the continuity equation

∂ρ

∂t
+

∂

∂x

(
uρ

)
= 0. (6.5.1)

If we follow the motion of a particle and consider a quantity w(x, t),
then the rate of change is

Dw

Dt
=

∂w

∂t
+ u(x, t)

∂w

∂x
. (6.5.2)

In particular, the acceleration satisfies an equation of motion Du/Dt =
f , where f is the force field which includes pressure and viscosity terms.
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The Burgers equation is
∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2 , (6.5.3)

where ν is a constant. The case ν = 0 is already non-trivial, since shocks
can occur.

In the next section, we consider a probability density function which
evolves under a chosen velocity field, and we analyse the effect on certain
functionals.

Proposition 6.5.1 (The complex Burgers equation). Let G be a solution
of the complex Burgers equation

∂G

∂t
+ αG

∂G

∂z
= 0 (t > 0,�z > 0) (6.5.4)

and suppose that �Gt(x) = ρt(x) is a probability density function for
each t > 0. Then ρt(x) satisfies

∂ρ

∂t
=

∂

∂x

(
ρHρ

)
(6.5.5)

which is the gradient flow for the scaled free entropy α
2π χ.

Proof. The scaled free entropy

α

2π
χ(ρ) =

α

2π

∫∫
log |x− y| ρ(x)ρ(y) dxdy (6.5.6)

has variation
δ

δρ

α

2π
χ(ρ) =

α

π

∫
log |x− y| ρ(y) dy (6.5.7)

and hence the gradient flow is

∂

∂t
ρ = α

∂

∂x

(
ρ(x)

1
π

∫
1

x− y
ρ(y) dy

)
. (6.5.8)

By comparison, G(x) = −(Hρ) + iρ satisfies

0 = − ∂

∂x
(Hρ) + i

∂ρ

∂t
+ α

(
(Hρ)

∂

∂x
(Hρ)− ρ

∂ρ

∂x

)
−αiρ

∂

∂x
(Hρ)− αi(Hρ)

∂ρ

∂x
, (6.5.9)

and the imaginary part is the gradient flow as stated. �

By analogy with the case of classical logarithmic Sobolev inequalities,
we introduce the free logarithmic Sobolev inequality. Then we shall
prove that the analogy extends to gradient flows for the appropriate
functionals.
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Definition (Free information). Let ρ be a probability density function
on R such that ρ ∈ L3 . Then the free information of ρ is

Φ(ρ) =
∫ ∞

−∞
ρ(x)3 dx. (6.5.10)

Voiculescu showed that the definition of the free information could be
expressed in a style similar to that of Fisher’s information, using the
Hilbert transform H of Theorem 1.8.8; see [163, 164].

Lemma 6.5.2 For all probability density functions ρ ∈ L3(R), the free
information satisfies

Φ(ρ) = 3
∫ ∞

−∞
(Hρ)2ρ(x) dx. (6.5.11)

Proof. By Theorem 1.8.8, the function f = ρ + iHρ belongs to L3 and
extends by means of the Poisson kernel to an analytic function

f(x + iy) =
1
π

∫ ∞

−∞

yf(t)
(x− t)2 + y2 dt (y > 0) (6.5.12)

on the upper half plane. By Cauchy’s theorem, we have the identity

0 =
∫ ∞

−∞
f(x)3 dx =

∫ ∞

−∞

(
ρ(x)3 − 3(Hρ)2ρ

)
dx

+ i

∫ ∞

−∞

(
3ρ2Hρ− (Hρ)3) dx, (6.5.13)

and the real part of the right hand side must be zero. �

Definition (Relative free information). Let p and q be probability mea-
sures on R such that p, q ∈ L3. Then the relative free information is

Φ(q | p) = 3
∫ ∞

−∞

(
Hp−Hq

)2
q(x) dx. (6.5.14)

The integral converges on account of Hölder’s inequality and M.
Riesz’s Theorem 1.8.8 since

Φ(q | p) ≤ 3
(∫ ∞

−∞
|H(p− q)|3 dx

)2/3(∫
q(x)3 dx

)1/3

≤ 3A2
3

(∫ ∞

−∞
|q − p|3 dx

)2/3(∫
q3 dx

)1/3
. (6.5.15)

For comparison, we have the relative Fisher information

I(q | p) =
∫ ∞

−∞

( d

dx
log

q

p

)2
q dx (6.5.16)
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versus the relative free information

Φ(q | p) =
3
π2

∫ ∞

−∞

( d

dx

∫ ∞

−∞
log |x− y|(q(y)− p(y)) dy

)2
q(x) dx.

(6.5.17)
Pursuing this analogy with Lemma 6.4.4, we make the following
definition.

Definition (Free LSI). A probability density function on R satisfies a
free logarithmic Sobolev inequality when there exists α > 0 such that

Σ(q, ρ) ≤ 1
2α

Φ(q, ρ). (6.5.18)

Example 6.5.3 Biane and Voiculescu [16] showed that the semicircle
law

σ(dx) = (2/π)
√

1− x2 dx (6.5.19)

on [−1, 1] satisfies the free logarithmic Sobolev inequality. We shall re-
cover this result in Section 6.6, and also show that random matrix theory
links free and classical logarithmic Sobolev inequalities.

The constant α measures the rate of convergence to equilibrium under
the gradient flow for the relative free entropy.

Theorem 6.5.4 (Free convergence). Suppose that ρ∞ satisfies the free
logarithmic Sobolev inequality and that (ρt)t≥0 undergoes the gradient
flow associated with the relative free entropy F (ρt) = Σ(ρt, ρ∞). Then
ρt converges to ρ∞ in relative free entropy, with

F (ρt) ≤ e−4απ 2 t/3F (ρ0). (6.5.20)

Proof. With

F (ρt) =
∫∫ (

ρt(x)− ρ∞(x)
)(

ρt(y)− ρ∞(y)
)
log

1
|x− y| dxdy (6.5.21)

the variation is

δF

δρt
= 2

∫
log

1
|x− y|

(
ρt(y)− ρ∞(y)

)
dy (6.5.22)

and so the gradient flow is

∂ρt

∂t
= 2

∂

∂x

(
ρt

∂

∂x

∫
log

1
|x− y|

(
ρt(y)− ρ∞(y)

)
dy

)
= −2π

∂

∂x

(
ρt(x)H(ρt − ρ∞)

)
. (6.5.23)
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Hence the rate of change of F (ρt) is

d

dt
F (ρt) =

〈 δF

δρt
,
∂ρt

∂t

〉
L2

= −2π

∫∫
log

1
|x−y|

(
ρt(y)−ρ∞(y)

)
dy

∂

∂x

(
ρt(x)H(ρt−ρ∞)

)
dx

= −2π2
∫ (
H(ρt − ρ∞)

)2
ρt(x) dx

= −2π2

3
Φ(ρt | ρ∞) (6.5.24)

where the middle step follows by integration by parts. Hence by the free
logarithmic Sobolev inequality we have

d

dt
F (ρt) ≤ −(4απ2/3)F (ρt) (6.5.25)

hence F (ρt) ≤ exp(−(4απ2t/3))F (ρ0). �

Remarks. (i) For a given energy functional E defined on probability
density functions, the appropriate analogue of LSI is

E(ρ) ≤ 1
α

∫
Rn

ρ
∥∥∥∇δE

δρ

∥∥∥2
dx. (6.5.26)

(ii) The following table converts classical to free quantities.

Classical Free

log ρ Lρ(x) =
∫

log |x− y| ρ(y)dy

∇ log ρ(x) πHρ(x)

S(ρ) = −
∫

ρ(x) log ρ(x)dx χ(ρ) = −
∫

ρ(x)Lρ(x)dx

Ent(q | p) =
∫

q log(q/p)dx Σ(q, p) =
∫

(q − p)L(q − p)dx

I(q | p) =
∫

q
(
∇ log(q/p)

)2
dx Φ(q | p) = 3

∫ (
H(q − p)

)2
qdx

(6.5.27)

Exercise. Let X be a random variable with probability density func-
tion ρ, and let f be a continuously differentiable and strictly increasing
function.

(i) Calculate the probability density function q for f(X), and hence
obtain an expression for the information I(f(X)).

(ii) Calculate the free information of f(X); that is, find Φ(q).
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6.6 Free logarithmic Sobolev inequality
� The semicircle law satisfies a free logarithmic Sobolev inequality.

Whereas the statement of the free LSI involves probability density func-
tions on R, the proof uses the Prékopa–Leindler inequality on Rn as
n→∞.

Theorem 6.6.1 (Ledoux [105]). Suppose that v is twice continuously
differentiable and that v′′(x) ≥ α for all real x for some α > 0. Then ρv

satisfies the free logarithmic Sobolev inequality

Σ(q | ρv ) ≤
βπ2

6α
Φ(q | ρv ) (6.6.1)

for all probability measures q that have finite energy.

Proof. Recall that there exists a constant Cv such that

v(x) ≥ β

∫ ∞

−∞
log |x− y|ρv (y)dy + Cv (6.6.2)

with equality on the support of v, so we introduce a real function r such
that

r(x) ≥ β

∫ ∞

−∞
log |x− y|q(y) dy (x ∈ R) (6.6.3)

with equality for x on the support of ρv , and such that r(x) = v(x)
whenever |x| ≥ L, for some large L. Next we introduce, for some constant
C to be chosen, the function f(x) = v(x)− r(x) + C so that∫ ∞

−∞
f ′(x)2q(x) dx =

∫ ∞

−∞

(
v′(x)− βπHq(x)

)2
q(x) dx

= Φ(q | ρv ). (6.6.4)

Now let

gt(x) = inf
y

{
f(y) +

(x− y)2

2tα

}
(6.6.5)

and for z = θx + (1− θ)y, observe that

gt(x) ≤ f(z) +
(1− θ)2

2αt
(x− y)2 (6.6.6)

where by continuity of v,

θv(x) + (1− θ)v(y)− v(z) ≥ α

2
θ(1− θ)(x− y)2 (6.6.7)

so

gt(x)− θv(x)− (1− θ)v(y) ≤ f(z)− v(z) (6.6.8)
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when

1
2
αθ(1− θ) ≥ (1− θ)2

2αt
that is t ≥ 1− θ

α2θ
. (6.6.9)

Let

δ(λ) =
∏

1≤j<k≤n

(λk − λj ). (6.6.10)

By the Prékopa–Leindler inequality Theorem 1.4.2

(∫
∆n

exp
(
n

n∑
j=1

(g(λj )−v(λj ))
)
δ(λ)β dλ

)θ

×
(∫

∆n

exp
(
−n

n∑
j=1

v(λj )
)
δ(λ)β dλ

)1−θ

≤
∫

∆n

exp
(
n

n∑
j=1

(f(λj )− v(λj )
)
δ(λ)β dλ. (6.6.11)

We introduce the normalizing constant Zn =
∫

∆n exp(−n
∑n

j=1 v(λj ))×
δ(λ)β dλ, and we recall that by the mean field theory of Proposition 5.2.2
−n−2 log Zn → E as n→∞. Similar results hold when we replace v by
g − v and f − v, so

θE−g/θ+v (ρ−g/θ+v ) + (1− θ)Ev (ρv ) ≥ Ev−f (ρv−f ). (6.6.12)

Now v − f = r − C and this has equilibrium measure q since f = C on
the support of q, so

Ev−f (ρv−f ) =
∫

(r−C)qdx+
β

2

∫∫
log

1
|x− y|q(x)q(y)dxdy; (6.6.13)

furthermore,

Ev (ρv ) =
∫

vρvdx +
β

2

∫∫
log

1
|x− y|ρv (x)ρv (y)dxdy. (6.6.14)

By the definition of the minimizer, we have E−g/θ+v (q) ≥
E−g/θ+v (ρv−g/θ ), so

θEv−g/θ (q) + (1− θ)Ev (ρv ) ≥ Ev−f (ρv−f ), (6.6.15)
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or more explicitly∫
(−g+θv)qdx + (1− θ)

∫
vρv dx +

θβ

2

∫∫
log

1
|x− y|q(x)q(y)dxdy

+
(1− θ)β

2

∫∫
log

1
|x− y|ρv (dx)ρv (dy)

≥
∫

(r − C)qdx +
β

2

∫∫
log

1
|x− y|q(x)q(y)dxdy.

(6.6.16)

With gt(x) = inf{f(y)+(x−y)2/(2tα)}, the infimum is attained where
0 = f ′(y) + (y − x)/(tα), and since f, f ′ and f ′′ are bounded

f(x) = f(y) + (x− y)f ′(y) + O((x− y)2)

= f(y) + (x− y)2/(tα) + O((x− y)2). (6.6.17)

Hence g(x) = f(x)− αtf ′(x)2/2 + O(t2) and since f = v − r + C,

−g(x)− r(x) + C + θv(x)

= −f(x) + αtf ′(x)2/2− r(x) + Cθv(x) + O(t2)

= αt2f ′(x)2/2− (1− θ)v(x) + O(t2). (6.6.18)

When we feed this into the energy inequality (6.6.16), we obtain

αt

2

∫
f ′(x)2q(x)dx− (1− θ)

∫
vqdx + (1− θ)

∫
vρvdx

≥ − (1− θ)β
2

∫∫
log

1
|x− y|ρv (dx)ρv (dy)

+
(1− θ)β

2

∫∫
log

1
|x− y|q(x)q(y) dxdy. (6.6.19)

Hence
αt

2

∫
q(x)f ′(x)2 dx ≥ (1− θ)Ev (q)− (1− θ)Ev (ρv ), (6.6.20)

which gives by (6.6.4)

αt

2

∫
q(x)f ′(x)2 dx ≥ (1− θ)Σ(q | ρv ), (6.6.21)

where αt/(2(1− θ)) = 1/(2αθ) and θ → 1− as t→ 0+, hence

βπ2

6α
Φ(q | ρv ) ≥ Σ(q | ρv ). (6.6.22)

�
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Corollary 6.6.2 (Biane–Voiculescu [16]). The semicircular distribution
satisfies the free logarithmic Sobolev inequality (6.5.18).

Proof. The semicircular law is the equilibrium distribution for the po-
tential v(x) = x2/2, which satisfies the hypotheses of Theorem 6.6.1.

�

6.7 Logarithmic Sobolev and spectral gap inequalities
� LSI(α) implies the concentration inequality C(α).
� Uniform convexity of potential and curvature of a manifold imply

concentration for the corresponding Gibbs measure.
� A spectral gap inequality has the shape λ1var(f) ≤ E‖∇f‖2 for all f .

In this section, we compare the logarithmic Sobolev inequality with other
functional inequalities and some eigenvalue problems that are intensively
studied in metric geometry. Initially, we formulate results for Euclidean
space, and then mention without complete detail the corresponding re-
sults for Riemannian manifolds and other metric measure spaces.

One can show that for a probability density function on an open subset
of Rn , the following implications hold between the various inequalities
with the stated constants.

LSI(α)⇒ T2(α)⇒ T1(α)⇔ C(α). (6.7.1)

The first implication is due to Otto and Villani [162] under a techni-
cal hypothesis which was subsequently removed by Bobkov, Gentil and
Ledoux [26]; the final equivalence is Theorem 3.4.4 of Bobkov and Götze
[25]. The converse implications are generally not valid.

Exercise 6.7.1 (LSI(α)⇒ C(α)). Suppose that µ ∈ Prob(Rn ) satisfies
LSI(α), and let g : Rn → R be continuously differentiable and satisfy
‖∇g(x)‖ ≤ 1 for all x ∈ Rn , and

∫
g(x)µ(dx) = 0. Let ft(x) = etg (x)/2

and J(t) =
∫

ft(x)2µ(dx).

(i) Show that J(0) = 1, J ′(0) = 0, and that

tJ ′(t)− J(t) log J(t) ≤ t2

2α
J(t). (6.7.2)

(ii) Deduce that J(t) ≤ exp(t2/(2α)).

In the theory of Dirichlet forms, there is a simpler inequality which is
also weaker than LSI.
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Definition (Spectral gap). Let ρ be a probability density function on
Rn . Then ρ satisfies a Poincaré or spectral gap inequality with spectral
gap λ1 > 0 if

SG(λ1)
∫

Rn

(
f(x)−

∫
f(y)ρ(y)dy

)2
ρ(x)dx ≤ 1

λ1

∫
Rn

∥∥∇f(x)
∥∥2

ρ(x) dx

(6.7.3)

holds for all f ∈ L2(ρ) such that the distributional gradient ∇f ∈ L2(ρ).
Equivalently, λ1 is the smallest positive eigenvalue of the operator L

where Lf = −div∇ f + 〈∇V,∇f〉 and V = − log ρ. Hence λ1 is given by
a special case of the Rayleigh variational formula

λ1 = inf
f

∫
f(x)Lf(x) ρ(x) dx∫

f(x)2ρ(x) dx
(6.7.4)

where f : Rn → R is a nonconstant smooth function such that∫
f(x)ρ(x) dx = 0. Here λ1 is called the principal eigenvalue or the

spectral gap.

Proposition 6.7.2 Suppose that µ satisfies SG(λ1). Then any Lipschitz
function f : Rn → R with ‖f‖Lip ≤ K satisfies

µ
[
|f −

∫
fdµ| > ε

]
≤ K2

λ1ε2 (ε > 0). (6.7.5)

Proof. This follows from the definition when one applies Chebyshev’s
inequality to the left-hand side. �

Proposition 6.7.3 Suppose that ρ satisfies LSI(α). Then ρ also satisfies
SG(α).

Proof. By adding a constant to such an f we can arrange that∫
f(x)ρ(x)dx = 0; furthermore, there in no loss is then assuming that

f is bounded. Then we choose g = 1 + εf where ε > 0 is so small that
g ≥ 0, and apply LSI(α) to g. When we extract the terms of order ε2

from the inequality,∫
Rn

(1+εf)2 log(1 + εf)2 ρdx−
(
1 + ε2

∫
Rn

f2ρdx
)

× log
(
1 + ε2

∫
Rn

f2ρdx
)
≤ 2

α
ε2

∫
Rn

‖∇f‖2ρdx (6.7.6)

and we obtain the stated result. �

Exercise 6.7.4 (Bilateral exponential distribution). Let ν(dx) =
2−1e−|x| dx on R.



Gradient flows and functional inequalities 223

(i) Show by integration by parts that ν satisfies SG(1/4).
(ii) Show that ν does not satisfy C(α) for any 0 < α <∞.

Hence ν does not satisfy T1 . Talagrand showed that nevertheless ν sat-
isfies a transportation inequality with a special cost function.

Exercise 6.7.5 Let X be a random variable with probability density
function q and let Z be the standard normal ransom variable with prob-
ability density function γ.

(i) By applying Poincaré’s inequality with f = (q/γ)1/2 and ρ = γ,
show that ∫ (√

q(x)−
√

γ(x)
)2

dx ≤ 1
2
I(X | Z). (6.7.7)

(ii) Use the Cauchy–Schwarz inequality to show that∫
|q(x)− γ(x)| dx ≤ 2

(∫ (√
q(x)−

√
γ(x)

)2
dx

)1/2
. (6.7.8)

The quantity on the right-hand side, aside from 2, is known as the
Hellinger distance between the densities.

6.8 Inequalities for Gibbs measures on
Riemannian manifolds

In this book we have followed an approach to the logarithmic Sobolev
inequality which appears to depend upon the special properties of the
Lebesgue measure, since the Prékopa–Leindler inequality is central to
the proof. Indeed, the details of the proofs require modification to make
them apply to other manifolds, so here we indicate the main principle
and refer the reader to [51] and [58] for a full discussion.

Let M be a complete Riemannian manifold, and let ∇ be the gradient
operator that is associated with the Riemannian connection; let σ(dx) be
the Riemannian volume form and let Ric be the Ricci curvature tensor.
We defined this in Section 2.3 for Lie groups, and the general definition
for manifolds is similar, [128]. The Ricci curvature gives the average of
the Gauss curvatures of all the two-dimensional sections containing that
direction, normalized by a multiplicative factor n− 1. See [172].

Examples 6.8.1 Let Sn (r) be the sphere of radius r in Rn+1 with the
induced metric, so σ is the standard rotation-invariant measure. Then
Ric(Sn (r)) = r−2(n− 1)I.
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By Exercise 2.4.2, the group SO(n) has Ric = (n−2)I/4, so the spec-
tral gap inequality holds with constants that improve with increasing
dimension; see [48, 69].

Extension to Gibbs measures on Riemannian manifolds

In Section 6.2 we considered Gibbs measures on the flat space Rn , and
now we extend this to the context of Riemannian manifolds. Suppose
that V : M → R is a continuous function such that e−V (x)σ(dx) is a
probability measure on M . Then there exists a second-order differential
operator L such that∫

M

(Lf(x))ḡ(x) e−V (x)σ(dx) =
∫

M

〈∇f(x),∇g(x)〉 e−V (x)σ(dx) (6.8.1)

for all twice continuously differentiable f, g : M → R that have compact
support. Bakry and Emery proposed that functional inequalities should
be expressed in terms of the carré du champ

Γ(f, g) =
1
2
[
fLg + (Lf)g − L(fg)

]
(6.8.2)

and carré du champ itéré

Γ2(f, g) =
1
2
[
Γ(f, Lg) + Γ(Lf, g)− LΓ(f, g)

]
(6.8.3)

which in this case simplify to Γ(f, g) = 〈∇f,∇g〉, and the Bochner–
Weitzenböck formula is

Γ2(f, f) = 〈∇f,∇Lf〉 − 1
2
L
(
‖∇f‖2

)
= ‖Hess f‖2H S + Hess V (∇f,∇f) + Ric (∇f,∇f). (6.8.4)

The modified Ricci curvature is defined to be Ric∞ = Ric + Hess V .

Theorem 6.8.2 (Bakry–Emery). Let M be a Riemannian manifold with
no boundary, and let µ(dx) = Z−1e−V (x)σ(dx) be a probability measure
on M where Ric∞ ≥ αI for some α > 0. Then the spectral gap inequality

SG(α)
∫

M

(
f(x)−

∫
fdµ

)2
µ(dx) ≤ 1

α

∫
M

∥∥∇f(x)
∥∥2

µ(dx) (6.8.5)

holds for all f ∈ L2(σ) such that the distributional gradient ∇f ∈ L2(σ).

Proof. Let Lf = −div∇ f + 〈∇V,∇f〉 for any twice continuously differ-
entiable Ψ, f : M → R, and observe that∫

M

(Lf)(x)g(x)µ(dx) =
∫

M

〈∇f,∇f〉µ(dx). (6.8.6)
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By the Bochner–Weitzenböck formula (6.8.4), we have

〈∇f,∇Lf〉 − 1
2
L
(
‖∇f‖2

)
= ‖Hess f‖2H S + Hess V (∇f,∇f)

+ Ric (∇f,∇f); (6.8.7)

hence since LI = 0 we have∫
M

(
Lf

)2
µ(dx) =

∫
M

(
‖Hess f‖2H S + Hess V (∇f,∇f)

+ Ric(∇f,∇f)
)
µ(dx) (6.8.8)

so by the assumption on the curvature, we have∫
M

(
Lf

)2
µ(dx) ≥ α

∫
M

‖∇f‖2µ(dx), (6.8.9)

so ‖Lf‖2 ≥ λ1〈Lf, f〉L 2 (µ) . Hence the operator L has a gap containing
(0, α) in its spectrum, so∫

M

〈∇f,∇f〉µ(dx) ≥ α

∫
M

(
f −

∫
fdµ

)2
µ(dx). (6.8.10)

�
� The spectral gap of a Gibbs measure depends upon the lower bound

of the Ricci curvature and the Hessian of the potential.

Deuschel and Stroock considered spectral gap inequalities for Gibbs mea-
sures on Riemannian manifolds in [58]. For classical groups, Rothaus
considered the relationship between the constants in various functional
inequalities in [135]. Bakry and Emery showed that Theorem 6.3.2 and
hence Proposition 6.7.3 extend to the case in which Ric∞ ≥ αI for
some uniform α > 0 on M ; see [108] for a discussion of the results in
a more general setting, which are summarized in the following list of
implications.

[Ric∞ ≥ αI]⇒ LSI(α)⇒ T2(α)⇒ SG(α). (6.8.11)

Conversely, Sturm has shown that Boltzmann’s entropy is α-uniformly
displacement convex on P2(M) if and only if M has Ric∞ ≥ αI; see
[149, 108].

Extension to measured length spaces. In the historical development
of the theory, concentration inequalities were first proved for objects
with a smooth structure such as Lie groups and Riemannian manifolds,
and the constants in the inequalities were expressed in terms of geomet-
rical notions such as dimension and curvature. The modern approach
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reverses this order, and seeks to define geometrical quantities on metric
spaces without smooth structure in terms of the constants in functional
inequalities. See [40, 108].

Let (Ω, d) be a metric space and ϕ : [0, 1]→ Ω a continuous function;
then the length of ϕ is length (ϕ) = sup

∑n−1
j=0 d(ϕ(tj ), ϕ(tj+1)) where

the supremum is taken over all partitions {0 = t0 < · · · < tn = 1}.
Then (Ω, d) is called a length space if d(x, y) = infϕ{length (ϕ) : ϕ(0) =
x, ϕ(1) = y}. Lott and Villani have introduced a notion of Ricci cur-
vature for measured length spaces such that uniformly positive Ricci
curvature implies a Poincaré inequality. In this context, one interprets
‖∇f(x)‖ = lim supy→x |f(x) − f(y)|/d(x, y) since there is no obvious
notion of the Laplace operator.
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Young tableaux

Abstract

In this chapter we consider the symmetric groups SN and the Young di-
agrams which parametrize their irreducible unitary representations. The
RSK correspondence identifies the Plancherel measure for SN in terms
of combinatorial formulæ from representation theory. We describe the
typical shapes of scaled Young diagrams under the Plancherel measure
and obtain the Vershik distribution in the limit as N →∞. We express
the distribution of the longest increasing subsequence in a permuta-
tion in SN as an integral over the unitary group with respect to Haar
measure; thus we link combinatorics to random matrices via the Schur
polynomials. Finally, we state various results concerning the asymptotic
distribution of the length of the longest increasing subsequence in a typ-
ical permutation from SN as N →∞. These follow from the asymptotic
properties of Toeplitz determinants.

7.1 Group representations

Definition (The group algebra of a finite group). Let G be a finite group,
and let CG = {

∑
g∈G αgg : αg ∈ C} be the group algebra with the

multiplication (∑
g∈G

αgg
)(∑

h∈G

βhh
)

=
∑
g ,h

αgβhgh. (7.1.1)

A representation ρ is a group homomorphism G→ GL(C, n) for some
n <∞, which makes Cn into a unitary left CG module via CG×Cn →
Cn : (

∑
g αgg, v) →

∑
g αgρ(g)v. Conversely, for any unitary left CG

module M that has dimension n over C, there exists a representation

227



228 Random Matrices: High Dimensional Phenomena

ρ : G → GL(C, n) and a linear isomorphism T : M → Cn such that
T−1ρ(g)T = g.

In particular, the left regular representation λg : h �→ gh makes CG

into a unitary left CG module.
A unitary left CG module M is irreducible if M �= {0} and the only

CG submodules of M are M itself and {0}. A representation of G is
said to be irreducible if the corresponding CG module is irreducible. By
Maschke’s theorem, any finite-dimensional unitary left module M can
be written as a direct sum M = M1 ⊕M2 ⊕ · · · ⊕Mk where the Mk are
irreducible CG submodules. The group algebra CG is semisimple; see
[91, Chapter 8].

Theorem 7.1.1 (Dimension formula). There exist irreducible CG mod-
ules Vj,1 with dim(Vj,1) = dj such that no pair of the Vj,1 are isomorphic
and CG may be expressed as a direct sum

CG =
k⊕

j=1

(Vj,1 ⊕ · · · ⊕ Vj,dj
)

where the irreducible CG submodule Vj,� is isomorphic to Vj,1 for � =
1, . . . , dj . Hence the dimensions as vector spaces over C satisfy

#(G) =
k∑

j=1

d2
j . (7.1.2)

Proof. See James and Liebeck [91, Chapters 10 and 11]. �

Elements g and h of G are conjugate if there exists k ∈ G such that
g = khk−1 . Let M be a finite-dimensional unitary left CG module, so
each g ∈ G gives a linear transformation m �→ ρ(g)m; then the character
of M is the function χ : G → C given by χ(g) = traceρ(g); this does
not depend upon the choice of basis for M . Note that χ(e) equals the
dimension of the module. Elements g and h are conjugate in G if and
only if χ(g) = χ(h) for all characters χ.

Let SN be the symmetric group of permutations on N symbols
{1, . . . , N}. Each σ ∈ SN may be expressed as a permutation in dis-
joint cycles, so that the structure of the cycles is unique and is specified
by integers m1 ≥ m2 ≥ · · · ≥ mn ≥ 1 such that N = m1 + · · · + mn

where mj is the length of the jth cycle. Furthermore, σ and σ′ have equal
cycle structures if and only if there exists ω ∈ SN such that σ′ = ωσω−1 ,
so that cycle structures correspond to conjugacy classes.
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Proposition 7.1.2 For a finite group G, there are bijective correspon-
dences between the sets of:

(i) inequivalent irreducible representations;
(ii) characters of irreducible representations;
(iii) conjugacy classes of G.

For G = SN , these also correspond to:

(iv) partitions of N ;
(v) Young diagrams with N boxes.

Proof. See [91]. We discuss (v) in Section 7.2. �

Exercise 7.1.3 (Hamming meets Hilbert–Schmidt). Let Sn be the sym-
metric group on {1, . . . , n} and let

d(σ, τ) =
1
n

#{j : σ(j) �= τ(j)} (σ, τ ∈ Sn ). (7.1.3)

For σ ∈ Sn , let Pσ be the permutation matrix that is given by ej �→ eσ (j )

for the standard basis (ej )n
j=1 of Rn . Show that

‖Pσ − Pτ ‖2c2 (n) = 2d(σ, τ) (σ, τ ∈ Sn ). (7.1.4)

7.2 Young diagrams
� Young diagrams λ " N are used to parametrize the irreducible repre-

sentations of SN .

The symmetric group has Haar probability measure µN (A) = (	A)/N !
for A ⊆ SN , so that each permutation is equally likely to occur. An
increasing subsequence in σ ∈ SN of length k consists of j1 < j2 <

· · · < jk such that σ(j1) < σ(j2) < · · · < σ(jk ); note that we allow gaps
in these subsequences. Let �(σ) be the length of the longest increasing
subsequence in σ, which may be realized by several subsequences.

Problem (Ulam [5]). If we select a permutation σ ∈ SN at random,
what is the most likely length �(σ) of the longest increasing subsequence
in σ when N is large?

On the basis of numerical simulation, he conjectured that �(σ) is close
to 2
√

N with high probability. There are various sorting algorithms that
suggest that

√
N is the correct scaling factor with respect to N , but the

numerical value of 2 is more subtle. See [5].
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As an illustration, we consider a pack of cards, numbered 1, 2, . . . , N .
A permutation amounts to a shuffle of the cards, so there are N ! pos-
sible shuffles of the pack. Clearly the identity permutation has longest
increasing subsequence of length N ; contrariwise the permutation that
reverses the pack has longest increasing subsequence of length 1.
Numerical simulations indicate that for randomly selected shuffles from
a standard pack of 52 cards, the expected length of the longest increas-
ing subsequence is about 2

√
52. Ulam asked whether from a pack of N

cards, the expected length of �(σ) is 2
√

N. Vershik and Kerov proved
this as a consequence of the argument that we now sketch over the next
few sections. Using random matrix theory, Johansson and others found
apparently different proofs which depend upon the asymptotic proper-
ties of Toeplitz determinants, and which give detailed information about
the kth longest increasing subsequence for k = 1, 2, . . ..

Definition (Young tableau, [68]). By a partition π of N , denoted π " N ,
we mean a list m1 ≥ m2 ≥ · · · ≥ mn ≥ 1 such that m1 + · · ·+ mn = N.

Each partition gives an array of N square boxes of unit side, arranged
in left-justified rows such that the jth row down from the top has mj

boxes. Such an array is called a Young diagram λ. Numbering a λ means
putting one positive integer in each of the boxes such that:

(i) the rows are weakly increasing from left to right;
(ii) the columns are strictly increasing from top to bottom.

A Young diagram, so numbered, is called a Young tableau. We use the
phrase distinctly numbered to indicate that the numbers are used once
only, and in this case the rows are strictly increasing.

Definition (Standard Young tableau). A standard Young tableau P is a
numbering of a Young diagram πP such that each of the integers 1, . . . , N

is placed in one of the boxes so that the rows are increasing from left to
right, and the columns are increasing downwards. The Young diagram
πp is called the shape of P .

Theorem 7.2.1 (Robinson–Schensted–Knuth). There is a bijection ϕ

from SN to the set of ordered pairs (P,Q) of standard Young tableaux
such that πP = πQ , where πP is any Young diagram that has N boxes.

The length of the longest increasing subsequence in σ ∈ SN equals the
length of the longest row in the Young diagram πP where ϕ(σ) = (P,Q).

Proof. Each σ ∈ SN produces a word; that is, the ordered list σ(1), . . . ,
σ(N) of the numbers {1, . . . , N}. The most profitable question to ask is:
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How do we add a new entry to a Young tableau P so as to obtain another
Young tableau P ′? (The Young tableaux are generally not standard.)

The process involves the following steps, where the kth step is applied
to x = σ(k):

(1) If x is greater than all the entries in the first row of λ, then add x

to the end of the first row;
(2) otherwise, x is less than some entry in the first row, and we let y be

the smallest such entry. We replace y by x, and attempt to add y

to the Young tableau ρ that arises from λ by deleting the first row.
We say that y is bumped out by x. We repeat steps (1) and (2) to
add y to ρ.

After N steps, the process stops, where possibly the final step may in-
volve

(3) adding a box to the vacant row below the Young tableau.

At each stage in the construction, we have a distinctly numbered
Young tableau. Ultimately, we obtain a standard Young tableau P (σ),
since we have used each of {1, . . . , N} exactly once.

Meanwhile, we construct another sequence of standard Young
tableaux with the same shapes by placing k into the box that is added
in the kth step in the construction of P (σ). Thus we obtain a standard
Young tableau Q(σ), called the recording tableau, that has the same
shape as P (σ), and we can map ϕ : σ �→ (P (σ), Q(σ)).

From the construction of ϕ, particularly rule (1), it is evident that
the length of the top row of P (σ) is the length of the longest increasing
subsequence in σ.

We show that ϕ is bijective by constructing the reverse RSK corre-
spondence. Let Q be a standard Young tableau and P a distinctly num-
bered Young tableau; suppose that P and Q have equal shape. Let k be
the largest entry in Q and x the entry of P that is in the corresponding
position.

(4) If x is at the end of the first row, then x was the entry that was
added at step k; so we let σ(k) = x.

(5) Otherwise, x was bumped out of the row R of λ that is directly
above x. By condition (ii), there exists y′ in R such that y′ < x, and
we let y be the largest such y′. Then x was bumped out of R by
the addition of y, and either: R is the first row, in which case y was
added most recently, or there exists z in the row R′ directly above
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R such that z < y. Proceeding in this way, we identify the element
σ(k) as the element that was added most recently to make P .

We now remove σ(k) from P and restore P to what it was before σ(k)
was added; likewise we remove k from Q, and thus obtain two Young
diagrams that have the same shape and one box fewer than P or Q.
Then we repeat the process.

Given Young tableaux λ and ρ with N boxes and of equal shape, one
can check that there exists σ ∈ SN such that ϕ(σ) = (λ, ρ). �

For SN , the conjugacy classes are precisely the set of elements that
have the same cycle structure; hence irreducible representations corre-
spond to partitions of N . For each Young diagram λ, we now construct
a complex vector space Hλ , called a Specht module, on which SN acts
irreducibly.

Definition (λ-tableau). A λ-tableau consists of a Young diagram λ with
numbers 1, . . . , N placed in the boxes, with no special condition on or-
dering, so a standard Young tableau is a special kind of λ-tableau.

Each σ ∈ SN operates on the λ-tableaux by taking j to σ(j). We let
Cλ be the subgroup of SN consisting of the permutations that permute
the entries in each column of λ, but leave the column fixed.

Given λ-tableaux P and Q, we say that P ∼ Q if there exists σ ∈ SN

such that σ takes the entries in row j of P to the entries in row j of
Q for all j. An equivalence class is called a λ-tabloid T , and amounts
to a partition of the set {1, . . . , N} into unordered rows j = 1, 2, . . . of
length λ1 ≥ λ2 ≥ . . . . The action of SN on the λ-tableaux gives rise
to an action on the λ-tabloids where σ ∈ Sn permutes the entries of T .
We introduce basis vectors eT , indexed by the λ-tabloids, and form the
complex vector space span(eT ); then we introduce

ẽT =
∑

σ∈Cλ

sign(σ)eσ (T ) (7.2.1)

and Hλ = span{ẽT : λ− tabloids T}.

Definition (Schur polynomial). Suppose that λ " N has n rows, where
n ≤ t. A numbering P assigns 1, . . . , t into the boxes of λ, and pj is
the number of occurrences of j. Then the Schur polynomial of λ in t

indeterminates is

Sλ(x1 , . . . , xt) =
∑
P

xp1
1 . . . xpt

t , (7.2.2)
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with the sum over all such numberings. We write xP = xp1
1 . . . xpt

t for
short.

One can show that Sλ is symmetric, and that the Sλ give a basis for
the vector space of symmetric polynomials in (x1 , . . . , xt).

Proposition 7.2.2 (Specht modules). For each λ " N there exists a
finite-dimensional complex Hilbert space Hλ called a Specht module and
an irreducible representation of SN on Hλ such that distinct Young dia-
grams correspond to inequivalent representations. Furthermore, the Hλ

satisfy

N ! =
∑
λ�N

(dim Hλ)2 ; (7.2.3)

so the Specht modules give a complete set of inequivalent irreducible mod-
ules.

Proof. See [68] for a proof that the representations are well defined,
inequivalent and irreducible. To prove that this gives a complete set of
such representations, we count dimensions and prove (7.2.3).

One can choose a basis of Hλ consisting of standard Young tableaux
ρ with shape π(ρ) = λ. The dimension of Hλ equals the number fλ of
standard Young tableaux ρ that have shape λ.

We expand 1/(1 − xjyk ) as a geometric series, then gather terms to-
gether and find

N∏
j,k=1

1
1− xjyk

=
N∑

n=0

∑
λ :λ�n

∑
U :π (U )=λ

xU
∑

T :π (T )=λ

yT

=
N∑

n=0

∑
λ :λ�n

Sλ(x)Sλ (y). (7.2.4)

Now we consider the coefficient of x1 . . . xN y1 . . . yN on each side of this
expression and we find that only standard numberings can give con-
tribute to this coefficient, and the xj and yk may be permuted paired in
any order, so

N ! =
∑

λ :λ�N

(fλ)2 . (7.2.5)

This proves (7.2.3), and the dimension formula Theorem 7.1.1 from rep-
resentation theory then shows that we have a complete list of inequiva-
lent irreducible representations. �
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Definition (Plancherel measure). The Plancherel measure νN of SN is
the probability measure on ΛN = {π : π " N} such that

νN ({π}) =
(dim Hπ )2

N !
. (7.2.6)

Proposition 7.2.3 Under the RSK correspondence, the map σ �→
(P,Q) �→ πP induces νN from the Haar measure µN on SN .

Proof. This holds since for each π there are (dim Hπ )2 pairs (P,Q) that
have shape π. �

Note that there are various natural maps from SN to {π : π " N},
such as the map considered in Exercise 7.2.9, which induce probability
measures on {π : π " N} that are different from νN . We can regard the
Plancherel measure as a probability measure on the space of inequiva-
lent irreducible representations of SN , and the name derives from the
fact that one can prove an analogue for compact metric groups of the
Plancherel formula for abelian groups; see [130, p 445].

We introduce �j = n + λj − j, and consider the coefficient χλ(1N ) of
x�1

1 · · ·x�n
n in

(x1 + · · ·+ xn )N
∏

1≤j<k≤n

(xj − xk ). (7.2.7)

Then χλ(1N ) equals the dimension of Hλ by a special case of Frobenius’s
character formula.

The dimension of Hπ can otherwise be found from the hook length
formula, which we state in various forms. For each box b in the Young
diagram π, we form a hook consisting of b, the boxes that lie directly
below b in the same column and the boxes that lie directly to the right
of b in the same row; the length of this hook is hb , the total number of
boxes in the hook.

Proposition 7.2.4 (Hook length formulæ). Suppose that λ " N has
rows λ1 ≥ · · · ≥ λn > 0. Then with �j = λj + n − j, the dimension of
the corresponding Specht module is given by

dim Hλ =
N !∏
b∈λ hb

or equivalently

dim Hλ =
N !∏n

j=1 �j !

∏
1≤j<k≤n

(�j − �k ). (7.2.8)
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Proof. See [68]. �

Proposition 7.2.5 (Frobenius’s formula [138]). For λ " N , the dimen-
sion of the corresponding Specht module is given by

dim Hλ = N ! det
[ 1
(λj − j + k)!

]
j,k=1,...,n

. (7.2.9)

Proof. In [138, p. 132] Sagan shows by induction on n that this is equiv-
alent to the hook length formula. A basic observation is that λj − j + n

is the hook length for the jth entry in the first column. �

Frobenius’s coordinates

For various applications in Chapter 10, we use another system of coor-
dinates for Young diagrams. Given λ " N , we introduce the diagonal of
boxes (j, j) with j = 1, . . . , d, and count the number Pj of boxes in row
j that lie to the right of (j, j); then we count the number Qj of boxes
in column j that lie below (j, j). Evidently λ is determined by these
numbers, which satisfy P1 > P2 > · · · > Pd , Q1 > Q2 > · · · > Qd and∑d

j=1(Pj + Qj ) = N − d.

We write
λ = (P1 , . . . , Pd ;Q1 , . . . , Qd). (7.2.10)

Definition (Conjugate or transpose). The transpose of conjugate λt of a
Young diagram λ is the Young diagram λt

1 ≥ · · · ≥ λt
m that has columns

of height λ1 , λ2 , . . . , λn . We can take λt
1 = n and λ1 = m for convenience.

(The notation λ′ is also in common use.)

Evidently, λt still has N boxes and also has d boxes on its diagonal,
and one can easily see that

λt = (Q1 , . . . , Qd ;P1 , . . . , Pd). (7.2.11)

We now consider σ = {−1/2,−3/2, . . . } and introduce the sets of differ-
ences

D = {λj + s : j = 1, . . . , n; s ∈ σ},Dt = {−λt
k − s : k = 1, . . . ,m; s ∈ σ}.

(7.2.12)

Proposition 7.2.6 The sets D and Dt are complementary in Z + 1/2.

Proof. By some simple counting arguments, one can show that

λj + n− j (j = 1, . . . , n) and n− 1 + k − λt
k (k = 1, . . . , m)

(7.2.13)
together give all of {0, 1, . . . ,m + n− 1}.
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Suppose that y ∈ {−n− 1/2, . . . ,m− 1/2}. Then either there exists a
unique j ∈ {0, 1, . . . } such that y = λj −j−1/2, or there exists a unique
k ∈ {0, 1, . . . } such that y = k − λt

k − 1/2.
If y ∈ {m + 1/2,m + 3/2, . . . }, then y = −λt

1 + n + � + 1/2 for some
� ∈ {m,m + 1, . . . }.

Likewise, if y ∈ {−n− 1/2,−n− 3/2, . . . }, then y = λ1 −m− �− 1/2
for some � ∈ {n, n + 1, . . . }. �

The Frobenius coordinates can be obtained by means of Proposition
7.2.6 from the set of differences. For λ = (λ1 ≥ λ2 ≥ . . . ), we introduce
the symmetric difference

Fr(λ) = {λj − j : j = 1, 2, . . . } # {−1,−2, . . . } (7.2.14)

which satisfies

Fr(λ) = {P1 , . . . , Pd ;−1−Q1 , . . . ,−1−Qd}. (7.2.15)

Thus Frobenius’s coordinates are the symmetric difference of the set
of differences with respect to the negative integers; this is significant in
Chapter 10.

Our final version of the hook length formula is in terms of the Frobe-
nius coordinates.

Proposition 7.2.7 (Hook length formula in Frobenius’s coordinates).
For λ " N , the dimension of the corresponding Specht module is given
by:

dim Hλ = N ! det
[ 1
(Pj + Qk + 1)Pj !Qk !

]
j,k=1,...,d

. (7.2.16)

Proof. See [30, p. 489]. �

Exercise 7.2.8 Use the Cauchy determinant formula from Lemma
2.2.1(ii) to express the right-hand side similarly to Proposition 7.2.4,
namely

dim Hλ =
N !∏

j Pj !
∏

j Qj !

∏
j<k (Pj − Pk )

∏
j<k (Qj −Qk )∏

j,k (1 + Pj + Qk )
. (7.2.17)

Exercise 7.2.9 (i) Suppose that in the decomposition of σ ∈ SN into
disjoint cycles, the distinct cycle lengths are rj (j = 1, . . . , �), where
there are sj disjoint cycles of length rj . Show that the number of distinct
τ ∈ SN that are conjugate to σ equals

N !∏�
j=1 r

sj

j sj !
. (7.2.18)
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(ii) Let ψ : SN → {π : π " N} be the map that takes σ ∈ SN to
the Young diagram that has shape given by the decomposition of σ into
disjoint cycles. Describe the probability measure that ψ induces from
Haar measure µN on SN .

Exercise 7.2.10 Show that, with �j = λj + n− j,

νN ({λ}) = N ! det
[ 1
�j !

n−1∑
r=0

(�j �k )r 1
�k !

]
j,k=1,...,n

. (7.2.19)

7.3 The Vershik Ω distribution
� Vershik’s Ω distribution arises in various card-sorting algorithms.
� The Ω distribution describes the typical cycle structure of elements of

SN for large N .
� The Ω distribution satisfies a variational problem suggested by Plan-

cherel measure on the symmetric group.

The Vershik Ω distribution [107, 99, 161] is important in analysis of the
Plancherel measure of the symmetric group on N letters as N → ∞,
and hence arises in random matrix theory. The purpose of this section is
to introduce the Vershik distribution by means of variational problems
related to Section 4.4, and to explore the limits of what one can achieve
by the general methods of this book.

Next we consider the shapes of the Young diagrams π " N as N →∞.
Each Young diagram π gives a decreasing probability density function
fπ on (0,∞): we reflect the diagram in the x axis to obtain a polygonal
curve which resembles a descending staircase, then we scale the boxes
so that they become squares of side 1/

√
N , and then we introduce a

function that has such a scaled diagram as its graph. Finally, we can
smooth off the edges so that fπ is continuous and strictly decreasing.

Suppose that f is a decreasing probability density function on (0,∞).
Then for x > 0 and 0 < y < f(x), the point (x, y) lies underneath the
graph of f , and f(x) − y represents the vertical distance to the graph,
while f−1(y) − x represents the horizontal distance; thus f(x) − y +
f−1(y)− x represents the hook length. The functional

H̃(f) =
∫ ∞

0

∫ f (x)

0
log(f(x)− y + f−1(y)− x) dydx (7.3.1)

represents the integral of the hook lengths over all points under the
graph.
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Lemma 7.3.1 Under the above correspondence,

νN ({π}) ≈ (2πN)1/2 exp
(
−N − 2NH̃(fπ )

)
, (7.3.2)

for large N .

Proof. Suppose that under the above correspondence the box b is
mapped to a scaled box with centre (xb, yb). Then we have approxi-
mately ∑

b∈π

log hb =
∑
b∈π

log
(
N 1/2 |fπ (xb)− yb + f−1

π (yb)− xb |
)

≈ (1/2)N log N + N

∫ ∞

0

∫ fπ (x)

0
log |fπ (x)

−y + f−1
π (y)− x|dydx (7.3.3)

and hence by Stirling’s formula log Γ(x) = (x−1/2) log x−x+log
√

2π+
o(1), and the hook length formula

νN ({π})=exp
(
log N !− 2

∑
b∈π

log hb

)
≈ (2πN)1/2 exp

(
−N − 2N

∫ ∞

0

∫ fπ (x)

0
log(fπ (x)

− y + f−1
π (y)− x)dydx

)
. (7.3.4)

�

By Lemma 7.3.1, the representations π that are most probable with
respect to νN are those that give fπ that make H̃(fπ ) close to its min-
imum. The Vershik distribution is the f that minimizes H̃(f) over all
decreasing probability density functions f on (0,∞). We shall show how
to obtain f from the solution of an integral equation in the new variables

x = g(ξ) + (1/2)ξ + (1/2)|ξ|,
f(x) = g(ξ)− (1/2)ξ + (1/2)|ξ|. (7.3.5)

More precisely, Logan and Shepp [107] considered the problem of min-
imizing

I(g) =
∫ ∞

−∞
g′(ξ)ξ log

e

|ξ| dξ +
1
2

∫∫
log

1
|ξ − η|g

′(ξ)g′(η)dξdη (7.3.6)

where g is a probability density function on R that is unimodal with
mode at ξ = 0 and is differentiable with |g′(ξ)| ≤ 1. By calculus, they
show that minimizing I(g) is equivalent to minimizing H̃(f) over the
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given sets of functions. The functional I is bounded below on the spec-
ified set of functions and has a unique minimizer. Evidently, the mini-
mizer satisfies

ξ log
e

|ξ| =
∫ ∞

−∞
log |ξ − η| g′(η)dη + C (7.3.7)

on the support of g′(ξ), where C is some constant. Further, C = 0 when
g is an even function.

For δ > 0, we introduce the potential

v(x) =
{

(3/4)x2 − (1/2)x2 log |x|, for|x| < e;
(δ/2)(|x| − e)2 + (e2/4), for|x| > e;

(7.3.8)

which is piecewise differentiable with

v′(x) =
{

x log(e/|x|), for|x| < e;
δsgn(x)(|x| − e), for|x| > e;

(7.3.9)

hence v satisfies (a), (b) and (c) of Chapter 4. The graph of the function
v has a single well, with the minimum at (0, 0), and is convex on the
interval (−1, 1). By Theorem 4.4.1, there exists a unique minimizer ρv

for the functional∫ ∞

−∞
v(x)ρ(x)dx +

1
2

∫∫
log

1
|x− y|ρ(x)ρ(y) dxdy, (7.3.10)

and the solution satisfies

v′(x) = p.v.
∫ ∞

−∞

ρv (y)dy

x− y
(7.3.11)

on the support of ρv . Fortunately, this ρv is supported on [−2, 2], and
ρv = g also gives the solution to the Logan–Shepp problem.

Lemma 7.3.2 The integral equation

x log
e

|x| = p.v.
∫ 2

−2

g(t)
x− t

dt (x ∈ (−2, 2)) (7.3.12)

has a unique solution in L2 [−2, 2], given by

gΩ(x) =

 2
π

(
1− x2

4

)1/2
+ x

π sin−1 x
2 −

|x|
2 , for |x| < 2;

0, for |x| > 2.
(7.3.13)

Proof. Logan and Shepp prove this by considering the function

GΩ(z) =
2
π

{(
1− z2

4

)1/2
+

iz

2

}
− iz

π
log

z

i
− iz

π
log

{(
1− z2

4

)1/2
+

iz

2

}
(7.3.14)
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which is analytic in the upper half-plane, and where the roots may be
chosen so that GΩ(z) = O(1/z) as |z| → ∞. They verify that g(x) =
�G(x), and that

�GΩ(x) =
x

π
− x

π
log |x|, (|x| ≤ 2) (7.3.15)

so that the Hilbert transform isHgΩ(x) = v(x)/π for |x| < 2, as required.
�

One can easily check that gΩ has the following properties:

(i) gΩ(ξ) = gΩ(−ξ), so gΩ is even;
(ii) 0 ≥ g′Ω(ξ) ≥ −1 for ξ > 0, so gΩ is unimodal;
(iii) gΩ maps [0, 2] onto [0, π/2];
(iv) gΩ is a probability density function since gΩ(ξ) ≥ 0 and∫∞

−∞ gΩ(ξ)dξ = 1.

(v) Further, gΩ minimizes I and I(gΩ) = −1/2.

To prove (v), one writes

I(gΩ) =
∫ 2

−2
log |x|gΩ(x) dx +

π

2

∫ 2

−2
gΩ(x)HgΩ(x) dx (7.3.16)

and then evaluates these integrals using the substitution x = 2 sin θ. See
Exercise 7.3.7 and Section 4.7.

Definition (Vershik’s Ω distribution). The Vershik Ω distribution has
probability density function fΩ, where the function fΩ : [0,∞)→ [0,∞)
satisfies the pair of equations

x = gΩ(ξ) + (1/2)ξ + (1/2)|ξ|,
fΩ(x) = gΩ(ξ)− (1/2)ξ + (1/2)|ξ|. (7.3.17)

Proposition 7.3.3 Here fΩ satisfies the corresponding properties:

(i) fΩ(fΩ(x)) = x, so that the graph of fΩ is symmetrical about y = x;
(ii) fΩ is decreasing;
(iii) fΩ maps [0, 2] onto [0, 2];
(iv) fΩ is a probability density function since

∫∞
0 fΩ(x)dx = 1.

(v) fΩ minimizes H̃ and H̃(fΩ) = −1/2.

Proof. (i) This follows from the fact that gΩ is even.
(ii) From the above formulae, we have

dfΩ

dx
=

{
g′Ω(ξ)/(1 + g′Ω(ξ)), for ξ > 0;
(g′Ω(ξ)− 1)/g′Ω(ξ), for ξ < 0;

(7.3.18)
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so dfΩ
dx ≤ 0 in all cases.

(iii) For ξ > 2 we have gΩ(ξ) = 0, so x = ξ and fΩ(x) = 0; further,
x = 0 at ξ = −2 so fΩ(0) = 2.

(iv) We introduce x0 such that fΩ(x0) = x0 . Then from the graph of
fΩ it is evident that

gΩ(ξ) =
1
2

(
x + fΩ(x)− |x− fΩ(x)|

)
=

{
fΩ(x), for x > x0 ;
x, for x < x0 ;

(7.3.19)

so ∫ ∞

−∞
gΩ(ξ)dξ =

∫ x0

0
x(1− f ′

Ω(x))dx +
∫ ∞

x0

fΩ(x)(1− f ′
Ω(x))dx

= x2
0/2 + fΩ(x0)2/2−

∫ x0

0
xf ′

Ω(x) dx +
∫ ∞

x0

fΩ(x)dx.

(7.3.20)

So by integrating by parts and using the choice of x0 , we obtain∫ ∞

−∞
gΩ(ξ)dξ =

∫ ∞

0
fΩ(x) dx. (7.3.21)

(v) This follows from the corresponding result for gΩ, since H̃(fΩ) =
I(gΩ). �

The relevance of these results in random matrix theory becomes clear
with the following expression for the Plancherel measure, which resem-
bles the expression in Proposition 2.4.3.

Proposition 7.3.5 Let λ be a Young diagram that has n rows and let
�j = λj +n− j; so that, �j is the hook length of the box in position (j, 1)
from the first column of λ. Then the Plancherel measure for SN satisfies

νN (λ) = exp
(
log N !− 2

n∑
j=1

log Γ(�j + 1)− 2
∑

1≤j<k≤n

log(�j − �k )
)
.

(7.3.22)

Proof. This follows from the hook length formula Proposition 7.2.4.
�

The function w(x) = 2 log Γ(x + 1) is uniformly convex on [δ,K] for
each 0 < δ < K < ∞, and w(x) � log(2πx) + 2x log(x/e) as x → ∞.
For a more detailed discussion of this potential, see the author’s paper
[20].



242 Random Matrices: High Dimensional Phenomena

Example 7.3.6 The function v(x) = x log(x/e) is uniformly convex on
[0,K] since v′′(x) = 1/x ≥ K. Hence by Theorem 4.8.3, the equilibrium
density hΩ satisfies

W2(h, hΩ)2 ≤ 2KΣ(h | hΩ) (7.3.23)

for all probability density functions h that have finite relative free en-
tropy with respect to hΩ.

As in Section 4.5, we consider the set of absolutely continuous func-
tions g : [0,K] → [0, A] such that g is decreasing with g(0) = A and
g(K) = 0. Then h(x) = −g′(x)/A gives a probability density function on
[0,K]. Suppose that g and gΩ have this form, and introduce h = −g′/A

and hΩ = −g′Ω/A. Then we find

Ev (h) =
1
A

∫ K

0
g′(x)x log(e/x)dx

+
β

2A2

∫ K

0

∫ K

0
log

1
|x− y|g

′(x)g′(y) dxdy (7.3.24)

which resembles the functional I(g) of Logan and Shepp. By Proposition
3.3.3, we have

W2(h, hΩ) ≥W1(h, hΩ) =
1
A

∫ K

0
|g(x)− gΩ(x)|dx. (7.3.25)

In view of the formula for gΩ, we should take A = 2/π and K = 2.
The Vershik–Kerov Theorem 7.4.6 uses sharper estimates than this; so
that, the statement involves the L∞ rather than the L1 norm, and has
an effective error bound. Transportation inequalities are not designed to
give uniform bounds on probability densities.

Exercise 7.3.7 (i) Show that I(gΩ) = 2−1
∫ 2
−2 gΩ(x) log |x| dx.

(ii) Given that
∫ π/2
−π/2 log | sin θ|dθ = −π log 2, by [35] show by inte-

grating by parts that∫ π/2

−π/2
cos2 θ log | sin θ|dθ = −π

2
log 2− π

4
, (7.3.26)∫ π/2

−π/2
θ sin θ cos θ log | sin θ|dθ =

π

4
log 2− π

4
.

(iii) Hence show that I(gΩ) = −1/2.

Remark. In this section we have drawn analogies between Plancherel
measure on the irreducible representations of SN and certain random
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matrix ensembles. The sharpest results about partitions are obtained
from complex analysis and appear beyond the scope of transportation
methods. The distribution of lengths of rows in random Young diagrams
have been thoroughly investigated by the Riemann–Hilbert technique [1,
7, 8, 56].

7.4 Distribution of the longest increasing subsequence
� The distribution of the length of the longest increasing sequence can

be expressed as an integral over U(N).
� The Poisson process is used to express such integrals as Toeplitz de-

terminants.

In this section we show how to obtain the distribution of the length
of the longest increasing subsequence in a permutation. The techniques
essentially use random matrix theory, and the Poisson process.

When gazing at the night sky through a telescope, an observer can
count the number ρ(A) of bright stars within a given sector A. This ρ(A)
appears to be a random non-negative integer, and when A and B are
disjoint sectors, ρ(A) and ρ(B) appear to be statistically independent.
A common model for this is the Poisson process as in [101].

Definition (Random point field). Let (Ω0 , d) be a Polish space such that
all bounded and closed subsets of Ω0 are compact. Let ν be a measurable
mapping from a probability space (Ω,P) to the set of Radon measures
on Ω0; the distribution is the probability measure that is induced by ν.
(Hence A �→ νω (A) is a Radon measure for each ω ∈ Ω, and ω �→ νω (A)
is a random variable for each bounded Borel set A.) If νω (A) belongs to
{0, 1, 2, . . . } for all bounded Borel subsets A of Ω0 and all ω ∈ Ω, then
ν is a random point field on Ω0.

Definition (Poisson process [101]). Let (Ω,P) be a probability space,
and let m2 be Lebesgue area measure. For θ > 0, a Poisson random
variable with mean θ is a measurable function R : Ω → {0, 1, . . . } such
that P[R = n] = e−θ θn/n! for n = 0, 1, . . . . A Poisson process ρ with
unit rate in the plane is a random point field on R2 such that:

(i) ρ(A) is a Poisson random variable with mean m2(A);
(ii) ρ(Aj ) (j = 1, 2, . . . ) are mutually independent and
(iii) ρ(A) =

∑∞
j=1 ρ(Aj ) whenever (Aj ) (j = 1, 2, . . . ) are disjoint

bounded Borel sets with bounded union A = ∪∞j=1Aj .
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The probability generating function gA satisfies

gA (z) = Ezρ(A) = exp((z − 1)m2(A)), (7.4.1)

so that A �→ log gA (z) determines the mean measure m2(A). Area mea-
sure is a suitable choice since it has no atoms; the Poisson random vari-
ables ρ(A) can take any positive integral values, but they assign values
with multiplicity one. (In this respect, the Poisson process does not pro-
vide an ideal model of stellar counts, since visual binary stars occur
relatively frequently.)

For large θ > 0, we consider the Poisson process on [0,
√

θ]× [0,
√

θ], so
that N = ρ([0,

√
θ]× [0,

√
θ]) has a Po(θ) distribution. For each outcome,

there exist points (xj , yj ) ∈ [0,
√

θ]×[0,
√

θ] for j = 1, . . . , N at which the
process jumps; regard (xj , yj ) as the coordinates of the stars. Without
loss of generality, we can choose the indices so that x1 < x2 < · · · < xN

and then we can choose a unique σ ∈ SN so that yσ (1) < yσ (2) < · · · <
yσ (N ) . For each given N , the distribution of σ is Haar measure on SN .

We introduce a probability measure µθ
∞ on S∞ = ∪∞N =0SN by select-

ing N according to a Poisson law with mean θ, then we select elements
of SN according to Haar measure; by convention S0 = {e}. Later we
shall consider S∞ as an inductive limit group. The distribution of σ as
given by the above Poisson process is µθ

∞.
To be more explicit, we write Nθ for N .

Proposition 7.4.1 Nθ/θ → 1 almost surely as θ →∞.

Proof. This is a special case of the strong law of large numbers. Indeed,
for each ε > 0, Chebyshev’s inequality gives

P
[∣∣Nk 2

k2 − 1
∣∣ > ε

]
≤ 1

ε2k2 (7.4.2)

and hence by the First Borel–Cantelli Lemma we deduce

P
[∣∣Nk 2

k2 − 1
∣∣ > ε for infinitely many k

]
= 0. (7.4.3)

Taking an integer k such that k ≤
√

θ < k + 1, we observe that Nk 2 ≤
Nθ < N(k+1)2 and k/

√
θ → 1 as θ →∞, hence the result. �

Each increasing subsequence σ(n1) < σ(n2) < · · · < σ(n�) in σ may be
identified with a zig-zag path with steps (xnj

, yσ (nj )) to (xnj + 1 , yσ (nj + 1 )),
going eastwards and northwards in the plane. For each s < t we let �st be
the number of points in the longest such path in [s, t]×[s, t]. Hammersley
used this device in various percolation problems.
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Theorem 7.4.2 (Hammersley). There exists a constant c such that

�0,t

t
→ c (7.4.4)

almost surely as t→∞.

Proof. Kingman introduced the subadditive ergodic theorem to prove
this result. By joining paths together we see that

�su ≥ �st + �tu (s < t < u). (7.4.5)

The numerical sequence −E�st is subadditive, in the sense that

−E�su ≤ −E�st −E�tu (s < t < u), (7.4.6)

and hence E�0t/t → c for some constant c by elementary results. By
considering shifts of the plane along the North-East diagonal, we see
that the process is strongly stationary in the sense that the joint distri-
bution of (−�s+1,t+1)s<t is equal to the joint distribution of (−�st)s<t .
The invariant σ-algebra for the diagonal shift is trivial, so the pro-
cess is ergodic. By the subadditive ergodic theorem [100], we have
�0,t/t → c almost surely as t → ∞. Generally, c is known as the time
constant. Due to Theorem 7.4.6 presented below, this constant c turns
out to be 2. �

Lemma 7.4.3 (Rains, [5]). Let �(σ) be the length of the longest increas-
ing sequence in σ. Then

µN {σ ∈ SN : �(σ) ≤ r} =
1

N !

∫
U (r)
|trace(U)|2N µU (r)(dU). (7.4.7)

Proof. We choose an integer r ≤ N . Let the eigenvalues of U ∈ U(r)
be eiθ1 , . . . , eiθr , so that trace(U) =

∑r
j=1 eiθj . The first elementary

symmetric polynomial in r variables is P1(x) =
∑r

j=1 xj , and we can
express its Nth power as a linear combination of the Schur functions

(P1(x))N =
∑

λ�N,λt
1 ≤r

χλ (1t)sλ(x) (7.4.8)

where λ is summed over all partitions of N such that the transpose λt

has less than or equal to k rows and χλ is the character that corresponds
to λ. Now χλ(1t) = dim(Hλ ), and the Schur functions are orthonormal
with respect to µU (r) . Hence we have

1
N !

∫
U (r)
|P1(eiθ1 , . . . , eiθr )|2N µU (r)(dU) =

1
N !

∑
λ�N,λt

1 ≤r

(
dim(Hλ )

)2
,

(7.4.9)
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in which we recognise the right-hand side as

νN {λ " N : λt
1 ≤ r} = νN {λ " N : λ1 ≤ r}

= µN {σ ∈ SN : �(σ) ≤ r}, (7.4.10)

where the final equality follows from the RSK correspondence as in
Proposition 7.2.3. �

Definition (Poissonization). Let (ΩN ,PN ) be discrete probability
spaces for N = 0, 1, 2 . . . , and let Ω = %∞N =0ΩN be the disjoint union of
the ΩN . Then for each θ > 0 we introduce the probability measure Pθ

on Ω by

Pθ ({ωN }) = e−θ θN

N !
PN ({ωN }) (ωN ∈ ΩN ,N = 0, 1, . . . ). (7.4.11)

In effect, we choose the index N to be a Poisson random variable with
mean θ, and then choose from ΩN according to the law PN .

Definition (Plancherel measure on partitions). Let ΛN = {λ " N} and
Λ0 = {1}; then let Λ = ∪∞N =0ΛN . To select a partition λ, we first choose
N = |λ| according to the Poisson law with mean θ, then we choose
λ ∈ ΛN according to Plancherel measure; thus we define the probability
measure Pθ on Λ by

Pθ ({λ}) = e−θ θ|λ|
(dim(Hλ )
|λ|!

)2
. (7.4.12)

Under the RSK correspondence, we can regard Pθ as a measure on
S∞ = ∪∞N =1SN .

Definition (Bessel function of integral order [167, p. 19]). Bessel defined
Jm with integral order m by

Jm (x) =
∫ π

0
cos(mφ− x sin φ)

dφ

π
, (m = 0, 1, . . . ;x ∈ C) (7.4.13)

and the relation J−m (x) = (−1)m Jm (x); the general definition appears
in Section 9.2.

From this definition, one can recover the Jm as the coefficients in the
Laurent expansion [167, 2.11]

exp
{x

2

(
z− 1

z

)}
= J0(x)+

∞∑
m=1

zm Jm (x)+
∞∑

m=1

(−z)−m Jm (x). (7.4.14)

Proposition 7.4.4 (Gessel [5]). For θ > 0, let

Φr (θ) = P θ{λ ∈ Λ : λ1 ≤ r} (r ∈ N) (7.4.15)
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be the cumulative distribution function of the longest row in the parti-
tions under Pθ . Then

Φr (θ) = e−θ det
[
Jj−k (−2iθ)

]
j,k=1,...,r

. (7.4.16)

Proof. By definition of Pθ , we have

P θ{λ : λ1 ≤ r} = e−θ
∞∑

N =0

θN

N !
µN {σ ∈ SN : �(σ) ≤ r} (r ∈ N).

(7.4.17)
Lemma 7.4.3 suggests that we can express this as an integral over the
groups U(N). First we observe that by the binomial theorem∫

U (r)
|trace(U + U∗)|2N µU (r)(dU)=

(
2N

N

)∫
U (r)
|trace(U)|2N µU (r)(dU),

(7.4.18)

since we need an equal numbers of factors U and U∗ to produce a non-
zero term, and of course trace(U + U∗) = 2

∑r
j=1 cos ψj . By Lemma

7.4.3 and the Weyl formula Theorem 2.6.2, we have

1
N !

µN {σ ∈ SN : �(σ) ≤ r}

=
1

(2N)!

∫
U (r)
|trace(U + U∗)|2N µU (r)(dU)

=
1
r!

1
(2N)!

∫
T

2
r∑

j=1

cos ψj

2N ∏
1≤j<k≤r

|eiψj − eiψk |2 dψ1

2π
· · · dψr

2π
.

(7.4.19)

When we replace 2N by an odd power, the resulting expression vanishes
by symmetry, so when we multiply by e−θ θN and sum over N , we obtain

e−θ
∞∑

N =0

θN

N !
µN {σ ∈ SN : �(σ) ≤ r}

=
e−θ

r!

∫
T

exp

2θ
r∑

j=1

cos ψj

 ∏
1≤j<k≤r

|eiψj − eiψk |2 dψ1

2π
· · · dψr

2π
,

(7.4.20)

where the integral is taken over the maximal torus T . Next, we convert
the right-hand side into the Toeplitz determinant by Proposition 4.9.5,
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and obtain

e−θ det
[∫ 2π

0
exp

(
2θ cos ψ + i(j − k)ψ

)dψ

2π

]
j,k=1,...,r

. (7.4.21)

Next we observe that∫ π

−π

e2θ cos ψ+i(j−k)ψ dψ

2π
= ij−k

∫ π

−π

e−2θ sin ψ+i(j−k)ψ dψ

2π

= ij−kJj−k (−2iθ), (7.4.22)

and by the multiplicative property of determinants

e−θdet
[∫ π

−π

e2θ cos ψ+i(j−k)ψ dψ

2π

]
j,k=1,...,r

=e−θ det
[
Jj−k (−2iθ)

]
j,k=1,...,r

.

(7.4.23)

�

The determinant surges in value as r passes through 2
√

θ; more precisely,
Φr (θ) satisfies the following lemma.

Lemma 7.4.5 (Johansson [94, 8]). There exist constants δ, ε > 0, which
are independent of r and N , such that

0 ≤ Φr (θ) ≤ Ce−δθ ((1 + ε)r < 2
√

θ);

0 ≤ 1− Φr (θ) ≤ C/r ((1− ε)r > 2
√

θ). (7.4.24)

Proof. The proof is a lengthy deviations estimate on the determinant
in Proposition 7.4.4, hence is omitted. �

Theorem 7.4.6 (Vershik–Kerov [161]). The scaled length of the longest
increasing subsequence converges in probability to 2 as N →∞; that is,
for each ε > 0,

µN

{
σN ∈ SN :

∣∣∣�(σN )√
N
− 2

∣∣∣ > ε
}
→ 0 (N →∞). (7.4.25)

Proof. We introduce the expression

aN (r) = µN {σN ∈ SN : �(σ) ≤ r} (7.4.26)

which is decreasing with respect to increasing N , and increasing with
respect to increasing r. Clearly 0 ≤ aN (r) ≤ 1. We shall prove that aλ(r)
jumps from a value close to 0 to a value close to 1 as r passes through
2
√

θ.
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By a simple application of Chebyshev’s inequality, we have for each
κ > 1 the bounds∣∣∣Φr (θ)−

θ+κ
√

θ∑
N =θ−κ

√
θ

e−θ θN

N !
aN (r)

∣∣∣ ≤ 2
κ2 , (7.4.27)

which gives the estimates

aθ−κ
√

θ (r) +
2
κ2 ≥ Φr (θ) ≥

(
1− 2

κ2

)
aθ+κ

√
θ (r)−

2
κ2 . (7.4.28)

By Lemma 7.4.5, we have

Ce−δθ +
2
κ2 ≥

(
1− 2

κ2

)
aθ+κ

√
θ

( 2
√

θ

1 + ε

)
, (7.4.29)

and

aθ−κ
√

θ

( 2
√

θ

1− ε

)
≥ 1− C(1− ε)

2
√

θ
− 2

κ2 ; (7.4.30)

so by taking κ = θ1/4 and letting θ → ∞, we obtain the stated result
that aθ (r) jumps near to r = 2

√
θ. �

In Section 10.4 we shall revisit these ideas and give a more precise
version of Theorem 7.4.6 which deals with the delicate topic of the edge
distribution. The first proof of Theorem 7.4.6 did not use random matrix
theory, instead it relied upon combinatorial results concerning partitions,
and gives some more precise information.

Theorem 7.4.7 (Vershik–Kerov [161]). Under the Plancherel measure
νN on {λ " N}, the scaled Young diagrams fλ converge in probability to
fΩ as N →∞, so

νN

{
λ " N : ‖fλ − fΩ‖∞ < CN−1/6}→ 1 (N →∞). (7.4.31)

Proof. See Vershik–Kerov [161]. A key ingredient of the proof is the
Hardy–Ramanujan asymptotic formula [6, 79] for the number pN of par-
titions of N . There exists εN such that

pN = 	{λ " N} = exp
(
π
(2N

3

)1/2
(1 + εN )

)
, (7.4.32)

where εN → 0 as N → ∞. The statement of the result implies conver-
gence in Wasserstein metric due to Proposition 3.3.3(ii). �

Having established that �(σ) is often close to 2
√

N , the next step is
to find the variance of �(σ)− 2

√
N and the asymptotic distribution. As

a result of numerical simulations, the variance was found to be of order
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N 1/3 as N → ∞. The nature of the asymptotic distribution is rather
surprising in that it emerged in analysis of Gaussian random matrices,
not in combinatorics. In Section 9.4 we introduce the Tracy–Widom
distribution in the context of the GUE, and in Section 10.4 sketch how
this distribution arises for measures on the space of partitions.

Exercise. Calculate the integral∫
M s

n (R)
(trace(X))2nνn (dX) (7.4.33)

where νn is the probability measure for the Gaussian orthogonal ensem-
ble, and compare with the result for (7.4.18).

7.5 Inclusion-exclusion principle
� The inclusion-exclusion principle is a basic counting tool which is later

used in the next chapter to deal with point processes.

Let (L,≤) be a finite and partially ordered set, and let ζ : L×L→ {0, 1}
be the function

ζ(π1 , π2) =
{

1, for π1 ≤ π2 ;
0, else.

(7.5.1)

Lemma 7.5.1 (Möbius’s function). There exists a function µ : L×L→
R such that any pair of functions f, g : L→ R satisfy

f(π) =
∑

ω :ω≥π

g(ω) (π ∈ L) (7.5.2)

if and only if

g(π) =
∑

ω :ω≥π

µ(π, ω)f(ω) (π ∈ L). (7.5.3)

Proof. This is by induction on 	L; see [6, p. 218]. �

Given a probability measure P on L, we can consider the correlation
function

ρ(π) = Eζ(π, . ) = P{ω : π ≤ ω}. (7.5.4)

By the inclusion-exclusion principle, ρ determines P via the equivalent
formulae

ρ(π) =
∑

ω :ω≥π

P({ω}) (7.5.5)
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and

P({π}) =
∑

ω :ω≥π

µ(π, ω)ρ(ω). (7.5.6)

Typically, the Möbius function will take both positive and negative
values, which make inequalities tricky to deal with. There follow two
significant cases in which µ is known.

7.5.2 Subsets of a finite set

Let L be the collection of all subsets of {1, . . . , n}, partially ordered by
inclusion; see [90]. Then the Möbius function is

µ(U, V ) =
{

(−1)	(V \U ) , for U ⊆ V ;
0, else.

(7.5.7)

7.5.3 Partitions of a finite set

By a partition of the set {1, . . . , n} we mean a decomposition into the
union of disjoint non-empty subsets; by a block we mean a nonempty
subset of {1, . . . , n}. For each n, there are natural bijections between:

(i) equivalence relations on {1, . . . , n} with r distinct equivalence
classes;

(ii) partitions of {1, . . . , n} into disjoint blocks Bk for k = 1, . . . , r;
(iii) polynomials in commuting indeterminates xj that have the form

r∑
k=1

∏
j∈Bk

xj , (7.5.8)

where %r
k=1Bk = {1, . . . , n}.

Given a partition π, with blocks of length λ = (λ1 ≥ · · · ≥ λr(π ) > 0),
we can introduce a λ-tableau with r(π) rows that are given by the blocks
of π in some order. The lack of uniqueness is specified by the equivalence
relation ∼ on λ-tableaux, where τ1 ∼ τ2 if τ2 can be obtained from τ1 by
successively interchanging numbers in each row and interchanging the
rows that have equal length.

Given partitions π1 and π2 of {1, 2, . . . , n}, we say that π2 refines π1

and write π2 ≥ π1 if each block of π2 is a subset of some block of π1 . Let
Ln be the set of partitions of {1, 2, . . . , n} with this partial order. The
maximal element is I = [{1}, . . . , {n}], which has n equivalence classes.
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We introduce the notation (x)(k) = x(x−1) . . . (x−k+1). The number
of injective maps ϕ : {1, . . . , w} → {1, . . . , m} is (m)(w ) . Given π ∈ Ln ,
and a finite set T such that 	T = t ≥ r(π), we consider the maps
ϕ : {1, . . . , n} → T such that ϕ(j) = ϕ(k) if and only if j and k both
lie in the same block in the partition π. The number of such functions
is f(π) = (t)(r(π )) .

Definition (Stirling’s numbers). The Stirling numbers of the first kind
s(n, k) satisfy

(X)(n) =
n∑

k=0

s(n, k)Xk ; (7.5.9)

whereas the Stirling numbers of the second kind S(n, k) satisfy

Xn =
n∑

k=0

S(n, k)(X)(k) . (7.5.10)

Proposition 7.5.3 The Stirling numbers satisfy

S(n, k) = 	{π ∈ Ln : r(π) = k}; (7.5.11)

s(n, k) =
∑

π∈Ln :r(π )=k

µ(π; I). (7.5.12)

Proof. See Andrews [6]. �

Exercise 7.5.4 Find the number of partitions of {1, . . . , n} that have
blocks of length k1 > · · · > kr , with kj appearing nj times.

These ideas have been considered in detail by Borodin, Olshanski and
others; see [33] and [34] for further developments.
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Random point fields and random matrices

Abstract

The distribution of the eigenvalues of a random matrix gives a random
point field. This chapter outlines Soshnikov’s version of the general the-
ory. Starting with kernels, we introduce correlation functions via deter-
minants. Gaudin and Mehta developed a theory of correlation functions
for the generalized unitary ensemble which is known as the orthogonal
polynomial technique, and we show that it fits neatly into the theory
of determinantal random point fields. Particular determinantal random
point fields are generated by the sine kernel, the Airy kernel, and the
continuous Bessel kernels; in random matrix theory these are widely
held to be universal kernels in that they describe the possible asymp-
totic distribution of eigenvalues from large Hermitian matrices. In the
final section we introduce an abstract framework in which one can de-
scribe the convergence of families of determinantal random point fields,
and which we apply to fundamental examples in Chapters 9 and 10.

In Sections 8.1 and 8.2, we describe how kernels can be used to form
determinantal random point fields, and in Section 8.3 we express some
classical results about unitary ensembles in terms of determinantal ran-
dom point fields. In Sections 9.3, 9.4 and 9.5 we look at these specific
examples in more detail, and see how they arise in random matrix theory.

8.1 Determinantal random point fields

In this section, we introduce Soshnikov’s theory [148] of determinantal
random point fields as it applies to point fields on Z. The idea is that,
by starting with a matrix such that 0 ≤ K ≤ I, one can define joint

253
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probability distributions of random arrays of points in Z. We begin by
introducing the formalism needed to describe random arrays of points.

Definition (Configurations). Let (Ω, d) be a Polish space such that any
closed and bounded subset A of Ω is compact. A configuration Λ is a
function ν : Ω → {0, 1, 2, . . . } such that for each compact set A, the
support of ν|A = {x ∈ A : ν(x) > 0} is finite. We call ν(x) the multi-
plicity of x and observe that {x ∈ Ω : ν(x) > 0} is finite or countably
infinite since Ω is the union of a sequence of closed and bounded subsets.
When ν(x) ≤ 1 for all x ∈ Ω, we say that Λ has multiplicity one; some
authors use the more suggestive term multiplicity free. Evidently each
such configuration ν : Ω→ {0, 1} is the indicator function of its support
{s ∈ Ω : ν(s) = 1}, so we can identify the configurations of multiplicity
one with the subsets of Ω via IS ↔ S.

We define

νΛ(A) =
∑
x∈A

ν(x) (8.1.1)

to be the number of points, in A, counted according to multiplicity, and
write νΛ({x}) = ν(x). We let Conf(Ω) be the set of all configurations Λ
on Ω, with the σ-algebra generated by the counting functions νΛ . Then
Λ �→ νΛ(A) is a random variable for each Borel set A, while A �→ νΛ(A)
is a measure.

Definition (Random point field). A random point field is a Borel
probability measure on Conf(Ω). There is a family of Borel measures
A �→ νΛ(A) defined for Λ ∈ Conf(Ω).

Exercise. Let ν, ω and � be configurations on Ω.

(i) Show that the configurations are partially ordered by defining � ≤
ν if �(x) ≤ ν(x) for all x ∈ Ω.

(ii) Show that ν +�, max{�, ν}, min{�, ν} and the pointwise product
�ν are all configurations.

(iii) Let Ω = {1, . . . , n} and consider the configurations of multiplicity
one. Show that the configurations of multiplicity one give a Boolean
algebra with largest element IΩ for the operation �∧ν = min{�, ν}
with complementation � �→ IΩ −�.

Exercise. For any nonempty set Ω, let Conf0(Ω) = {ν : Ω → {0, 1} :∑
j∈Ω ν(j) <∞}, and let Ω1 = {X ⊆ Ω : 	X <∞}. Show that X �→ IX

gives a bijection Ω1 ↔ Conf0(Ω), and deduce that if Ω is countable, then
Conf0(Ω) is also countable.
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We now convert the above concepts into the language often used in
random matrix theory.

Definition (Linear statistics). Suppose that ν : R→ {0, 1} is a configu-
ration such that ν(R) <∞. Letting {x ∈ R : ν(x) = 1} = {x1 , . . . , xk},
we observe that

[max
j

xj ≤ t] = [ν(t,∞) = 0]. (8.1.2)

For a continuous and bounded function f : R → R, the corresponding
linear statistic is

k∑
j=1

f(xj ) =
∫

f(x)ν(dx). (8.1.3)

Further, when ν(R) = k, the empirical distribution µk = k−1 ∑k
j=1 δxj

satisfies µk (a, b) = k−1ν(a, b).
Given a probability measure on such configurations, the characteristic

function is

E exp
(
i

∫
fdν

)
. (8.1.4)

Examples 8.1.1 (i) Let Y be a n×n random matrix from the Gaussian
unitary ensemble, with eigenvalues Λ = {λ1 ≤ · · · ≤ λn} ∈ ∆n . We take
Ω = R and consider the counting function

νΛ([a, b]) = 	{j : a ≤ λj ≤ b} (8.1.5)

for the eigenvalues. Under the Gaussian unitary ensemble, double eigen-
values occur with probability zero and may be neglected. So νΛ gives a
random point field on R with multiplicity one.

(ii) For 1 ≤ n < m, let Y be a random n×m matrix with mutually in-
dependent N(0, 1) entries, and let sj be the singular numbers, so sj = 0
for j = n + 1, . . . ,m. Then νΛ([a, b]) = 	{j : a ≤ sj ≤ b} has ν({0}) ≥
m − n, so the configuration can have multiplicity greater than one.

�

Given a compact set A containing νΛ(A) points, the number of ways
of picking n distinct points randomly from A is the random variable

νΛ(A)(νΛ(A)− 1) . . . (νΛ(A)− n + 1), (8.1.6)

Definition (Correlation measure). For a given random point field
(Conf(Ω),P), the nth correlation measure is

ρn (An ) = E
(
νΛ(A)(νΛ(A)− 1) . . . (νΛ(A)− n + 1)

)
(8.1.7)

with the expectation taken over configurations Λ subject to P.
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By the axioms of probability theory, 0 ≤ P(B) ≤ 1 for any event B.
The correlation measures satisfy ρn (An ) ≥ 0, but need not be bounded
by 1. The first correlation measure ρ1(A) = Eν(A) is the expected num-
ber of particles in A.

The probability generating functions fA (z) = Ezν (A) and the cumu-
lants

gA (z) = log E exp(zν(A)) (8.1.8)

are important in the theory.

Proposition 8.1.2 (i) If X : Ω→ {0, 1, . . . } is a random variable such
that the probability generating function f(z) = EzX defines an analytic
function on some neighbourhood of z = 1, then

f(z) = 1 +
∞∑

k=1

(z − 1)k

k!
E(X(X − 1)(X − 2) . . . (X − k + 1)) (8.1.9)

and coefficients of the series determine the moments of X uniquely.
(ii) Furthermore, if f(z) defines an analytic function on the annulus

{z : 1 − δ < |z| < 1 + δ}, then f(z) determines the distribution
of X.

Proof. (i) We calculate the Taylor expansion of f(z) = EzX about
z = 1, and find f (k)(1) = EX(X − 1) . . . (X − k + 1). Hence we can
express the moments as

EXn =
n∑

k=0

S(n, k)f (k)(1), (8.1.10)

where S(n, k) are the Stirling numbers of the second kind from (7.5.10)
and thus the derivatives of f determine the moments of X.

(ii) In this case, EzX determines the characteristic function EeitX ,
and hence the distribution. �

On account of Proposition 8.1.2, the existence and uniqueness of random
point fields on R soon reduces to the classical moment problem. Under
the hypotheses of Proposition 1.8.4, the moments also determine the
distribution.)

Definition (Poisson process [101]). Let p be a locally integrable and
positive function and ν a random point field such that:

(i) ν(A) is a Poisson random variable for each bounded Borel set A;
(ii) Eν(A) =

∫
A

p(x)dx;
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(iii) ν(A1), . . . , ν(An ) are mutually independent whenever A1 , . . . , An

are mutually disjoint and bounded Borel subsets of R.

We say that ν is a Poisson process, and p is the intensity function.

Example 8.1.3 Let ν be a Poisson process with intensity function
p(x) = θ in the interval [a, b], and let m be Lebesgue measure. Then
Ezν (A) = exp((z − 1)θm(A ∩ [a, b])) and hence the nth correlation mea-
sure is

E
(
ν(A)(ν(A)− 1) . . . (ν(A)− n + 1)

)
=

( dn

dzn

)
z=1

Ezν (A)

= θnm(A ∩ [a, b])n . (8.1.11)

Lemma 8.1.3 There is a bijection K ↔ L between bounded linear op-
erators K and L on Hilbert space such that

L = K + KL (8.1.12)

where L ≥ 0 and 0 ≤ K ≤ I with I −K invertible. Furthermore, K is
of trace class if and only if the corresponding L is of trace class.

Proof. We have L = K(I −K)−1 and K = L(I + L)−1 . �

The theory now divides into two basic cases:

� the discrete case, where we take Ω = Z and consider matrices K :
�2(Z)→ �2(Z);

� the continuous case as in Section 8.2, where we take Ω = R and
consider integral operators K : L2(R)→ L2(R).

Definition (Determinantal random point field). A determinantal ran-
dom point field on Z consists of a matrix (or kernel) K(x, y) such that
K(x, y) = K(y, x), K determines a trace class operator on �2(Z) such
that 0 ≤ K ≤ I and

ρn (x1 , . . . , xn ) = det
[
K(xj , xk )

]n

j,k=1 . (8.1.13)

Note that if xj = xk for some j �= k, then ρn (x1 , . . . , xn ) = 0. Hence we
define a sum over n-tuples of distinct integers by

ρn (An ) =
∑

xj ∈A ;j=1,...,n

ρn (x1 , . . . , xn ). (8.1.14)

Under the hypotheses of Lemma 8.1.3, there exists L ≥ 0 that equiv-
alently specifies the random point field determined by K, and some au-
thors [30] regard L as the fundamental object when formulating defini-
tions. In the next result we show how to introduce a probability measure
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on the configurations given a suitable L, and how K gives the appro-
priate correlation functions. In general, we follow Soshnikov’s approach
[148], taking K as the fundamental quantity, for reasons that will emerge
in Section 8.4.

� The trace of K roughly corresponds to the number of particles.

The determinantal point field associated with a positive matrix
Let L ≥ 0 be a finite matrix and for each finite subset X of Z, let

p(X) =
det[L(xj , xk )]xj ,xk ∈X

det(I + L)
, (8.1.15)

with the convention that p(∅) = 1/det(I + L); naturally det(I + L) =
det(δj,k + L(j, k))j,k∈Z . Then p gives a probability mass function on
Ω = {X ⊂ Z : 	X < ∞} by basic facts about determinants. Next
we introduce space of finitely supported configurations with multiplicity
one by Conf0(Z) = {ν : Z → {0, 1} :

∑∞
j=−∞ ν(j) < ∞}, and observe

that the map X → IX gives a bijection Ω ↔ Conf0(Z). Thus (Ω,P)
determines a random point field on Z. We define ρ(A) = P{Y : A ⊆ Y }.

Furthermore, for a subset X of Z we write IX for the diagonal matrix
that has entry 1 for the jth diagonal entry when j ∈ X, and 0 else. We
write det(IX LIX ) for the principal minor that has 	X rows and columns,
indexed by the set X.

Theorem 8.1.4 Let ν(A) : Y �→ 	(A ∩ Y ) where Y ∈ Ω is random,
subject to P, and let K = L(I + L)−1 .

(i) Then

ρ(A) = det[K(xj , xk )]xj ,xk ∈A . (8.1.16)

(ii) The probability generating function satisfies

Ezν (A) = det(I + (z − 1)KIA ). (8.1.17)

(iii) The probability that A contains exactly k points is

P{Y : 	(Y ∩A) = k} =
1
k!

( dk

dzk

)
z=0

det(I +(z−1)KIA ). (8.1.18)

Proof. (i) Suppose that 	A = n, and observe that

[ν(A) = n] = {Y : 	(A ∩ Y ) = n} = {Y : A ⊆ Y }, (8.1.19)
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so

ρn (An ) = E
(
ν(A)(ν(A)− 1) . . . (ν(A)− n + 1)

)
= n!P{Y : A ⊆ Y }
= n!ρ(A). (8.1.20)

To avoid technical complications, we shall prove the result in the spe-
cial case in which L has only finitely many nonzero entries. Let Z be a
finite subset of Z which is chosen so large that L may be regarded as a
matrix with indices from Z. Let ∆ be any diagonal matrix on Z. Then
by substituting the formula L = K(I −K)−1 , we obtain

det(I + ∆L)
det(I + L)

= det(I + (∆− I)K), (8.1.21)

with I = IZ . With Ac = Z \ A, we choose ∆ = λIA + IAc , where λ is a
real variable, and we expand the series to obtain

(det(I + L))−1
∑

Y :Y ⊆Z

det(IY (λIA + IAc )LIY ) = det(I + (λ− 1)IAK);

(8.1.22)

so the term λn arises from those Y such that A ⊆ Y ⊆ Z, and the
coefficient is

(det(I + L))−1
∑

Y :A⊆Y ⊆Z

det(IY LIY ) = det(IAKIA ), (8.1.23)

or
ρ(A) =

∑
Y :A⊆Y ⊆Z

p(Y ) = det(IAKIA ). (8.1.24)

(ii) As in the preceding computation, we have

det(I + (z − 1)KIA )

=
det(I + zLIA + LIAc )

det(I + L)

= (det(I + Y ))−1
∑
Y

det(IY L(zIA + IAc )IY )

= (det(I + L))−1
∑
Y

det(IY ((zIA + IAc )IY ) det(IY LIY ))

= (det(I + L))−1
∑
Y

z	(A∩Y ) det(IY LIY )

=
∑
Y

p(Y )z	(A∩Y )

= Ezν (A). (8.1.25)
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(iii) This is similar to Proposition 8.1.2 with X = ν(A). For each k,
we need to extract the term in zk from the power series from (ii), as in

P{Y : 	(Y ∩A) = k} =
∑

Y :	(Y ∩A)=k

p(Y )

=
1
k!

( dk

dzk

)
z=0

∑
Y

z	(Y ∩A)p(Y )

=
1
k!

( dk

dzk

)
z=0

det(I + (z − 1)KIA ). (8.1.26)

�

Remark. If A ⊆ B, then ρ(A) ≥ ρ(B); so ρ is not a measure.
The preceding result can be paraphrased as follows.

� The principal minors of L give probabilities, while the principal minors
of K give correlation measures.

We list some basic examples which arise in random matrix theory, as
we shall discuss in detail in subsequent sections.

Example 8.1.5 (Vandermonde’s determinants). Let Tn =
[xt−1

j ]j,t=1,...,n for xj ∈ R. Then Kn = TnT ∗
n has

detKn =
∏

1≤j<k≤n

(xj − xk )2 (8.1.27)

by a familiar calculation involving the Vandermonde determinant. Sup-
pose that x1 > x2 > · · · > xn > 0 are integers such that

∑n
j=1 xj = N ,

and let Dn be the diagonal matrix Dn = ((xj !)−1)n
j=1. Then the positive

definite matrix D∗
nKnDn has

det(D∗
nKnDn ) =

1∏n
j=1(xj !)2

∏
1≤j<k≤n

(xj − xk )2 , (8.1.28)

as in the formula for Plancherel measure on SN .
(ii) For infinite matrices, we need to adjust the definitions, taking

T = [xt
j ]j,t=1,... where (xj ) ∈ �2 has |xj | < 1 for all j. Then T defines a

Hilbert–Schmidt matrix such that K = T ∗T is of trace class with

K =
[ xjxk

1− xjxk

]
j,k=1,2,...

. (8.1.29)

�

We now extend these ideas to multiple sets. Given disjoint subsets Ej
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for j = 1, . . . , k and integers nj ≥ 0 such that
∑k

j=1 nj = n, we consider
λ ∈ Λ such that ν(Ej ) ≥ nj for all j = 1, . . . , k. Then

NEj ,nj ;j=1,...,k =
k∏

j=1

νλ(Ej )!
(νλ(Ej )− nj )!

(8.1.30)

gives the number of ways of choosing nj points from the set of νλ(Ej )
points from λ = {xk} that are in Ej for j = 1, . . . , k. The correlation
function ρn : Zn → R+ for P satisfies

ENEj ,nj ;j=1,...,k

=
∑

(x1 ,...,xn j
)∈E

n j
1

∑
(xn j + 1 ,...,xn 1 + n 2 )∈E

n 2
2

. . .
∑

(xn −n k + 1 ,...,xn )∈E
n k
k

ρn (x1 , . . . , xn ).

(8.1.31)

Proposition 8.1.8 The corresponding generating function satisfies

Ez
ν (E 1 )
1 . . . z

ν (Ek )
k = det

(
I +

k∑
j=1

(zj − 1)IEj
K
)
. (8.1.32)

Proof. This is an extension of Theorem 8.1.4(ii). See [148]. �

8.2 Determinantal random point fields on the real line

In this section we revisit the notion of a determinantal random point
field, this time with the emphasis on point fields on R.

Definition (Correlation measures). The symmetric group Sn acts on Ωn

by σx(n) = (xσ (1) , . . . , xσ (n)) for x(n) = (x1 , . . . , xn ). For given random
point field (Ω,P), the nth correlation measure is

ρn (An ) = E
(
νΛ(A)(νΛ(A)− 1) . . . (νΛ(A)− n + 1)

)
(8.2.1)

with the expectation taken over configurations Λ subject to P. For a
continuous and bounded function F : Ω→ R, we have∫

Ωn

F (x(n))ρn (dx(n)) = E
( ∑

σx(n )

F (σx(n)) : Λ of multiplicity one
)

(8.2.2)
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where the summation is over all the orderings of the distinct points
x(n) = (x1 , . . . , xn ) ∈ An .

Definition (Correlation function). Suppose that Ω = R and that
ρn is absolutely continuous with respect to Lebesgue measure; then
ρn = Rn (x1 , . . . , xn ) dx1 . . . dxn , where Rn : Rn → R+ is an integrable
function which is symmetrical with respect to its variables. Then Rn is
the n-point correlation function.

Suppose that ρN (RN ) ≤ N !CN
1 for all N where C1 is some constant

and let f : R→ C be a continuous function such that |f(x)| ≤ 1/(C1+δ)
where δ > 0. Then from the definition, one can easily check that

E
∞∏

j=1

(1 + f(xj )) =
∞∑

N =0

1
N !

∫
RN

N∏
j=1

f(xj )RN (x1 , . . . , xN )dx1 . . . dxN .

(8.2.3)

Suppose that we consider a small box B of sides (dx1 , . . . , dxn ) with
one vertex at (x1 , . . . , xn ). Then the probability that there is exactly one
particle in each interval [xj , xj + dxj ] for j = 1, . . . , n is proportional to
Rn (x1 , . . . xn )dx1 . . . dxn .

Example. Given a symmetrical probability density function
pN (x1 , . . . , xN ), we let

Rn,N (x1 , . . . , xn ) =
N !

(N − n)!

∫
RN −n

pN (x1 , . . . , xN )dxn+1 . . . dxN

(8.2.4)
be the n point correlation function, which describes the ways in which
one can choose n points from N without replacement, respecting the
order of selections. Evidently Rn,N is positive and integrable, but not
a probability density function for 1 ≤ n ≤ N − 1 due to the initial
combinatorial factor.

Definition (Determinantal random point fields). Let Rn be the corre-
lation functions for a random point field on R, and suppose that there
exists a measurable kernel K : R×R→ C such that K(x, y) = K(y, x)
and

Rn (x1 , . . . , xn ) = det
[
K(xj , xk )

]n

j,k=1 . (8.2.5)

Then the random point field is determinantal.
The classical theory of determinants of integral operators includes the

following fundamental results.
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Theorem 8.2.1 (Mercer). Let K be a continuous function on [a, b] ×
[a, b] such that K(x, y) = K(y, x) and

0 ≤
∫∫

[a,b]2
K(x, y)f(x)f(y)dxdy ≤

∫ b

a

|f(x)|2 dx (f ∈ L2 [a, b]).

(8.2.6)

Then K defines a self-adjoint and trace-class linear operator on
L2 [a, b] such that 0 ≤ K ≤ I, and there is a uniformly convergent ex-
pansion

K(x, y) =
∞∑

j=1

µjϕj (x)ϕ̄j (y) (x, y ∈ [a, b]) (8.2.7)

where (ϕj )∞j=1 gives an orthonormal basis in L2 [a, b]; furthermore

trace K =
∫ b

a

K(x, x) dx =
∞∑

j=1

µj . (8.2.8)

Proof. See [103, p.343]. �

Theorem 8.2.2 (Fredholm). Let K be as in Theorem 8.2.1. Then

det(I − zK) =
∞∏

j=1

(1− zµj ) (8.2.9)

defines an entire function that has all its zeros on the positive real axis
at 1/µj , and has Taylor expansion

det(I − zK)

= 1 +
∞∑

N =1

(−z)N

N !

∫
. . .

∫
J N

det[K(xj , x�)]j,�=1,...,N dx1 . . . dxN .

(8.2.10)

Proof. By Theorem 8.2.1, K is a trace class operator. We observe that
there exists M such that |K(x, y)| ≤ M for all x, y ∈ [a, b] and hence
that

0 ≤ det[K(xj , xk )]j,k=1,...,N ≤MN NN/2 (8.2.11)

by Hadamard’s inequality. Hence the series on the right-hand side con-
verges absolutely and uniformly on compact sets. See [103] for the re-
maining details. �

For a determinantal random point field, the Fredholm determinant has
a simple probabilistic interpretation.
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Lemma 8.2.3 Let K be the continuous kernel of a determinantal ran-
dom point field on R, and let KJ (x, y) = IJ (x)K(x, y)IJ (y).

(i) Then the probability generating function satisfies, for each bounded
interval J ,

Ezν (J ) = det(I + (z − 1)KJ ). (8.2.12)

(ii) Hence

(−1)k

k!

( dk

dzk

)
z=1

det(I − zKJ ) (8.2.13)

equals the probability that J contains exactly k particles.
(iii) In particular, det(I − K[x,∞)) equals the probability that all the

particles are in (−∞, x].

Proof. See [116], where the proof involves manipulation of generating
functions and the inclusion-exclusion principle. The corresponding result
in the discrete case was Theorem 8.1.4(ii). �

Exercise 8.2.4 Let K be the kernel of a determinantal random point
field on R, and suppose that KJ is as in Theorem 8.2.2. Show that the
property KA∪B = KA + KB where KAKB = 0 for disjoint A and B

translates into

Ezν (A∪B ) = Ezν (A)Ezν (B ) (8.2.14)

for the corresponding random point field.

In several important cases, K is given by a finite rank orthogonal
projection, as described in the following result.

Proposition 8.2.5 Let K be the kernel of a continuous function on
J × J such that K(x, y) = K(y, x) and

K(x, y) =
∫

J

K(x, z)K(z, y) dz (x, y ∈ J). (8.2.15)

Then Rn (x1 , . . . , xn ) = det[K(xj , xk )]j,k=1,...,n gives the n-point corre-
lation function of a N -particle system for some N <∞, where the joint
probability density function is

pN (x1 , . . . , xN ) = (N !)−1 det[K(xj , xk )]j,k=1,...,N . (8.2.16)

Proof. The operator K with kernel K(x, y) is self-adjoint and satisfies
K2 = K, hence is an orthogonal projection. Since K(x, y) is continuous,
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K is of trace class by Theorem 8.2.1, hence of finite rank N , where N

is equal to

rank(K) = trace(K) =
∫

J

K(x, x) dx. (8.2.17)

Since K = K∗K is positive semi-definite, det[K(xj , xk )]j,k=1,...N is
non-negative and integrable. Furthermore, the Fredholm determinant
satisfies

(1− z)N = det(1− zK)

= 1 +
N∑

k=1

(−z)k

k!

∫
. . .

∫
J k

det[K(xj , x�)]j,�=1,...,k dx1 . . . dxk ;

(8.2.18)

so by equating the coefficients of zN we deduce that

1 =
1

N !

∫
J N

det[K(xj , xk )]j,k=1,...,N dx1 . . . dxN , (8.2.19)

and hence that pN (x1 , . . . xN ) is a probability density function.
Integrating out the last variable, we shall prove next the identity

det[K(xj , xk )]j,k=1,...,n−1 = (N − n + 1)
∫

J

det[K(xj , xk )]j,k=1,...,n dxn .

(8.2.20)

By expanding the determinant on the right-hand side, we obtain∑
σ∈Sn

sign(σ)K(x1 , xσ (1)) . . . K(xn , xσ (n)) (8.2.21)

where for each σ ∈ Sn there exists a unique j such that σ(j) = n. If
σ(n) = n, then we say that σ ∈ Gn ; otherwise, σ belongs to the coset
Gn · (jn) for the transposition (jn). Since Gn is isomorphic to Sn−1 , the
terms in Gn contribute∑

τ∈Sn −1

sign(τ)K(x1 , xτ (1)) . . . K(xn−1 , xτ (n−1))
∫

K(xn , xn )dxn

= N det[K(xj , xk )]j,k=1,...,n−1 (8.2.22)

to the integral of the sum (8.2.21); whereas the terms in the coset Gn ·
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(jn) typically contributes

−
∑

τ∈Sn −1

sign(τ)K(x1 , xτ (1)) . . . K(xn−1 , xτ (n−1))

×
∫

K(xj , xn )K(xn , xτ (j ))dxn

= −
∑

τ∈Sn −1

sign(τ)K(x1 , xτ (1)) . . . K(xn−1 , xτ (n−1))

= −det[K(x�, xk )]�,k=1,...,n−1 , (8.2.23)

since sign(τ(jn)) = −sign(τ).
Using (8.2.21) repeatedly, we can integrate out the variables of largest

index and show that

det[K(xj , xk )]j,k=1,...,n

= (N − n)!
∫

. . .

∫
J N −n

det[K(xj , xk )]j,k=1,...,N dxn+1 . . . dxN ,

(8.2.24)

hence we can recover the n-point correlation function as

N !
(N − n)!

∫
J N −n

pn (x1 , . . . , xN )dxn+1 . . . dxN = det[K(xj , xk )]j,k=1,...,n .

(8.2.25)
�

Example 8.2.6 Let

QN (eiθ ) =
sin(2N + 1)θ/2

sin θ/2
. (8.2.26)

Then QN gives the projection onto span{eijθ : j = −N, . . . , N} in
L2([0, 2π]; dθ/2π). In example 2.7.2 we saw how det[Qn (ei(θj −θk ))] is in-
volved in the distribution of eigenvalues of the unitary circular ensemble.

�

We state without proof the following general existence theorem for
determinantal random point fields from [148].

Theorem 8.2.7 Suppose that K is a continuous kernel such that

(i) K(x, y) = K(y, x);
(ii) the integral operator with kernel K(x, y) on L2(R) satisfies 0 ≤

K ≤ I;
(iii) the integral operator with kernel I[a,b](x)K(x, y)I[a,b](y) on L2(R)

is trace class for all finite [a, b].



Random point fields and random matrices 267

Then there exists a determinantal random point field such that the
correlation function satisfies

Rn (x1 , . . . , xn ) = det
[
K(xj , xk )

]n

j,k=1 . (8.2.27)

Furthermore, the correlation functions uniquely determine the random
point field.

Proof. See [148]. �

Theorem 8.2.8 (Bochner). The function ϕ : R → C is the character-
istic function of a probability measure µ on R if and only if

(1) [ϕ(xj − xk )]j,k=1,...,n is positive definite for all x1 , . . . , xn ∈ R;
(2) ϕ is continuous at x = 0;
(3) ϕ(0) = 1.

(ii) Suppose further that µ is absolutely continuous with density p, where
p(t) ≤ 1/(2π) for all t ∈ R. Then K(x, y) = ϕ(x− y) is the kernel of a
determinantal random point field on [a, b] for all finite a, b.

Proof. (i) See [88, p. 91].
(ii) There exists a probability measure µ on R such that ϕ(x) =∫∞

−∞ eixtµ(dt), so we have∫ ∞

−∞

∫ ∞

−∞
K(x, y)f(x) f(y) dxdy

=
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
eit(x−y )p(t)dtf(x)f(y) dxdy

=
∫ ∞

−∞
|f̂(t)|2p(t) dt

≤ 1
2π

∫ ∞

−∞
|f̂(t)|2dt; (8.2.28)

hence by Plancherel’s formula, the operators satisfy 0 ≤ K ≤ I on
L2(R). When we cut down K(x, y) to some bounded interval [a, b], then
we obtain a trace class operator on L2 [a, b] such that 0 ≤ K ≤ I and by
Theorem 8.2.1,

trace(K) = b− a. (8.2.29)

�

Exercise 8.2.9 (See [147]). Let K be the correlation kernel of a de-
terminantal random point field, and for a bounded and continuous real
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function f , let F (λ) =
∑n

j=1 f(λj ), where the λ = (λj )n
j=1 are random

points in the field.
(i) Show that

EF =
∫

K(x, x)f(x) dx,

and that

var(F ) =
∫

K(x, x)f(x)2 dx−
∫∫

f(x)f(y)|K(x, y)|2 dxdy. (8.2.30)

(ii) Suppose further that K is as in Theorem 8.2.8. Show that

var(F ) =
1
2π

∫ ∞

−∞
(1− (̂ϕ)2(t))|f̂(t)|2 dt. (8.2.31)

Using Theorem 8.2.2, one can express det(I − zIJ K) in terms of a
series of integrals involving detKn . Tracy and Widom [156] observed
that there is a more compact way of expressing the determinant.

Proposition 8.2.10 Suppose that J is a bounded interval and let K be a
continuous kernel as in Proposition 8.2.5, while pN is the corresponding
joint probability density function on JN . Let Mf be the operator on
L2(J) of multiplication by f ∈ C(J ;C).

(i) Then∫
RN

pN (x1 , . . . , xN )
N∏

j=1

(1 + f(xj ))dx1 . . . dxN = det(I + KMf ),

(8.2.32)
(ii) and the linear statistic associated with f satisfies∫
J N

exp
( N∑

j=1

f(xj )
)
pN (x1 , . . . , xN )dx1 . . . dxN = det

(
I + KN Mef −1

)
.

(8.2.33)

Proof. (i) An equivalent version of the formula is Edet(I + f(X)) =
det(I+KN Mf ) where the expectation is over the X ∈Mh

N (C). To justify
this formula in a heuristic argument, we take f(x) =

∑N
j=1 zj δyj

(x). By
Mercer’s theorem, K has an expansion K(x, y) =

∑∞
j=1 µjφj (x)φ̄j (y)

where (µj ) is a positive and summable sequence and where (φj )∞j=1 gives
an orthonormal basis for L2(J). Then

det(I + KMf ) = det
[
〈(I + KMf )φj , φk 〉L 2 (J )

]
= det

[
δjk +

N∑
�=1

µkz�φj (y�)φ̄k (y�)
]
. (8.2.34)
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We introduce the matrices A = [z�φj (y�)] and B = [µk φ̄k (y�)], and write
the previous as

det(I + KMf ) = det(I + AB)

= det(I + BA)

= det
[
δk� +

∞∑
j=1

µjzk φ̄j (y�)φj (yk )
]

= det
[
δk� + zkK(y�, yk )

]
k,�=1,...,N

. (8.2.35)

On the left-hand side of (8.2.32) we have∫
J N

pN (x1 , . . . , xN )
N∏

j=1

(
1 +

N∑
k=1

zkδyk
(xj )

)
dx1 . . . dxN (8.2.36)

where we can express the product as a sum of 2N terms, which are
indexed by the subsets S of {1, . . . , N}. Let Sc = {1, . . . , N} \ S, and
let 	S be the cardinality of S. When we integrate with respect to all
the variables xk , the Dirac point masses contribute only when xk = yk

for k ∈ S, and the variables xk for k ∈ Sc are integrated out; so the
expansion is ∑

S :S⊆{1,...,N }

∫
J N −	 S

pN (yj ;xk )
∏

k∈Sc

dxk

∏
k∈S

zk , (8.2.37)

where in particular the coefficients of z1z2 . . . zN is

N !pN (y1 , . . . , yN ) = det[K(yj , yk )]j,k=1,...,N (8.2.38)

as in Proposition 8.2.5. Now one can repeat the analysis of Proposition
8.2.5 to identify the remaining coefficients of

∏
k∈S zk for various S and

establish equality of the coefficients of
∏

j∈S zj between (8.2.36) and
(8.2.38), and thus deduce (8.2.32).

(ii) An equivalent version of the formula is E exp(tracef(X)) = det(I+
KN Mef −1). We take ef −1 in place of f in (i) and simplify the left-hand
side. �

Example 8.2.11 Let H be a reproducing kernel Hilbert space on a
domain Ω, as in Section 4.2, and suppose that K(z, w) is the kernel such
that kw (z) = K(z, w) satisfies f(w) = 〈f, kw 〉H . Then for w1 , . . . , wn ∈
Ω, the matrix [K(wj ,w�)]j,�=1,...,n is positive definite since K(wj ,w�) =
〈kwj

, kw�
〉 and Proposition 2.1.2 applies.
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Example 8.2.12 Let fj : R → C be continuous and let F (x(n)) =
[fj (xk )]j,k=1,...,n for x(n) = (x1 , . . . , xn ) ∈ Rn . Then K(x(n)) = F (x(n))
F (x(n))∗ ≥ 0 and

det[K(xj , xk )]j,k=1,...,n = det
[ n∑

�=1

f�(xj )f̄�(xk )
]
j,k=1,...,n

. (8.2.39)

As we shall see, this case often arises in random matrix theory.

8.3 Determinantal random point fields and
orthogonal polynomials

� The generalized unitary ensemble gives a determinantal random point
field.

By reformulating results of Gaudin and Mehta [116, 153], we show that
the generalized unitary ensemble is given by a determinantal random
point field. The best way to see this is to consider some classical results
concerning orthogonal polynomials.

Example 8.3.1 (Orthogonal polynomials). Let µ be a probability mea-
sure with infinite support on R such that

∫
eε|x|µ(dx) is finite for some

ε > 0. Then the natural inner product on L2(µ) is

〈f, g〉 =
∫

f(x)ḡ(x)µ(dx) (f, g ∈ L2(µ)). (8.3.1)

By the Gram–Schmidt process, there exists a unique sequence of or-
thonormal polynomials pj such that pj (x) has degree j, and pj has lead-
ing coefficient kj > 0; further, the pj give a complete orthonormal basis
for L2(µ) as in Proposition 1.8.4. Heine showed that with

Dn = det
[∫ ∞

−∞
xj+kµ(dx)

]
j,k=0,...,n

(8.3.2)

the polynomials satisfy p0 = 1 and

pn (x) =
1

(Dn−1Dn )1/2 det
[∫ ∞

−∞
(x− y)yj+kµ(dy)

]
j,k=0,...,n−1

(8.3.3)

and the leading coefficient of pn (x) is kn = (Dn−1/Dn )1/2 ; see [153,
(2.2.9)].

Lemma 8.3.2 There exist constants An,Bn and Cn such that the pn

satisfy the three-term recurrence relation

pn (x) = (Anx + Bn )pn−1(x)− Cnpn−2(x) (n = 2, 3, . . . ). (8.3.4)
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Moreover, the constants satisfy

An =
kn

kn−1
, Cn =

An

An−1
. (8.3.5)

Proof. See [153, p. 42]. �

Proposition 8.3.3 (Christoffel–Darboux formula). The kernel Kn of
the orthogonal projection of L2(µ) onto

Hn =
{n−1∑

j=0

ajx
j ; aj ∈ C

}
(8.3.6)

is given by

n−1∑
j=0

pj (x)pj (y) =
(kn−1

kn

)pn (x)pn−1(y)− pn−1(x)pn (y)
x− y

. (8.3.7)

Further, Hn is a reproducing kernel Hilbert space and Kn gives the
reproducing kernel.

Proof. This follows from the three-term recurrence relation by an in-
duction argument; see [153, page 42]. �

Let w be a weight on an interval I such that
∫

(cosh tx)w(x)dx <∞ for
some t > 0. Then by the Gram–Schmidt process, there exists a sequence
of orthonormal polynomials (pj )∞j=0 in L2(I;w) where pj (x) has leading
term kjx

j .

Theorem 8.3.4 The function

(n!)−1
n−1∏
j=0

k2
j

∏
1≤j<k≤n

(xj − xk )2
n∏

j=1

w(xj ) (8.3.8)

is a probability density on In .

Proof. We introduce φj (x) = pj (x)w(x)1/2 and let Kn (x, y) =∑n−1
j=0 φj (x)φj (y). Then by orthonormality, we have∫

I

Kn (x, y)Kn (y, z)dy = Kn (x, z) (8.3.9)

so by Proposition 8.2.5∫
I n

det
[
Kn (xj , xk )

]n

j,k=1dx1 . . . dxn = n!. (8.3.10)
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Now introduce the matrix

A = A(x1 , . . . , xn ) =
[
xm−1

j w(xj )1/2]n

j,m=1 (8.3.11)

so that by elementary row operations

k0 . . . kn−1 det A = det[φm−1(xj )]nj,m=1 (8.3.12)

and

k2
0 . . . k2

n−1 det AtA(x1 , . . . , xn ) = det
[ n∑

m=1

φm−1(xj )φm−1(x�)
]

j,�=1,...,n

= det[Kn (xj , x�)]nj,�=1 . (8.3.13)

We deduce from Lemma 2.2.1 that

(n!)−1 det[Kn (xj , x�)]nj,�=1 = (n!)−1
n−1∏
j=0

k2
j

∏
1≤j<k≤n

(xj − xk )2
n∏

j=1

w(xj )

(8.3.14)

is a probability density function. �

There are two other significant cases in random matrix theory in which
one can calculate the determinants in such an expansion: the expansion
of log det(I−zKIJ ) in Lemma 10.1.2, and Gaudin’s Theorem, which we
now discuss.

We recall that for any positive measure µ on R such that∫
cosh(st)µ(dt) < ∞ for some s > 0, the polynomials form a dense

linear subspace of L2(µ). The Gram–Schmidt process gives a unique
system of orthonormal polynomials of degree n = 0, 1, 2, . . . with pos-
itive leading coefficients. We can carry out this construction with the
measures µn (dt) = e−nv (t)dt when v(t) > s|t| for all sufficiently large |t|.

Next we introduce the orthonormal polynomials (pj,n )∞j=0 of degree j

for the weight e−nv (x) , so that pj,n (x) has leading term kj,nxj . In Section
10.6 we shall consider the growth of kj,n as n→∞.

Corollary 8.3.5 (Gaudin). The joint eigenvalue distribution of a n×n

generalized unitary ensemble is given by a determinantal point field with
kernel

Kn (x, y) = Z−1
n exp

(
− (nv(x) + nv(y))

2

) n−1∑
j=0

pj,n (x)pj,n (y). (8.3.15)
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Proof. See also [116]. The joint probability density function for eigen-
values from the n× n generalized unitary ensemble has the form

Z−1
n exp

(
−n

n∑
j=1

v(λj )
) ∏

1≤j<�≤n

(λj − λ�)2 (8.3.16)

by Theorem 2.5.3. Note that we scale the potential to nv(x) where n is
the number of eigenvalues of the matrix. By Theorem 8.3.4, Kn gives a
determinantal random point field with probability density function

(n!)−1
n−1∏
j=0

k2
j,n

∏
1≤j<k≤n

(λj − λk )2
n∏

j=1

e−nv (λj ) (8.3.17)

on Rn , and so by symmetry of the variables we do not need the factor
1/n! when we integrate over {λ1 ≤ λ2 ≤ · · · ≤ λn}. �

One can use Proposition 8.3.3 to obtain an equivalent expression for
Kn .

Corollary 8.3.5 is the basis for the orthogonal polynomial technique
in random matrix theory, as developed in [116, 56]. Note that it works
most effectively in the context of unitary ensembles, since the proof of
Theorem 8.3.4 involves squaring the determinant; less familiar variants
are known for orthogonal and symplectic ensembles. Many results con-
cerning generalized unitary ensembles have natural generalizations to
determinantal random point fields since Theorem 8.3.5 captures suffi-
cient information concerning the joint eigenvalue distribution, and the
origin of the problem in random matrices is inconsequential.

Exercise 8.3.6 In the notation of Corollary 8.3.5, let

kw (z) =
pn,n (z)pn−1,n (w)− pn−1,n (z)pn,n (w)

(z − w̄)
. (8.3.18)

Show that for an entire function f , there exists C such that |f(z)|2 ≤
Ckz (z) for all z ∈ C, if and only if f is a polynomial of degree less than
or equal to n− 1.

Exercise 8.3.7 Let P be a random point field on Ω, and let f =∑n
j=1 tj IAj

be a step function with disjoint Borel sets Aj . Then the
stochastic integral of f with respect to the configurations νΛ is the ran-
dom variable ∫

fdνΛ =
n∑

j=1

tj νΛ(Aj ). (8.3.19)
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(i) Use Kac’s theorem to show that the ν(Aj ) are mutually independent
under P if and only if

E exp
(
i

∫
fdν

)
=

n∏
j=1

E exp
(
itj ν(Aj )

)
(tj ∈ R). (8.3.20)

(ii) The generating function of the random point field is

Φ(f) = E exp
∫

fdν (8.3.21)

for any continuous and compactly supported real function. Let ν

be a Poisson process with intensity function p on the real line. By
considering first the case in which f is a step function, show that

Φ(f) = exp
∫

(ef (x) − 1)p(x)dx. (8.3.22)

8.4 De Branges’s spaces
� De Branges [38] introduced axioms for some reproducing kernel

Hilbert spaces that satisfy a type of spectral theorem.
� In random matrix theory, some important kernels are reproducing

kernels in Hilbert spaces that satisfy de Branges’s axioms.

Examples 8.4.1 (Universal ensembles). The eigenvalues distributions
from generalized unitary ensembles are described in terms of the follow-
ing fundamental examples. In Chapter 9, we shall discuss how they arise
from fundamental examples in the theory of unitary ensembles; now we
introduce them in a common style.

(i) (Spectral bulk) [116] The sine kernel

Db(x, y) =
sinπb(x− y)

πb(x− y)
=

∫ 1

−1
eiπbtxe−iπ bty dt

2
(8.4.1)

defines a trace-class operator on L2([−1, 1], dt/2) such that 0 ≤
Db ≤ I.

(ii) (Soft edge) [157] The Airy kernel (see (9.2.18))

W (x, y) =
Ai(x)Ai′(y)−Ai′(x)Ai(y)

x− y
(8.4.2)

defines a trace-class operator on L2(0,∞) such that 0 ≤W ≤ I.

(iii) (Hard edge) [158] The Bessel kernel

F (x, y) =
Jα
√

x)
√

yJ ′
α (
√

y)−√xJ ′
α (
√

x)Jα (
√

y)
2(x− y)

(8.4.3)

defines a trace-class operator on L2[0, 1] such that 0 ≤ F ≤ I.
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Definition (De Branges’s Axioms [38]).
Let H be a reproducing kernel Hilbert space such that the elements of

H are entire functions f : C→ C, and such that H obeys de Branges’s
axioms, as follows.

(H1) If f ∈ H satisfies f(w) = 0 for some w ∈ C \ R, then
(z − w̄)f(z)/(z − w) also belongs to H and has the same norm
as f .

(H2) f �→ f(w) is a bounded linear functional for all w ∈ C \R.
(H3) f∗(z) = f(z̄) belongs to H for all f ∈ H, and ‖f∗‖H = ‖f‖H .

Condition (H2) asserts that H is a reproducing kernel Hilbert space on
C \R, while (H1) asserts that one can divide out zeros of functions in
H. The condition (H3) is related to the Schwarz reflection principle, as
applied to the real axis.

Definition (De Branges’s spaces [38]). Let E be an entire function such
that |E(x − iy)| < |E(x + iy)| for all x ∈ R and y > 0 and introduce
entire functions A and B, which are real on the real axis, such that
E(z) = A(z) − iB(z). In particular, E(z) has no zeros in the upper
half plane. Then there is a reproducing kernel Hilbert space HE with
reproducing kernel

K(z, w) =
A(w)B(z)−B(w)A(z)

π(z − w̄)
(8.4.4)

and with norm given by

‖f‖2HE
=

∫ ∞

−∞
|f(x)/E(x)|2 dx, (8.4.5)

such that an entire function f belongs to HE if and only if ‖f‖2HE
<∞

and |f(z)|2 ≤ ‖f‖2HE
K(z, z) for all z ∈ C. De Branges showed that

for any non-zero Hilbert space H that satisfies (H1), (H2) and (H3),
there exists such an E so that H is isometric to HE ; see [38]. We do not
describe de Branges’s result in detail here, since we are mainly concerned
with particular examples of kernels that arise in random matrix theory,
rather than the general theory of entire functions.

In the table below, we list how Examples 8.4.1 and 8.3.6 fit into de
Branges’s framework and mention the names commonly used in ran-
dom matrix theory. The following reproducing kernels K operate on L2

spaces which contain closed linear subspaces HE such that K(z, w) is
the reproducing kernel on HE . The final column gives the association
with random matrix theory.
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Name B(z) A(w) L2 RMT
Sine sin πbz cos πbw L2 (−1, 1) spectral bulk
Airy Ai(z) Ai′(w) L2 (0,∞) soft spectral edge

Bessel Jν (
√

z)
√

wJ ′
ν (
√

w) L2 (0, 1) hard spectral edge
Christoffel kn−1pn (z)/kn pn−1 (w) L2 (µ) orthogonal polynomials
–Darboux

Exercise 8.4.2 Let E(z) = e−iπ bz for b > 0. Find K(z, w).

Exercise 8.4.3 See Section 12.1 for the case of the Hermite polynomials
in Corollary 8.3.5.

Definition (Canonical system) [133]. Let

J =
[

0 −1
1 0

]
(8.4.6)

and let Ω(x) be a 2 × 2 real symmetric matrix for x ∈ [0, b] such that
Ω(x) ≥ 0 and the entries of Ω are in C([0, b];R). Then a canonical system
is the differential equation

J
d

dx
u(x; z) = zΩ(x)u(x; z). (8.4.7)

Suppose further that

u(x; z) =
[

u1(x; z)
u2(x; z)

]
, u(0; z) =

[
1
0

]
, (8.4.8)

and let Eb(z) = u1(b; z) + iu2(b; z). Then under various technical condi-
tions Eb(z) gives an entire function as in the definition of a de Branges
space. We can use canonical systems to construct kernels that satisfy
Theorem 8.2.7.

Proposition 8.4.4 The continuous kernel

Kb(z, ζ) =
u(b; ζ)∗Ju(b; z)

z − ζ̄
(8.4.9)

gives a positive operator on L2(0, b).

Proof. First suppose that �z,�ζ > 0. From the differential equation,
we have

(z − ζ̄)
∫ b

0
u(x; ζ)∗Ω(x)u(x; z) dx =

∫ b

a

d

dx

(
u(x; ζ)∗Ju(x; z)

)
dx

=
[
u(x; ζ)∗Ju(x; z)

]b

0 (8.4.10)
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where u(0; ζ)∗Ju(0; z) = 0 by the initial condition. Hence Kb(z, ζ) is
given by

u(b; ζ)∗Ju(b; z)
z − ζ̄

=
∫ b

0
u(x; ζ)∗Ω(x)u(x; z) dx (8.4.11)

where z �→ u(x; z) is analytic and such that u(x; z̄) = u(x; z). We can
therefore extend both sides of this identity by continuity to all z, ζ ∈ C,
and observe that Kb(z, ζ) is a continuous function. Evidently the right-
hand side of (8.4.11) gives a positive kernel. �

A particularly important source of examples arises from Schrödinger’s
equation.

Let V ∈ C([0, b];R) be the potential, let y1 and y2 be solutions of
the equation −y′′ + V y = 0 such that y1(0) = y′

2(0) = 1, and y′
1(0) =

y2(0) = 0; then we let

T (x) =
[

y1(x) y2(x)
y′

1(x) y′
2(x)

]
, (8.4.12)

so T (0) = I2 , and

Ω(x) =
[

y1(x)2 y1(x)y2(x)
y1(x)y2(x) y2(x)2

]
. (8.4.13)

Let f(x; z) be a solution of Schrödinger’s equation −f ′′ + V f = zf ,
and let

u(x; z) = T (x)−1
[

f(x; z)
f ′(x; z)

]
. (8.4.14)

Proposition 8.4.5 The vector function u(x; z) satisfies the canonical
system

J
d

dx
u(x; z) = zΩ(x)u(x; z). (8.4.15)

Proof. By Proposition 2.1.2, Ω(x) ≥ 0. We have

d

dx
u(x; z) = −T (x)−1

( d

dx
T (x)

)
T (x)−1

[
f(x; z)
f ′(x; z)

]
+T (x)−1 d

dx

[
f(x; z)
f ′(x; z)

]
; (8.4.16)

so Schrödinger’s equation gives

d

dx
u(x; z) = −T (x)−1

[
0 0
z 0

]
T (x)u(x; z). (8.4.17)
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The Wronskian detT (x) is a constant, namely det T (x) = 1, so this
reduces to the differential equation

J
d

dx
u(x; z) = z

[
y1(x)2 y1(x)y2(x)
y1(x)y2(x) y2(x)2

]
u(x; z). (8.4.18)

�

8.5 Limits of kernels
� Pairs of self-adjoint projections gives rise to K with 0 ≤ K ≤ I.
� The compression of the projection Q to the subspace PH is K =

PQP , where 0 ≤ K ≤ I.

In particular, Theorem 8.2.7 shows that we can introduce determi-
nantal random point fields by taking pairs of orthogonal projections P

and Q, which do not commute, and forming K = PQP . The operator
K can sometimes be of trace class and of infinite rank. The next result
shows that this is in some sense the typical form of the kernel for a
determinantal random point field.

Proposition 8.5.1 Suppose that K is an operator on Hilbert space H

such that 0 ≤ K ≤ I. Then there exists a projection Q on H ⊕H such
that K = P1QP1 where P1 : H ⊕H → H ⊕ 0 ⊂ H ⊕H is the projection
onto the first summand.

Then K is trace class if and only if QP1 is Hilbert–Schmidt. In this
case, the spectra satisfy

Spec(K) = Spec(QP1). (8.5.1)

Proof. We choose

Q =
[ K√

K(I −K)

√
K(I −K)

K

]
(8.5.2)

which is an orthogonal projection with the required properties.
We evidently have K = (QP1)∗(QP1), so that K is trace class if and

only if QP1 is Hilbert–Schmidt. Then QP1 is compact, so its spectrum
contains zero, and so the spectrum of QP 2

1 is equal to the spectrum of
P1QP1, namely K. �

Kernels associated with families of projections
Any separable and infinite-dimensional complex Hilbert space is unitar-
ily equivalent to L2(R). The eigenvalues of random Hermitian matrices
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give random point fields on R, so it is natural to work with kernels that
reflect the structure of subintervals of the real line. Let Rt be the or-
thogonal projection onto the subspace L2(−∞, t) of L2(R), and then let
P(a,b) = Rb − Ra be the projection onto L2(a, b). Then for a suitable
unitary U , we take Q(a,b) = U∗P(a,b)U , and then consider kernels such
as

Ks,t = P(t,∞)Q(−s,s)P(t,∞) , (8.5.3)

which satisfies 0 ≤ Ks,t ≤ I. If Ks,t is of trace class, then we can form
the determinant det(I − Ks,t), which is increasing as a function of t

and decreasing as a function of s. In the next few sections, we use t to
identify the interval (t,∞) where the eigenvalues of the random matrix
lie; whereas we use s to describe scaling properties of the eigenvalue
distribution. Common choices for U are:

� the Fourier transform f �→
∫∞
−∞ e−iξxf(x)/

√
2π for the sine kernel;

� the Airy transform
∫∞

0 Ai(x + y)f(y)dy for soft edges as in [157];
� the Hankel transform

∫∞
0 Jν (xy)f(y)ydy for hard edges as in [158].

The importance of Theorem 8.2.7 is that the operator K can have
infinite rank, as in Section 9.1 we shall present a systematic means for
generating examples. We include hypothesis (iii) so that Theorem 8.3.1
gives useful probabilistic information.

Definition (Finite model for a random point field). Let K be a self-
adjoint operator on a Hilbert space H such that 0 ≤ K ≤ I. Then a
finite model for K is a sequence (Kn ) of self-adjoint operators on H such
that:

(i) 0 ≤ Kn ≤ I;
(ii) rank(Kn ) ≤ n;
(iii) ‖K −Kn‖op → 0 as n→∞.

In particular, the Airy kernel arises as the pointwise limit of finite-rank
kernels associated with the Gaussian unitary ensemble. The Bessel kernel
arises as the pointwise limit of kernels associated with the Laguerre
ensemble. Often it is necessary to scale operators and restrict them to
specially chosen intervals to display the required convergence.

The following result gives realistic conditions under which we can
convert pointwise convergence of kernels into convergence in trace norm
of the associated operators.
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Proposition 8.5.2 Suppose that KN (N = 1, 2, . . . ) and K are contin-
uous kernels on a closed and bounded interval J and that KN ≥ 0 as an
operator on L2(J ; dx) for N = 1, 2, . . . . Suppose further that∫

J

KN (x, x) dx→
∫

J

K(x, x) dx (N →∞) (8.5.4)

and 〈KN f, g〉L2 (J ) → 〈Kf, g〉L2 (J ) as N →∞ for all f, g ∈ L2(J).

(i) Then

‖KN −K‖c1 → 0 (N →∞) (8.5.5)

and the ordered sequences of eigenvalues satisfy

‖(µj (KN )− µj (K))∞j=1‖�1 → 0 (N →∞). (8.5.6)

(ii) The sequence of entire functions (det(I− zKN ))∞N =1 converges uni-
formly on compact subsets to the function det(I − zK).

Proof. (i) First we observe that 〈Kf, f〉 ≥ 0 for all f by weak conver-
gence, so K is also positive semidefinite. Since KN ≥ 0 and the kernels
are continuous, we have by Mercer’s theorem

‖KN ‖c1 = trace(KN ) =
∫

J

KN (x, x) dx, (8.5.7)

and likewise with K in place of KN .
Hence KN → K in the weak operator topology and ‖KN ‖c1 → ‖K‖c1

as N →∞. By a result from [143], we have convergence in trace norm,
so ‖KN − K‖c1 → 0 as N → ∞. Finally, we can use Lidskii’s Lemma
2.1.5 to deduce the last part.

(ii) The map T �→ det(I − T ) is continuous for the norm on c1 , and
hence we have uniform convergence under the stated conditions. �
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Integrable operators and differential
equations

Abstract

The most important examples of kernels in random matrix theory in-
volve integrable operators, as we describe here. Tracy and Widom con-
sidered a particular class of integrable operators and found a method for
computing the correlation functions in the determinantal random point
field. Here we extend their method and make systematic use of Hankel
operators in the theory. We apply these methods to:

� the sine kernel, which represents the bulk of the spectrum;
� the Airy kernel, which represents the soft edge of the spectrum of

GUE;
� the Bessel kernel, which represents the hard edge of the spectrum of

the Jacobi and Laguerre ensembles.

We emphasize differential equations as a unifying theme, since the
above kernels arise from some second order linear differential equations
with rational coefficients. In particular, Weber’s differential equations
can be scaled so that suitable limiting forms give the bulk and soft edge
cases. The chapter begins with integrable operators, as in [55].

9.1 Integrable operators and Hankel integral operators
� We give a sufficient condition for an integrable operator to generate a

determinantal random point field.
� The Airy, sine, Bessel and Laguerre kernels arise from integrable

operators.

281
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Definition (Integrable operators). Let S be a subinterval of R. An in-
tegrable operator on L2(S; dx) is a bounded linear operator W with
kernel

W (x, y) = 2
n∑

j=1

fj (x)gj (y)
x− y

(x, y ∈ S;x �= y) (9.1.1)

where fj , gj are bounded and measurable functions and such that∑n
j=1 fj (x) gj (x) = 0 almost everywhere on S.
Thus an integrable operator is a particular kind of integral operator

that has a special choice of kernel. In most examples below, W is a
continuous function, and we refer to W (x, x) as the diagonal of the
kernel.

Example 9.1.1 (i) Of particular importance is the case when n = 1
and

W (x, y) =
A(x)B(y)−A(y)B(x)

x− y
. (9.1.2)

(ii) The reproducing kernels mentioned in Section 8.4 are integrable
operators.

(iii) The Christoffel–Darboux kernel of Proposition 8.3.3 gives an in-
tegrable kernel, which has the additional special property of giving a
finite-rank orthogonal projection on L2(R).

(iv) Let K be the integral operator that has kernel
∑n

j=1 fj (x)gj (y).
Then K has finite rank, and the diagonal of K is

∑n
j=1 fj (x)gj (x).

Proposition 9.1.2 Suppose that K is an integrable operator on L2(S)
that is of trace class. Then the set Z of zeros of det(I−ζK) is countable
with no limit points in the finite plane. For ζ ∈ C \ Z, there exists a
trace-class integrable operator Lζ such that I + Lζ = (I − ζK)−1 .

Proof. Mostly, this follows as in Lemma 8.1.3, but we need to check that
Lζ is integrable.

Let M be the operator on L2(S) of multiplication by x, so M : f(x) �→
xf(x); so that an operator T with kernel T (x, y) has MT − TM with
kernel (x − y)T (x, y). Hence T is integrable if and only if TM − MT
is of finite rank with a kernel that is zero on the diagonal x = y. For
ζ ∈ C \ Z, the operator Lζ M −MLζ has a kernel that is zero on the
diagonal; furthermore, we observe that

Lζ M −MLζ = (I − ζK)−1ζ(KM −MK)(I − ζK)−1 (9.1.3)

is of finite rank, as required. �
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Lemma 9.1.3 Suppose further that the fj and gj are real-valued. Then
W is self-adjoint if and only if W may be written as

W (x, y) =

〈
Jv(x), v(y)〉

x− y
(x, y ∈ S;x �= y) (9.1.4)

where v(x) = col[f1(x), . . . , fn (x); g1(x), . . . , gn (x)] and

J =
[ 0
In

−In

0

]
(9.1.5)

with the identity matrix In ∈Mn (R).

Proof. Clearly the kernel of W is symmetric if and only if the numerator
of W (x, y) is skew-symmetric, in which case we can write

2
n∑

j=1

fj (x)gj (y) =
n∑

j=1

fj (x)gj (y)−
n∑

j=1

fj (y)gj (x), (9.1.6)

and the matrix expression follows directly. �

Given an integrable operator, it can be difficult to determine whether
or not it satisfies Theorem 8.2.7 and thus gives a determinantal random
point field. Tracy and Widom [157, 158] observed that some important
kernels could be expressed as products of Hankel operators which are
easier to deal with.

Definition (Hankel integral operator [127]). Let H be a separable
Hilbert space, and let φ ∈ L2((0,∞);H). The Hankel operator with
symbol φ is the integral operator

Γφf(s) =
∫ ∞

0
φ(s + t)f(t) dt (9.1.7)

from a subspace of L2(0,∞) into L2((0,∞);H). We sometimes refer to
φ(x + y) as the kernel of Γφ ; whereas the Fourier transform φ̂ is known
as the symbol.

Proposition 9.1.4 Suppose that there exists a Hankel operator
Γφ : L2(0,∞)→ L2((0,∞);H) such that ‖Γφ‖ ≤ 1 and

‖Γφ‖2H S =
∫ ∞

0
s‖φ(s)‖2H ds <∞. (9.1.8)

Then the hypotheses of Theorem 8.2.7 are satisfied by

K(x, y) =
∫ ∞

0
〈φ(x + t), φ(y + t)〉H dt, (9.1.9)

so 0 ≤ K ≤ I and I[a,b](x)K(x, y)I[a,b] (y) is a trace-class kernel.
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Proof. Clearly K = Γ∗
φΓφ satisfies 0 ≤ K ≤ I as an operator on L2(0,∞).

The Hilbert–Schmidt norm of Γφ satisfies

‖Γφ‖2H S =
∫ ∞

0

∫ ∞

0
‖φ(s + t)‖2H dtds <∞, (9.1.10)

so K is of trace class. �

Tracy and Widom [159] observed that most integrable operators in
random matrix theory can be transformed into the form

K(x, y) =
A(x)B(y)−A(y)B(x)

x− y
(9.1.11)

where A and B satisfy

m(x)
d

dx

[
A(x)
B(x)

]
=

[
α(x)
−γ(x)

β(x)
−α(x)

][
A(x)
B(x)

]
(9.1.12)

for some real polynomials α(x), β(x), γ(x) and m(x).

Definition . We call a differential equation of the form (9.1.12) a Tracy–
Widom system and the associated kernel of the form (9.1.11) a Tracy–
Widom kernel.

We associate these kernels with the names Tracy and Widom since
they identified the importance of the kernels in random matrix theory.
Several familiar differential equations can be cast in this form. Tracy–
Widom systems of (9.1.11) are a generalization of the classical theory of
orthogonal polynomials with respect to weights

w(x) =
n∏

j=1

|x− xj |αj e−v (x) . (9.1.13)

Suppose that w(x) is a weight function on an interval S such that w(x)→
0 as x tends to the ends of S from inside. Suppose further that v is a
real polynomial, and that w and S are as in the table below.

name S m(x) w(x)
Hermite (−∞,∞) 1 e−x2 /2

Laguerre (0,∞) x xαe−x (α > 0)
Jacobi (−1, 1) 1− x2 (1− x)α(1 + x)β (α, β > 0)

pseudo-Jacobi (−∞,∞) x2 (1 + x2)−N −σ (N ∈ N, σ > 0).
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The pseudo-Jacobi ensemble does not quite fit the pattern, so we dis-
cuss it as a special case in Section 11.2. In the other cases, let (pn (x))∞n=0
be orthogonal polynomials with respect to the weight w with leading co-
efficients kn , and ϕk (x) = pk (x)w(x)1/2 the corresponding orthonormal
basis of L2(S; dx).

Proposition 9.1.5 For the Hermite, Laguerre and Jacobi systems with
the stated m(x) and w(x) on S, there exist real polynomials αn , βn and
γn for n = 1, 2, . . . such that

m(x)
d

dx

[
ϕn (x)

ϕn−1(x)

]
=

[
αn (x)
−γn (x)

βn (x)
−αn (x)

][
ϕn (x)

ϕn−1(x)

]
(x ∈ S),

(9.1.14)

and the corresponding normalized Tracy–Widom operator, which has ker-
nel

Kn (x, y) =
kn−1

kn

ϕn (x)ϕn−1(y)− ϕn−1(x)ϕk (y)
x− y

, (9.1.15)

is the orthogonal projection onto span{
∑n−1

j=0 ajϕj} in L2(S; dx) as given
by the Christoffel–Darboux formula (8.3.7).

Proof. See [159] for the general result. The explicit formulas for the differ-
ential equations appear in (9.3.21) for the Hermite function, in (9.5.18)
for the Jacobi polynomials, and (9.6.3) for the Laguerre functions. In
each case, we can invoke Proposition 8.3.3 to obtain the formula for the
kernel that represents the projection. �

Since orthogonal polynomials give rise to determinantal random point
field as in Theorem 8.2.7, it is natural to construct other determinantal
random point fields from (9.1.11) via Theorem 8.2.7.

In Chapter 4, we considered the support of the equilibrium measure
of a generalized unitary ensemble, and found it to have the form S =
∪n

j=1[aj , bj ]; consequently, one can consider Tracy–Widom systems on
S as a subset of C ∪ {∞}. Here for simplicity we work on a single
interval. Normally, we take x ∈ (0,∞), and we can transform to u ∈ R
by letting x = eu . To deal with circular ensembles, one can substitute
eiθ for x. This still allows a wide range of possibilities regarding singular
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points where m(x) = 0, so we need to restrict to special cases to make
progress.

The matrix

Ω(x) = −
[

γ(x)
α(x)

α(x)
β(x)

]
(9.1.16)

is symmetric and satisfies

Ω(y)− Ω(x) = J

[
α(x)
−γ(x)

β(x)
−α(x)

]
+

[
α(y)
−γ(y)

β(y)
−α(y)

]t

J. (9.1.17)

Theorem 9.1.6 ([157, 21]). Suppose that Ω1 and Ω0 are real symmetric
2× 2 matrices with Ω1 ≥ 0 and Ω1 of rank one. Suppose further that A

and B are bounded and continuous real functions in L2(0,∞) such that
A(x)→ 0 and B(x)→ 0 as →∞ and that

d

dx

[
A(x)
B(x)

]
= J(Ω1x + Ω0)

[
A(x)
B(x)

]
(x > 0). (9.1.18)

Then the integral operator K on L2(0,∞) with kernel

K(x, y) =
A(x)B(y)−A(y)B(x)

x− y
(9.1.19)

is self-adjoint and bounded. Furthermore, there exists φ ∈ L2(0,∞) such
that the Hankel operator Γφ is bounded and self-adjoint with K = Γ2

φ .

Proof. The integral operator with kernel 1/(x− y) is bounded on L2(R)
by M. Riesz’s theorem. Since A and B are real and bounded by hypoth-
esis, it follows that K is a bounded and self-adjoint linear operator on
L2(0,∞).

We recall that J satisfies J∗ = −J and J2 = −I. For the purposes of
the following calculation, we have

( ∂

∂x
+

∂

∂y

)( 1
x− y

)
= 0. (9.1.20)
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Hence by the differential equation and (9.1.17), we have( ∂

∂x
+

∂

∂y

)
K(x, y)

=
( ∂

∂x
+

∂

∂y

)(〈
J

[
A(x)
B(x)

]
,

[
A(y)
B(y)

]〉
/(x− y)

)

=

(〈
J2(Ω1x + Ω0)

[
A(x)
B(x)

]
,

[
A(y)
B(y)

]〉
/(x− y)

)

+

(〈
J

[
A(x)
B(x)

]
, J(Ω1y + Ω0)

[
A(y)
B(y)

]〉
/(x− y)

)
=

(〈
(−Ω1x− Ω0 + Ω1y + Ω0)

[
A(x)
B(x)

]
,

[
A(y)
B(y)

]〉
/(x− y)

)

=

〈
−Ω1

[
A(x)
B(x)

]
,

[
A(y)
B(y)

]〉
. (9.1.21)

Since Ω1 is real symmetric of rank one, we can choose an eigenvector
col[cos θ, sin θ] corresponding to the eigenvalue λ > 0, then introduce the
function

φ(x) =
√

λ(A(x) cos θ + B(x) sin θ) (9.1.22)

which by hypothesis is real and belongs to L2(0,∞). Furthermore, we
have ( ∂

∂x
+

∂

∂y

)
K(x, y) = −φ(x)φ(y), (9.1.23)

so integrating we obtain

K(x, y) =
∫ ∞

0
φ(x + u)φ(y + u) du + h(x− y) (9.1.24)

for some real function h. Now K(x, y) → 0 as x → ∞ or as y → ∞;
likewise, the integral converges to zero as x → ∞ or as y → ∞ by the
Cauchy–Schwarz inequality since φ ∈ L2(0,∞); hence h = 0.

We deduce that K = Γ2
φ and that Γφ is a bounded Hankel operator.

�

Corollary 9.1.7 Suppose further that x1/2A(x) and x1/2B(x) belong to
L2(0,∞). Then K is of trace class, and

trace(K) =
∫ ∞

0
uφ(u)2 du. (9.1.25)
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Proof. By the proof of Theorem 9.1.6, x1/2φ(x) belongs to L2(0,∞)
and hence by Proposition 9.1.4, Γφ is a Hilbert–Schmidt operator.
Consequently, K is of trace class, with the stated formula for the
trace. �

The hypotheses of Corollary 9.1.7 and hence Theorem 8.2.7 hold in
some significant examples, which we shall discuss. Furthermore, when
H = R and W = Γ2

φ , the spectral resolution of the self-adjoint op-
erator Γφ determines the spectral resolution of W , so we can find the
eigenvalues of W from the eigenvalues of Γφ . This is the basis of the
successful calculations in [21, 22, 157, 158], which also exploited the fact
the eigenvectors of Γφ can be comparatively easy to analyze.

Theorem 9.1.6 enables us to use the spectral theory of Hankel oper-
ators to describe the eigenvalues of the kernels K, as in [127]. To de-
scribe the eigenvectors of K, we need to use quite different techniques.
In several cases of interest, K commutes with a second order differential
operator, and hence one can obtain the asymptotics of the eigenvectors
of K by the WKB method. In Section 9.3 we present a familiar example
of this when we introduce the prolate spheroidal functions, which are
eigenvectors for the sine kernel. In Section 9.4 we present a sufficient
condition for a Hankel operator to commute with a second order dif-
ferential operator; this applies in particular to the Airy kernel and the
Bessel kernel.

In the following sections, we shall consider some fundamental ex-
amples of determinantal random point fields. The analysis will go
from differential equations to kernels, and then from kernels to
determinants. In some cases, we require convergence results from
the theory of orthogonal polynomials proper, but in all cases the
differential equations suggest the special functions that appear in the
analysis.

When K is the sine kernel, Airy kernel or Bessel kernel, we
introduce:

� finite rank operators from the scaled Gaussian unitary ensemble such
that Kn → K in c1 as n→∞;

� a self-adjoint and Hilbert–Schmidt operator Γφ such that Γ2
φ =

K;
� a second order self-adjoint differential operator L such that KL =

LK.
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Exercise 9.1.8 Suppose that K = Γ2
φ , where φ ∈ L2((0,∞);R). Show

that the kernel of K satisfies

det[K(xj , xk )]j,k=1,...,n (9.1.26)

=
1
n!

∫
(0,∞)n

det[φ(xj + y�)]j,�=1,...,n det[φ(xk + y�)]k,�=1,...,ndy1 · · · dyn

for all (x1 , . . . , xn > 0).

9.2 Hankel integral operators that commute with second
order differential operators

Theorem 9.2.1 Let Γφ be the Hankel operator that has kernel φ(x+y),
let L be the differential operator

Lf(x) = − d

dx

(
a(x)

df

dx

)
+ b(x)f(x), (9.2.1)

where a′′′(x) = Ca′(x) and a(0) = 0.

(i) Then there exists a real function α such that

α(x + y) =
a′(x)− a′(y)
a(x)− a(y)

. (9.2.2)

(ii) Suppose further that

β(x + y) =
b(x)− b(y)
a(x)− a(y)

(9.2.3)

for some real function β and that

φ′′(u) + α(u)φ′(u)− β(u)φ(u) = 0. (9.2.4)

Then the operators Γφ and L commute.

Proof. We introduce the expression

Φ(x, y) = (a(y)− a(x))φ′′(x + y) + (a′(y)− a′(x))

×φ′(x + y)− (b(y)− b(x))φ(x + y); (9.2.5)

then by successive integrations by parts, we obtain

(LΓφ − ΓφL)f(x) =
[
φ(x + y)a(y)f ′(y)− φ′(x + y)a(y)f(y)

]∞
0

+
∫ ∞

0
Φ(x, y)f(y) dy. (9.2.6)
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The term in square brackets vanishes since a(0) = 0; so if Φ = 0, then
the operators commute. The next idea is to reduce the condition Φ = 0
into the differential equation

(a(x)− a(y))
(
φ′′(x + y) + α(x + y)φ′(x + y)− β(x + y)φ(x + y)

)
= 0,

(9.2.7)

involving only one variable u = x + y. The following lemma guarantees
the existence of such α and β under suitable hypotheses. The proof is
by elementary calculus.

Lemma 9.2.2 Suppose that a and g are twice continuously differentiable
real functions such that

a′(x)g′′(y)− g′′(x)a′(y) + a′′(x)g′(y)− g′(x)a′′(y) = 0. (9.2.8)

(i) Then there exists a real function h such that( ∂

∂x
− ∂

∂y

)g(x)− g(y)
a(x)− a(y)

=
h(x)− h(y)

(a(x)− a(y))2 . (9.2.9)

(ii) When h is constant, there exists a real function f such that

g(x)− g(y)
a(x)− a(y)

= f(x + y). (9.2.10)

Conclusion of the proof of Theorem 9.2.1 In the special case of g(x) =
a′(x), the hypothesis of the Lemma reduces to the condition a′′′(x) =
Ca′(x) for some constant C, and one can verify that both (i) and (ii) of
the Lemma apply; so α exists. Having identified the suitable choices of
a, one can use the hypothesis on b to obtain a suitable β, and hence use
the differential equation for φ to make Φ = 0. �

Fortunately, Theorem 9.2.1 covers many cases that are of interest in
random matrix theory. There are three main families of solutions of the
differential equation a′′′(x) = Ca′(x), with a(0) = 0, depending upon
the sign of C:

(1) quadratic: C = 0 and a(x) = c2x
2 + c1x;

(2) hyperbolic: C > 0 and a(x) = c2 cosh tx + c1 sinh tx − c2, where
t ∈ R has t2 = C;

(3) trigonometric: C < 0 and a(x) = c2 cos tx + c1 sin tx − c2 , where
t ∈ R has t2 = −C.

In Proposition 9.4.3 we show that the Hankel operator Γφ commutes
with the differential operator Ls , which involves a(x) = x, as in (1). In
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the Section 9.5, we consider a differential operator with a(x) = e2x − 1,
as in (2). Theorem 9.2.1 is most useful when Γφ is compact and L has a
discrete spectrum, which happens in the main applications, but not in
some of the cases in the next exercise.

Sonine [167, p. 82] considered the one-parameter families of functions
Zν that satisfy the system

Zν−1 + Zν+1 =
2ν

z
Zν

Zν−1 − Zν+1 = 2Z′
ν , (9.2.11)

which gives rise to the Tracy–Widom system

z
d

dz

[
Zν

Zν−1

]
=

[
−ν

−z

z

ν − 1

][
Zν

Zν−1

]
; (9.2.12)

see [167, p. 82]. This and related systems give many of the examples
that arise in random matrix theory.

Definition (Bessel functions) [167, 3.1(8)]. The Bessel function of the
first kind of order α > −1 may be defined by the series

Jα (z) =
∞∑

n=0

(−1)n z2n+α

22n+αΓ(n + 1)Γ(α + n + 1)
(z ∈ C). (9.2.13)

There are also integral formulæ which apply for general real order α and
which extend the definition in which we previously made in (7.4.13) for
integral order α. The modified Bessel function, also known as MacDon-
ald’s function, may be defined by [173, 8.432]

Kα (z) =
∫ ∞

0
e−z cosh t cosh(αt) dt (�z > 0). (9.2.14)

The Bessel function Jα satisfies [167, 2.13]

x2J ′′
α + xJ ′

α + (x2 − α2)Jα = 0, (9.2.15)

whereas the modified Bessel function satisfies

x2K ′′
α + xK′

α − (x2 + α2)Kα = 0. (9.2.16)

Bessel’s equation (9.2.15) may be regarded as a transformation of a
special case of the confluent hypergeometric equation.

The general solution of Airy’s equation y′′ + xy = 0 is

y = c1x
1/2J1/3

(2
3
x3/2

)
+ c2x

1/2J−1/3

(2
3
x3/2

)
. (9.2.17)
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One solution of y′′ = xy is given by the oscillatory integral

Ai(x) =
1
2π

∫ ∞

−∞
eixt+t3 /3 dt, (9.2.18)

which by [167, p. 190] may be expressed as

Ai(x) =
1
π

√
x

3
K1/3

(2
3
x3/2

)
(x > 0). (9.2.19)

Exercise 9.2.3 In this exercise, we present some choices of a and b such
that φ satisfies some relatively simple differential equation.

(i) Let a(x) = −x2 and b(x) = −4−1x + γ. Show that Φ = 0 when

uφ′′(u) + 2φ′(u) + 4−1φ(u) = 0, (9.2.20)

and that φ(u) = u−1/2J1(u1/2) gives a solution.
(ii) Let a(x) = x2 and b(x) = −4−1x + γ. Show that Φ = 0 when

uφ′′(u) + 2φ′(u)− 4−1φ(u) = 0, (9.2.21)

and that φ(u) = u−1/2K1(u1/2) gives a solution where K1 is the
modified Bessel function.

(iii) Let a(x) = −x2 and b(x) = −x2 + γ. Show that Φ = 0 when

uφ′′(u) + 2φ′(u) + uφ(u) = 0, (9.2.22)

and that φ(u) = u−1/2J1/2(u) gives a solution.
(iv) Let a(x) = x2 and b(x) = −x2 + γ. Show that Φ = 0 when

uφ′′(u) + 2φ′(u)− uφ(u) = 0, (9.2.23)

and that φ(u) = u−1/2K1/2(u) gives a solution, where K1/2 is the
modified Bessel function.

(v) Let a(x) = a2x
2 + a1x where a2 > 0 a1 ≥ 0, and let b = 0. Show

that φ(u) = C/(a2u+a1). When a2 = 1 and a1 = 0, we thus obtain
Carleman’s Hankel operator with kernel 1/(x + y); see [127].

(vi) Let a(x) = cos 2πx− 1 and b(x) = α cos 2πx + β sin 2πx + γ. Show
that Φ = 0 when

φ′′(u) + 2π(cot πu)φ′(u) + (β cot πu + α)φ(u) = 0. (9.2.24)

The following theorem constrains the possibilities for φ.
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Theorem 9.2.4 Suppose that a and b are as in Theorem 9.2.1. Then the
differential equation (9.2.4) may be transformed by change of variables
to the hypergeometric equation

x(1− x)
d2φ

dx2 + {λ− (µ + ν + 1)x}dφ

dx
− µνφ = 0 (9.2.25)

or Whittaker’s form of the confluent hypergeometric equation

d2W

dx2 =
(1

4
− k

x
+

m2 − 1/4
x2

)
W. (9.2.26)

Proof. In [23] we consider the quadratic, hyperbolic and trigonometric
cases in detail. In all cases, the differential equation reduces to a linear
differential equation with rational functions as coefficients which has less
than or equal to three singular points, and we determine the nature of
the singularities. See [172, 9.220] for solutions of (9.2.26). �

The hypergeometric and confluent hypergeometric equations cover
many classical families of special functions. Theorem 9.2.4 states that
the differential equation for φ can be reduced by changes of variable
into a standard form, and in [23] the author provides several examples
of commuting pairs L and Γφ . However, the problem of deciding which
kernels W factor as W = Γ∗

φΓφ involves some subtle analytical points
which are not stable under changes of variable, so there is currently no
simple criterion for deciding which Tracy–Widom systems lead to
kernels W that factorize as W = Γ2 where Γ commutes with L. See
also [22].

9.3 Spectral bulk and the sine kernel
� The bulk of the spectrum for the Gaussian unitary ensemble is de-

scribed by the sine kernel.
� The eigenfunctions for the sine kernel are the prolate spheroidal func-

tions.
� The prolate spheroidal functions satisfy differential equations for

which the limiting form is Webber’s parabolic cylinder equation.

In Section 9.3, 9.4 and 9.5 we show how the bulk, soft and hard
edges arise from unitary ensembles. Before introducing the integrable
operators, we review the Gaussian unitary ensemble. Let xj,k and yj,k

(1 ≤ j ≤ k ≤ n) be a family of mutually independent N(0, 1/n)
random variables. We let Xn be the n × n Hermitian matrix that
has entries [Xn ]jk = (xj,k + iyj,k )/

√
2 for j < k, [Xn ]jj = xj,j for



294 Random Matrices: High Dimensional Phenomena

1 ≤ j ≤ n and [Xn ]kj = (xj,k − iyj,k )/
√

2 for j < k; the space of
all such matrices with the probability measure ν

(2)
n forms the Gaussian

unitary ensemble. The eigenvalues of X are real and may be ordered
as λ1 ≤ · · · ≤ λn , so their positions are specified by the empirical dis-
tribution µn = (1/n)

∑n
j=1 δλj

. As n → ∞, the empirical distributions
converge weakly to the Wigner semicircle law

ρ(dx) =
1
2π

I[−2,2](x)
√

4− x2dx (9.3.1)

for almost all sequences (Xn ) of matrices chosen from these ensembles;
see [116, 77, 166].

Sine kernel

The bulk of the spectrum is [−2, 2]. To describe the distribution of neigh-
bouring eigenvalues within small subintervals of [−2, 2], we introduce the
sine kernel. This operator arises in many contexts in harmonic analysis.

Definition (Sine kernel). Let Db be the operator on L2(R) that has
the (Dirichlet) sine kernel

Db(x, y) =
sin bπx cos bπy − cos bπx sin bπy

π(x− y)
, (9.3.2)

where b is known as the bandwidth. An entire function f has exponential
type if there exists constants c1 , c2 > 0 such that |f(z)| ≤ c1e

c2 |z | for all
z ∈ C.

Proposition 9.3.1 The operator Db on L2(R) is an orthogonal projec-
tion. The range of Db consists of those f ∈ L2(R) that extend to entire
functions of exponential type such that

lim sup
y→±∞

|y|−1 log |f(iy)| ≤ πb. (9.3.3)

The range of Db forms a reproducing kernel Hilbert space on C with
reproducing kernel

kw (z) =
sinπb(z − w̄)

π(z − w̄)
. (9.3.4)

Proof. The operator F∗I[−πb,πb]F is an orthogonal projection, and one
can easily check the identity∫ ∞

−∞

sin πb(x− y)
π(x− y)

f(y) dy =
1√
2π

∫ πb

−πb

eiξxFf(ξ)dξ. (9.3.5)
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Replacing x by z = x + iy on the right-hand side, we obtain an en-
tire function F (z) of exponential type that satisfies (9.3.3). The Paley–
Wiener theorem [102] characterizes such F as those with Fourier trans-
form supported on [−πb, πb].

The range of Db is known as the space of band limited functions. For
a band limited function, we have

f(w) = 〈f, kw 〉L 2 =
∫ ∞

−∞

sinπb(w − y)
π(w − y)

f(y) dy; (9.3.6)

hence f �→ f(w) is continuous for w ∈ C, so we have a reproducing
kernel Hilbert space. �

The frequencies ξ/2π of Dbf lie in the band [−b/2, b/2]. Likewise,
L2 [−a, a] is known as the space of time limited functions. When we
compress Db to L2[−a, a], the range consists of functions that are both
band and time limited; the functions that satisfy both these severe re-
strictions have very special properties.

Proposition 9.3.2 The compression of Db to L2[−a, a] gives a trace
class operator such that 0 ≤ Db ≤ I. The eigenfunctions of Db are the
prolate spheroidal functions, namely the eigenfunctions of the differential
operator L, where

Lf(x) = − d

dx

(
(a2 − x2)

d

dx
f(x)

)
+ π2b2x2f(x) (9.3.7)

such that f is bounded on [−a, a].

Proof. The operators Γ with kernel (b/2a)1/2eiπbxz/a and Γ∗ with kernel
(b/2a)1/2e−iπ byz/a are Hilbert–Schmidt on L2 [−a, a], and ΓΓ∗ has kernel

b

2a

∫ a

−a

eiπb(x−y )z/adz =
sin πb(x− y)

π(x− y)
. (9.3.8)

Hence Db is trace class, and since Db is the compression of an orthogonal
projection, we have 0 ≤ Db ≤ I.

The operator L commutes with Db since by direct calculation we have

− d

dx

(
(a2 − x2)

d

dx

sinπb(x− y)
π(x− y)

)
+

d

dy

(
(a2 − y2)

d

dy

sin πb(x− y)
π(x− y)

)
= (x2 − y2)

d2

dx2

sinπb(x− y)
π(x− y)

+ 2(x + y)
d

dx

sinπb(x− y)
π(x− y)

= −π2b2(x2 − y2)
sin πb(x− y)

π(x− y)
. (9.3.9)
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By compactness, each eigenspace of Db is finite-dimensional and the
eigenfunctions that correspond to non-zero eigenvalues are continuously
differentiable functions on [−a, a]. Hence the eigenfunctions of Db are
also eigenfunctions of L and give a complete orthonormal basis of
L2 [−a, a]. �

By a simple scaling of variables, we can reduce further analysis to the
case a = 1. We introduce the kernels

K±(x, y) =
sin bπ(x− y)

π(x− y)
± sin bπ(x + y)

π(x + y)
(x, y ∈ (0, 1));x �= y),

(9.3.10)

which are clearly continuous and symmetric.

Proposition 9.3.3
Let T+ : L2(0, 1) → L2(0, 1) have kernel T+(x, y) =

√
2b cos bπxy and

let T− : L2(0, 1)→ L2(0, 1) have kernel T−(x, y) =
√

2b sin bπxy.

(i) Then T∓ are self-adjoint and Hilbert–Schmidt, and unitarily equiv-
alent to Hankel integral operators on L2(0,∞).

(ii) Their squares satisfy T 2
+ = K+ and T 2

− = K−.
(iii) Let λn be the eigenvalues of the integral equation

λnf(x) =
∫ 1

−1

sin bπ(x− y)
π(x− y)

f(y)dy, (9.3.11)

ordered so that 1 ≥ λ0 ≥ λ1 ≥ . . . . Then K+ has eigenvalues λ0 ≥
λ2 ≥ . . . as an integral operator on L2(0, 1), whereas K− has eigenvalues
λ1 ≥ λ3 ≥ . . . as an integral operator on L2(0, 1).

Proof. (i) Let U : L2(0, 1)→ L2(0,∞) be the unitary operator Uf(x) =
e−x/2f(e−x), and observe that∫ 1

0

∫ 1

0

√
2b cos(bπuv)f(u)ḡ(v)dudv

=
√

2b

∫ ∞

0

∫ ∞

0
e−(x+y ) cos(bπe−(x+y ))f(e−x)ḡ(e−y ) dxdy (9.3.12)

expresses T+ in terms of a Hankel operator. By replacing cos by sin, we
obtain a similar conclusion about T−.

(ii) A simple direct calculation shows that the kernel of T 2
± satisfies

(9.3.10).
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(iii) By (ii), the operators K± are trace class and positive semidefi-
nite. Since K−(x,−y) = −K−(x, y) and K−(−x, y) = −K−(x, y), any
eigenfunction f ∈ L2(0, 1) of

λ2n+1f(x) =
∫ 1

0
K−(x, y)f(y) dy (9.3.13)

extends naturally to an odd eigenfunction of (9.3.11) in L2(−1, 1) with
the same eigenvalue. Similarly, K+(−x, y) = K+(x, y) and K+(x,−y) =
K+(x, y), so any eigenfunction of K+ in L2(0, 1) extends naturally to
an even eigenfunction of (9.3.11) in L2(−1, 1) with the same eigenvalue.
By results of [116, p. 244], the eigenvalues that correspond to odd and
even eigenfunctions interlace. �

The prolate spheroidal functions were introduced to solve the
Helmholtz equation

∂2u

∂x2 +
∂2u

∂y2 +
∂2u

∂z2 = −λu (9.3.14)

in an ellipsoid that has two axes of equal length. Due to the interpreta-
tion of Proposition 9.3.2, the prolate spheroidal functions are important
in signal processing; so numerical values for the eigenvalues and eigen-
functions of L have been calculated for this application. The eigenfunc-
tion equation for L is

−(a2 − x2)f ′′(x) + 2xf ′(x) + π2b2x2f(x) = λf(x). (9.3.15)

We choose b = 1/(2π), then write x =
√

as and λ = a(p + 1/2), so that
g(s) = f(

√
as) satisfies

−(a− s2)g′′(s) + 2sg′(s) +
1
4
as2g(s) = a

(1
2

+ p
)
g(s); (9.3.16)

so the limiting form of this equation as a → ∞ becomes the Weber’s
parabolic cylinder equation

−g′′(s) +
s2

4
g(s) =

(
p +

1
2

)
g(s), (9.3.17)

which is also associated with the quantum harmonic oscillator and Her-
mite functions; see [167]. Let the monic Hermite polynomials be

Hn (x) = (−1)nex2 /2 dn

dxn
e−x2 /2 (n = 0, 1, 2, . . . ), (9.3.18)

and let

φn (x) = (n!)−1/2(2π)−1/4Hn (x)e−x2 /4 (n = 0, 1, . . . , x ∈ R)
(9.3.19)
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be the Hermite system of orthonormal functions in L2(R), which other-
wise arises by applying the Gram–Schmidt process to (xke−x2 /4/(2π)1/4)
in L2(R).

The Hermite functions (φn )∞n=0 satisfy φ0(x) = (2π)−1/4e−x2 /4 and
the identities

− φ′
n (x) + (x/2)φn (x) =

√
n + 1φn+1(x),

φ′
n (x) + (x/2)φn (x) =

√
nφn−1(x); (9.3.20)

these are known as the raising and lowering operations as in [112]. Equiv-
alently, they satisfy the Tracy–Widom system

d

dx

[
φn (x)

φn−1(x)

]
=

[
−x/2
−√n

√
n

x/2

][
φn (x)

φn−1(x)

]
. (9.3.21)

Combining these equations, we see that φn gives a solution of (9.3.17)
with p = n.

We introduce

Kn (x, y) =
n−1∑
j=0

φj (x)φj (y). (9.3.22)

Theorem 9.3.4 Let Xn be matrices from the n × n Gaussian unitary
ensemble with potential v(x) = x2/2.

(i) Then the k-point correlation functions for the eigenvalues satisfy

Rn,k (x1 , . . . , xk ) = det[
√

nKn (
√

nxj ,
√

nxm )]j,m=1,...,k . (9.3.23)

(ii) The equilibrium measure is the semicircle law on [−2, 2].
(iii) The k-point correlation functions for eigenvalues in the spectral bulk

satisfy

R̂n,k (x1 , . . . , xk ) = det
[ 1√

n
Kn

( xj√
n

,
xm√

n

)]
j,m=1,...,k

, (9.3.24)

where

R̂n,k (x1 , . . . , xk )→ det[D1/π (xj , xm )]j,m=1,...,k (n→∞). (9.3.25)

Proof. (i) The kernel
√

nKn (
√

nx,
√

ny) gives an orthogonal projection
of rank n. As in Theorem 8.3.4, there exists a constant Cn such that

det[
√

nKn (
√

nxj ,
√

nxm )]j,m=1,...,n

= Cn

∏
1≤j<m≤n

(xj − xm )2 exp
(
−

n∑
j=1

x2
j /2

)
(9.3.26)
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is proportional to the joint probability density function of the determi-
nantal random point field associated with the kernel

√
nKn (

√
nx,
√

ny).
In terms of Theorem 2.5.3, we have the joint eigenvalue distribution of
generalized unitary ensemble on Mh

n (C) with potential v(x) = x2/2. The
k-point correlation functions are given by the minors of the determinant.

(ii) The equation for the equilibrium measure reduces to

x

2
= p.v.

1
2π

∫ 2

−2

√
4− y2

x− y
dy (−2 < x < 2), (9.3.27)

as in Theorem 4.4.1.
(iii) The bulk of the spectrum is therefore concentrated on [−2, 2],

and the typical separation of adjacent eigenvalues there is O(1/n). To
analyse the eigenvalue distribution at this level, we replace the scaling
of (i) by x �→ x/

√
n, and the corresponding scaled functions satisfy

d

dx

[
φn (x/

√
n)

φn−1(x/
√

n)

]
=

[
−x/(2n) 1
−1 x/(2n)

] [
φn (x/

√
n)

φn−1(x/
√

n)

]
(9.3.28)

which is comparable to the sinusoidal system

d

dx

[
f

g

]
=

[
0 1
−1 0

] [
f

g

]
(9.3.29)

on compact sets as n → ∞. By the Christoffel-Darboux formula in
Proposition 8.3.3, we have

1√
n

Kn

( x√
n

,
y√
n

)
=
√

n
φn (x/

√
n)φn−1(y/

√
n)−φn−1(x/

√
n)φn (y/

√
n)

x− y
;

(9.3.30)

then the Plancherel–Rotach formula [153, p. 199] and [116, A10] gives

1√
n

Kn

( x√
n

,
y√
n

)
=

sin(x− y)
π(x− y)

+ o(1) (n→∞). (9.3.31)

Hence we have convergence of the kernels in the sense of Proposition
8.5.2. �

9.4 Soft edges and the Airy kernel
� The edge of the spectrum for the Gaussian unitary ensemble is de-

scribed by the Airy kernel.
� The Hermite equation can be rescaled so as to converge to Airy’s

equation.
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� The Airy kernel is the square of a self-adjoint Hankel operator.
� The Airy kernel commutes with a second-order self-adjoint differential

operator.
� The Airy kernel is universal as a soft edge distribution for diverse

unitary ensembles.

While most of the eigenvalues of a random matrix from the Gaussian
Unitary Ensemble lie in [−2, 2], the largest and smallest eigenvalues can
lie outside; in this sense, the edges ±2 are soft. We wish to describe in
more detail the distribution of the largest eigenvalue, and we introduce
the Airy kernel and determinantal random point field to do this.

Definition (Airy kernel). Let W be the integral operator on L2(R)
defined by the Airy kernel

W (x, y) =
Ai(x)Ai′(y)−Ai′(x)Ai(y)

x− y
. (9.4.1)

Proposition 9.4.1 The kernel W defines a trace-class operator on
L2(0,∞) such that 0 ≤ W ≤ I. Hence W gives a determinantal ran-
dom point field on (0,∞).

Proof. From the asymptotic expansion [153, p. 18] the Airy function
satisfies

Ai(x) � e−
2
3 x3 / 2

2
√

πx1/4 (x→∞) (9.4.2)

so we deduce that the Hankel operator Γ : L2(0,∞)→ L2(0,∞), as in

Γf(x) =
∫ ∞

0
Ai(x + y)f(y) dy, (9.4.3)

is self-adjoint and Hilbert–Schmidt.
Clarkson and McLeod proved the identity

Ai(x)Ai′(y)−Ai′(x)Ai(y)
x− y

=
∫ ∞

0
Ai(x + u)Ai(u + y) du, (9.4.4)

and Tracy and Widom [157] showed how it follows from the differential
equation

d

dx

[
Ai(x)
Ai′(x)

]
=

[
0 1
x 0

] [
Ai(x)
Ai′(x)

]
(9.4.5)

as in Theorem 9.1.6. Hence W = Γ2, so W is nonnegative and of trace
class with

trace(W ) =
∫ ∞

0
xAi(x)2 dx.
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Further, we have

Ff(y) =
∫ ∞

0

∫ ∞

−∞
eiξ 3 /3+iξ(x+y ) dξ√

2π
f(x)

dx√
2π

=
∫ ∞

−∞
eiξ 3 /3+iξyF∗f(ξ)

dξ√
2π

; (9.4.6)

so that Γf(y) = F∗eiξ 3 /3F∗f(ξ). Since F is a unitary operator, and
eiξ 3 /3 is unimodular, this proves the inequality ‖Γ‖ ≤ 1, which shows
that W = Γ2 ≤ I; so 0 ≤W ≤ I. �

Let λj be eigenvalues from a n × n random matrix of the Gaussian
Unitary Ensemble, and let ξj be the scaled eigenvalues such that

λj = 2 +
ξj

n2/3 (j = 1, . . . , n). (9.4.7)

When ξj > 0, the eigenvalue λj lies outside the bulk of the spectrum;
whereas when −2 < ξj < 0, the eigenvalue λj lies inside. The edge 2 is
soft since λj > 2 occurs with positive probability, and when n is large,
we should expect this probability to be small, as reflected by the scaling
factor n−2/3 .

Proposition 9.4.2 (Aubrun). Let Kn be the kernel such that det[Kn (xj ,

xk )]j,k=1,...,n gives the random point field that describes the distribution
of the (ξj )n

j=1 . On compact subsets of C, there is uniform convergence

det(I − zKnIJ )→ det(I − zW IJ ) (n→∞) (9.4.8)

for all intervals J ⊆ (0,∞).

Proof. The Hermite functions φn are solutions to the parabolic cylinder
equation (9.3.17) with p = n, so

−φ′′
n (x) +

x2

4
φn (x) = (n + 1/2)φn (x). (9.4.9)

The scaled Hermite functions

Φn (x) = n1/12φn

(
2(n + 1/2)1/2 + n−1/6x

)
(9.4.10)

satisfy the differential equations

Φ′′
n (x) =

(
1 +

1
2
√

n

)1/2
xΦn (x) +

x2

4n2/3 Φn (x), (9.4.11)

the coefficients of which converge to the coefficients of the Airy differen-
tial equation [153, page 18] y′′ = xy. One can show that

Φn (y) = Ai(y) + O(n−3/4) (y →∞), (9.4.12)
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so Φn (y) converges uniformly on compact sets to Ai(y) as n → ∞; see
[153, page 99]. By following the proof of Theorem 9.1.6, one can deduce
that

√
n

φn (x)φn−1(y)− φn−1(x)φn (y)
x− y

=
√

n

2

∫ ∞

0

(
φn−1(x + u)φn (y + u) + φn (x + u)φn−1(y + u)

)
du.

(9.4.13)

The left-hand side represents the projection onto span{φj : j =
0, . . . , n − 1} as in the Christoffel–Darboux formula 8.3.3, and hence
defines an operator Kn such that 0 ≤ Kn ≤ I; whereas the right-hand
side is a sum of products of Hankel operators. By (9.3.20), we have

φn (x)φn−1(y)− φn−1(x)φn (y)
x− y

=
φn−1(x)φ′

n−1(y)− φ′
n−1(x)φn−1(y)

x− y

− 1
2
√

n
φn−1(x)φn−1(y). (9.4.14)

Letting τn (x) = 2(n + 1/2)1/2 + n−1/6x in (9.4.13), we obtain after
applying (9.4.14) the identity

Kn (x, y) =
φn−1(τn (x))φ′

n−1(τn (y))− φ′
n−1(τn (x))φn−1(τn (y))

x− y

+
φn−1(τn (x))φn−1(τn (y))

2
√

n

=
n1/6

2

∫ ∞

0

(
φn−1(τn (x + v))φn (τn (y + v))

+φn (τn (x + v))φn−1(τn (y + v))
)
dv, (9.4.15)

and in the limit as n→∞, one obtains the Airy functions, by (9.4.12),
so

Kn (x, y)→W (x, y) (9.4.16)

where

W (x, y) =
∫ ∞

0
Ai(x + v)Ai(y + v) du. (9.4.17)

By means of some more detailed analysis, Aubrun showed that

det(I − zKn IJ )→ det(I − zW IJ ) (9.4.18)

uniformly on compact sets as n→∞ for each interval J ⊆ (0,∞). �
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In particular, the distribution of the largest eigenvalue λn of a ma-
trix from the GUE is described by the random variable ξn with λ =
2 + n−2/3ξn , where the cumulative distribution function of ξn satisfies

P[ξn ≤ t]→ det(I −W I(t,∞)) (n→∞). (9.4.19)

One can calculate the eigenvalues of the operator

I(t,∞)W I(t,∞) ←→
∫ ∞

t

Ai(x + u)Ai(y + u) du, (9.4.20)

and hence compute the right-hand side of (9.4.19). Since Ai(t) decays
rapidly as t → ∞, the eigenvalues of I(t,∞)W I(t,∞) decay rapidly as
t→∞.

Remarkably, Tracy and Widom [157] identified this determinant in
terms of a solution of the Painlevé II equation, as we shall see in Section
9.7. Next we give a method for finding the eigenfunctions and eigenvalues
of W .

Proposition 9.4.3 Let As be the Hankel operator on L2(0,∞) that has
kernel Ai(x + y + s) and let Ls be the differential operator

Lsf(x) = − d

dx

(
x

d

dx
f
)

+ x(x + s)f(x) (9.4.21)

with boundary condition f(0) = 0. Then As and Ls commute; so eigen-
functions for As are eigenfunctions of Ls .

Proof. First we consider AsLsf . By integrating by parts, we obtain∫ ∞

0
Ai(x + y + s))

(
− d

dy

(
y

d

dy
f
)

+ y(y + s)f(y)
)
dy

=
∫ ∞

0

(
−
(
y

d

dy
Ai(x + y + s))

)
+ y(y + s)Ai(x + y + s)

)
f(y) dy,

(9.4.22)

which reduces by the Airy equation to

−
∫ ∞

0

(
Ai′(x + y + s) + xyAi(x + y + s)

)
f(y) dy, (9.4.23)

and one can obtain the same expression by computing LsAsf(x).
Since the Airy function is of rapid decay as x→∞, the operator As is

Hilbert–Schmidt. In particular, As is compact and self-adjoint, and its
eigenfunctions give a complete orthonormal basis for L2(0,∞). Likewise,
the operator (iI + Ls)−1 is compact and normal, and its eigenfunctions
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give a complete orthonormal basis for L2(0,∞). As As and (iI +
Ls)−1 operators commute, they have a common orthonormal basis, as
required. �

9.5 Hard edges and the Bessel kernel
� The Bessel kernel describes the hard edges of the Jacobi ensemble.
� The Jacobi polynomials satisfy a differential equation which converges

to a variant of the Bessel equation.
� The Bessel kernel is the square of a Hankel operator.
� The Bessel kernel commutes with a self-adjoint second order differen-

tial operator.

Definition (Jacobi’s weight) [153]. For α, β > −1 we introduce the
probability density function on (−1, 1) by

w(x) = 2−(α+β+1) Γ(α + β + 2)
Γ(α + 1)Γ(β + 1)

(1− x)α(1 + x)β (x ∈ (−1, 1)).

(9.5.1)

When 0 > α, β > −1 the density is unbounded as x → 1− and as x →
(−1)+. This weight is used to model an electrostatic system on (−1, 1)
in which there is a negative charge at (−1) and a negative charge at
(+1), so a positively charged particle is attracted to the ends of interval.
When there are several positively charged particles, we have the following
ensemble.

Definition (Jacobi’s Ensemble). For n a positive integer, we introduce
the simplex

∆n = {(xj )n
j=1 ∈ Rn : −1 ≤ x1 ≤ · · · ≤ xn ≤ 1}

and let α, β > −1. Then there exists Zn <∞, which depends upon these
constants, such that

µ(2)
n (dx) =

1
Zn

n∏
j=1

(1 + xj )β (1− xj )α
∏

1≤j<k≤n

(xk − xj )2 dx1 · · · dxn

(9.5.2)
determines a probability measure on ∆n . We define the Jacobi ensemble
of order n with parameters α, β > −1 to be the probability measure
µ

(2)
n as in Theorem 8.3.4. One can regard the (xj )n

j=1 as the ordered
eigenvalues of some n × n Hermitian matrix which is random under a
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suitable probability measure. So the Jacobi unitary ensemble of order n

is such a space of random matrices.
When α, β < 0, the density of µ

(2)
n is unbounded at 1− and (−1)+;

further, the eigenvalues are constrained to lie inside ∆n . The following
electrostatic interpretation of the factors is illuminating:

(i) (1 + xj )β arises from the attraction between a negative charge at
−1 and a positive charge at xj ;

(ii) (1−xj )α arises from the attraction between a unit negative charge
at 1 and a unit positive charge at xj ;

(iii) (xk − xj )2 arises from the mutual repulsion between the positive
charges at xj and xk .

Hence the charges xj all lie in [−1, 1] and are attracted towards the
ends ±1, but are prevented from all accumulating there by their mutual
repulsion; so at equilibrium, the charges are sparse in the middle of
[−1, 1] and denser near to ±1. For these reasons, the spectral edges ±1
are said to be hard.

The polynomials that correspond to this ensemble are the Jacobi poly-
nomials.

Definition (Jacobi polynomials) [153]. The Jacobi polynomials Pα,β
n are

the orthogonal polynomials of degree n = 0, 1, 2, . . . with positive leading
terms that are defined by the Gram–Schmidt process with respect to the
weight w, and subject to the normalization

P α,β
n (1) =

Γ(n + 1 + α)
Γ(n + 1)Γ(1 + α)

� nα

Γ(α + 1)
(n→∞). (9.5.3)

On account of this normalization at the right-hand end, some subsequent
formulæ appear to be asymmetrical in α and β. In particular, when
α = β = −1/2, we observe that the P

−1/2,−1/2
n are proportional to

the Chebyshev polynomials Tn , which suggests that the substitution
x = cos t should be helpful.

We introduce the kernel

Kn (x, y) = Cn (α, β)
Pα,β

n (x)Pα,β
n−1(y)− P α,β

n (y)Pα,β
n−1(x)

x− y
(w(x)w(y))1/2 ,

(9.5.4)

where we have introduced the constant

Cn (α, β) =
2Γ(n + 1)Γ(n + 1 + α + β)Γ(α + 1)Γ(β + 1)
(2n + α + β)Γ(n + α)Γ(n + β)Γ(α + β + 2)
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from [153, p. 71] since the P α,β
n need rescaling so as to become orthonor-

mal with respect to w on (−1, 1).

Proposition 9.5.1 The kernel Kn generates the determinantal random
point field associated with the eigenvalues from the Jacobi ensemble on
(−1, 1).

Proof. The kernel Kn gives the orthogonal projection of rank n onto the
span of 1, . . . , xn−1 by Proposition 8.3.3. The rest follows from Theorem
8.3.4. �

We now introduce the kernel that describes eigenvalue distributions
at the hard edge at x = 1; later in the section, we shall show how it
arises for the edges of the Jacobi ensemble.
Let Jα be the Bessel function of order α; then f(z) = z−α/2Jα(

√
z)

satisfies

z
d

dz

[
f

f ′

]
=

[
0 z

−1/4 −(α + 1)

] [
f

f ′

]
(9.5.5)

on C \ (−∞, 0].

Definition (Bessel kernel). The Bessel kernel is

F (x, y) =
Jα (
√

x)
√

yJ ′
α (
√

y)−√xJ ′
α (
√

x)Jα(
√

y)
2(x− y)

for all (0 < x, y < 1, x �= y). (9.5.6)

In the context of Jacobi ensembles, we are principally interested in the
behaviour of eigenvalues for small x > 0, so it is natural to restrict
attention to operators on (0, 1).

Theorem 9.5.2 (i) The integral operator Tα : L2(0, 1)→ L2(0, 1) given
by

Tαf(x) =
∫ 1

0
Jα (2

√
tx)f(t)dt (9.5.7)

has a square with kernel T 2
α (x, y) = 4F (4x, 4y).

(ii) The integral operator on L2((0, 1), dx) with kernel F defines a
determinantal random point field.
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Proof. (i) The following identity can be deduced from the differential
equation

Jα (2
√

x)
√

yJ ′
α (2
√

y)− Jα (2
√

y)
√

xJ ′
α (2
√

x)
x− y

=
∫ 1

0
Jα (2

√
tx)Jα(2

√
ty)dt.

(9.5.8)

The left-hand side is 4F (4x, 4y), while the right-hand side is the kernel
of T 2

α . (The author made a sign error in (5.8) of [22].)
(ii) Since F = T 2

α is the product of self-adjoint operators, we have
0 ≤ F. Further, F is of trace class since the operators on the right-hand
side are Hilbert–Schmidt.

Let g(x) =
∫ 1

0 Jα (2
√

xt)f(t)dt, and introduce the functions g̃(y) =
g(y2/4) and f̃(u) = 2f(u2)I[0,1](u). Then we have a Hankel transform

g̃(y) =
∫ ∞

0
Jα (yu)f̃(u)u du, (9.5.9)

so by Hankel’s inversion theorem [146]∫ ∞

0
g̃(y)2y dy =

∫ ∞

0
f̃(u)2u du, (9.5.10)

so reverting to the original variables we have∫ 1

0
g(v)2dv ≤

∫ 1

0
f(t)2dt; (9.5.11)

hence ‖F‖ ≤ I, so 0 ≤ F ≤ I. We can now use Theorem 8.2.7 to deduce
the existence of a determinantal random point field. �

Proposition 9.5.3 Let Lα be the differential operator

Lαf(x) = − d

dx

(
x(1− x)

d

dx
f
)

+
(
x− α2

4x
− 2µ

)
f(x) (9.5.12)

with boundary conditions f(0) = f(1) = 0. Then Tα commutes with Lα .

Proof. We apply a unitary transformation so that we can work on
L2(0,∞). The formula

e−uTαf(e−2u ) = 2
∫ ∞

0
e−(u+v )Jα (2e−(u+v ))f(e−2v )e−v dv (9.5.13)

suggests that we change variable to v, where x = e−2v . Then φ(v) =
2e−v Jα (2e−v ) satisfies

ev φ′′(v) + 2ev φ′(v) + (4e−v + (1− α2)ev )φ(v) = 0,
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so we apply Theorem 9.2.1 with a(x) = e2x − 1 and b(x) = 4e−2x −
(1−α2)e2x +µ to obtain an operator L that commutes with the Hankel
operator Γφ that has kernel φ(x + y).

The unitary transformation S : L2(0, 1)→ L2(0,∞) is given by Sf =
g, where g(v) =

√
2e−v f(e−2v ), and the quadratic form associated to L

has principal term∫ ∞

0
(e2v − 1)g′(v)2 dv =

∫ 1

0

( 1
x
− 1

)(
2xf ′(x) + f(x)

)2
dx (9.5.14)

=
∫ 1

0
4x(1− x)f ′(x)2dx +

∫ 1

0

( 1
x

+ 1
)
f(x)2dx +

[
2(1− x)f(x)2

]1

0
,

as one shows by integrating by parts. The term in square brackets van-
ishes on account of the boundary conditions, and we recover the operator
Lα by polarizing; hence the said operators commute. �

Now we return to the Jacobi ensemble. Focusing our attention on the
edge at 1, we introduce the scaled eigenvalues ξj by xj = cos ξj /

√
n, to

ensure that the mean spacing of the ξj is of order O(1) near to the hard
edge at xj ≈ 1. Then for some Cα > 0, we rescale the kernel Kn to

K̃n (x, y) =
Cα

n2 Kn

(
cos
√

x

n
, cos

√
y

n

)
. (9.5.15)

Theorem 9.5.4 The kernel K̃n generates a determinantal random point
field such that the k point correlation functions satisfy

R̃n,k (x1 , . . . , xk ) = det[K̃n (xj , xm )]j,m=1,...,k , (9.5.16)

and

R̃n,k (x1 , . . . , xk )→ det[F (xj , xm )]j,m=1,...,k (n→∞). (9.5.17)

Proof. The main idea is that K̃n → F in trace class norm on L2(0, 1) as
n→∞. The details of the proof are in [113]; Lemma 9.5.5 is the crucial
step.

The Jacobi polynomials Pn = Pα,β
n satisfy the differential equation

(1− x2)P ′′
n (x) + (β − α + (α + β + 2)x)P ′

n (x)

+ n(n + α + β + 1)Pn (x) = 0. (9.5.18)

�
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Lemma 9.5.5 Let fn (x) = n−αPn (cos
√

x
n

). Then

4xf ′′
n (x) +

(
2− 2

√
x

n
(β − α)cosec

√
x

n

+
2
n

(α + β + 1)
√

x cot
√

x

n

)
f ′

n (x)

+
1
n

(n + α + β + 1)fn (x) = 0. (9.5.19)

As n → ∞, the coefficients of this differential equation converge uni-
formly on compact sets, so the limiting form of this differential equation
is

4xf ′′(x) + 4(α + 1)f ′(x) + f(x) = 0 (9.5.20)

with f(0) = 1/Γ(α + 1).

Proof. We have

z
d

dz

[
fn (z)
f ′

n (z)

]
= Ωn (z)

[
fn (z)
f ′

n (z)

]
(9.5.21)

where

Ωn (z)

=

 0 z

−(n + α + β + 1)/(4n)
√

z
2n

((β − α)cosec
√

z
n
−(α + β + 1) cot

√
z

n
) − 1

2


satisfies

Ωn (z)→
[

0 z

−1/4 −(α + 1)

]
(n→∞) (9.5.22)

uniformly on compact sets. �

Lemma 9.5.6 The scaled Jacobi polynomials converge, so

n−αPn

(
cos
√

z

n

)
→ 2αz−α/2Jα (

√
z) (n→∞) (9.5.23)

uniformly on compact subsets of C.

Proof. This is due to Mehler and Heine; see [153, p. 190]. By direct calcu-
lation one can show that f(x) = x−α/2Jα(

√
x) satisfies the differential

equation (9.5.20), or equivalently the matrix form (9.5.5). By Lemma
9.5.5, the solutions of (9.5.19) converge uniformly on compact sets to
the solution of (9.5.20). When 0 ≤ α < 1, f(z) = 2αz−α/2Jα(

√
z) is the

unique solution of (9.5.20) that is bounded at z = 0 and that satisfies
the initial condition, so the result follows from Lemma 9.5.5. �
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We can recover Theorem 9.5.4 by using the further identity

(2n + α + β)
d

dx
Pn (x) = 2(n + α)(n + β)Pn−1(x)

−n
(
(2n + α + β)x + β − α)Pn (x), (9.5.24)

which leads to

2(n + α)(n + β)
Pn (cos

√
y

n
)Pn−1 (cos

√
x

n
) − Pn−1 (cos

√
y

n
)Pn (cos

√
x

n
)

cos
√

y

n
− cos

√
x

n

=−n(2n + α + β)Pn

(
cos

√
x

n

)
Pn

(
cos

√
y

n

)
+ 2n(2n + α + β)

×
(Pn (cos

√
x

n
)
√

y sin
√

y

n
d
dy

Pn (cos
√

y

n
)−Pn (cos

√
y

n
)
√

x sin
√

x
n

d
dx

Pn (cos
√

x
n

)

cos
√

y

n
−cos

√
x

n

)
,

(9.5.25)

where cos
√

y

n − cos
√

x
n = x−y

2n 2 + O( 1
n4 ) as n→∞. Hence the right-hand

side is asymptotic to a multiple of the Bessel kernel

x−α/2Jα (
√

x)y d
dy (y−α/2Jα (

√
y)− y−α/2Jα (

√
y)x d

dx (x−α/2Jα (
√

x))

x− y
.

(9.5.26)

These are the main steps in the proof of Theorem 9.5.4, which appears
in more detail in [113].

9.6 The spectra of Hankel operators and
rational approximation

� A Hankel integral operator has a natural expression in terms of the
Laguerre basis.

� Hankel integral operators are unitarily equivalent to Hankel matrices.
� The spectra of Hankel operators have special properties.

Definition (Hankel matrix [127]). For any (cj ) ∈ �2(Z+), we can de-
fine a Hankel matrix [cj+k−1 ]∞j,k=1 which gives a densely defined linear
operator in �2(Z+) with respect to the standard orthonormal basis.

The symbol of the Hankel matrix is some function ψ ∈ L2(T;C) such
that

cn =
∫

T
ψ(eiθ )e−inθ dθ

2π
(n = 1, 2, . . . ). (9.6.1)

Note that the Hankel matrix does not determine the negative Fourier
coefficients of ψ, hence one can choose them advantageously. There are
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different conventions in common use concerning the role of H2 and L2)
H2 as the codomain of the Hankel operator.

There is a simple relationship between Hankel integral operators and
Hankel matrices.

Definition (Laguerre functions) Let L
(α)
n be the Laguerre polynomial

of degree n, so that

L(α)
n (x) =

x−α

n!
ex dn

dxn

(
e−xx(n+α)) (s > 0)

=
n∑

κ=0

(−1)κ Γ(α + n + 1)
κ!(n− κ)!Γ(α + κ + 1)

xκ . (9.6.2)

and let hn (x) = 21/2e−sL
(0)
n (2s), so that (hn )∞n=0 gives a complete or-

thonormal basis for L2(0,∞).
The Laguerre polynomials satisfy the differential equation

x2 d2

dx2 L(α)
n (x) + (α + 1− x)

d

dx
L(α)

n (x) + nL(α)
n (x) = 0, (9.6.3)

hence the function u(x) = xe−x/2L
(1)
n (x) satisfies

d

dx

[
u

u′

]
=

[
0 1

1/4− (n + 1)/x 0

] [
u

u′

]
. (9.6.4)

The right half-plane is C+ = {z : �z > 0}. The Hardy space H2 on
C+ may be defined by modifying (4.2.45) in the obvious way.

Proposition 9.6.1 (i) There is a unitary map U : H2(D; dθ/2π) →
L2((0,∞); dx) given by

∞∑
n=0

anzn �→
∞∑

n=0

anhn ; (9.6.5)

(ii) the Laplace transform gives a unitary map L : L2((0,∞); dx) →
H2(C+; dy/2π);

(iii) the composition Φ = L◦U gives a unitary map H2(D; dθ/2π)→
H2(C+; dy/2π) such that

Φf(λ) =
√

2
λ + 1

f
(λ− 1

λ + 1

)
. (9.6.6)

Proof. (i) The (hn ) give a complete orthonormal basis for L2(0,∞) by
Proposition 1.8.4.

(ii) This is essentially the Paley–Wiener theorem [102].
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(iii) One can calculate

Lhn (λ) =
∫ ∞

0
e−λs es/2

√
2n!

dn

dsn
e−ssn ds

=
√

2
(λ− 1)n

(λ + 1)n+1 , (�λ > 0) (9.6.7)

so that

Φ :
∞∑

n=0

anzn �→
∞∑

n=0

an

√
2

(λ− 1)n

(λ + 1)n+1 , (9.6.8)

from which the result is clear. �

Exercise 9.6.2 (i) Let φ(x) = p(x)e−αx where p(x) is a polynomial
function of degree n. Show that the Hankel integral operator with kernel
φ(x + y) has rank less than or equal to n + 1.

(ii) Let φ(x) =
∑n

j=0 ajhj (x) and consider the Hankel operator with
kernel φ(x + y). Show that for a typical f(x) =

∑∞
j=0 bjhj (x) we have

Γφf(x) =
n∑

j=0

aj bjhj (x). (9.6.9)

Proposition 9.6.3 (i) A bounded Hankel integral operator is unitarily
equivalent to an operator that is represented by a Hankel matrix with
respect to some orthonormal basis.
(ii) The Hankel matrix [bj+k−1 ]∞j,k=1 has finite rank if and only if the
symbol Fφ may be chosen to be a rational function.

Proof. (i) See [127].
(ii) This is Kronecker’s theorem; see [127]. �

The self-adjoint and bounded Hankel operators on Hilbert space have
been characterized up to unitary equivalence by Peller, Megretskĭı and
Treil [127].

For a real sequence (γj ) the multiplicity function ν : R→ {0, 1, . . . }∪
{∞} is

ν(λ) = 	{j : γj = λ}. (9.6.10)

Theorem 9.6.4 Suppose that Γ is a self-adjoint and compact Hankel
operator with eigenvalues (γj )∞j=1 listed according to geometric multiplic-
ity. Then the multiplicity function satisfies

(i) ν(0) ∈ {0,∞}, so the nullspace of Γ is zero, or infinite-dimensional;
(ii) |ν(λ)− ν(−λ)| ≤ 1 for all λ > 0.
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Conversely, given any real sequence (γj )∞j=1 that satisfies (i) and (ii),
there exists φ ∈ L2(0,∞) such that Γφ is a bounded and self-adjoint
Hankel operator with eigenvalues (γj ) listed according to multiplicity.

Suppose further that
∑∞

j=1 |γj | < ∞ and that γj < 1 for all j. Then
det(I − Γφ) =

∏∞
j=1(1− γj ) converges.

Proof. This result is due to Megretskĭı, Peller and Treil, as in [127]. �

Exercise. Deduce that if Γ is a positive and compact Hankel operator,
then the positive eigenvalues of Γ are simple.

We use the term rational approximation of the Hankel operator to mean
approximation by finite-rank Hankel operators.

Proposition 9.6.5 Given φ such that the Hankel operator Γφ is self-
adjoint and Hilbert–Schmidt, there exists φj (j = 1, 2, . . . ) such that Γφj

is a finite-rank Hankel operator and such that

det(I − zΓ2
φj

)→ det(I − zΓ2
φ) (j →∞) (9.6.11)

uniformly on compact subsets of C.

Proof. Given a Hilbert–Schmidt Hankel matrix Γ = [aj+k ] and ε > 0,
the truncated Hankel matrix ΓN = [aj+kI[0,N ] (j+k)] has finite rank and
satisfies ‖Γ − ΓN ‖c2 < ε for all sufficiently large N . Using Proposition
9.6.3, one can pass from Hankel matrices to Hankel integral operators
on L2(0,∞). Hence for any Hilbert–Schmidt Hankel integral operator
Γφ and ε > 0, there exists a finite-rank Hankel operator Γψ such that
‖Γφ − Γψ‖c2 < ε. Note that

Γ2
φ − Γ2

ψ = Γ2
φ − Γψ Γφ + Γψ Γφ − Γ2

ψ , (9.6.12)

so

‖Γ2
φ − Γ2

ψ‖c1 ≤ ‖Γφ − Γψ‖c2 ‖Γφ‖c2 + ‖Γψ‖c2 ‖Γφ − Γψ‖c2 (9.6.13)

We have ‖Γn − Γ‖ → 0 as n→∞, so Γ2
n → Γ2 as n→∞.

By Kronecker’s theorem, as in Proposition 9.6.3, Γφ has finite rank if
and only if φ̂ may be chosen to be a rational function. When the rational
function has the form

φ̂(z) =
N∑

j=1

cj /i

z − iαj
(9.6.14)
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with �αj > 0 so that the poles are in the upper half plane, we have

φ(x) =
∫ ∞

−∞
φ̂(z)eizx dz

2π
=

N∑
j=1

cj e
−αj x (x > 0); (9.6.15)

by partially differentiating with respect to αj one can introduce higher
order poles. �

The term exponential bases is used somewhat loosely to describe the
properties of sums

∑
j aj e

−αj x in L2((0,∞); dx) for a given sequence of
complex frequencies (αj )∞j=−∞. First we give a condition that ensures
that (e−αj x)∞j=−∞ is a basic sequence, but also shows that span{e−αj x :
j ∈ Z} is not dense in L2((0,∞); dx).

Let α = (αj )∞j=−∞, where �αj > 0 and let

ψj (z) =
(
2�αj )1/2e−αj z (j ∈ Z) (9.6.16)

which are unit vectors in L2(0,∞). Then let

kj (z) =
i
√
�αj

2π(z + iᾱj )
(j = 1, 2, . . . ) (9.6.17)

which belong to H2 of the upper half plane, and which are scaled repro-
ducing kernels in the sense that they satisfy∫ ∞

−∞
f(x)k̄j (x)dx =

√
�αjf(iαj ) (f ∈ H2). (9.6.18)

Theorem 9.6.6 The following conditions are equivalent.

(i) (αj )∞j=−∞ is a Carleson interpolating sequence with �αj > 0; so
there exists δ > 0 such that

inf
j

∏
k :k �=j

∣∣∣αj − αk

αj + ᾱk

∣∣∣ ≥ δ. (9.6.19)

(ii) (ψj )∞j=−∞ gives a Riesz sequence in L2(0,∞); so there exist cα ,

Cα > 0 such that

cα

∞∑
j=−∞

|aj |2 ≤
∫ ∞

0

∣∣ ∞∑
j=−∞

ajψj (x)
∣∣2 dx

≤ Cα

∞∑
j=−∞

|aj |2 ((aj ) ∈ �2). (9.6.20)
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(iii) (kj )∞j=−∞ gives a Riesz sequence in H2 ; so there exist cα , Cα > 0
such that

cα

∞∑
j=−∞

|aj |2 ≤
∫ ∞

−∞

∣∣ ∞∑
j=−∞

ajkj (x)
∣∣2 dx

≤ Cα

∞∑
j=−∞

|aj |2 ((aj ) ∈ �2). (9.6.21)

Proof. The equivalence of (ii) and (iii) follows from Plancherel’s theorem.
The equivalence of (i) and (iii) is an aspect of Carleson’s interpolation
theorem, as in [122, 72]. �

Example. The points αj = 1 + ij with j ∈ Z give a sequence which
satisfies (i).

9.7 The Tracy–Widom distribution
� The Tracy–Widom distribution gives the soft edge that arises from

the Gaussian unitary ensemble.
� A determinant involving the Airy kernel gives the Tracy–Widom dis-

tribution.

In the preceding sections, we have emphasized the probabilistic aspects
and suppressed important connections with the theory of Painlevé tran-
scendents. A Painlevé differential equation is a second order differential
equation y′′ = R(x, y, y′) that is rational in y and y′, is analytic in x,
and has no movable essential singularities. One aspect of the Painlevé
theory is that there are only fifty different classes of such equations, up
to transformation. Many significant results concerning random matrix
theory were first discovered via spectral theory and the inverse scattering
method. Indeed, the term integrable operators refers to integrable sys-
tems of differential equations. In this section, we use an integral equation
which is familiar from the theory of inverse scattering; see [62].

Suppose that w(x) is a solution of the Painlevé II equation

w′′ = 2w3 + xw (9.7.1)

such that w(x) � −Ai(x) as x→∞.

Theorem 9.7.1 Let Γ(x) : L2(x,∞)→ L2(x,∞) be the Hankel operator
that has kernel Ai((y + z)/2). Then

w(x)2 = − d2

dx2 log det(I − Γ2
(x)). (9.7.2)
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Proof. (Sketch). We consider the differential equations f ′′(x) = xf(x)
and g′′(x) = (x + 2w(x)2)g(x), and observe that f(x) = −Ai(x) and
g(x) = w(x) give solutions. This comparison suggests that we seek w by
a perturbation method based upon scattering. Ablowitz and Segur [2]
have shown that the pair of integral equations

K(x, y)− rAi
(x + y

2

)
+

r

2

∫ ∞

x

L(x, s)Ai
(s + y

2

)
ds = 0,

L(x, y) +
r

2

∫ ∞

x

K(x, z)Ai
(z + y

2

)
dz = 0 (9.7.3)

have unique solutions for |r| < 1/2 that are continuous functions of y.
They deduce that the first solution satisfies( ∂

∂x
+

∂

∂y

)2
K(x, y) =

x + y

2
K(x, y) + 2K(x, x)2K(x, y) (9.7.4)

and that w(x) = K(x, x) satisfies Painlevé II. We wish to apply the
result in the case of r = −2, which is not fully justified by the analysis
in [2]; nevertheless, we proceed to sketch the main features of the proof.
One can show that L satisfies

L(x, z)− r

2
F (x, z) +

r2

4

∫ ∞

x

L(x, y)F (y, z) dy = 0, (9.7.5)

where

F (x, y) =
∫ ∞

0
Ai

(x + z

2

)
Ai

(z + y

2

)
dz (9.7.6)

satisfies
∂2

∂x2 F (x, y)− ∂2

∂y2 F (x, y) =
1
8
(x− y)F (x, y). (9.7.7)

Using standard computations from scattering theory [62] and the unique-
ness of the solutions of (9.7.4), one can deduce that

∂2

∂x2 L(x, y)− ∂2

∂y2 L(x, y)− 1
8
(x− y)L(x, y) = r

( d

dx
L(x, x)

)
L(x, y)

(9.7.8)

and hence that 2 d
dx L(x, x) = w(x)2.

The Hankel operator with kernel Ai((x + y)/2) is Hilbert–Schmidt,
hence is the limit in Hilbert–Schmidt norm of a sequence of finite-rank
Hankel operators. We now indicate how to express the determinant
from (9.7.2) in terms of these approximations. Suppose that
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((2�αj )1/2e−αj x/2) gives a Riesz sequence in L2(0,∞) such that φ(x) =
Ai(x) where

φ(x) =
∞∑

j=1

cj e
−αj x ,

K(x, y) =
∞∑

j=1

ξj (x)e−αj y/2 ,

L(x, y) =
∞∑

k=1

ηk (x)e−αk y/2 ; (9.7.9)

we also introduce the matrix

A =
[cj e

−(αj +αk )x/2

(αj + αk )/2

]∞
j,k=1

(9.7.10)

and the column vectors

X = [ξj (x)]∞j=1 , Y = [ηk (x)]∞k=1 ,

C = [cj e
−αj x/2 ]∞j=1 , E = [e−αj x/2 ]∞j=1 . (9.7.11)

�
Lemma 9.7.2 Suppose that

X = (I − r2A2/4)−1rC,

Y = −(r2/4)(I − r2A2/4)−1C. (9.7.12)

Then K and L satisfy

K(x, y)− rφ
(x + y

2

)
+

r

2

∫ ∞

x

L(x, s)φ
(s + y

2

)
ds = 0,

L(x, s) +
r

2

∫ ∞

x

K(x, z)φ
(z + y

2

)
dz = 0. (9.7.13)

Proof. By substituting the given formulæ (9.7.9) and (9.7.11) into the
integral equations (9.7.13), we soon derive the expressions

∞∑
j=1

ξj (x)e−αj y/2 − r

∞∑
j=1

cj e
−αj (x+y )/2

+
r

2

∞∑
j,k=1

ηk (x)e−(αj +αk )x/2e−αj y/2cj

(αj + αk )/2
= 0,

∞∑
k=1

ηk (x)e−αk y/2 +
r

2

∞∑
k,�=1

ξ�(x)e−(α� +αk )x/2e−αk y/2ck

(αk + α�)/2
= 0,

(9.7.14)
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which by independence of the Riesz basis reduces to

ξj (x)− rcj e
−αj x/2 +

r

2

∞∑
k=1

ηk (x)e−(αj +αk )x/2cj

(αj + αk )/2
= 0,

ηk (x) +
r

2

∞∑
�=1

ξ�(x)e−(α� +αk )x/2ck

(αk + α�)/2
= 0. (9.7.15)

In terms of the vectors, these are the pair of equations

X − rC +
r

2
AY = 0,

Y +
r

2
AX = 0; (9.7.16)

which reduce to

X − r2

4
A2X = rC,

Y = −r

2
AX, (9.7.17)

and the solutions are as in (9.7.12). �

Lemma 9.7.3 Let Γ(x) : L2(x,∞) → L2(x,∞) be the Hankel operator
that has kernel φ((y + z)/2). Then

L(x, x) = − d

dx

1
2

(
log det(I − rΓ(x)/2) + log det(I + rΓ(x)/2)

)
. (9.7.18)

Proof. We express the function in terms of the matrices, and write

L(x, x) = EtY

= −r2

4
trace

(
EtA(I − r2A2/4)−1C

)
= −r2

4
trace

(
(I − r2A2/4)−1ACEt

)
. (9.7.19)

A simple computation shows that d
dx A = −CEt , so we can resume the

chain of identities with

L(x, x) =
r2

4
trace

(
(I − r2A2/4)−1A

d

dx
A
)

= − d

dx

1
2
trace log(I − r2A2/4)

= − d

dx

1
2

log det(I − r2A2/4). (9.7.20)
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The matrix A represents the Hankel operator with kernel φ(y+z)/2) on
L2(x,∞) with respect to the Riesz basis (e−αj z/2). Hence we can have
det(I + rA/2) = det(I + rΓ(x)/2), and (9.7.18) follows from (9.7.20). �

Conclusion of the proof of Theorem 9.7.1 From (9.7.8) we have
2 d

dx
L(x, x) = w(x)2 , and hence taking r = 2 in Lemma 9.7.3, we have

w(x)2 = − d2

dx2 log det(I − Γ2
(x)). (9.7.21)

Definition (Tracy–Widom distribution). Let w be the solution of
Painlevé II equation that satisfies w(x) � −Ai(x) as x → ∞. Then
the Tracy–Widom distribution has cumulative distribution function

F (t) = exp
(
−

∫ ∞

t

(x− t)w(x)2 dx
)
. (9.7.22)

Corollary 9.7.4 In terms of Γ(t) as in Theorem 9.7.1, the Tracy–
Widom distribution satisfies

F (t) = det(I − Γ2
(t)). (9.7.23)

Proof. Clearly, both sides of (9.7.23) increase to one as t→∞. From the
definition of F , we have

d2

dt2
log F (t) = −w(t)2 , (9.7.24)

which we can combine with (9.7.21) to give

d2

dt2
log F (t) =

d2

dt2
log det(I − Γ2

(t)). (9.7.25)

By integrating this equation, we obtain the stated result. �

We retuen to the context of Theorem 9.3.4, but consider the edge of the
spectrum.

Theorem 9.7.5 (Tracy–Widom [157]). The distribution of the largest
eigenvalue λn of a n× n matrix under the Gaussian Unitary Ensemble
satisfies

ν(2)
n

[
λn ≤ 2 +

t

n2/3

]
→ F (t) (n→∞). (9.7.26)

Proof. This follows from Proposition 9.4.2 and Corollary 9.7.4. �
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In a subsequent paper, Tracy and Widom showed that the asymptotic
spectral edge distributions of Gaussian orthogonal and symplectic en-
sembles could be described in terms of related Painlevé functions.

� The scaled largest eigenvalue of a GUE matrix has an asymptotic
Tracy–Widom distribution.

� The scaled length of the longest increasing subsequence in a random
permutation has an asymptotic Tracy–Widom distribution.

The precise statement of these results appear as Theorems 9.7.5 and
10.4.7, and their respective proofs start from rather different probabil-
ity spaces SN and GUE(N), and involve special functions which look
dissimilar. The fact that such disparate computations lead to similar re-
sults suggests that there are deeper general principles which justify the
conclusions. For variances and fluctuations, the Costin–Lebowitz central
limit theorem of Section 10.2 provides such a general principle.

Let Xn be n × n matrices from the generalized unitary, orthogonal
or symplectic ensemble, and suppose that the equilibrium measure is
supported on a single interval [a, b]. Dyson’s universality principle [64]
asserts that the spectra of the Xn within subintervals of [a, b] of length
O(1/n) do not depend upon the particular potential of the ensemble
as n → ∞. This has been verified in many cases, and the eigenvalue
distribution is given by the determinantal random point field from the
sine kernel [125, 126].

In [148], Soshnikov observes ‘There is a general belief amongst people
working in random matrix theory that in the same way as the sine kernel
appears to be a universal limit in the bulk of the spectrum for random
Hermitian matrices, the Airy and Bessel kernels are universal limits of
the soft and hard edge of the spectrum’. See [66, 67] for more on this
topic.



10

Fluctuations and the Tracy–Widom
distribution

Abstract

We present the Costin–Lebowitz theorem on fluctuations, which is a
version of the central limit theorem for scaled eigenvalue distributions.
The most striking consequence is the recent application to Young dia-
grams under Plancherel measure. The Tracy–Widom distribution gives
the asymptotic edge distribution of the eigenvalues from GUE, and sur-
prisingly the asymptotic distribution of the longest increasing sequence
in random permutations, after suitable scalings. The discrete Bessel ker-
nel also plays an important role in the proof, as it links the determinantal
random point fields of random matrices to those of the Young diagrams.

10.1 The Costin–Lebowitz central limit theorem

This section features an important universality result, namely the
Costin–Lebowitz central limit theorem from [52], in a form adapted to
deal with determinantal random point fields by Soshnikov [147]. In Sec-
tion 10.6, we sketch an application to fluctuations of Young tableaux,
which also involves the results of Chapter 7. First we define what is
meant by a fluctuation.

Definition (Fluctuations). Let ωk be random point fields on R such
that ωk (R) = k, and let µk = k−1 ∑k

j=1 δλj
be the empirical distribution

that corresponds to ωk for k = 1, 2, . . . . Suppose that µk → ρ weakly in
distribution as k →∞; so that

P
[∣∣∣1

k

k∑
j=1

f(λj )−
∫

f(x)ρ(dx)
∣∣∣ < ε

]
→ 1 (k →∞) (10.1.1)

for all ε > 0 and all f ∈ Cb(R;C). Then fluctuations are the random

321
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variables
∑k

j=1 f(λj ) − k
∫

f(x)ρ(dx) and the associated random mea-

sures
∑k

j=1 δλj
− kρ. We sometimes replace f by the indicator function

of an interval. See [147].

Before discussing the general theorem, we consider an important exam-
ple of the Poisson process where we can carry out the computations
explicitly.

Example 10.1.1 (Central limit theorem for a Poisson process). Let ν

be a Poisson process with intensity function p, as in Example 8.1.3. For
a step function f(x) =

∑n
j=1 tj IAj

(x) with disjoint bounded Borel sets
Aj , we introduce the random variable

∫
fdν =

∑n
j=1 tj ν(Aj ), and we

find that

E exp
∫

ifdν = exp
(∫ (

eif (x) − 1)p(x)dx
)
. (10.1.2)

By Kac’s theorem and the uniqueness of the characteristic functions, the
right-hand side determines properties (i), (ii) and (iii) of Theorem 8.2.7
for the random point field, and hence the distribution. The probability
generating function of the random point field satisfies

Ezν (A) = exp
(
(z − 1)

∫
A

p(x)dx
)
. (10.1.3)

Thus the Poisson process is a degenerate type of determinantal random
point field in which the kernel is K(xj , xk ) = diag[p(x1), p(x2), . . . ] so
the Nth joint probability density function is p(x1)p(x2) . . . p(xN ).

Further, the generating function of
∫

fdν satisfies

Ez
∫

f dν = exp
(∫ (

zf (x) − 1
)
p(x) dx

)
. (10.1.4)

Proposition 10.1.1 Suppose that p is locally integrable, but not inte-
grable over R, and choose sets Aj such that

µj =
∫

Aj

p(x) dx→∞ (j →∞). (10.1.5)

Then the normalized random variables

Yj =
ν(Aj )− µj

µ
1/2
j

, (10.1.6)

converge in distribution to a N(0, 1) random variable as j →∞.
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Proof. Using (10.1.2), we calculate the characteristic functions

E exp isYj = exp
(
µj

(
eisµ

−1 / 2
j − 1

)
− isµ

1/2
j

)
→ exp

(
−s2/2

)
(j →∞). (10.1.7)

Hence by Theorem 1.8.2, (Yj ) converges in law to a N(0, 1) random
variable as j →∞. �

We now consider a typical determinantal random point field on R. As
our version of the central limit theorem is proved using cumulants and
probability generating functions, we start with a few results concerning
the series that were introduced in Proposition 8.2.5. The probability
generating function of a determinantal random point field

Ezν (J ) = det(I + (z − 1)KIJ ) (10.1.8)

involves a determinant which is hard to deal with, so we replace it by a
simpler expression log det(I − zKJ ) which we can compute more easily.

Lemma 10.1.2 Suppose that Γ is a Hilbert–Schmidt operator such that
K = Γ∗Γ is a trace–class kernel on L2(J ; dx) and that 0 ≤ K ≤ I. Then
the series

− log det(I − zK)

=
∞∑

k=1

zk

k

∫
. . .

∫
J k

K(x1 , x2)K(x2 , x3) . . . K(xk , x1)dx1 . . . dxk

(10.1.9)

converges for |z| < 1.

Proof. The trace norm satisfies ‖Kk‖c1 ≤ ‖K‖c1 since ‖K‖op ≤ 1; so
the expansion

− log(I − zK) =
∞∑

k=1

zk

k
Kk (10.1.10)

converges in the norm of c1 for |z| < 1, and we can take the trace to get

−trace log(I − zK) =
∞∑

k=1

zk

k
trace(Kk ). (10.1.11)

The stated result follows directly since by the Hilbert–Schmidt theorem

trace(K) =
∫

J

∫
J

Γ∗(y, x)Γ(x, y) dxdy =
∫

J

K(x, x)dx, (10.1.12)

trace(K2) =
∫

J

∫
J

K(x, y)K(y, x) dxdy (10.1.13)

and similarly for the powers Kk . �
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Let It be a family of intervals in R, parametrized by t > 0, and let
Kt : L2(It) → L2(It) be a family of integral operators that satisfy the
hypotheses of Lemma 10.1.2. For a determinantal random point field P,
we let νt be the number of particles in It . The next step is to find the
distribution of the fluctuations, which we normalize to

νn −E(νn )
var(νn )1/2 . (10.1.14)

The following theorem was proved for the sine kernel by Costin and
Lebowitz, who noted an observation of Widom that a similar result
should hold for more general kernels; see [52]. This hope was realised in
[147] by Soshnikov, who made the applications to the Airy and Bessel
kernels and proved some more subtle results concerning joint distribu-
tions for families of disjoint intervals.

Theorem 10.1.3 (Costin–Lebowitz–Soshnikov). Suppose that Kt are
trace-class operators associated with P on It such that

var(νt) = trace(Kt −K2
t ) (10.1.15)

diverges to infinity as t→∞. Then

νt −E(νt)
(var(νt))1/2 (10.1.16)

converges in distribution to a Gaussian N(0, 1) random variable as
t→∞.

Proof. The logarithmic moment generating function of a Gaussian
N(0, 1) random variable satisfies gγ (iz) = −z2/2, and the cumulants
of νt satisfy κ1 = E(νt), and κ2 = var(νt). We wish to show that κj is
comparatively small for j ≥ 3.

Lemma 10.1.4 There exist constants Cj independent of t such the cu-
mulants satisfy

|κj | ≤ Cj trace(Kt −K2
t ). (10.1.17)

Proof. The probability generating function satisfies

ψ(z) = Ezνt = det
(
I + (z − 1)Kt

)
, (10.1.18)
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and hence by Lemma 10.1.2 the logarithmic moment generating function
satisfies

g(iz) = log E(eiνt z )

= log det
(
I + (eiz − 1)Kt

)
= trace log

(
I + (eiz − 1)Kt

)
, (10.1.19)

and expanding terms in series, we obtain
∞∑

k=1

κk (iz)k

k!
=

∞∑
k=1

(−1)k−1

k
(eiz − 1)k trace(Kk

t ) (10.1.20)

where the κk are the cumulants. We next observe that (eiz − 1)j has
a Maclaurin series beginning with (iz)j , and so by Cauchy’s integral
formula

κj i
j

j!
=

j∑
k=1

(−1)k−1

2πik

∫
C (0,δ)

(eiz − 1)k

zj+1 trace(Kk
t ) dz; (10.1.21)

thus in particular we obtain the formulas

κ1 = trace(Kt), (10.1.22)

κ2 = trace(Kt)− trace(K2
t ). (10.1.23)

More generally, we obtain the formula

κj = trace(Kt) +
j−1∑
k=2

(−1)k−1j!
2πij+1k

∫
C (0,δ)

(eiz − 1)k

zj+1 trace(Kk
t ) dz

+ (−1)j−1(j − 1)! trace(Kj
t ), (10.1.24)

which leads to the identity

κj = (−1)j−1(j − 1)! trace(Kj
t −Kt) +

j−1∑
k=2

Ck,jκk (10.1.25)

for some constants Ck,j which are independent of t.
Now we have

trace(Kt −Kj
t )

= trace(Kt −K2
t ) + trace(K2

t −K3
t ) + · · ·+ trace(Kj−1

t −Kj
t )

≤ (j − 1)trace(Kt −K2
t ) (10.1.26)

since 0 ≤ Kt ≤ I, so

trace(Kt −Kj
t ) ≤ (j − 1)trace(Kt −K2

t ). (10.1.27)
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On combining (10.1.26) with (10.1.15) and a simple recursion argument,
we obtain the Lemma. �

Proof of Theorem 10.1.3 We choose at = var(νt)−1/2 and bt =
−E(νt)var(νt)−1/2 , then scale νt to atνt + bt , so that the logarithmic
moment generating function satisfies

gat νt +bt
(iz) = izbt + gνt

(iatz) = izbt +
∞∑

j=1

κj

j!
(iatz)j . (10.1.28)

By Lemma 10.1.4 and (10.1.15), we have

aj
t |κj | ≤ Cj (trace(Kt −K2

t ))1−j/2 ; (10.1.29)

so the cumulants of atνt + bt have aj
t |κj | → 0 as t→∞ for j = 3, 4, . . . .

By Proposition 1.8.5, atνt + bt converges in distribution to a N(0, 1)
random variable. ��
The Costin–Lebowitz–Soshnikov fluctuation theorem holds for
� the sine kernel, representing the spectral bulk;
� the Airy kernel, representing soft edges;
� the Bessel kernel, representing hard edges;
� the Plancherel measure on partitions.

The quantity trace(K−K2) measures the extent to which K deviates
from being an orthogonal projection. It can be large only when the
eigenvalues of K decay slowly to zero. To be more precise, we introduce
the eigenvalues κj of K and recall that 0 ≤ κj ≤ 1 may be chosen so
that κj decreases to 0 as j →∞; then trace(K −K2) =

∑∞
j=1(κj −κ2

j ).
We also introduce the counting function n(s) = 	{j : sκj ≥ 1}. Then
n(s) is an increasing function with n(s) = 0 for 0 < s < 1, and

trace(K −K2) =
∫ ∞

1

(
1− 2

s

)n(s)
s2 ds. (10.1.30)

Proposition 10.1.5 Suppose that n(s) � Csr for some C > 0 and
0 < r < 1 as s→∞. Then

log det(1 + xK) � Cπxr

sin πr
(x→∞). (10.1.31)

The converse also holds.

Proof. Here n(s) gives the number of zeros of the entire function det(I +
zK) that lie inside {z : |z| ≤ s}, and evidently the zeros lie on the
negative real axis. The stated result follows by a standard asymptotic
formula, with the converse due to Valiron; see [154]. �
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10.2 Discrete Tracy–Widom systems

In several cases one wishes to apply the central limit theorem to a ker-
nel as in Lemma 10.1.2. In this section we introduce linear systems in
discrete time that give rise to such kernels, and are analogous to the
systems of differential equations considered in Section 9.1.

The notion of a Tracy–Widom differential equation has a natural ana-
logue for sequences, and special cases are important in mathematical
physics, especially the theory of discrete Schrödinger operators. See [30,
113]. In this section we look briefly at three important examples, after
motivating the definition.

Suppose that we have a Tracy–Widom differential equation

d

dt
f(t) = JΩ(t)f(t) (10.2.1)

in the sense of (9.1.12); then

f(t + h) = (I + hJΩ(t))f(t) + o(h) (h→ 0) (10.2.2)

where JΩ(t) has trace zero, so

det(I + hJΩ(t)) = 1 + htrace(JΩ(t)) + O(h2) = 1 + O(h2) (h→ 0).
(10.2.3)

This suggests the following definition.

Definition (Discrete Tracy–Widom system [24]). Suppose that Sx is a
2 × 2 matrix such that det Sx = 1, and x �→ Sx is a rational function,
then let (an ) be an �2 sequence such that[

ax+1

ax

]
= Sx

[
ax

ax−1

]
. (10.2.4)

We call Sx the one-step transition matrix. Then the discrete Tracy–
Widom kernel is

K(x, y) =
ax+1ay − axay+1

x− y
(x �= y). (10.2.5)

With Ax = col [ax , ax−1 ], we have

〈JAx,Ay 〉
x− y

=
ax−1ay − axay−1

x− y
, (10.2.6)

and by analogy with (9.1.17) we have

〈JAx+1 , Ay+1〉 − 〈JAx,Ay 〉 =
〈
(St

yJSx − J)Ax,Ay

〉
. (10.2.7)
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Example 10.2.1 (Mathieu’s equation). Mathieu’s equation [111] gives
an historically important example. If x is a 2π periodic solution of the
equation x′′(t) + (α + β cos t)x(t) = 0, then x has Fourier series x(t) =∑∞

n=−∞ aneint , where (an ) satisfies the recurrence relation with

Sn =

[
2(n2 − α)/β

1
−1
0

]
. (10.2.8)

The values of α and β such that a nonzero (an ) ∈ �2(Z) exists are given
by Hill’s determinantal equation.

Example 10.2.2 (Almost Mathieu’s equation). The almost Mathieu’s
equation

an+1 + an−1 + g cos 2π(ωn + θ) an = Ean (10.2.9)

can be expressed as a recurrence relation involving the one step transi-
tion matrix

Sn =
[E − g cos 2π(ωn + θ)

1
−1
0

]
. (10.2.10)

Jitomirskaya [93] has determined the nature of the point spectrum of
the almost Mathieu operator, and shown that the solutions are of expo-
nential decay as |n| → ∞. When g > 2 and ω satisfies a Diophantine
condition, there exists a set of θ of full Lebesgue measure such that
(10.2.4) has a solution with (an ) ∈ �2(Z). This is an instance of the
famous ‘Anderson localization’ phenomenon.

Example 10.2.3 (The discrete Bessel system). A fundamentally im-
portant example is the discrete Bessel system. Let θ > 0 and abbreviate
Jm = Jm (2

√
θ); the order of the Bessel function is the main variable

in the following discussion. Also, let N0 = {0, 1, 2, . . . }. The three–term
recurrence relation [167, p.17] for the Bessel sequence can be written in
matrix form as [

Jx+1

Jx

]
=

[
2x/t

1
−1
0

][
Jx

Jx−1

]
. (10.2.11)

10.3 The discrete Bessel kernel

In this section we investigate the kernel that arises from the example at
the end of the previous section. As we shall see, the Airy kernel makes a
surprise return to the theory. In Section 10.4, we shall apply the results
to the asymptotic shapes of Young diagrams. Most of the calculations



Fluctuations and the Tracy–Widom distribution 329

in this section are extracted from [8, 30], and we abbreviate some of the
proofs to sketches for the benefit of the general reader.

Definition (Discrete Bessel kernel). With the abbreviation Jm =
Jm (2

√
θ), we define the discrete Bessel kernel by

J(x, y; θ) =
√

θ
JxJy+1 − Jx+1Jy

x− y
(x �= y;x, y = 0, 1, 2, . . . );

=
√

θ(J ′
xJx+1 − J ′

x+1Jx) (x = y;x = 0, 1, 2, . . . ) (10.3.1)

where J ′
x = ∂

∂x
Jx(2
√

θ), and so by formulae 6 in 8.486(1) and 1 in 8.477
of [173]

J(x, x; θ) =
1

2
√

θ
− x + 1

2
√

θ
Jx(2
√

θ)2 +
x!
2

x−1∑
k=0

θ(k−1−x)/2

k!
Jk (2
√

θ)

×
(√θJx+1(2

√
θ)

x− k
− (x + 1)Jx(2

√
θ)

x + 1− k

)
. (10.3.2)

Theorem 10.3.1 (i) The matrix J(x, y; θ) is the square of a Hankel
matrix and satisfies

J(x, y; θ) =
∞∑

k=0

Jx+k+1Jy+k+1 . (10.3.3)

(ii) The matrix J(x, y; θ) defines a trace-class linear operator on
�2(N0) such that 0 ≤ J ≤ I.

(iii) The matrix [Jx+y ]∞x,y=0 has eigenvalue one.

Proof. (i) We first prove that J(x, y; θ) is the square of the Hankel matrix
[Jx+y+1]∞x,y=0. We recall the definition of the Bessel function Jm (t) of
integral order and the resulting Laurent series from (7.4.14). Writing
t = 2

√
θ and taking z = eiφ there, we have as in [167, 2.22]

eit sin φ = J0(t) + 2
∞∑

m=1

J2m (t) cos(2mφ) + 2i
∞∑

m=1

J2m−1(t) sin(2m− 1)φ,

(10.3.4)
since

2
∫ π

0
cos(t sin φ) cos mφ

dφ

π

=
∫ π

0
cos(t sin φ + mφ)

dφ

π
+

∫ π

0
cos(t sin φ−mφ)

dφ

π

= Jm (t) + J−m (t) (10.3.5)
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and

2
∫ π

0
sin(t sin φ) sin mφ

dφ

π
=

∫ π

0
cos(t sin φ−mφ)

dφ

π

−
∫ π

0
cos(t sin φ−mφ)

dφ

π

= Jm (t)−J−m (t). (10.3.6)

Hence by Parseval’s identity, we have

1 = J0(t)2 + 2
∞∑

m=1

Jm (t)2 , (10.3.7)

so the sequence (Jm )∞m=0 is square summable. Further, this fact and the
three-term recurrence relation

Jx+2 −
2(x + 1)

t
Jx+1 + Jx = 0 (10.3.8)

together imply that (mJm ) is square summable, so [Jx+y−1 ] defines a
self-adjoint operator on �2(N0) of Hilbert–Schmidt class.

From the definition of J and the recurrence relation, we have

J(x+1, y+1; θ)− J(x, y; θ)

=
√

θ
Jx+1Jy+2 − Jx+2Jy+1 − JxJy+1 + Jx+1Jy

x− y

=

√
θ

x− y

[(y + 1√
θ
− x + 1√

θ

)
Jx+1Jy+1

]
= −Jx+1Jy+1 . (10.3.9)

which is analogous to (9.1.21). By summing this identity down the di-
agonals of the matrix J(x + k, y + k; θ), we obtain

J(x, y; θ) =
∞∑

k=0

Jx+k+1Jy+k+1 (10.3.10)

since J(x, y; θ) → 0 as x → ∞ or y → ∞. Hence J(x, y; θ) is the square
of a Hankel matrix [Jx+k+1].

(ii) By (i), J(x, y; θ) determines a positive semidefinite operator on
�2(N0) of trace class.
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Now let (an ) and (bn ) belong to �2 . By the Cauchy–Schwarz inequality,
we have∣∣∣∑

n,m

Jn+m an b̄m

∣∣∣ =
∣∣∣∫ π

−π

∑
n,m

an b̄mei(n+m )φ−it sin φ dφ

2π

∣∣∣
=

∣∣∣∫ π

−π

∑
n

aneinφ
∑
m

b̄m eimφe−it sin φ dφ

2π

∣∣∣
≤

(∫ π

−π

∣∣∑
n

aneinφ
∣∣2 dφ

2π

)1/2(∫ π

−π

∣∣∑
n

b̄m eimφ
∣∣2 dφ

2π

)1/2

=
(∑

n

|an |2
)1/2(∑

m

|bm |2
)1/2

; (10.3.11)

hence ‖J‖ ≤ 1.
(iii) Lommel’s identity [167, 5.22(7)] gives

∞∑
m=0

θm/2

m!
Jn+m (2

√
θ) =

θn/2

n!
, (10.3.12)

and thus displays the eigenvector that corresponds to eigenvalue one. �

The success of the calculation in the proof of Theorem 10.3.1 appears
to depend on a strange assortment of identities with little connection to
the original question; in some respects, this is true. One can make the
computations more systematic, and formulate sufficient conditions for a
given operator to be the square of a self-adjoint Hankel operator, but all
cases known to the author involve a special form of recurrence relation
and delicate estimates. McCafferty [113] has a version of Theorem 10.3.1
which applies to matrices associated with first-order difference equations.

Corollary 10.3.2 There exists a determinantal random point field Pθ

on Z with correlation functions

ρθ
k (x1 , . . . , xk ) = det[J(xj , x� ; θ)]j,�=1,...,k . (10.3.13)

Proof. This follows from the Proposition 10.3.1 and Theorem 8.1.4. �

Remarkably, one can identify this Pθ with a natural probability mea-
sure on the space of partitions, namely the Plancherel measure, as we
discuss in the next section.

The following results will be used in Section 10.4. We use Pochham-
mer’s notation and write (α)m = α(α + 1) . . . (α + m− 1) and (α)0 = 1.
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Lemma 10.3.3 The Bessel kernel satisfies

J(x, y; θ) =
∞∑

m=0

(−1)m

m!
θ(x+y+2+2m )/2(x + y + m + 2)m

Γ(x + m + 2)Γ(y + m + 2)
. (10.3.14)

Proof. This follows directly from the formula [167, 5.41(1)]

Jµ (z)Jν (z) =
∞∑

m=0

(−1)m (z/2)µ+ν+2m (µ + ν + m + 1)m

m!Γ(µ + m + 1)Γ(ν + m + 1)
, (10.3.15)

which in turn follows from multiplying the series together. The crucial
identity in the calculation is

(x + a)n =
n∑

k=0

(
n

k

)
(x)k (a)n−k . (10.3.16)

�
Lemma 10.3.4 (Nicholson’s approximation).

Jn (t) � 21/3

t1/3 Ai
(21/3(n− t)

t1/3

)
(0 < t < n;n→∞). (10.3.17)

Proof. The following heuristic argument motivates the formula, and is
made precise in [167, 8.43]. Expanding the sine in a Maclaurin series,
then letting φ = (t/2)1/3θ, we have

Jn (t) =
1
π

∫ π

0
cos

(
nθ − t sin θ

)
dθ

≈ 1
π

∫ π

0
cos

(
(n− t)θ +

tθ3

6

)
dθ

≈ 21/3

t1/3π

∫ ∞

0
cos

(21/3(n− t)
t1/3 φ +

φ3

3

)
dφ (10.3.18)

since, by Kelvin’s stationary phase principle [167, p. 229], the greatest
contribution to the integral arises from the range of integration near to
where the phase is stationary. By the choice of 0 < t < n, the derivative
of the phase is

d

dθ
(nθ − tθ + 6−1tθ3) = n− t +

t

2
θ2 ≥ n− t. (10.3.19)

Recalling the definition of the Airy function in (9.2.18), we recover the
stated result. �

The continuous Tracy–Widom system (9.4.5) for the Airy kernel resem-
bles formally the system (10.2.11) for the discrete Bessel kernel. The
discrete Bessel kernel gives a determinantal random point field on Z
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such that the scaled right edge is soft in the sense of Section 9.4. Recall
that the cumulative distribution function of the Tracy–Widom distribu-
tion satisfies

F (t) = det(I − I[t,∞]W I[t,∞)) (t > 0). (10.3.20)

Proposition 10.3.5 Let P θ be the determinantal random point field on
Z associated with the discrete Bessel kernel J( , ; θ), and ν(a, b) be the
number of points in (a, b) ∩ Z. Then as θ →∞,

Pθ [ν(2
√

θ + tθ1/6 ,∞) = 0]→ F (t) (t > 0). (10.3.21)

Proof. (Sketch). We now approximate the discrete Bessel kernel by the
Airy kernel as θ →∞. By Lemma 10.3.4, we have

J(x, y; θ)

≈ 22/3θ1/2

(2
√

θ)2/3

(Ai
(

x−2
√

θ
θ1 / 6

)
Ai

(
y+1−2

√
θ

θ1 / 6

)
−Ai

(
x+1−2

√
θ

θ1 / 6

)
Ai

(
y−2

√
θ

θ1 / 6

)
x− y

)
,

(10.3.22)

in which we apply the mean value theorem

Ai
(y + 1− 2

√
θ

θ1/6

)
≈ Ai

(y − 2
√

θ

θ1/6

)
+ θ−1/6Ai′

(y − 2
√

θ

θ1/6

)
and similarly with the term involving x+1 in the numerator. As θ →∞
with x, y > 2

√
θ, we deduce that

J(x, y; θ) ≈ θ−1/6W
(x− 2

√
θ

θ1/6 ,
y − 2

√
θ

θ1/6

)
. (10.3.23)

where W is as in (9.4.1).
We now replace the determinantal random point field on Z by a de-

terminantal random point field on R. Now there is a linear isometry
ϕθ : �2(Z)→ L2(R) given by

ϕθ : (an )∞n=−∞ �→
∑

n

θ1/12an I[θ−1 / 6 n,θ−1 / 6 (n+1)], (10.3.24)

thus J(x, y; θ) with x, y ∈ Z+ gives rise to an operator J̃( ; θ) :
L2(0,∞)→ L2(0,∞) such that 0 ≤ J̃( ; θ) ≤ I.

The authors of [30] adopt an alternative approach via contour integra-
tion and make the above approximation arguments rigorous; thus they
show that J̃( ; θ)→W as trace-class operators on L2(0,∞), so

det(I + (z − 1)I(t,∞) J̃( , ; θ))→ det(I + (z − 1)I(t,∞)W ) (θ →∞)
(10.3.25)



334 Random Matrices: High Dimensional Phenomena

and in particular

det(I − I(t,∞) J̃( , ; θ))→ det(I − I(t,∞)W ) = F (t) (θ →∞).
(10.3.26)

�

Exercise 10.3.6 (i) Substitute Nicholson’s approximate formula into
the series

∞∑
k=0

Jx+k+1(t)Jy+k+1(t) (10.3.27)

and hence obtain an approximate formula for J(x, y; t) in terms of the
Airy kernel W . (The lack of effective error terms in Lemma 10.3.4 means
that this is not rigorous.)

(ii) Similarly give a non rigorous argument to justify the statement:
factorization of the discrete Bessel kernel as the square of a self-adjoint
Hankel matrix implies factorization of the Airy kernel as the square of
a self-adjoint Hankel operator on L2(0,∞).

10.4 Plancherel measure on the partitions

Consider a random Young diagram with N boxes.

� The discrete Bessel kernel gives the correlation functions for the
Plancherel measure on the partitions of order N , where N is subject
to Poisson randomization.

� The length of the longest row of a Young diagram with N boxes is
typically about 2

√
N,

� The fluctuations in a row length are typically about
√

log N .

In this section we consider in more detail the Plancherel measure on
the set of all partitions, as introduced in Section 7.4, and thus obtain a
combinatorial interpretation of the discrete Bessel kernel.

Borodin and Olshanski have introduced a theory of z-measures on
the space of partitions which unifies many probability density functions
into a consistently defined family, and gives rise to the hypergeometric
kernel [34]. One can obtain various kernels from the hypergeometric
kernel by making suitable choices of parameters and taking limits. In
our presentation, we prefer to express results in terms of representations
of SN and the discrete Bessel kernel.

For this application we need a version of the inclusion-exclusion prin-
ciple as it applies to random point fields.
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Definition (Correlation measures). Let P be a random point field on
Z which is given by a Borel probability measure on Conf0(Z) or equiv-
alently on Ω = {X ⊂ Z : 	X < ∞}. For Z ∈ Ω, there is an map
Ω→ Ω : X �→ X#Z, which we can associate with a map on the config-
urations. By elementary set theory, we have

(X#Z)#Z = X#(Z#Z) = X#(∅) = X, (10.4.1)

so the map is an involution. Now for each X ∈ Ω, let X1 = X \ Z ∈ Ω
and X2 = Z \X ∈ Ω; then introduce the first correlation measures as in
Theorem 8.1.4 by

ρ(X) = P{Y : X ⊆ Y }, (10.4.2)

ρ�(X) = P{Y : X#Z ⊆ Y#Z}. (10.4.3)

Lemma 10.4.1 (Complement principle) [30].

ρ�(X) =
∑

S :S⊆X 2

(−1)	S ρ(X1 ∪ S). (10.4.4)

Proof. We introduce the functions g(S) = ρ(X1 ∪ S) and

f(T ) = P{Y : Y ∩ (X1 ∪X2) = X1 ∪ T} (10.4.5)

for S, T ⊆ X2, and we identify

ρ�(X) = P{Y : X#Z ⊆ Y#Z} = P{Y : X1 ⊂ Y, Y ∩X2 = ∅} = f(∅).
(10.4.6)

Next observe that by disjointness

g(S) =
∑

T :S⊆T ⊆X 2

f(T ) = P{Y : Y ⊇ X1 ∪ S} (10.4.7)

for all S ⊆ X2 . Now by the inclusion-exclusion principle of Section 7.5,
we can invert this relation to obtain

f(T ) =
∑

S :T ⊆S⊆X 2

(−1)	S g(S) (10.4.8)

and in particular

f(∅) =
∑

S :S⊆X 2

(−1)	S g(S), (10.4.9)

as required. �

Suppose further that P is given by a determinantal random point field;
so that there exists a kernel K : Z × Z → C such that 0 ≤ K ≤ I on
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�2(Z) and

ρ(X) = det[K(xj , xk )]xj ,xk ∈X (X ∈ Ω). (10.4.10)

We partition Z into Z \Z and Z, and partition matrices accordingly, so

K =
[

A

C

B

D

]
Z \ Z

Z
. (10.4.11)

Proposition 10.4.2 Let K� be the matrix that has block form

K� =
[

A

−C

B

I −D

]
Z \ Z

Z
(10.4.12)

for Z and X finite. Then

ρ�(X) = det[K�(xj , xk )]xj ,xk ∈X 1 ∪X 2 . (10.4.13)

Proof. Let N = 	(X1 ∪ X2), and n = 	X2 , and introduce commut-
ing indeterminates zs1 , . . . , zsn

for sj ∈ X2 . We replace I by ∆(z) =
diag(zs1 , . . . , zsn

) and expand the determinant

det
[

A

−C

B

∆(z)−D

]
= zs1 . . . zsn

det
[
A

0
B

I

]
+ · · ·+ det

[
A

−C

B

−D

]
= zs1 . . . zsn

det[A] + · · ·+ (−1)n det
[

A

C

B

D

]
= zs1 . . . zsn

ρ(X1) + · · ·+ (−1)nρ(X1 ∪X2)

(10.4.14)

as a polynomial in the indeterminates. In the expansion of a deter-
minant by its diagonal elements as in [4], with zsj

corresponding to
S = {sj} ⊆ X2 taken together, there is a complementary principal mi-
nor of order N − 	S. By considering the contribution of each subset
S ⊆ X2 and applying Lemma 10.4.1, we obtain by setting zsj

= 1 the
required identity

det K� = ρ(X1)− · · ·+ (−1)nρ(X1 ∪X2) = ρ�(X). (10.4.15)

�

We intend to apply these results to a particular determinantal ran-
dom point field on the integers. Let λ " N be a partition with rows
λ1 ≥ · · · ≥ λn > 0, and introduce the hook lengths �j = λj + n − j,
as in Proposition 7.2.4. Then the Plancherel measure of this partition λ

satisfies

νN ({λ}) =
N !∏n

j=1(�j !)2

∏
1≤j<k≤n

(�j − �k )2 . (10.4.16)
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The quantities λj are coupled due to the determinantal expression∏
1≤j<k≤n

(�j − �k )2 = det[�k−1
j ]2j,k=1,...,n (10.4.17)

and satisfy the constraint

n∑
j=1

λj = N. (10.4.18)

We can remove the constraint by Poisson randomization as in Section
7.4.

The choice of Plancherel probability measure νN on ΛN = {λ ∈ Λ :
λ " N} is canonical by Proposition 7.2.3, but we choose Plancherel
measure P θ on Λ = ∪∞N =0ΛN as in Section 7.4 to take advantage of
special properties of the Poisson process.

Using Frobenius’s coordinates, we can replace Λ by Ω = {X ⊂ Z :
	X <∞}.

As is standard, we index matrices of Z × Z by [ajk ] where the signs
of (j, k) are [

(−,−) (−,+)
(+,−) (+,+)

]
. (10.4.19)

Lemma 10.4.3 Suppose that partitions are specified by their Frobe-
nius coordinates. Then there exists a positive kernel L( , ; θ) on the set
(Z + 1/2)× (Z + 1/2) such that

Pθ ({λ}) = e−θ det[L(xj , xk ; θ)]1≤j,k≤2d , (10.4.20)

where (xj )2d
j=1 corresponds to λ.

Proof. For each partition λ, we have Frobenius coordinates

Fr(λ) = (P1 , . . . , Pd ;−Q1 − 1, . . . ,−Qd − 1) (10.4.21)

with d positive and d negative terms, and such that
∑d

j=1(Pj + Qj ) =
|λ| − d; so Fr(λ) ∈ Ω. In view of Theorem 8.1.4, it suffices to introduce
a determinantal random point field on Z+ 1/2 given by a kernel L such
that L has principal minors satisfying (10.4.20).

We introduce the modified Frobenius coordinates

Fr∗(λ) = (P1 +1/2, . . . , Pd +1/2;−Q1 − 1/2, . . . ,−Qd − 1/2) (10.4.22)
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where each entry xj belongs to Z + 1/2, then we introduce for each θ

the kernel

L(x, y; θ) =
[

0 Lθ (x, y)
Lθ (x, y) 0

]
(10.4.23)

where the off-diagonal blocks are

Lθ (x, y) =
θ(|x|+|y |)/2

(x− y)Γ(|x|+ 1/2)Γ(|y|+ 1/2)
(xy < 0) (10.4.24)

on Z + 1/2. To prove (10.4.20), we introduce

A =
[ θ(1+Pj +Qk )/2

(Pj + Qk + 1)Pj !Qk !

]
1≤j,k≤d

(10.4.25)

and recall that by Proposition 7.2.7

det A =
(
θ
∑ d

j = 1 (Pj +Qj +1)/2
)dim(Hλ)
|λ|!

= θ|λ|/2 dim(Hλ)
|λ|! . (10.4.26)

By considering the positive and negative entries of the modified Frobe-
nius coordinates, and recalling the sign conventions, we see that

det[L(xj , xk ; θ)]1≤j,k≤2d = det
[ 0
−A

A

0

]
=

(
det A

)2
, (10.4.27)

so that by (10.4.26)

e−θ det[L(xj , xk ; θ)]1≤j,k≤2d =
e−θ θ|λ|(dim(Hλ))2

(|λ|!)2 , (10.4.28)

as in the formula for Pθ in Section 7.4. �

Lemma 10.4.4 The following identities hold:

(i)
∞∑

m=0

zm+ν

m + ν

Jm (2z)
m!(ν − 1)!

= Jν (2z), (10.4.29)

(ii)
∞∑

m=0

zm+ν+1

m + ν + 1
Jm+1(2z)

m!ν!
=

zν

ν!
− Jν (2z). (10.4.30)

Proof. (i) This follows from (10.3.12) by an argument presented in [167,
5.23].

(ii) The matrix A is a submatrix of

B = [Bp,q ] =
[ θ(1+p+q)/2

(p + q + 1)p!q!

]
p,q=0,1,...

, (10.4.31)
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where B has the special property that

[Bp+1,q ] + [Bp,q+1] =
[ θ(2+p+q)/2

(p + 1)!(q + 1)!

]
(10.4.32)

is of rank one. This translates into an identity for the power series of the
Bessel functions.

Using the partial fractions

1
(m + ν + 1)ν

=
1

(m + 1)ν
− 1

(m + ν + 1)(m + 1)
(10.4.33)

on the mth terms, one can easily check that

∞∑
m=0

z1+m+ν Jm+1(2z)
(m + ν + 1)m!ν!

=
∞∑

m=0

z1+m+ν Jm+1(2z)
(m + 1)!ν!

−
∞∑

m=0

z1+m+ν Jm+1(2z)
(1 + m + ν)(m + 1)!(ν − 1)!

=
∞∑

m=0

zm+ν Jm (2z)
m!ν!

−
∞∑

m=0

zm+ν Jm+1(2z)
(m + ν)m!(ν − 1)!

=
zν

ν!
− Jν (2z), (10.4.34)

where we have used (i) and (10.3.12) to simplify the sums. �

In Theorem 8.1.4, we saw that a determinantal random point field
could be described equivalently by a matrix L, with principal minors that
gives probabilities, or a matrix K with minors that give the correlation
functions. The next step is to identify the K for our L.

We introduce a new variable s so that θ = s2 . Let K be the symmetric
kernel on (Z + 1/2)× (Z + 1/2) such that

K(x, y; s)

= s
J|x|−1/2(2s)J|y |+1/2(2s)− J|x|−1/2(2s)J|y |+1/2(2s)

|x| − |y| (xy > 0),

K(x, y; s)

= s
J|x|−1/2(2s)J|y |−1/2(2s) + J|x|+1/2(2s)J|y |+1/2(2s)

x− y
(xy < 0),

(10.4.35)
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or in block matrix formJ−x−1/2J−y+1/2 − J−x+1/2J−y−1/2
x−y

J−x−1/2Jy−1/2 + J−x+1/2Jy+1/2
−x−y

Jx−1/2J−y−1/2 + Jx+1/2J−y+1/2
x+y

Jx−1/2Jy+1/2 − Jx+1/2Jy−1/2
x−y

.
(10.4.36)

On the diagonal x = y, we use l’Hôpital’s rule to take the limit and
apply (10.3.1).

We observe that the block of the K(x, y) matrix that corresponds to
x, y > 0 is given by the discrete Bessel matrix. Following [30], we now
verify that K and L are related as in Lemma 8.1.3.

Lemma 10.4.5 The operator L is nonnegative, I + L is invertible and

(I −K)(I + L) = I. (10.4.37)

Proof. By Proposition 2.1.2, we have L ≥ 0 since the principal minors
are positive by Proposition 7.2.7. Hence I +L is invertible. The identity
holds at s = 0, so it suffices to show that

−∂K

∂s
− ∂K

∂s
L +

∂L

∂s
−K

∂L

∂s
= 0. (10.4.38)

By the previous formulae, we have

∂L

∂s
=

[
0 −B

B 0

]
(10.4.39)

where the off-diagonal blocks are

B(x, y) =
s|x|+|y |−1

Γ(|x|+ 1/2)Γ(|y|+ 1/2)
(xy < 0). (10.4.40)

The Bessel functions satisfy a system of differential equations quite
analogous to those considered in Section 9.1, namely

d

ds

[
Jx+1(2s)
Jx(2s)

]
=

[
−(x + 1)/s

−2
2

x/s

][
Jx+1(2s)
Jx(2s)

]
; (10.4.41)

hence one can verify the identity

∂K(x, y; s)
∂s

= J|x|−1/2(2s)J|y |+1/2(2s)

+J|x|+1/2(2s)J|y |−1/2(2s) (xy > 0)
∂K(x, y; s)

∂s
= sgn(x)

(
J|x|−1/2(2s)J|y |−1/2(2s)

−J|x|+1/2(2s)J|y |+1/2(2s)
)

(xy < 0). (10.4.42)
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By using Lemma 10.4.4 to simplify the terms ∂K
∂s L and K ∂L

∂s , one can
verify (10.4.38). �

For a partition λ = (λ1 ≥ λ2 ≥ . . . ), the sequence λj − j is clearly
strictly decreasing, and we form the set D(λ) = ∪∞j=1{λj − j} of such
differences. Since λj = 0 for all sufficiently large j, the symmetric dif-
ference between D(λ) and {−j : j ∈ N} is finite. For each θ > 0, the
k-point correlation function is

ρθ
k (x1 , . . . , xk ) = P θ{λ ∈ Λ : x1 , . . . , xk ∈ D(λ)}. (10.4.43)

Theorem 10.4.6 (Borodin, Okounkov, Olshanskii, [30]). Let J : Z ×
Z→ R be the discrete Bessel kernel as in (10.3.1). Then

ρθ
� (x1 , . . . , x�) = det[J(xj , xk ; θ)]j,k=1,...,� . (10.4.44)

Proof. By the preceding calculations, P θ is given by the determinantal
random point field that is equivalently specified by K or L. Now we wish
to return to determinantal random point fields on Z.

With Z + 1/2 and Z = {−1/2,−3/2, . . . } we have (Z + 1/2) \ Z =
{1/2, 3/2, . . . }, and with x = m + 1/2 we have x ∈ (Z + 1/2) \ Z if and
only if m ∈ {0, 1, 2, . . . }. Now the set of differences D(λ) = {λj − j}
gives the set of modified Frobenius coordinates as in Fr∗(λ) = (D(λ) +
1/2)#Z by Proposition 7.2.6. To recover the determinantal random
point field on D(λ), we need to apply the operation K �→ K�, and by
Proposition 10.4.2, check the identity

K�(x, y) = sgn(m)m+1sgn(n)n+1J(m,n; θ), (10.4.45)

where x = m + 1/2 and y = n + 1/2. The unimodular factors do not
affect the determinants. For m �= n, the identity follows readily from the
identity Jn = (−1)nJ−n and the definitions of the kernels.

On the diagonal we need to use the definition of the kernel involving
l’Hôpital’s rule. In particular, for x = −k − 1/2 = y, we have

K�(x, x) = 1−K(x, x) = 1− J(k, k; θ); (10.4.46)

so we show by induction that

1− J(k, k; θ) = J(−k − 1,−k − 1; θ) (k = 0, 1, . . . ). (10.4.47)
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The basis of induction is the identity 1 − J(0, 0; θ) = J(−1,−1; θ),
which follows from Lemma 10.3.3 since

J(−1,−1; θ) =
∞∑

n=0

(−1)nθn (n)n

n!Γ(n + 1)Γ(n + 1)

= 1−
∞∑

m=0

(−1)m θm+1(m + 2)m

m!Γ(m + 2)Γ(m + 2)

= 1− J(0, 0; θ). (10.4.48)

The induction step follows from the identity

J(k + 1, k + 1; θ)− J(k, k; θ) = −Jk+1Jk+1 . (10.4.49)

as in (10.3.9). �

The preceding result is mainly interesting when θ = E|λ| is large. The
arguments sketched at the end of Section 10.3 can be made precise, and
lead to the following result.

Theorem 10.4.7 (Baik, Deift, Johansson [8]). The distribution of the
length of the longest increasing subsequence in σ ∈ SN scales to a random
variable N−1/6(�(σ)−2

√
N) that converges in distribution to the Tracy-

Widom distribution as N →∞; so that

µN

{
σ ∈ SN :

�(σ)− 2
√

N

N 1/6 ≤ t
}
→ F (t) (N →∞). (10.4.50)

Proof. By the RSK correspondence in Proposition 7.2.3, we have

µN

{
σ ∈ SN :

�(σ)− 2
√

N

N 1/6 ≤ t
}

= νN

{
λ " N :

λ1 − 2
√

N

N 1/6 ≤ t
}

,

(10.4.51)

where νN here denotes Plancherel measure on the partitions of N . We
can replace this by the Poisson version of Plancherel measure, namely
P θ where θ = N , and obtain approximately

Pθ
{

λ :
λ1 − 2

√
θ

θ1/6 ≤ t
}

. (10.4.52)

Converting this to Frobenius coordinates and using Theorem 10.4.6, we
can express this as the determinant

det(I − I(t,∞) J̃( , ; θ)), (10.4.53)

and by Proposition 10.3.5,

det(I − I(t,∞) J̃( , ; θ))→ F (t) (θ →∞). (10.4.54)
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Subsequently, Borodin, Okounkov and Olshanski [30] refined this re-
sult and obtained the asymptotic distribution of the kth longest row of
the Young tableaux λ " N as N →∞. �

10.5 Fluctuations of the longest increasing subsequence

The Costin–Lebowitz theorem [52, 147] has found several significant
applications in random matrix theory. Recently, Bogachev and Su [28]
found the fluctuations of Young diagrams about the Vershik distribution.

In this section we combine the ideas of Sections 10.1 and 10.4, and thus
present a result concerning the fluctuations of the length of the longest
increasing subsequence in a randomly chosen partition. We state the
following results without their proofs, which depend upon asymptotic
analysis of Bessel functions. Given a partition λ " N with Young dia-
gram λ1 ≥ λ2 ≥ λ3 ≥ . . . , we extend the definition of λj to λ(x) = λ�x�
where *x+ = min{j ∈ N : j ≥ x}. Then we introduce the scaled Young
diagram

fλ(x) =
1√
N

λ(x
√

N) (x > 0) (10.5.1)

as in 7.3, and the Vershik distribution fΩ; then we introduce

∆(λ)(x) =
√

N(fλ (x)− fΩ(x)); (10.5.2)

we regard ∆(x)/
√

log N as a stochastic process with time parameter x. It
is convenient to scale the variance according to the time by introducing

ψ(x) = cos−1((1/2)(fΩ(x)− x)
)

(10.5.3)

and then introducing the scaled random variables

λ �→ Y (λ)(x) =
2ψ(x)∆(λ)(x)√

log N
(λ ∈ Λ) (10.5.4)

where λ " N . We briefly return to the notation of (7.3.5), and observe
that with ξ = 0, we have g(0) = 2/π and fΩ(x) = x = 2/π. Hence

ψ(0) = 0, ψ(2) = π, ψ(2/π) = π/2. (10.5.5)

Theorem 10.5.1 (Bogachev and Su, [28]). For x ∈ (0, 2), the distri-
bution of Y (x) with respect to the measure Pθ converges to the N(0, 1)
distribution as θ →∞.
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Proof. We wish to show that

P θ{λ ∈ Λ : Y (λ)(x) > z} →
∫ ∞

z

e−u2 /2 du√
2π

(θ →∞), (10.5.6)

where the rescaling gives

{λ ∈ Λ : Y (λ)(x) > z}

=
{

λ ∈ Λ : λ(x
√

θ)−
√

θfΩ(x) > 2
√

θ cos ψ(x) +
z
√

log θ

2ψ(x)

}
.

(10.5.7)

We introduce the interval

Iθ,x =
[
2
√

θ cos ψ(x) +
z
√

log θ

2ψ(x)
,∞

)
. (10.5.8)

We introduce the matrix Kθ,x , which is given by the kernel J(m,n; θ)
with m,n ∈ Iθ,x . Now we let νθ,x be the random variable that gives the
number of points in Iθ,x , subject to the probability field Pθ . Then by
(10.1.22) and (10.1.23), we have

E(νθ,x) = trace Kθ,x , (10.5.9)

var(νθ,x) = trace(Kθ,x −K2
θ,x). (10.5.10)

By estimation on Kθ,x , one can prove the following Lemma. �

Lemma 10.5.2 As θ →∞, the following hold:

E(νθ,x) = x
√

θ − z log θ

2π
+ O(1), (10.5.11)

var(νθ,x) =
log θ

4π2

(
1 + o(1)). (10.5.12)

Proof. This follows by estimating the determinant. See [28]. �

Conclusion of the proof of Theorem 10.5.1 The variance of νθ is much
smaller than its mean value. One can think of θ as being approximately
equal to N , so that the variance is of order only log N , whereas the
mean is of order

√
N . Given these Lemmas, Theorem 10.5.1 follows from

Theorem 10.1.3. �

For each 0 < x < 1 and N , we introduce the scaled random variables

λ �→ Y (λ)(x) =
2ψ(x)∆(λ)

N (x)√
log N

(λ " N). (10.5.13)

Theorem 10.5.3 For x ∈ (0, 2), the distribution of YN (x) with re-
spect to the Plancherel measure converges to the N(0, 1) distribution as
N →∞.
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The proof of Theorem 10.5.3 follows from Theorem 10.5.1 by a technique
known as ‘de-Poissonization’, which is an aspect of the classical theory
of Borel summability Suppose that

∑
j aj is a real series with partial

sums sn . If
∑∞

j=0 aj converges to sum A, then it is summable in Borel’s
sense so that

lim
θ→∞

e−θ
∞∑

j=0

sj θ
j /j! = A. (10.5.14)

This is an easy exercise in real analysis; the converse requires further
hypotheses as in [78].

Theorem 10.5.4 (The principal Tauberian theorem for Borel summa-
bility). Suppose that

∑∞
j=0 aj is summable in Borel’s sense to A, so that

(10.5.14) holds, and that an = O(n−1/2) as n → ∞. Then
∑∞

j=1 aj

converges with sum A.

Proof. See [78]. �

10.6 Fluctuations of linear statistics over unitary ensembles

As in Section 4.9, let f : T → R be a continuous function. The corre-
sponding linear statistic on SU(n) is the function F : SU(n)→ R

Fn (U) = trace f(U) =
n∑

j=1

f(eiθj ) (U ∈ U(n)) (10.6.1)

where (eiθj ) are the eigenvalues of U . In this section, we consider the
difference

n∑
j=1

f(eiθj )− n

∫
T

f(eiθ )
dθ

2π
; (10.6.2)

and seek bounds that are independent of n, and have a simple depen-
dence upon f .

� The exponential integral for a linear statistic with respect to the cir-
cular ensemble is given by a Toeplitz determinant as in Section 4.9.

Remark (Concentration and fluctuations). Suppose that f : T →
R is a 1-Lipschitz function that gives rise to linear statistics Fn :
(U(n), c2(n)) → R which are n-Lipschitz. Then by Theorem 3.9.2,
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(U(n), c2(n), σU (n)) exhibit concentration of measure with αn = n2/c,
so that

log
∫

U (n)
etFn dµU (n) − t

∫
U (n)

FndµU (n) ≤
ct2

2
(t ∈ R;n = 1, 2, . . . ).

(10.6.3)

Definition (Fluctuation theorem). We say that the Fn satisfy a fluctu-
ation theorem when there exist a linear functional φ : Lip → R and a
bilinear form A : Lip× Lip→ R such that

log
∫

U (n)
etFn dµU (n) − t

∫
U (n)

FndµU (n) → tφ(f) + t2A(f, f) (n→∞).

(10.6.4)

In both (10.6.3) and (10.6.4), there is a quadratic term on the right-
hand side which is independent of n; but the concentration inequality
is a uniform bound, whereas the fluctuation theorem gives a limit. Such
a fluctuation theorem resembles both the central limit theorem and the
law of large numbers of classical probability.

Exercise. Assuming that a fluctuation theorem holds, we can partially
determine the form of φ and A. Let fψ (eiθ ) = f(ei(θ−ψ )) and observe
that the Haar measure is invariant under the translation u �→ e−iψ u; so
φ(fψ ) = φ(f) and A(fψ , fψ ) = A(f, f) for all f and ψ. Deduce that there
exist constants δ0 and γj for j ∈ Z such that for f(eiθ ) =

∑∞
k=−∞ akeikθ

we have φ(f) = δ0a0 and A(f, f) =
∑∞

k=−∞ γkaka−k .

The following theorem refines Corollary 4.9.3, where the hypotheses
on f are as in the definition of Dirichlet space in Section 4.2.

Theorem 10.6.1 (Strong Szegö limit theorem). Suppose that f(eiθ ) =∑∞
n=−∞ aneinθ has

∑∞
n=−∞ |n||an |2 finite and that

∑∞
n=1 aneinθ and∑0

n=−∞ aneinθ are bounded on T. Then the Toeplitz determinants as-
sociated with ef satisfy

log det
[∫ 2π

0
exp

(
f(eiθ ) + i(j − �)θ

) dθ

2π

]
1≤j,�≤n

− na0

→
∞∑

k=1

kaka−k (n→∞). (10.6.5)

Proof. See [153, 145]. There are several proofs of this due to Kac,
Bump and Diaconis, Johansson and others; all of them involve difficult
steps. �



Fluctuations and the Tracy–Widom distribution 347

Corollary 10.6.2 Let Fn (U) = tracef(U) be the real linear statistic on
U(n) corresponding to f : T→ R as in Proposition 4.9.5.

(i) Then

log
∫

U (n)
exp

(
Fn (U)

)
µU (n)(dU)

−
∫

U (n)
Fn (V )µU (n)(dV )→

∞∑
k=1

k|ak |2 (t ∈ R) (10.6.6)

as n→∞.
(ii) Suppose further that f : T→ R is L-Lipschitz. Then

∑∞
k=1 k|ak |2 ≤

L2 .

Proof. (i) First we observe that∫
U (n)

Fn (U)µU (n)(dU) =
∫

U (n)
tracef(U)µU (n)(dU) = na0 , (10.6.7)

and we also note that a−k = āk since f is real. Then we can apply
Theorem 10.6.1 to obtain the limit of the formula in Proposition 4.9.5.

(ii) By the proof of Proposition 4.2.6, we have∑
k

|k||ak |2 =
∫∫

T2

∣∣∣f(eiθ )− f(eiφ )
eiθ − eiφ

∣∣∣2 dθ

2π

dφ

2π
≤ L.. (10.6.8)

�

Remarks 10.6.3 (i) The linear statistic Fn in Corollary 10.6.2 is nL-
Lipschitz on (U(n), c2(n)), so Theorem 3.9.2 gives the correct depen-
dence of the concentration constant upon n.

(ii) In [11], Basor considers variants of the strong Szegö limit formula
for symbols that do not satisfy the smoothness assumptions that we
impose in this section.

Example 10.6.4 In Section 7.4 we considered f(eiθ ) = 2λ cos θ so that
Fn (U) = λtrace(U + U∗) and∫ 2π

0
e2λ cos θ+imθ dθ

2π
= im Jm (−i2λ). (10.6.9)

Applying Corollary 10.6.2, we recover a known identity that∫
U (n)

exp
(
λtrace (U + U∗)

)
µU (n)(dU)→ eλ2

(n→∞). (10.6.10)
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We now consider fluctuations of linear statistics for the generalized
unitary ensemble with potential function v. Let (λj )n

j=1 be the eigenval-
ues of X ∈Mh

n (C), let ρv be the equilibrium measure and recall that in
Chapter 5 we showed that 1

n

∑n
j=1 δλj

converges weakly almost surely
to ρv as n → ∞. To analyse the fluctuations, we consider the measure∑n

j=1 δλj
− nρv which is associated with the normalized linear statistic

Fn (λ1 , . . . , λn ) =
n∑

j=1

f(λj )− n

∫
f(λ)ρv (dλ) (10.6.11)

for a suitably differentiable function f : R→ R of compact support. We
wish to show that the variance of Fn converges to Q(f, f) as n→∞ for
some bilinear form Q.

When ρv is supported on a single interval [a, b], we can rescale so
that the measures are on [−1, 1]; then we can use Chebyshev polyno-
mials to give a useful basis. First we introduce the appropriate form of
determinant.

Definition (Hankel determinant). A (finite) Hankel matrix has the form
[aj+k ]0≤j,k≤n−1 so that the cross diagonals are constant; the correspond-
ing Hankel determinant is det[aj+k ]0≤j,k≤n−1 .

Exercise. Let µ be a positive and bounded measure of compact support
on R, and let cj =

∫
xjµ(dx) be the moments. Show that the matrix

Γn = [cj+k ]j,k=0,...,n is positive semidefinite.

Proposition 10.6.5 Let µ be a probability measure on R such that∫
cosh(δt)µ(dt) <∞ for some δ > 0, and let (pj )∞j=0 be the sequence of

monic orthogonal polynomials in L2(µ). Then

det
[∫

R
xj+kµ(dx)

]
j,k=0,...,n

=
n∏

j=0

∫
R

pj (x)2µ(dx). (10.6.12)

Proof. Let (Xj )j=0,...,n be vectors in Rn+1 with the standard inner prod-
uct, and let

S =
{ n∑

j=0

tjXj : 0 ≤ tj ≤ 1, j = 0, . . . , n
}

(10.6.13)

be the parallelepiped that they generate. Then vol(S) = det[X0 . . . Xn ],
and hence

vol(S)2 = det[X0 . . . Xn ] det[X0 . . . Xn ]t = det[〈Xj ,Xk 〉]j,k=0,...,n .

(10.6.14)
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As in the Gram–Schmidt process [171], we can replace Xj by

X̂j = Xj −
j−1∑
k=0

〈Xj ,Xk 〉Xk‖Xk‖−2 , (10.6.15)

so that det[X0 . . . Xn ] = det[X̂0 . . . X̂n ].
We can now take xj ↔ Xj and pj ↔ X̂j to deduce that

det[〈xj , xk 〉L 2 (µ) ] = det[〈pj , pk 〉L2 (µ) ], (10.6.16)

as stated in the Proposition. �
� The exponential integral for a linear statistic with respect to the gen-

eralized unitary ensemble is given by a Hankel determinant.

Exercise 10.6.6 (i) The following gives the analogue for unitary en-
sembles of Proposition 4.9.5. Instead of Dn , we introduce the Hankel
determinants

Zn = det
[∫ ∞

−∞
e−nv (λ)λj+k dλ

]
j,k=0,...,n−1

, (10.6.17)

as normalizing constants. Now use Lemma 2.2.2 to show that∫
M h

n (C)
exp

(
Fn (X)

)
ν(2)

n (dX)

= Z−1
n det

[∫ ∞

−∞
ef (λ)−nv (λ)λj+k dλ

]
j,k=0,...,n−1

. (10.6.18)

(ii) Now use Lemma 2.2.2(ii) to obtain an analogous result for general-
ized orthogonal ensembles.

Lemma 10.6.7 Let f ∈ C1(R;R) have compact support, and let f have
Chebyshev coefficients

ak =
2
π

∫ 1

−1
f(x)

Tk (x)√
1− x2

dx. (10.6.19)

Then
∞∑

k=1

ka2
k =

2
π2

∫ 1

−1

f(y)√
1− y2

(
p.v.

∫ 1

−1

f ′(x)
√

1− x2

y − x
dx

)
dy. (10.6.20)

Hence the function f(cos θ) =
∑∞

k=1 ak cos kθ belongs to Dirichlet space
as in Example 4.2.6.
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Proof. The key observation is that the Chebyshev polynomials satisfy
T ′

k (x) = kUk−1(x), and hence by Lemma 4.5.2

1
π

∫ 1

−1

f ′(x)
√

1− x2

y − x
dx =

∞∑
k=1

kak

π

∫ 1

−1

Uk−1(x)
√

1− x2

y − x
dx

=
∞∑

k=1

kakTk (y); (10.6.21)

so by orthogonality

2
π2

∫ 1

−1

f(y)√
1− y2

(
p.v.

∫ 1

−1

f ′(x)
√

1− x2

y − x
dx

)
dy

=
∞∑

k=1

2kak

π

∫ 1

−1
f(y)

Tk (y)√
1− y2

dy

=
∞∑

k=1

ka2
k . (10.6.22)

�

We can express the series in (10.6.19) otherwise by Proposition 4.2.5 and
obtain

1
2

∞∑
k=1

ka2
k =

∫∫
T2

∣∣∣f(cos θ)− f(cos ψ)
eiθ − eiψ

∣∣∣2 dθ

2π

dψ

2π
. (10.6.23)

The following fluctuation theorem gives the analogue for generalized
unitary ensembles of Corollary 10.6.2.

Theorem 10.6.8 (Johansson, [94]). Suppose that v is a uniformly con-
vex potential with equilibrium distribution ρv supported on [−1, 1]; let f

be as in Lemma 10.6.7. Then

log
∫

M h
n (C)

exp
(
Fn (X)

)
ν(2)

n (dX)− n

∫ 1

−1
f(x)ρv (dx)

→ 1
8

∞∑
k=1

ka2
k (n→∞). (10.6.24)

Proof. See [94]. �

This result is sometimes described as a central limit theorem since
the asymptotic distribution of Fn (X) is like a Gaussian random vari-
able. In Chapter 11, we introduce stochastic integrals and make this
interpretation more explicit. A remarkable feature of this result is that
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the variance term on the right-hand side does not depend upon the
special choice of the potential v, whereas ρv depends upon v as in
Proposition 4.4.4.

To emphasize the analogy between Toeplitz and Hankel determinants,
we have stated Theorem 10.6.8 for unitary ensembles. Johansson proved
a more general fluctuation theorem for σ

(β )
n as in (5.2.1), which includes

cases of the generalized orthogonal ensemble for β = 1 and generalized
symplectic ensembles for β = 4. The proof uses mean field theory as in
Section 5.3, and some delicate potential theory.

Remark 10.6.9 If f(cos θ) is Lipschitz, then
∑

k ka2
k converges. The-

orem 10.6.8 shows that the constant c/n2 in Theorem 3.6.3 has optimal
dependence upon n.
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Limit groups and Gaussian measures

Abstract

We introduce some groups that arise as inductive limits of classical com-
pact metric groups and which have natural representations on Hilbert
space. Classical results on characters extend to limit groups of com-
pact groups. Some groups are not locally compact, and hence do not
have Haar probability measures. As substitutes, we construct the Hua–
Pickrell measure on the infinite unitary group, and Gaussian measure
on Hilbert space.

11.1 Some inductive limit groups

In applications to physics, there arise some groups that are not locally
compact, but are the inductive limits of the classical compact groups.
In this section we introduce:

� the infinite symmetric group S∞, which is countable;
� the infinite torus T∞, a compact abelian group with Haar measure;
� the infinite orthogonal group O(∞) and unitary group U(∞).

First we define the groups and their invariant measures, then we re-
visit the examples and state results concerning their representations on
Hilbert space. Most of the results appear in Borodin and Olshanski’s
papers [31, 32]. Remarkably, the irreducible unitary representations of
U(∞) and S∞ arise from limits of representations of U(N) and SN .

Definition (Inductive limits) [87]. Given a sequence of compact metric
groups with continuous inclusions Gj ≤ Gj+1, let G∞ = ∪∞j=1Gj have
the finest topology such that all the inclusion maps Gj ≤ G∞ are con-
tinuous; equivalently, a function f : G∞ → Z to an arbitrary topological

352
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space Z is continuous if and only if the restriction f : Gj → Z is contin-
uous for each j. A continuous function χ : G∞ → C is approximable if
there exists a sequence of continuous functions χj : Gj → C such that
χj → χ uniformly on GN for each N as j →∞.

Definition (Haar probability measure). Let G∞ be an inductive limit
group that is a Polish group. A Haar measure µG for G∞ is a Radon
probability measure such that∫

G

f(gx)µG (dx) =
∫

G

f(x)µG (dx) (11.1.1)

for all continuous f : G → C and µG (E) > 0 for all non-empty open
sets E.

When G∞ is a compact metric group, this is equivalent to the defini-
tion of Section 1.2. However, not all inductive limit groups have a Haar
probability measure.

Lemma 11.1.1 Suppose that (G, d) is a Polish group with left invariant
metric d. If G has an infinite discrete closed subgroup S∞, then G does
not have a Haar probability measure.

Proof. Since S∞ is a discrete subgroup, we have δ = inf{g(s, e) : s ∈
S∞s �= e} > 0. Now let B(g, r) = {h ∈ G : d(g, h) < r}, and observe
that since the metric is invariant, we can choose an infinite sequence
B(sj , δ/2) of such disjoint sets for sj ∈ S∞ and j = 1, 2, . . . . Suppose
that µ is a Haar probability measure; then

1 = µG (G) ≥
∞∑

j=1

µ(B(sj , δ/2)). (11.1.2)

By invariance of the measure, we must have µ(B(sj , δ/2)) = 0 for all j,
so there exist non-empty open sets with zero measure, and µG is not a
Haar measure. �

11.1.2 Infinite torus

Let (Tn , c2(n)) be the n-dimensional torus with Haar measure
⊗n

j=1dθj/(2π), and let T∞ = {(eiθj )∞j=1 : θj ∈ R} be the infinite-
dimensional counterpart with Haar measure dΘ = ⊗∞

j=1dθj/(2π). Then
T∞ is a compact metric space, and there is a natural inclusion of groups

T1 ≤ T2 ≤ · · · ≤ T∞ (11.1.3)
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where the maps Tn → Tn+1 : (eiθ1 , eiθ2 , . . . , eiθn ) �→ (eiθ1 , . . . , eiθn , 1),
give (n/(n + 1))1/2-Lipschitz embeddings.

Let Fn be the σ-algebra that is generated by the sets A1 × · · ·×An ×
T ×T × · · · , where A1 , . . . , An are Lebesgue measurable subsets of T;
then f : T∞ → C is measurable with respect to Fn if and only if f(Θ)
depends only upon the first n coordinates of Θ = (θ1 , θ2 , . . . ) and is
a Lebesgue measurable function of these. The σ-algebras are naturally
ordered by inclusion, so that

F1 ⊂ F2 ⊂ F3 ⊂ . . . . (11.1.4)

Haar measure on T∞ arises as the weak limit of Haar measure on the
Tn as n → ∞; so that, for any continuous function F : T∞ → C that
depends on only finitely many coordinates,∫

Tn

F (Θ)
n⊗

j=1

dθj

2π
→

∫
T∞

F (Θ)
∞⊗

j=1

dθj

2π
(11.1.5)

as n→∞.
We can regard T as the boundary of D, and T∞ as a preferred bound-

ary of D∞. The points in

D∞ ∩ �2 =

{
(zj ) : |zj | < 1, j = 1, 2, . . . ;

∞∑
j=1

|zj |2 <∞
}

(11.1.6)

have special properties in the function theory of D∞.
Let ρj be an absolutely continuous probability measure on T, and

let ρ = ρ1 ⊗ ρ2 ⊗ · · · be the product probability measure, which exists
by Kolmogorov’s extension theorem [88]. Kakutani’s dichotomy theorem
asserts that either:

(i)
∞∏

j=1

∫ (dρj

dθj

)1/2 dθj

2π
(11.1.7)

converges to a positive value, and ρ is absolutely continuous with respect
to dΘ; or

(ii)
∞∏

j=1

∫ (dρj

dθj

)1/2 dθj

2π
(11.1.8)

diverges to zero, and ρ is singular with respect to dΘ. In case (i) when
ρ is absolutely continuous we have, in terms of Exercise 1.1.8

δ(dρ, dΘ) =
∞∑

j=1

δ(dρj , dθj /2π). (11.1.9)



Limit groups and Gaussian measures 355

Exercise 11.1.2 Let 0 ≤ rj < 1 satisfy
∑∞

j=1 r2
j <∞, and let ψj ∈ R;

now let

pj (θj ) = Prj ei ψ j (θj ) =
1− r2

j

1− 2rj cos(θj − ψj ) + r2
j

(11.1.10)

be the Poisson kernels for rj e
iψj . Show that the measure

ρ =
∞⊗

j=1

pj (θj )
dθj

2π
(11.1.11)

is absolutely continuous with respect to dΘ. This ρ is associated with
the point (rj e

iψj ) which belongs to �2 ∩D∞.

11.1.3 Infinite symmetric group

Let Sn be the symmetric group on n symbols, which we identify with
the permutations πn of N such that πn (k) = k for k = n + 1, n + 2, . . . .

With S∞ = ∪∞n=1Sn we have a natural inclusion of groups

S1 ≤ S2 ≤ · · · ≤ S∞. (11.1.12)

Since S∞ is countable and discrete, it has a measure µ(A) = 	(A) which
is invariant under left translation, but no invariant probability measure
by Lemma 11.1.1.

By introducing the language of noncommutative probability as in
Proposition 14.2.7, one can obtain a satisfactory analytical description
of the left regular representation of S∞.

11.1.4 Infinite orthogonal group

Definition (Infinite orthogonal group). We choose some orthonormal
basis (ej )∞j=1 for Hilbert space and form matrices with respect to this
basis. Let (O(n), c2(n)) be the groups of orthogonal matrices, and intro-
duce the 1-Lipschitz map of matrices

U �→
[U

0
0
I

]
(U ∈ O(n)); (11.1.13)

then the infinite orthogonal group is the inductive limit O(∞) =
∪∞n=1O(n), so that

O(1) ≤ O(2) ≤ · · · ≤ O(∞). (11.1.14)
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Each element U of O(∞) has entries equal to δjk , with only finitely
many exceptions, so U − I is a finite-rank operator. We can regard
O(∞) as a group of isometries of the infinite-dimensional sphere; or
more precisely, as unitary operators on Hilbert space. In particular, S∞
is a subgroup of O(∞) due to the action σ : ej �→ eσ (j ) on basis vectors.
We endow O(∞) with the inductive topology; then O(∞) is not locally
compact. Indeed, we let σj be the orthogonal transformation associated
with the transposition of basis vectors e1 ↔ ej . Then one checks that
the metric ρ of Proposition 2.2.3 satisfies ρ(σj , I) ≤

√
2 and ρ(σj , σk ) ≥

1/
√

2 for all j �= k; so O(∞) is not totally bounded.
The identity representation π : O(∞) → U(H) is continuous by the

definition of the inductive limit topology, and hence by Proposition 2.2.3,
O(∞) has a left-invariant metric ρ such that π is continuous for the
metric topology. By Lemma 11.1.1, the group O(∞) does not have a
Haar probability measure.

Exercise 11.1.4a Let gn ∈ O(∞) have matrix [gn ]jk ; suppose that
[gn ]jk → δjk as n→∞.

(i) Show that 〈gnξ, ξ〉H → ‖ξ‖2H as n → ∞ for all ξ ∈ H, and hence
that ‖gnξ + ξ‖2H → 4‖ξ‖2H .

(ii) Use the parallelogram law ‖gnξ − ξ‖2H = 4‖ξ‖2H − ‖gnξ + ξ‖2H to
show that ‖gnξ − ξ‖H → 0 as n→∞.

(iii) Deduce that gn → I as n→∞ in the inductive topology on O(∞)
if and only if [gn ]jk → δjk as n→∞ for all j, k ∈ N.

Exercise 11.1.4b Let K be a compact subgroup of O(∞), with Haar
probability measure µK ; let Kn = O(n) ∩K.

(i) Show that Kn is a closed subgroup of K.
(ii) Show that µK (Kn ) > 1/2 for all sufficiently large n.
(iii) By considering the measure of the cosets xKn for x ∈ K, deduce

that K = Kn for some large n.

Definition (Infinite unitary group) [87, 32]. We define the infinite uni-
tary group as the inductive limit U(∞) = ∪∞j=1U(j) in a similar way to
O(∞) by forming the sequence

U(1) ≤ U(2) ≤ · · · ≤ U(∞) (11.1.15)

via the inclusions

U �→
[U

0
0
I

]
. (11.1.16)
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The inductive limit U(∞) is not locally compact, and does not have an
invariant Haar measure by Lemma 11.1.1.

Summarizing these conclusions, we have the following theorem.

Theorem 11.1.5 The groups S∞, O(∞) and U(∞) are inductive limit
groups that do not have Haar probability measures; whereas the infinite
torus T∞ does have a Haar probability measure.

11.2 Hua–Pickrell measure on the infinite unitary group
� The infinite unitary group inherits some of the properties of the finite

unitary groups.
� The sine kernel gives a determinantal point process which is relevant

to the representation theory.

In this section we review some facts about the representation theory of
U(n), with a view to analysing the infinite unitary group U(∞). The Lie
algebra of U(n) is Mh

n (C). There are two natural maps Mh
n (C)→ U(n)

for n = 1, 2, . . . ,∞ that are significant in representation theory, namely
the exponential X �→ exp(iX), and the Cayley transform ϕ(X) = (X −
iI)(X + iI)−1 . We analyse the effect of the Cayley transform on various
measures, and consider the asymptotic behaviour of these measures as
the dimension n → ∞. Following a similar route to Section 9.4, We
consider the pseudo-Jacobi polynomials, and use them to introduce new
example of a Tracy–Widom system, which is associated with a kernel
involving sin 1/x.

Definition (Hua–Pickrell measure). Let νn be the probability measure
on Mh

n (C)

νn,1(dX) =
2n(n−1)

πn(n+1)/2

( n∏
j=1

Γ(j)
)

det(I + X2)−n dX. (11.2.1)

Lemma 11.2.1 The Cayley transform ϕ : Mh
n (C) → U(n) : ϕ(X) =

(X− iI)(X + iI)−1 induces Haar measure µU (n) on U(n) from the Hua–
Pickrell measure νn,1 on Mh

n (C).

Proof. The proof consists of an induction on n, where the first step is
the familiar calculation that x �→ (x − i)/(x + i) induces dθ/2π on T
from dx/π(1 + x2) on R as in Section 4.3. For details, see [31]. �
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One can compare the following probability density functions:

� Student’s t-distribution on n degrees of freedom, with density

pn (t) =
Γ(n/2)√

(n− 1)πΓ((n− 1)/2)

(
1 +

t2

n− 1

)−n/2
(t ∈ R);

(11.2.2)
� the probability measure

h(x) = voln (Sn )−1
( 2

1 + ‖x‖2
)n

(x ∈ Rn ) (11.2.3)

from 4.3, which is associated with the stereographic projection;

� the (modified) Hua–Pickrell measure on Mh
n (C) given by

νn,α(dX) = Cn,α det(I + X2)−nαdX; (11.2.4)

� the eigenvalue distribution that corresponds to the modified Hua–
Pickrell measure

σn,α (dλ) = Z−1
n,α

∏
1≤j<k≤n (λj − λk )2∏n

j=1(1 + λ2
j )αn

dλ1 . . . dλn . (11.2.5)

The connection between these is as follows. The symmetric group Sn

acts on Tn by permuting the variables, and we let T = Tn/Sn be
the quotient space for this action. Then T parametrizes the conjugacy
classes of U(n), and there is a natural map Λ : U(n) → T which takes
V ∈ U(n) to its conjugacy class Λ(V ) ∈ T ; essentially, Λ(V ) is the list of
eigenvalues of V . Further, by the Weyl denominator formula Proposition
2.7.1, Λ induces Dyson’s circular unitary ensemble σ

(2)
n on T from Haar

measure µU (n) on U(n). So the commutative diagram of maps

Mh
n (C) → U(n) X �→ (X − iI)(X + iI)−1

↓ ↓ ↓ ↓
Rn → T (λj ) �→ ((λj − i)(λj + i)−1)

(11.2.6)

gives a corresponding map on probability measures, as in the diagram
below.

νn,1(dX) �→ µU (n)

↓ ↓
σn,1(dλ) �→ σ

(2)
n

(11.2.7)

By a familiar calculation, the asymptotic form of Student’s t distribution
is normal as n→∞ since

pn (t)→ e−t2 /2
√

2π
(t ∈ R). (11.2.8)
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We now prove the analogous result for eigenvalues under the distribution
σn,α . The negative logarithm of the density of σn,α is

αn
n∑

j=1

log(1 + λ2
j )− 2

∑
1≤j<k≤n

log |λj − λk |. (11.2.9)

We are in the very marginal case of Theorem 4.4.1 with β = 2, so
we need α > 1 to ensure that the equilibrium measure has compact
support.

Proposition 11.2.2 (i) The scalar potential v1(x) = log(1 + x2) has
equilibrium measure with density 1/π(1 + x2) on R, namely the Cauchy
distribution or Student’s t-distribution on two degrees of freedom.

(ii) For α > 1 and a = (2α − 1)1/2/(α − 1), the scalar potential
vα (x) = α log(1 + x2) has equilibrium measure supported on [−a, a] with
density

ρα (x) =
(α− 1)

√
a2 − x2

x2 + 1
(x ∈ [−a, a]). (11.2.10)

(iii) The scaled equilibrium measures satisfy

aρα (au)du→ 2
π

√
1− u2 (α→∞). (11.2.11)

Proof. In all cases, we can express the condition that ρα gives the
minimum as the integral equation

vα (x) = 2
∫

S

log |x− y|ρα (y) dy + C (x ∈ S) (11.2.12)

for some constant C and some set S, by Theorem 4.4.1.

(i) As in example 4.4.6, this follows from the identity

log |x + i| =
∫ ∞

−∞

log |x− t|
1 + t2

dt

π
, (11.2.13)

which is the Poisson integral formula for the harmonic function
log |z|.

(ii) By symmetry, the equilibrium measure is supported on a single
interval [−a, a], and the density is strictly positive inside (−a, a).
Indeed, if there were a gap [c, b] with −a < c < 0 < b < a in
the support of the measure, then by (4.4.18) we would have the
identities

v′
α (c) = 2

∫ c

−a

ρ(x)dx

c− x
+ 2

∫ a

b

ρ(x)dx

c− x
(11.2.14)
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and

v′
α (b) = 2

∫ c

−a

ρ(x)dx

b− x
+ 2

∫ a

b

ρ(x)dx

b− x
(11.2.15)

so that v′
α (c) > v′

α (b). However, v′α (c) < 0 < v′
α (b); so no such gap

exists. By the general theory of singular integral equations [160, p.
173], the density of the equilibrium measure has the shape

ρα(x) =
1
π

√
a2 − x2 rα (x) (11.2.16)

where

rα(x) =
1
2π

∫ a

−a

v′
α (x)− v′α (t)

(x− t)
√

a2 − t2
dt

=
α

π

∫ a

−a

(1 + xt)dt

(1 + x2)(1 + t2)
√

a2 − t2

=
α

π(x2 + 1)

∫ a

−a

dt

(t2 + 1)
√

a2 − t2

=
α

π(x2 + 1)

∫ π/2

−π/2

dθ

1 + a2 sin2 θ

=
α

(x2 + 1)
√

a2 + 1
, (11.2.17)

where the final step follows by a standard contour integral. Hence

ρα (x) =
α
√

a2 − x2

π(1 + x2)
√

a2 + 1
. (11.2.18)

Now we have the normalization

1 =
∫ a

−a

ρα(x) dx =
α√

a2 + 1

(√
a2 + 1− 1

)
, (11.2.19)

so we can recover the stated value for a.
(iii) We have

aρα(au)du =
2α− 1
α− 1

√
1− u2

π(1 + a2u2)
du, (11.2.20)

so we can take the limit as α→∞. �

In Section 9.5 we considered the Jacobi weight (1−x)α (1+x)β on [−1, 1]
and introduced the Jacobi system of orthogonal polynomials and the
corresponding Jacobi ensemble. While the weight (1 + x2)−n on R has
a superficial resemblance to the Jacobi weight, it decays rather slowly;
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so we are able to start but not complete a similar programme as in [31,
159].

Definition (Pseudo–Jacobi polynomials). Let σ > −1/2 and let n ∈ N.
Then with the weight (1 + x2)−n−σ , we can form a sequence of monic
orthogonal polynomials 1, p1(x), . . . , pN (x) for N < n + σ − 1/2; these
are called the pseudo-Jacobi polynomials, by analogy with Section 9.5.

One can express the pm in terms of the hypergeometric function, and
deduce that pm satisfies the differential equation

− (1 + x2)p′′m (x) + 2(σ + n− 1)xp′m (x) + m(m + 1− σ − 2n)pm (x) = 0

(11.2.21)

as in [31]. The Möbius transformation ϕ, given by ϕ(x) = (x−i)/(x+i)−1

satisfies −ϕ(−1/x) = ϕ(x), which suggests that there is a natural scaling
on the variables on the line associated with this inversion. One makes
the change of variable y = −1/(nx), and checks by calculation that the
function fm (y) = pm (−1/(ny)) satisfies

− (n2y2 + 1)f ′′
m (y) − 2

y

(
n2y2 + σ + n)f ′

m (y)

+
m(m + 1− 2σ − 2n)

y2 fm (y) = 0. (11.2.22)

Letting m = n and letting n → ∞, we obtain the limiting form of this
differential equation

f ′′(y) +
2
y
f(y) +

1
y4 f(y) = 0. (11.2.23)

Theorem 11.2.3 (i) Let f be a solution of (11.2.23). Then f gives rise
to a solution of the Tracy–Widom system

y2 d

dy

[
f

g

]
=

[
0 1
−1 0

] [
f

g

]
. (11.2.24)

(ii) The general solution of (11.2.23) is

f(y) = A cos
1
y

+ B sin
1
y

(11.2.25)

for some constants A and B.
(iii) The kernel associated with f(x) = π−1/2 sin(1/x) is

K(x, y) =
sin

(
1
x
− 1

y

)
π(y − x)

(11.2.26)

where K is of trace class and K ≥ 0 on L2(a,∞) for a > 0.
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(iv) The Hankel operator Γφ on L2(0,∞) with φ(s) = π−1e−s/2×
exp(2ie−s) satisfies

det(I − λI(1,∞)KI(1,∞)) = det(I − λΓφΓ∗
φ). (11.2.27)

(v) The operator K : L2((−∞,−1) ∪ (1,∞)) → L2((−∞,−1) ∪ (1,∞))
is unitarily equivalent to the operation of the sine kernel
(sin(x− y))/(π(x− y)) on L2(−1, 1).

Proof. (i) and (ii) follow by direct calculation.
(iii) The kernel K(x, y) that is associated with this solution is given

by

f(x)g(y)− f(y)g(x)
x− y

=
sin 1

y cos 1
x − sin 1

x cos 1
y

π(x− y)
. (11.2.28)

Let Γ : L2(1,∞)→ L2(1,∞) be the integral operator that has kernel

Γ(x, y) =
e−i/xe2i/xy ei/y

√
πxy

(x, y > 1); (11.2.29)

then ΓΓ∗ has kernel

ΓΓ∗(x, y) =
∫ ∞

1

e−i/xe(2i/w )(1/x−1/y )ei/y

πxyw2 dw

=
e−i(1/x−1/y )

πxy

∫ 1

0
e2i(1/x−1/y )v dv

=
sin

(
1
x −

1
y

)
π(y − x)

= K(x, y). (11.2.30)

Clearly Γ gives a Hilbert–Schmidt operator on L2(a,∞) for all a > 0,
so K is trace class; further, K ≥ 0.

(iv) We introduce the unitary operator U : L2(1,∞)→ L2(0,∞) by

Uf(s) = exp(−ie−s)es/2f(es) (s > 0), (11.2.31)

which gives

〈Γf, g〉L 2 (1,∞) =
∫ ∞

1

∫ ∞

1

e−i/xe2i/xy ei/y

xy
f(x)ḡ(y) dxdy

=
∫ ∞

0

∫ ∞

0
e−(s+t)/2 exp(2ie−s−t)Uf(s)Ug(t) dsdt

= 〈ΓφUf, Ug〉L 2 (0,∞) . (11.2.32)
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Hence K = ΓΓ∗ = U∗ΓφΓ∗
φU, so the spectra of K and ΓφΓ∗

φ are
equal.

(v) There is a unitary map V : L1(−1, 1) → L2((−∞) ∪ (1,∞)) :
f(x) �→ x−1f(x−1) so that VKV∗ is given by the kernel
(sin(x− y))/(π(x− y)) on L2(−1, 1). �

Borodin and Olshanski proceeded to investigate the determinantal
random point field that K generates [31].

For U(∞) we introduce a substitute for Haar measure. Since U(∞) =
limn→∞ U(n), the obvious approach would be to take limits along the
sequence of Haar measures σU (1) , σU (2) , . . . , but this does not work since
the natural inclusion U(n)→ U(n+1) obviously does not induce µU (n+1)

from µU (n) . Further, by Proposition 3.8.1, SU(n+1)/SU(n) is naturally
homeomorphic to the sphere S2n+1 with the rotation invariant probabil-
ity measure; so we get a natural measure on {ξ ∈ H : ‖ξ‖H = 1} rather
than on U(∞) by taking weak limits along the sequence of natural quo-
tient spaces. In Chapter 12 we introduce the infinite dimensional sphere
S∞(
√∞) with a suitable measure.

Meanwhile, we consider measures on the Lie algebras. The Hermitian
matrices are naturally nested by inclusion

Mh
1 (C) ⊂Mh

2 (C) ⊂ · · · ⊂Mh
∞(C) (11.2.33)

X �→
[X

0
0
0

]
(11.2.34)

where Mh
∞(C) = ∪∞j=1M

h
j (C) has the inductive topology. The projection

Pn : Mh
n (C)→Mh

n−1(C) deletes the bottom row and rightmost column.
We can regard Mh

∞(C) as a Lie algebra for U(∞). There is a natural
action of U(∞) on Mh

∞(C) by conjugation U : X �→ UXU∗.

Theorem 11.2.4 (The Hua–Pickrell measure on U(∞)).

(i) The Cayley transform ϕ : Mh
n (C) → U(n) induces Haar measure

µU (n) on U(n) from νn,1 ;
(ii) Pn induces νn−1,1 on Mh

n−1(C) from νn,1 on Mh
n (C);

(iii) the νn,1 converge weakly to a probability measure ν∞ on Mh
∞(C) as

n→∞, where ν∞ is invariant under conjugation by U ∈ U(∞).
(iv) Let f : U(∞) → C be a continuous function that depends on only

finitely many matrix entries. Then

∫
M h

∞(C)
f(ϕ(X))ν∞(dX) = lim

n→∞

∫
U (n)

f(u)µU (n)(du). (11.2.35)
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Proof. See [31]. �

Theorem 11.2.4 suggests the following diagram, in which the verti-
cal arrows represent weak limits as n → ∞, and the horizontal arrows
represent Cayley transforms.

(Mh
n (C), νn,1) → (U(n), µU (n))
↓ ↓

(Mh
∞(C), ν∞) → (U(∞), µU (∞))

Definition (Hua–Pickrell measure on U(∞)). The Hua–Pickrell mea-
sure on U(∞) is µU (∞) = ϕ	ν∞.

The Lie group SU(n) has a Haar probability measure µSU (n) , a max-
imal torus T of rank n− 1 and Weyl group Sn . One presentation of the
maximal torus is the the space of diagonal unitary operators, where Sn

acts on T be permuting the diagonal entries.
Analogously, we can regard the induced Hua–Pickrell measure

µU (∞) = ϕ	ν∞ as the natural analogue of Haar measure for U(∞),
while T∞ sits inside U(∞) as the space of diagonal unitary matrices,
and we can view S∞ as the Weyl group, which acts by permuting the
entries of T∞. The group U(∞) has natural representations on complex
Hilbert space, as we shall see in Section 12.4.

In Section 12.4 we shall construct representations of S∞ and O(∞)
on a suitable Hilbert space.

Definition (Carleman determinant). Let S be a Hilbert–Schmidt op-
erator on H with eigenvalues (λj )∞j=1, listed according to multiplicity.
Then the Carleman determinant of I + S is

det2(I + S) =
∞∏

j=1

(1 + λj )e−λj . (11.2.36)

Exercise 11.2.5 Let A be a Hilbert–Schmidt and self-adjoint operator
on H.

(i) Prove that for each ε > 0, there exists U ∈ U(∞) such that
‖U − exp iA‖c2 < ε.

(ii) Obtain an expression for det2(exp iA) in terms of the eigenvalues
of A.

(iii) Let g = {X = iA : A ∈ c2 , A∗ = A}, with [X,Y ] = XY − YX
and 〈X,Y 〉 = −2−1trace(XY ). Find an orthonormal basis for g
in the style of Exercise 2.4.2, and determine whether the proof of
Proposition 2.4.1 works in this context.
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11.3 Gaussian Hilbert space
� A probability measure on infinite-dimensional Hilbert space that as-

signs positive measure to each open set is neither unitarily invariant
nor translation invariant.

� Infinite-dimensional Hilbert spaces can have Gaussian measures.
� Brownian motion can be defined by random Fourier series with Gaus-

sian coefficients.
� There is a stochastic integral defined with respect to white noise.

Before embarking on a discussion of Gaussian measure in infinite dimen-
sions, it is worth noting that there is no natural analogue of Lebesgue
measure on infinite dimensional Hilbert space.

Proposition 11.3.1 Let µ be a probability measure that is defined on
the Borel subsets of an infinite-dimensional separable Hilbert space H,
and suppose that

(i) µ(Br (x)) > 0 for all x ∈ H and r > 0.

Then neither of the following conditions can hold:

(ii) µ(UE) = µ(E) for all open E and unitary U ;
(iii) µ(x + E) = µ(E) for all open E and x ∈ H.

Proof. Suppose that either (ii) or (iii) holds. Let (ej )∞j=1 be an orthonor-
mal sequence in H, and observe that the open sets Ej = B1/

√
2(ej ) are

disjoint. Then by (ii) or (iii), µ(Ej ) = µ(E1) holds for all j; so by dis-
jointness

1 = µ(H) ≥ µ
( ∞⋃

j=1

Ej

)
=

∞∑
j=1

µ(Ej ) =
∞∑

j=1

µ(E1). (11.3.1)

Hence µ(E1) = 0, contrary to (i). �

Example 11.3.2 We consider various closed and bounded subsets of
H. The finite-dimensional set

Kn,N =
{

x ∈ H : x =
n∑

k=1

akek ;
n∑

k=1

|ak |2 ≤ N
}

(11.3.2)

and Hilbert’s cube

C =
{

x ∈ H : x =
∞∑

k=1

akek ; |ak | ≤ 1/k; k = 1, 2, . . .
}

(11.3.3)
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are compact as one can show by introducing ε-nets; whereas

BN (0) =
{

x ∈ H : x =
∞∑

k=1

akek :
∞∑

k=1

|ak |2 ≤ N
}

(11.3.4)

is noncompact.

Let (Ω, d) be a Polish space with probability P, and suppose that there
exists a sequence (χj ) of mutually independent random variables, each
with N(0, 1) distribution. Now let W 1 be the closed real linear span in
L2(P) generated by the χj .

Lemma 11.3.3 (i) W 1 is a Hilbert space for pointwise addition of ran-
dom variables with the inner product 〈ξ, η〉 = E(ξη).

(ii) (χj ) is a complete orthonormal basis for W 1.
(iii) Suppose that (aj ) ∈ �2. Then ξ =

∑
j ajχj has a Gaussian dis-

tribution with mean zero and variance
∑

j a2
j .

Proof. Property (i) follows from the fact that L2(P) is a Hilbert space.
(ii) This is clear.
(iii) Let ξn =

∑n
j=1 ajχj , and observe that ξn has characteristic func-

tion

Eeitξn = e−t2 (a2
1 +···+a2

n )/2 . (11.3.5)

Now ξn → ξ almost surely and in L2(P) as n→∞, so the characteristic
function of ξ is e−t2 (a2

1 +a2
2 +··· )/2 ; hence ξ has a Gaussian distribution

with mean zero and variance
∑

j a2
j . �

Definition (Brownian motion [112, 70]). The Brownian motion on [0, 1]
is the stochastic process

bt = tχ0 +
−1∑

n=−∞

√
2

2πn
(sin 2πnt)χn +

∞∑
n=1

√
2

2πn
(1− cos 2πnt)χn . (11.3.6)

Proposition 11.3.4 Brownian motion is a Gaussian process with sta-
tionary independent increments; so that

(i) bt − bs has a N(0, t− s) distribution for 0 < s < t < 1;
(ii) for 0 = t0 < t2 < t2 < · · · < tn , the random variables

bt1 − bt0 , . . . , btn
− btn −1 are mutually independent.

(iii) Furthermore, the function t �→ bt belongs to L2 [0, 1] almost surely.

Proof. (i) We start with the indicator function I(0,t) and generate its
Fourier series with respect to the orthonormal basis

{I,
√

2 cos 2πnx,
√

2 sin 2πnx;n = 1, 2, . . . } (11.3.7)
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of L2 [0, 1], namely

I(0,t)(x) = tI +
−1∑

n=−∞

√
2

2πn
(sin 2πnt)

√
2 cos 2πnx

+
∞∑

n=1

√
2

2πn
(1− cos 2πnt)

√
2 sin 2πnx. (11.3.8)

The map U : L2 [0, 1]→W 1 given by changing the basis

{1,
√

2 cos 2πnx,
√

2 sin 2πnx} ↔ {χn : n ∈ Z} (11.3.9)

is unitary, and satisfies bt = U(I[0,t]).
By the preceding Lemma, bt − bs = U(I(s,t)) is a Gaussian random

variable with mean zero and variance

E(bt − bs)2 =
∫

I(s,t)(x) dx = t− s. (11.3.10)

(ii) Further, U maps the orthogonal vectors I(t0 ,t1 ) , I(t1 ,t2 ) , . . . ,

I(tn −1 ,tn ) to uncorrelated Gaussian random variables bt1 −t0 , bt2 −t1 , . . . ,

btn −tn −1 . A sequence of uncorrelated Gaussian random variables is mu-
tually independent, hence the result.

(iii) By Fubini’s Theorem, we have

E
∫ 1

0
b2
t dt =

∫ 1

0
Eb2

t dt =
∫ 1

0
t dt = 1/2, (11.3.11)

so
∫ 1

0 b2
t dt is finite almost surely. �

Definition (Brownian motion). Brownian motion on [0, 1] is the stochas-
tic process (bt)0≤t≤1 where Ω → R : ω �→ bt(ω) is the random variable
at time t. Wiener measure is the probability measure on L2[0, 1] that is
induced by the map (Ω,P)→ L2 [0, 1] : ω �→ bt(ω).

Remark. Using more sophisticated arguments, such as the theory of
random Fourier series, one can show that t �→ bt(ω) is almost surely
continuous on [0, 1]. Indeed bt is almost surely Hölder continuous of
order α for 0 < α < 1/2, but not differentiable. See [97, 86].

Definition. To extend Brownian motion to (0,∞), we stitch together
Brownian motions on successive intervals [n, n + 1], as follows. Let
(b(1)

t ) be an independent copy of bt , and extend the definition of bt by
taking

bt = b1 + b
(1)
t−1 (1 ≤ t ≤ 2). (11.3.12)



368 Random Matrices: High Dimensional Phenomena

Iterating, this construction, one obtains Brownian motion on (0,∞). By
enlarging W 1 as necessary, we can define a unitary map U : L2(0,∞)→
W 1 such that bt = U(I(0,t)) has stationary independent increments and

E btbs = min{t, s} (s, t > 0). (11.3.13)

Corollary 11.3.5 (Joint distribution of Brownian motion). Let 0 =
t0 < t1 < t2 < · · · < tn , and let Ij be an open subset of R for j =
1, . . . , n. The Brownian motion starting from b0 = y0 = 0 satisfies

P[bt1 ∈ I1 , bt2 ∈ I2 , . . . , btn
∈ In ]

= C(t1 , . . . , tn )
∫

. . .

∫
I1 ×···×In

γ(y1 , . . . , yn )dy1 . . . dyn

(11.3.14)

where

C(t1 , . . . , tn ) = (2π)−n/2
n∏

j=1

(tj − tj−1)−1/2 (11.3.15)

and

γ(y1 , . . . , yn ) = exp
(
−1

2

n∑
j=1

(yj − yj−1)2

tj − tj−1

)
. (11.3.16)

Proof. By Proposition 11.3.4, the increments btj
− btj −1 are mutually

independent, and they have Gaussian distribution with mean zero and
variances tj − tj−1 . Then the formula follows immediately from the def-
initions. �

Proposition 11.3.6 (Stochastic integral). There is a linear isometric
map L2(0,∞)→W 1

φ �→
∫ ∞

0
φ(t)dbt (11.3.17)

that extends U .

Proof. We wish to define
∫

φ(s)dbs for φ ∈ L2(0,∞). Given 0 < T <∞,
a continuous function φT : [0, T ] → R and a partition P = {0 = t0 <

t1 < · · · < tN = T}, we let

ΦP =
N −1∑
j=0

φ(tj )(btj + 1 − btj
) ∈W 1 . (11.3.18)

Evidently ΦP = U(
∑N −1

j=0 φ(tj )I(tj ,tj + 1 )) is a Gaussian random variable
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with mean zero and variance

EΦ2
P =

N −1∑
j=0

φ(tj )2(tj+1 − tj ). (11.3.19)

Given ε > 0, there exists δ > 0 such that

∣∣φT (t)−
N −1∑
j=0

φ(tj )I(tj ,tj + 1 )(t)
∣∣ < ε (11.3.20)

whenever maxj |tj+1 − tj | < δ. Hence

‖U(φT )− ΦP ‖2W 1 ≤ Tε2 . (11.3.21)

Letting δ → 0+, we obtain U(φT ) ∈W 1 which we define to be U(φT ) =∫ T

0 φ(t)dbt , with

E
(∫ T

0
φ(t)dbt

)2
=

∫ T

0
φ(t)2dt. (11.3.22)

Furthermore, (
∫ N

0 φ(t)dbt)∞N =1 forms a Cauchy sequence in W 1, and
converges to an element that defines

∫∞
0 φ(t)dbt . �

11.4 Gaussian measures and fluctuations
� With Gaussian measures, we introduce white noise.
� We compare fluctuations of the empirical eigenvalue distribution of the

generalized unitary ensemble with a fractional derivative of Brownian
motion.

� We compare fluctuations of the row lengths in Young tableaux with a
fractional derivative of Brownian motion.

Example 11.4.1 (White noise). We can regard dbt as white noise in
the sense that

dbt

dt
= χ0 +

−1∑
n=−∞

√
2 cos 2πnt χn +

∞∑
n=1

√
2 sin 2πnt χn (11.4.1)

defines a linear functional on C∞[0, 1] almost surely, and such that∫
φ(t)dbt = φ(1)b1 − φ(0)b0 −

∫
φ′(t)bt dt. (11.4.2)

Thus φ �→
∫

φ(t)dbt gives a bounded linear operator L2 →W 1.

Next we introduce a random Fourier series with roughness midway
between Brownian motion and white noise.
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Example 11.4.2 (Fractional derivative of Brownian motion). The
Gaussian random Fourier series

Z(θ) =
2
π

∞∑
k=1

sin kθ√
k

χk (11.4.3)

does not converge in W 1 for almost all θ since
∑∞

k=2 1/k diverges. We
can regard Z(θ) as a summand in the random Fourier series (d/dt)1/2bt .
Suppose however, that u(θ) =

∑∞
k=0 ak cos kθ belongs to Dirichlet space

D0 so that
∑

k |k||ak |2 converges; then

−
∫ π

0
u′(θ)Z(θ) dθ =

∞∑
k=1

√
kakχk (11.4.4)

converges in W . Thus Z ′ defines a random linear functional on D0; that
is, a bounded linear map D0 →W 1 .

Using Example 11.4.2, we can express the Theorem 10.6.8 on fluctu-
ations in a more intuitive style. We consider a potential v as in Section
4.4 with equilibrium measure as in Theorem 4.4.1.

Proposition 11.4.3 (Fluctuations) [94]. Let Xn be a n×n random ma-
trix from the generalized unitary ensemble with potential v, equilibrium
measure ρv with support [−1, 1], and eigenvalues λ1 , . . . , λn . Then

n∑
j=1

δλj
(dx)− nρv (dx)→ (1/2)dZ(cos−1 x) (n→∞) (11.4.5)

in the sense that

P
[ n∑

j=1

f(λj )− n

∫
[−1,1]

f(x)ρv (dx) ≤ t
]

→ P
[1
2

∫ 2π

0
f(cos θ)dZ(θ) ≤ t

]
(n→∞) (11.4.6)

for all continuously differentiable functions f : [−1, 1] → R and all
t ∈ R.

Proof. With f(cos θ) =
∑∞

k=0 ak cos kθ, we have a Gaussian random
variable

1
2

∫ 2π

0
f(cos θ)dZ(θ) =

1
2

∞∑
k=1

√
kakχk (11.4.7)
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with mean zero and variance (1/4)
∑∞

k=1 |k|a2
k , hence

E exp
(s

2

∫
f(cos θ)dZ(θ)

)
= exp

(s2

8

∞∑
k=1

|k|a2
k

)
(s ∈ R). (11.4.8)

We recall from Johansson’s Theorem 10.6.8 that

E exp
(
s

n∑
j=1

f(λj )−sn

∫
[−1,1]

f(x)ρv (dx)
)
→ exp

(s2

8

∞∑
k=1

ka2
k

)
(n→∞);

(11.4.9)
so by Proposition 1.8.5 the random variable

∑n
j=1 f(λj )−n

∫
f(x)ρv (dx)

converges in distribution to 2−1
∫

f(cos θ) dZ(θ).

Exercise 11.4.4 Let (χk , χ̃k ; k = 1, 2, . . . ) be mutually independent
N(0, 1) random variables, and let

ζθ =
∞∑

k=1

cos kθχk + sin kθχ̃k

π
√

k
. (11.4.10)

Let eiθ1 , . . . , eiθn be the eigenvalues of a n × n unitary matrix, chosen
randomly with respect to Haar measure on U(n). Use Corollary 10.6.2
to show that

n∑
j=1

f(eiθj )− n

∫ 2π

0
f(eiθ )

dθ

2π
→

∫ 2π

0
f(eiθ )dζθ (11.4.11)

in distribution as n→∞.

The random Fourier series Z of Example 11.4.2 has another impor-
tant application to fluctuations of large Young diagrams with respect
to Plancherel measure. Given λ " N , there exists a probability density
function fλ with graph made up of boxes of side N−1/2 such that the
graph is like a descending staircase. We introduce the rotated coordinate
system ξ = x−y and η = y +x so that Nfλ gives rise to graph λ̃(ξ) ≥ 0
in the cone between the lines η = ξ and η = −ξ with λ̃(ξ) = |ξ| for all
sufficiently large |ξ|. The function λ̃ is Lipschitz continuous with a graph
that consists of straight line segments with gradient ±1.

Next we rotate the graph of the Vershik distribution fΩ of Section 7.4,
and thus obtain x = fΩ(x)+2 cos θ where fΩ(x) = 2

π
(sin θ− θ cos θ), so

Ω(ξ) =
2
π

(
ξ sin−1 ξ

2
+

√
4− ξ2

)
, (|ξ| ≤ 2);

= |ξ|, (|ξ| ≥ 2); (11.4.12)
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and let the discrepancy between λ̃ and the scaled optimum
√

Ω be

∆̃N (ξ) = λ̃(ξ
√

N)−
√

NΩ(ξ). (11.4.13)

Suppose that g(θ) =
∑∞

k=0 ak cos kθ is continuously differentiable, and
observe that since ∆̃N is Lipschitz continuous, we can integrate by parts
and obtain∫ 2π

0
∆̃N (2 cos θ)g′(θ) dθ = 2

∫ π

0
∆̃′

N (2 cos θ) sin θ g(θ) dθ. (11.4.14)

Further, the integral∫ π

0

2
π

∞∑
k=1

χk√
k

sin kθ g′(θ) dθ = −
∞∑

k=1

ak

√
kχk (11.4.15)

gives a Gaussian random variable with mean zero and variance∑∞
k=1 ka2

k .

Proposition 11.4.5 (Kerov). ∆̃N (ξ) converges in distribution to
Z(cos−1(ξ/2)) as N →∞.

Proof. Omitted. See [28] for further developments. �
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Hermite polynomials

Abstract

In this chapter we study the Hermite polynomials and the Ornstein–
Uhlenbeck operator on R, and then their extension to Rn . Following
Wiener’s approach, we introduce homogeneous chaos and stochastic in-
tegrals; thus we interpret the group of rotations of S∞(

√∞), an invari-
ant measure and a Laplace operator on S∞(

√∞). Then we construct
representations of O(∞) on homogeneous chaos. We also present the
logarithmic Sobolev inequality for the Ornstein–Uhlenbeck semigroup,
which was an important motivating example for Chapter 6.

12.1 Tensor products of Hilbert space

Definition (Hilbert tensor product [92]). Let H and K be complex
Hilbert spaces. Then H⊗K is the closure of the algebraic tensor product
over C, given by the set of finite sums

H -K =
{∑

ξj ⊗ ηj : ξj ∈ H, ηj ∈ K
}

(12.1.1)

with the inner product〈∑
j

ξj ⊗ ηj ,
∑

k

αk ⊗ βk

〉
=

∑
j,k

〈ξj , αk 〉H 〈ηj , βk 〉K . (12.1.2)

Examples 12.1.2 (i) Clearly we have Cm⊗Cn = Cmn . More generally,
given any complex Hilbert space, we can identify H⊗Cn with the direct
sum H ⊕ · · · ⊕H of n copies of Hilbert space.

(ii) �2 ⊗ �2 is naturally linearly isometric to the space of c2 Hilbert–
Schmidt matrices. We can identify ej ⊗ ek with the matrix unit ejk .

373
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Then 〈
[ajk ], [bjk ]〉c2 = trace

(
[bjk ]∗[ajk ]

)
=

∑
j,k

ajk b̄jk

=
〈∑

jk

ajk ejk ,
∑
jk

bjk ejk

〉
. (12.1.3)

Proposition 12.1.3 (Schur product). Suppose that [ajk ] and [bjk ] are
positive semidefinite n×n matrices. Then the sum [ajk + bjk ] and Schur
product [ajk bjk ] are also positive semidefinite.

Proof. By Proposition 2.1.2(iii), there exist vectors ξj and ηk such that
ajk = 〈ξj , ξk 〉 and bjk = 〈ηj , ηk 〉; then ajk bjk = 〈ξj ⊗ ηj , ξk ⊗ ηk 〉, so we
can use Proposition 2.1.2 again �

Definition (Symmetric powers). Now we let H be a complex Hilbert
space and we choose a unit vector e0 ∈ H, traditionally called the vac-
uum vector, and we write Ce0 = H⊗0 . Then we construct recursively
H⊗(n+1) = H⊗n ⊗H, so that H⊗n = span{ξ1 ⊗ · · · ⊗ ξn}, where span
stands for closed linear span for the norm topology. The symmetric group
Sn acts on H⊗n by

σ : ξ1 ⊗ · · · ⊗ ξn �→ ξσ (1) ⊗ · · · ⊗ ξσ (n) , (12.1.4)

and the subspace of invariant vectors Hs⊗n = {ξ ∈ H⊗n : σ(ξ) = ξ} is
called the nth symmetric power of H, which is spanned by

sym(ξ1 ⊗ · · · ⊗ ξn ) =
∑

σ∈Sn

ξσ (1) ⊗ · · · ⊗ ξσ (n) . (12.1.5)

Example (Reproducing kernels). Let H be a Hilbert function space on
Ω with reproducing kernel K(z, w), and let w1 , . . . , wn belong to Ω.
Then [ajk ] = [K(wj ,wk )] is positive semidefinite, and so by Proposi-
tion 12.1.3 [K(wj ,wk )m ] is also positive semidefinite for m = 0, 1, 2, . . . ;
hence [exp K(wj ,wk )] is positive semidefinite. In particular, this applies
to K(z, w) = log 1/(1 − zw̄) and expK(z, w) = 1/(1 − zw̄), which are
the reproducing kernels for Dirichlet space and Hardy space respectively.
See Section 4.2.

Definition (Fock space [92]). The full Fock space of H is the Hilbert
space

exp(H) =
{

(ξ(n)) ∈
∞∏

n=0

H⊗n :
∞∑

n=0

‖ξ(n)‖2/n! <∞
}

(12.1.6)
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with the inner product 〈(ξ(j )) , (η(j ))〉 =
∑∞

j=0〈ξ(j ) , η(j )〉/j!. The sym-
metric Fock space is the subspace of symmetric tensors

Γ(H) =
{

(ξ(n)) ∈
∞∏

n=0

Hs⊗n :
∞∑

n=0

‖ξ(n)‖2/n! <∞
}

, (12.1.7)

and the exponential vector of ξ ∈ H is exp⊗(ξ) = (e0 , ξ, ξ⊗ξ, . . . ) which
belongs to Γ(H) and has ‖ exp⊗(ξ)‖Γ(H ) = exp(‖ξ‖2/2).

Example 12.1.4 (Left creation operators). Let H be a separable
infinite-dimensional real Hilbert space and e a unit vector in H. Each
η ∈ H has unique decomposition η = η0e + η⊥, where η0 = 〈η, e〉
and 〈η⊥, e〉 = 0. The full Fock space is exp(H) = ⊕∞

n=0H
⊗n where

H⊗0 = Re, and write e0 = e⊕ 0 ⊕ · · · for the vacuum vector. There is
a linear map � : H → B(exp(H)) where �(h) raises degree by one, as in

�(h) : e0 �→ h⊗ e

�(h) : ξ1 ⊗ . . . ξn �→ h⊗ ξ1 ⊗ · · · ⊗ ξn ; (12.1.8)

whereas the adjoint �(h)∗ lowers degree by one, as in

�(h)∗ : ξ1 ⊗ · · · ⊗ ξn �→ 〈ξ1 , h〉ξ2 ⊗ · · · ⊗ ξn (n = 2, 3, . . . ), (12.1.9)

�(h)∗ξ1 = 〈ξ1 , h〉e0 , �(h)∗e0 = 0.

Clearly we have

�(h)∗�(k) = 〈k, h〉I (12.1.10)

and

�(h)�(k)∗ : ξ1 ⊗ · · · ⊗ ξn �→ Sξ1 ⊗ ξ2 ⊗ · · · ⊗ ξn (12.1.11)

where S : H → H is the rank one operator Sf = 〈f, k〉h. Each �(h) is
a left creation operator, since the tensor factor of h appears in the left;
clearly one can introduce right creation operators analogously. See also
[166].

12.2 Hermite polynomials and Mehler’s formula

The Hermite polynomials are:

� eigenfunctions of the Ornstein–Uhlenbeck operator on R;
� orthogonal polynomials for the standard Gaussian measure on R;
� a natural basis for the Wick ordering.
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In this section we review some basic results that are important in that
they provide an explicit construction of objects that are important in
the general theory. We let γ(x) = e−x2 /2/

√
2π be the standard Gaussian

density and form the Hilbert space L2(γ).

Definition (OU operator [54]). The Ornstein–Uhlenbeck operator L is

L = − d2

dx2 + x
d

dx
(12.2.1)

and the domain includes C∞
c (R).

Evidently L is symmetric and positive in the sense that∫
(Lf)(x)ḡ(x)γ(x)dx =

∫ ∞

−∞
f(x)(Lg)(x)γ(x)dx

=
∫ ∞

−∞
f ′(x)ḡ′(x)γ(x) dx. (12.2.2)

The Ornstein–Uhlenbeck operator satisfies the special property

(
− d2

dx2 +
x2

4

)(
e−x2 /4ψ(x)

)
= e−x2 /4

(
L +

1
2

)
ψ(x) (12.2.3)

where −d2/dx2 + x2/4 is the Hamiltonian for the linear oscillator in
quantum mechanics. To carry out a spectral analysis rigorously, we begin
with the eigenfunction.

Definition (Rodrigues’s formula for Hermite polynomials [112, 142]).
The Hermite polynomial of degree n is

Hn (x) = (−1)nex2 /2 dn

dxn
e−x2 /2 . (12.2.4)

Let Pj : L2(γ) → span{xk ; k = 0, . . . , j}, and for f ∈ span{xk ; k =
0, . . . , j} we write in Wick’s notation : f := f − Pj−1f .

Lemma 12.2.1 (i) Hn is a monic polynomial of degree n.
(ii) LHn = nHn .
(iii) (Hn )∞n=0 is an orthogonal sequence in L2(γ).
(iv) : xn := Hn (x).

Proof. (i) This follows by induction.
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(ii) First we show that H ′
n = nHn−1 ; indeed we have

H ′
n (x) =

d

dx

(
(−1)nex2 /2 dn

dxn
e−x2 /2

)
= (−1)nxex2 /2 dn

dxn
e−x2 /2 + (−1)nex2 /2 dn

dxn

(
−xe−x2 /2)

= (−1)nxex2 /2 dn

dxn
e−x2 /2 + (−1)n−1xex2 /2 dn

dxn

(
e−x2 /2)

+ (−1)n−1nex2 /2 dn−1

dxn−1

(
e−x2 /2)

= (−1)n−1nex2 /2 dn−1

dxn−1

(
e−x2 /2). (12.2.5)

By differentiating this identity, we can deduce that

H ′′
n (x)− xH ′

n (x)

= (−1)nnxex2 /2 dn−1

dxn−1

(
e−x2 /2) + (−1)n−1nex2 /2 dn

dxn

(
e−x2 /2)

+ (−1)n−1nxex2 /2 dn−1

dxn−1

(
e−x2 /2) = −nHn (x). (12.2.6)

(iii) The operator L is symmetric in L2(γ), and hence eigenfunctions
that correspond to distinct eigenvalues are orthogonal.

(iv) As in the Gram–Schmidt process, Hn is orthogonal to xj in L2(γ)
for j = 0, . . . , n− 1; so the result follows from (i). �

Exercise. (i) Use Rodrigues’s formula to show that

Hn+1(x) = xHn (x)−H ′
n (x), (12.2.7)

and hence obtain

H0(x) = 1, H1(x) = x, H2(x) = x2 − 1,

H3(x) = x3 − 3x, H4(x) = x4 − 6x2 + 3. (12.2.8)

(ii) Use Rodrigues’s formula to prove the three-term recurrence
relation

xHn (x) = Hn+1(x) + nHn−1(x). (12.2.9)

(iii) Let φn (x) = (2π)−1/4(n!)−1/2Hn (x)e−x2 /4 . Deduce from (ii) that

xφn (x) =
√

n + 1φn+1(x) +
√

nφn−1(x). (12.2.10)

(iv) Introduce a new variable ξ so that
√

2ξ = x, and let ψn (ξ) =√
2φn (

√
2ξ). By repeatedly integrating by parts the identity

Fψn (t) =
√

2
(2π)3/42n/2

√
n!

∫ ∞

−∞
e−iξ t+ξ 2 /2 dn

dξn
e−ξ2

dξ, (12.2.11)
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and using Rodrigues’s formula, show that

Fψn (t) =
ψn (t)

in
. (12.2.12)

Proposition 12.2.2 (i) (Hn/
√

n!)∞n=0 gives a complete orthonormal
basis for L2(γ).

(ii) The operator L is self-adjoint and densely defined in L2(γ), with
spectrum consisting of simple eigenvalues {0, 1, 2, . . . } which correspond
to unit eigenvectors (Hn/

√
n!)∞n=0 .

(iii) L satisfies a spectral gap inequality with λ1 = 1.

Proof. (i) One checks by repeated integration by parts that∫ ∞

−∞
Hn (x)2γ(x) dx = n!; (12.2.13)

indeed,∫ ∞

−∞
Hn (x)2e−x2 /2 dx√

2π
=

∫ ∞

−∞
Hn (x)(−1)n dn

dxn
e−x2 /2 dx√

2π

=
∫ ∞

−∞
H (n)

n (x)e−x2 /2 dx√
2π

= n!
∫ ∞

−∞
e−x2 /2 dx√

2π
. (12.2.14)

As in Proposition 1.8.4, the linear span of the polynomials is dense in
L2(γ), so the (Hn/

√
n!) gives a complete orthonormal basis.

(ii) We have found a complete orthonormal basis consisting of eigen-
functions of L, so L is self-adjoint with point spectrum.

(iii) Let f ∈ C∞
c (R) have orthogonal expansion

f =
∑∞

n=0〈f,Hn 〉Hn (x)/n!. Then∫ ∞

−∞
|Lf(x)|2γ(x)dx =

∞∑
n=1

n2〈f,Hn 〉2/n!

≥
∞∑

n=1

n〈f,Hn 〉2/n!

=
∫ ∞

−∞
f(x)Lf(x)γ(x)dx. (12.2.15)

Corollary 6.3.3 and Proposition 6.7.3 combine to give a stronger result
than Proposition 12.2.2(iii), but the direct proof is much simpler. �
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Corollary 12.2.3 (Creation and annihilation). Let A : L2(γ)→ L2(γ)
be the creation operator

A :
∞∑

n=0

anHn√
(n!)

�→
∞∑

n=0

anHn+1√
(n + 1)!

. (12.2.16)

Then the adjoint A∗ : L2(γ)→ L2(γ) is the annihilation operator

A∗ :
∞∑

n=0

anHn√
(n!)

�→
∞∑

n=1

anHn−1√
(n− 1)!

, (12.2.17)

which satisfies A∗A = I, AA∗ = I − P0 and A∗A−AA∗ = P0, where

P0 : A :
∞∑

n=0

anHn√
(n!)

�→ a0 . (12.2.18)

Proof. Since (Hn/
√

n!) is a complete orthonormal basis, this is an easy
calculation. �

Exercise. (i) Express Corollary 12.2.3 in terms of the normalized
Hermite functions, by verifying the identities

Aφn =
√

n + 1φn+1 = (x/2)φn (x)− φ′
n (x), (12.2.19)

√
nφn−1(x) = (φ′

n (x) + (x/2)φn (x)). (12.2.20)

(ii) Deduce that

− φ′′
n (x) +

x2

4
φn (x) = (n + 1/2)φn (x) (n = 0, 1, 2, . . . ).

Definition (Mehler’s kernel). We introduce the Mehler kernel by

M(x, y; t) =
1√

1− e−t
exp

(
−
(
e−tx2 − 2e−t/2xy + e−ty2

)
2(1− e−t)

)
(12.2.21)

and the Ornstein–Uhlenbeck semigroup (e−tL/2) by

e−tL/2f(x) =
∫ ∞

−∞
M(x, y; t)f(y)γ(dy) (f ∈ L2(γ)). (12.2.22)

Theorem 12.2.4 (Mehler’s formula). For 0 ≤ θ < 1 and x, y ∈ R,

∞∑
n=0

θnHn (x)Hn (y) =
1√

1− θ2
exp

(
−
(
(θx)2 − 2θxy + (θy)2

)
2(1− θ2)

)
.

(12.2.23)
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Proof. We follow [65] and write θ = e−t/2 and introduce

u(x, t) =
∞∑

n=0

e−nt/2

n!
〈f,Hn 〉L 2 (γ )Hn (x) (12.2.24)

where f ∈ C∞
c (R). Then u(x, t)→ f(x) as t→ 0+, and

∂

∂t
u(x, t) =

∞∑
n=0

−n

2
e−nt/2

n!
〈f,Hn 〉L2 (γ )Hn (x)

=
1
2

( ∂2

∂x2 − x
∂

∂x

)
u(x, t) (12.2.25)

by Lemma 12.2.1. Now we transform this to the standard heat equation
by introducing v(x, t) = u(et/2x, t). Then

∂v

∂t
= et/2x

∂u

∂x
(et/2x, t) +

∂u

∂t
(et/2x, t) (12.2.26)

and
∂2v

∂x2 = et ∂
2u

∂x2 (et/2x, t), (12.2.27)

hence

et ∂v

∂t
=

1
2

∂2v

∂x2 . (12.2.28)

Now we let τ = 1− e−t , so that v satisfies the standard heat equation

∂v

∂t
=

1
2

∂2v

∂x2 ; (12.2.29)

and hence the solution is

v(x, τ) =
1√
2πτ

∫ ∞

−∞
exp

(
−(x− y)2/(2τ)

)
f(y) dy. (12.2.30)

Inverting the transformation, we find

u(x, τ)

= v(
√

1− τx, τ)

=
1√
2πτ

∫ ∞

−∞
exp

(
−(
√

1− τx− y)2/(2τ)
)
f(y) dy (12.2.31)

=
1√
2πτ

∫ ∞

−∞
exp

(
−
(
(1−τ)x2−2

√
1−τxy+(1−τ)y2

)
2τ

)
f(y)e−y 2 /2 dy

with 1− τ = e−t = θ2 . �
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Exercise. Show that the density for the joint distribution of eigenvalues
from the Gaussian unitary ensemble can be expressed using the deter-
minant identity

det
[
φk−1(xj )

]2
j,k=1,...,n

=
1

(2π)n/2
∏n−1

k=1 k!

∏
1≤j<k≤n

(xj−xk )2 exp
(
−

n∑
j=1

x2
j /2

)
. (12.2.32)

12.3 The Ornstein–Uhlenbeck semigroup

In this section we establish the main properties of e−tL as an operator
on Lp(γ), as defined by the Mehler kernel.

Proposition 12.3.1 The Ornstein–Uhlenbeck semigroup is a symmetric
diffusion semigroup, and satisfies the following properties:

(i) e−tLf → f in L2(γ) as t→ 0+, for all f ∈ L2(γ);
(ii) e−tLe−sL = e−(s+t)L for s, t > 0;
(iii) ‖e−tL‖B (L2 (γ )) = 1;
(iv) e−tL is self-adjoint on L2(γ);
(v) e−tLf ≥ 0 if f ≥ 0, so the semigroup is positivity preserving;
(vi) e−tLI = I;
(vii) e−tL : Lp(γ)→ Lp(γ) defines a bounded linear operator such that

‖e−tL‖B (Lp (γ )) ≤ 1 (1 ≤ p ≤ ∞);

(viii) u(x, t) = e−tLf(x) belongs to C∞((0,∞)×R) for each f ∈ L2(γ).

Proof. Properties (i), (ii), (iii) and (iv) are clear from the expression

u(x, t) =
∞∑

n=0

e−nt/2

n!
〈f,Hn 〉L2 (γ )Hn (x) (12.3.1)

which represents e−tL/2 as a multiplier of the Hermite polynomials.
(v) Evidently the Mehler kernel is positive, so the semigroup is posi-

tivity preserving.
(vi) Since H0 = I, we have e−tLI = I.
(vii) We can use the integral formula to define e−tL on Lp(γ) for 1 ≤

p ≤ ∞. Properties (v) and (vi) combine to show that e−tL is bounded
on L∞(R) with ‖e−tL‖B (L∞) = 1. By symmetry of the Mehler kernel
as in (iv), the dual operator of e−tL is e−tL itself, so e−tL is bounded
on L1(γ) with ‖e−tL‖B (L1 (γ )) = 1. By the Riesz–Thorin interpolation
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theorem [63, p. 525], e−tL is bounded on Lp(γ) for 1 ≤ p ≤ ∞ with
‖e−tL‖Lp (γ ) ≤ 1.

(viii) The Mehler kernel M(x, y; t) is evidently a smooth function for
(x, t) ∈ R× (0,∞). �

Since γ is a probability density function, Hölder’s inequality [71] gives
a natural continuous linear inclusion Lp(γ) ⊂ Lq (γ) for q < p. We now
show that the operation of e−tL maps Lq (γ) into Lp(γ) with p > q; that
is, the semigroup improves the Lp index of each function. See [54, 75]
for similar results relating to other semigroups.

Theorem 12.3.2 (Hypercontractivity of the OU semigroup [26, 75]).
Suppose that 2 < p < ∞ and that et > p − 1. Then e−tL/2 : L2(γ) →
Lp(γ) is bounded.

Proof. Were it not for the term in xy in the Mehler kernel, this result
would be easy to prove, since M(x, y; t) would factorize as a product
of Gaussians. We will bound this term by using the inequality 2xy ≤
s2x2 + y2/s2 for all s > 0.

We choose 0 ≤ α < tanh(t/2) and a small β > 0 and so that

1 + p(α− 1)/2 > 0, (12.3.2)

which is possible since

1 +
p

2

(
tanh(t/2)− 1

)
=

et + 1− p

et + 1
> 0. (12.3.3)

Then we have

M(x, y; t) ≤ 1√
1− e−t

exp
(
(1− α)x2/4 + (1− β)y2/4

)
, (12.3.4)

since

e−t/2xy

1− e−t
≤

(1− α

4
+

e−t

2(1− e−t)

)
x2 +

(1− β

4
+

e−t

2(1− e−t)

)
y2 (12.3.5)

which follows from

4 ≤ (et/2(1− α) + e−t/2(1 + α))(et/2(1− β) + e−t/2(1 + β)), (12.3.6)

or

1 ≤ (cosh(t/2)− α sinh(t/2))(cosh(t/2)− β sinh(t/2). (12.3.7)

This holds for α < tanh(t/2) and sufficiently small β > 0.
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Then from the integral formula we have the pointwise bound

|e−tL/2f(x)| ≤ e(1−α)x2 /4
√

1− e−t

∫ ∞

−∞
|f(y)|e(1−β )y 2 /4γ(dy)

≤ e(1−α)x2 /4
√

1− e−t
‖f‖L 2 (γ )‖e(1−β )y 2 /4‖L2 (γ ) . (12.3.8)

We evaluate the integrals here, obtaining

‖e(1−β )y 2 /4‖2L 2 (γ ) =
∫ ∞

−∞
e(1−β )y 2 /2−y 2 /2 dy√

2π
=

1√
β

, (12.3.9)

and

‖e(1−α)x2 /4‖pLp (γ ) =
∫ ∞

−∞
ep(1−α)x2 /4−x2 /2 dx√

2π
=

1√
1 + p(α− 1)/2

.

(12.3.10)

Consequently we have

‖e−tL/2‖L2 →Lp ≤ β−1/4(1− e−t)−1/2(1 + p(α− 1)/2
)−1/(2p) ;

(12.3.11)

so e−tL/2 is bounded L2(γ) → Lp(γ) when et + 1 > p, hence the
result. �

Gross [75] showed that under a mild technical hypothesis, hypercon-
tractivity of e−tA on L2(ρ) is equivalent to the logarithmic Sobolev in-
equality for the corresponding Dirichlet form

∫
fAfρdx. In particular,

his result shows that Theorem 12.3.2 follows from Corollary 6.3.3. We
now give one implication from this theorem. The idea is to choose p(t)
such that e−tL : L2(ρ) → Lp(t)(ρ) is a bounded linear operator with
bound M(t).

Theorem 12.3.3 (Gross [75]). Suppose that ρ is a probability density
function on Rn and that e−tA (t ≥ 0) is a semigroup of continuous linear
operators on L2(ρ) that satisfies (i)−(viii) of Proposition 12.3.1. Suppose
further that there exist differentiable functions p : [0,∞) → [2,∞) and
M : [0,∞) → (0,∞) such that p(0) = 2, M(0) = 1, that p′(0) > 0 and
that e−tA : L2(ρ)→ Lp(t)(ρ) is bounded with

‖e−tAf‖Lp ( t ) (ρ) ≤M(t)‖f‖L 2 (ρ) (f ∈ L2(ρ)). (12.3.12)
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Then ρ satisfies the logarithmic Sobolev inequality∫
f(x)2 log(f(x)2/‖f‖2L2 (ρ)

)
ρ(x)dx

≤ 4
p′(0)

∫
f(x)Af(x)ρ(x)dx +

4M ′(0)
p′(0)

‖f‖2L 2 (ρ) (12.3.13)

for all nonnegative f in the domain of the quadratic form 〈A , 〉.

Proof. By (viii) the function u(x, t) = e−tAf(x) is non-negative and
differentiable on Rn × (0,∞); further, by an approximation argument
discussed in [54] we can assume that the time derivative exists at t = 0+.

By hypothesis, we have

log
∫ (

e−tAf(x)
)p(t)

ρ(x) dx ≤ p(t) log M(t) + p(t) log ‖f‖L 2 (ρ)

(12.3.14)

with equality at t = 0; so when we compare the derivatives at t = 0+ of
the left- and right-hand sides of this inequality, we obtain

1
‖f‖2L 2 (ρ)

(∫ (
p′(0)f(x)2 log f(x)− 2f(x)Af(x)

)
ρ(x)dx

)

≤ p′(0) log M(t) + p(0)
M ′(0)
M(0)

+ p′(0) log ‖f‖L2 (ρ) . (12.3.15)

We multiply this through by 2‖f‖2L 2 (ρ)/p′(0) to simplify, and obtain the
stated result. �

Remark. Nelson [121] showed that for the Ornstein–Uhlenbeck semi-
group, one can take M(t) = 1 for all t ≥ 0.

12.4 Hermite polynomials in higher dimensions

The Hermite polynomials are:

� eigenfunctions of the Ornstein–Uhlenbeck operator on R∞;
� spherical polynomials on the sphere of infinite dimension;
� a natural basis for the Wick ordering.

In view of Proposition 12.2.2, we can regard L as the number operator
Hn �→ nHn in L2(γ). In this section, we extend this interpretation to
higher dimensions. So long as we work with functions that depend upon
only finitely many variables at a time, we can safely introduce

x = (x1 , x2 , . . . ) ∈ R∞, p = (p1 , p2 , . . . ) ∈ Z∞
+ , (12.4.1)
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where pj = 0 for all but finitely many j. Then let |p| =
∑∞

j=1 pj and
p! =

∏∞
j=1 pj !, and Hp(x) =

∏∞
j=1 Hpj

(xj ) where all but finitely many
of the factors are equal to one, so Hp(x) is a polynomial of total degree
|p|. We can write Hp(x) =:

∏∞
j=1 x

pj

j :.
In RN for each m, we can form the orthogonal projection

πm : L2(ΓN )→ span
{

Hp1 (x1) . . . HpN
(xN ) :

N∑
j=1

pj = m
}

(12.4.2)

and find that πm (xp1 . . . xpN

N ) = Hp1 (x1) . . . HpN (xN ). By using the
Ornstein–Uhlenbeck operator, we can suppress ΓN and carry out a sim-
ilar construction in infinite-dimensional Hilbert space. This is often re-
ferred to as the Wick ordering of polynomials.

Proposition 12.4.1 Let the Ornstein–Uhlenbeck operator on R∞ be

L =
∞∑

j=1

(
− ∂2

∂x2
j

+ xj
∂

∂xj

)
(12.4.3)

where the domain includes functions f(x1 , . . . , xN ) such that
f ∈ C∞

c (RN ;R).

(i) Then

Zm = span{Hp : |p| = m} (12.4.4)

is an eigenspace corresponding to eigenvalue m.
(ii) L satisfies a spectral gap inequality with λ1 = 1.
(iii) There is a natural representation π of S∞ on Zm , given by the

permutation of variables σ : (xj ) �→ (xσ (j )), which commutes with
the operation of L.

Proof. (i) This follows directly from Lemma 12.2.1(i).
(ii) Suppose that f ∈ C∞

c (RN ;R). Then we have f(x) =∑
p〈f,Hp〉Hp/p! where the Hermite polynomials depend upon only

finitely many coordinates, so the obvious extension of Proposition 12.2.2
gives ∫

RN

|Lf(x)|2γN (dx) ≥
∫

RN

N∑
j=1

∣∣∣∣∣ ∂f

∂xj

∣∣∣∣∣
2

γN (dx). (12.4.5)

Once again, Corollary 6.3.3 and Proposition 6.7.3 imply a stronger result
than Proposition 12.4.1(ii).

(iii) The elements of S∞ permute finitely many variables, and leave
the others fixed, so the representation πσ : Hp(x) �→ Hp(σx) is well
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defined. The variables appear symmetrically in the definition of L, so
πσ LHp(x) = LHp(σx). �

Lemma 12.4.2 The following identities hold:

(i) exp
(
λx− λ2/2

)
=

∞∑
n=0

λn

n!
Hn (x) (x ∈ R, λ ∈ C); (12.4.6)

(ii) Hm (〈x, y〉) =
∑

|p|=m

(
m

p

)∏
j

Hpj
(xj )

∏
j

y
pj

j . (12.4.7)

Proof. (i) By Taylor’s theorem we have
∞∑

n=0

λn

n!
Hn (x) =

∞∑
n=0

(−1)nλn

n!
ex2 /2 dn

dxn
e−x2 /2

=
∞∑

n=0

λn

n!

( dn

dtn

)
t=0

ex2 /2−(x−t)2 /2

=
∞∑

n=0

λn

n!

( dn

dtn

)
t=0

etx−t2 /2

= eλx−λ2 /2 . (12.4.8)

(ii) For each j, by (i) we have

exp
(
yjxj − y2

j /2
)

=
∞∑

pj =0

y
pj

j

pj !
Hpj

(xj ) (12.4.9)

and hence we can take the product of j to obtain

exp
(
〈x, y〉 − ‖y‖2/2

)
=

∏
p=(pj )

∞∑
pj =0

y
pj

j

pj !
Hpj

(xj )

=
∑
m

∑
p :|p|=m

1
m!

m!∏
pj !

Hpj
(xj )y

pj

j . (12.4.10)

The terms that have degree m are

1
m!

Hn (〈x, y〉) =
1

m!

∑
p :|p|=m

(
m

p1 . . .

)∏
j

Hpj
(xj )

∏
j

y
pj

j . (12.4.11)

�

Pursuing the analogy with the preceding section, we wish to regard the
Hp as orthogonal with respect to a Gaussian measure on R∞. Hence
we introduce a sequence of mutually independent random variables
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χ = (χj )∞j=1 on (Ω,P), where χj has a N(0, 1) distribution, and then
we let Hp(χ) =

∏∞
j=1 Hpj

(χj ).

Definition (Homogeneous chaos). The space Zm = span{Hp (χ) : |p| =
m} is homogeneous chaos of degree m. The domain of the self-adjoint
operator L is

D(L) =
{

f =
∞∑

m=0

fm : fm ∈ Zm ;
∞∑

m=0

m2‖fm‖2 <∞
}

. (12.4.12)

Theorem 12.4.3 (i) (Hp/p!)p gives an orthonormal sequence in
L2(Ω,P).

(ii) For each (yj ) ∈ �2 and m ∈ Z+ , Hm (
∑∞

j=1 yjχj ) belongs to Zm .
(iii) There is a natural representation π of O(∞) on L2(Ω,P) given

by

[ujk ] : (χj )∞j=1 �→
( ∞∑

j=1

ukjχj

)∞

k=1
(12.4.13)

and πuHp(χ) = Hp(uχ), and Zm is a submodule for this representation.
(iv) The operator L commutes with the action of O(∞) on D(L), so

that πuLf = L(πuf) for all f ∈ D(L) and u ∈ O(∞).

Proof. (i) When p �= q, there exists an index j such that pj �= qj and
EHp(χ)Hq (χ) includes a factor

EHpj
(χj )Hqj

(χj ) =
∫ ∞

−∞
Hpj

(x)Hqj
(x)γ(x) dx = 0. (12.4.14)

Further, by independence of the xj , we have

EHp(χ)2/p! =
∞∏

j=1

1
pj !

∫ ∞

−∞
Hpj

(x)2γ(x)dx = 1. (12.4.15)

(ii) This follows immediately from Lemma 12.4.2(ii).
(iii) For any matrix [ujk ] ∈ O(∞), each column involves only finitely

many nonzero terms, so the sums
∑∞

j=1 ukjχj are actually finite. The
random variables (

∑∞
j=1 ukjχj ) are Gaussian by Lemma 11.3.3 and mu-

tually independent since

E
{( ∞∑

j=1

ukjχj

)( ∞∑
j=1

u�jχj

)}
=

∞∑
j=1

ukju�j = δk� (12.4.16)

by orthogonality. Further, by (ii), each Hm (
∑

j ukjχj ) belongs to Zm .
By forming products, we see that Zm is invariant under the operation
of O(∞).
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(iv) For each fm ∈ Zm, we have πuf ∈ Zm where Zm is an eigenspace
of L by Proposition 12.4.1(i), so L(πufm ) = mπufm = πu (Lfm ). �

Remark. In this section, we have followed McKean fairly closely, giving
more explicit statements of some of the results. McKean suggests that
the spaces Zm should give a complete list of irreducible submodules of
L2(Ω,P).

Malliavin [112] gives a detailed discussion of the subspaces of L2

spanned by Hermite polynomials. In [14], the authors extend these ideas
to the context of free probability.

Proposition 12.4.4 The infinite unitary group U(∞) has a natural
representation on C⊗Zm given by πuHp(z) = Hp (uz) such that Hm (χ1)
is a cyclic vector.

Proof. The basic identities in Lemma 12.4.2 for Hermite polynomials
hold for complex variables since we only used identities for convergent
power series in the proofs. Hence

Hm

( N∑
j=1

aj e
iθj χj

)
=

∑
p :|p|=m

(
m

p1 . . . pN

) N∏
j=1

Hpj
(xj )

∏
j

a
pj

j eipj θj ,

(12.4.17)
so we use orthogonality of characters to pick off the term(

m

p1 . . . pN

) N∏
j=1

Hpj
(xj )

∏
j

a
pj

j

=
∫

TN

Hm

( n∑
j=1

aj e
iθj χj

)
exp

(
−i

N∑
j=1

pj θj

)dθ1

2π
· · · dθN

2π
.

(12.4.18)

For each real sequence (aj )N
j=1 such that

∑N
j=1 a2

j = 1, and each real
sequence (θj )N

j=1 there exists u ∈ U(N) that has first row (eiθj aj )N
j=1.

Hence the right-hand side of (12.4.17) lies in the closed linear span of
πuHm (χ1). Since the products

∏
j Hpj

(χj ) generate Zm as a complex
vector space, we deduce that Hm (χ1) is a cyclic vector. �

The sphere Sn−1(R) has constant Ricci curvature tensor (n −
2)R−2In−1 . This suggests that when R =

√
n and n → ∞, we should

obtain interesting results on some limiting object. In Theorem 1.6.2 we
saw that the surface area measure on Sn−1(

√
n) induces measures on Rm

that converges weakly to the standard Gaussian. By Theorem 12.4.3(ii)
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the measures are invariant under the action of O(∞). Further, the next
result shows that the Laplace operator on Sn−1(

√
n) converges to the

Ornstein–Uhlenbeck operator on R∞.

Proposition 12.4.5 Let πm,n : Rn → Rm be the projection onto the
first m coordinates, so πm,n (ξ1 , . . . , ξn ) = (ξ1 , . . . , ξm ), let g : Rm →
R be a smooth and compactly supported function and let fn (x) =
g(
√

nπm,n (x)/‖x‖). Then

−
∞∑

j=1

∂2

∂x2
j

fn (x)→
m∑

j=1

(
− ∂2

∂ξ2
j

+ ξj
∂

∂ξj

)
g (n→∞). (12.4.19)

Proof. McKean [115] sketches a proof of this result which involves trans-
forming the Laplacian into polar coordinates and then finding the limit
as n→∞; the details are wearisome to write out. We provide a similar
proof which involves a little less computation.

When ξ = (ξ1 , . . . , ξn ) is a typical vector in Rn , the coordinates can
vary independently, but the point

√
nξ/‖ξ‖ lies on the sphere of radius√

n, so the coordinates are dependent. If we let n→∞, then the first m

coordinates, become asymptotically independent again; this subtle effect
leads to the stated partial differential operator.

Evidently fn does not depend upon r = ‖x‖. Then we convert the
Laplace operator on Euclidean space into into polar coordinates, and
take

−
n∑

j=1

∂2

∂x2
j

= − ∂2

∂r2 −
(n− 1)

r

∂

∂r
+

1
r2 ∆σ (12.4.20)

where ∆σ is the Laplace operator on Sn−1(r); likewise ∇fn =
r−2〈∇fn , x〉x + ∇σfn , where ∇σ is the gradient on Sn−1(r). The gra-
dient ∇σfn (x) lies in the hyperplane that is tangent to the sphere at
x; further, 〈∇fn , x〉 = 0 since fn does not depend upon ‖x‖. By the
divergence theorem, we have∫

S n −1 (
√

n)
fn∆σ fn σ̂n−1,

√
n (dx) =

∫
Sn −1 (

√
n)
‖∇σ fn‖2 σ̂n−1,

√
n (dx),

(12.4.21)
where

‖∇σfn‖2 =
n∑

j=1

(∂fn

∂xj

)2
− 1

r2

( n∑
j=1

xj
∂fn

∂xj

)2

=
m∑

j=1

( ∂g

∂xj

)2
− 1

n

( m∑
j=1

xj
∂g

∂xj

)2
, (12.4.22)
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on Sn−1(
√

n) since fn depends upon the first m coordinates; the final
term goes to 0 as n→∞.

As in Theorem 1.6.2, the coordinate map πm,n : Sn−1(
√

n) → Rm

induces γm,n = πm,n	σ̂n−1,n from the normalized surface area on
Sn−1(

√
n), where γm,n → γm weakly as n→∞. Hence we have∫

Sn −1 (
√

n)

m∑
j=1

( ∂g

∂xj

)2
σ̂n−1,

√
n (dx)→

∫
Rm

m∑
j=1

( ∂g

∂xj

)2

× exp
(
−

m∑
j=1

x2
j /2

)dx1 . . . dxm

(2π)m/2 (12.4.23)

as n→∞. Finally, we integrate by parts to obtain∫
Rm

m∑
j=1

( ∂g

∂xj

)2
exp

(
−

m∑
j=1

x2
j /2

)dx1 . . . dxm

(2π)m/2 (12.4.24)

=
∫

Rm

m∑
j=1

(
−∂2g

∂x2
j

+ xj
∂g

∂xj

)
g(x) exp

(
−

m∑
j=1

x2
j /2

)dx1 . . . dxm

(2π)m/2

(12.4.25)

and thence the stated result by polarization. �

In Chapter 3 we used the Gaussian concentration of measure to de-
duce concentration of measure on spheres. In Chapter 6, we saw how the
Gaussian density N(0, I) on Rm satisfies a logarithmic Sobolev inequal-
ity with constant α = 1. We now show how this arises as the limiting
case of Sobolev inequalities on the spheres Sn−1(

√
n) as n→∞.

Proposition 12.4.6 (Sobolev inequality on the sphere). Let σn be the
rotation invariant probability measure on Sn . Then(∫

S n

|F (ω)|2n/(n−2)σn (dω)
)(n−2)/n

≤ 4
n(n− 2)

∫
S n

‖∇F (ω)‖2σn (dω)

+
∫

S n

|F (ω)|2σn (dω) (12.4.26)

holds for all F ∈ L2(Sn ) such that ∇F ∈ L2(Sn ).

Proof. See Bechner [12]. �

Suppose that fn : Sn−1(
√

n)→ R depends on the first m coordinates,
and hence is given by gm : Rm → R as in Proposition 12.4.5. Then the
terms in the spherical Sobolev inequality converge as follows: the rescaled
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gradient term satisfies

1
n

∫
S n −1 (

√
n)
‖∇fn‖2dσ̂n−1,n →

∫
Rm

‖∇gm‖2γm (dx), (12.4.27)

as n→∞, and(∫
S n −1 (

√
n)
|fn |2(n−1)/(n−3)dσ̂n−1,n

)(n−3)/(n−1)
−

∫
S n −1 (

√
n)

f2
ndσ̂n−1,n

=
2

n− 1

∫
S n −1 (

√
n)

fn (ω)2 log
(
fn (ω)2

/∫
f 2

ndσ̂n−1,n

)
σ̂n−1,n (dω)

+O(1/n2). (12.4.28)

Hence the limiting form of the Sobolev inequality is∫
Rm

gm (x)2 log
(
gm (x)2

/∫
g2

m dγm

)
γm (dx) ≤ 2

∫
Rm

‖∇gm‖2γm (dx).

(12.4.29)

In the preceding section, we have given meaning to the following heuristic
statements.

� O(∞) acts as the group of rotations of S∞(
√∞).

� The Ornstein–Uhlenbeck operator gives the rotation–invariant
Laplace operator on S∞(

√∞).
� Gaussian measure is the rotation–invariant measure on S∞(

√∞).
� The logarithmic Sobolev inequality for the Gaussian measure is the

limiting case of the Sobolev inequality on the spheres.
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From the Ornstein–Uhlenbeck process to the
Burgers equation

Abstract

In Chapter 12 the Ornstein–Uhlenbeck operator L was defined as a self-
adjoint differential operator, and we obtained the Hermite polynomi-
als as the eigenfunctions in L2(γ). In Chapter 13, we introduce the
Ornstein–Uhlenbeck stochastic process via the corresponding stochas-
tic differential equation, and we show that the Mehler kernel gives the
transition densities. We then extend these ideas to stochastic processes
with values in the real symmetric n × n matrices, obtaining the ma-
trix Ornstein–Uhlenbeck process. More generally, we prove an existence
theorem for matrix stochastic differential equations in L2 with Lips-
chitz coefficients. Following Dyson’s approach, we obtain corresponding
stochastic differential equations for the eigenvalues and then derive the
Burgers equation for the equilibrium density as n→∞.

13.1 The Ornstein–Uhlenbeck process
� The Ornstein–Uhlenbeck process is introduced by a simple stochastic

differential equation.
� The Ornstein–Uhlenbeck process is the unique Gaussian process that

is stationary and Markovian.
� The transition densities are given by the Mehler kernel.

Let bt be Brownian motion, and let α > 0. Suppose that zt represents
the velocity of a particle at time t, where the particle is subject to a resis-
tive force −αzt proportional to zt and subject to random impulses. The
suggests the stochastic differential equation for the Ornstein–Uhlenbeck
process:

dzt = −αztdt + dbt , (13.1.1)

392
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to be interpreted as shorthand for the integral equation

zt = z0 −
∫ t

0
αzsds + bt − b0 (13.1.2)

in L2(dt dP). See [70, 73].

Lemma 13.1.1 Suppose that z0 is independent of (bt)t>0 and has a
N(0, 1/(2α)) distribution. Then any solution of the Ornstein–Uhlenbeck
equation satisfies

Ezt = 0,

E(ztzs) = e−α(t−s)E(z2
s ) (t ≥ s ≥ 0). (13.1.3)

Proof. We have

zt = zs −
∫ t

s

αzudu + bt − bs (t > s > 0) (13.1.4)

where bt − bs is independent of zs , hence

E(ztzs) = Ez2
s −

∫ t

s

αE(zuzs)du; (13.1.5)

hence

E(ztzs) = e−α(t−s)Ez2
s . (13.1.6)

Furthermore, the expectation satisfies

Ezt = Ez0 − α

∫ t

0
Ezudu, (13.1.7)

and Ez0 = 0, hence Ezs = 0. �

Proposition 13.1.2 There exists a unique Gaussian process that satis-
fies the OU equation, and which has the following properties.

(i) (zt) has Markov’s property,

E(f(zt) | zs , zsj
, . . . , zs1 ) = E(f(zt) | zs) (13.1.8)

for all 0 < s1 < · · · < sj < s < t and f ∈ Cb(R).
(ii) (zt) is a strongly stationary Gaussian process; so that

zt0 , zt1 , . . . , ztn
have joint Gaussian distribution equal to that

of zt0 +t , zt1 +t , . . . , ztn +t whenever 0 < t and 0 ≤ t0 < t1 < · · · < tn .
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Proof. (ii) By successive substitutions, we have

zt = e−αtz0 + bt − α

∫ t

0
e−α(t−s)bsds

= e−αtz0 +
∫ t

0
e−α(t−s)dbs, (13.1.9)

so

E(z2
t ) = Ez2

0 +
∫ t

0
e−2(t−s)ds =

1
2α

. (13.1.10)

Hence (zt) is a Gaussian random variable with mean zero and variance
1/2α. By the Lemma, Ezt = 0, and

Ezszt = Ezs+hzt+h =
e−α |t−s|

2α
. (13.1.11)

Since (zt) is a Gaussian process, the correlations determine the joint
distribution, and this suffices to prove strong stationarity [73].

(i) The Markov property is clear from (13.1.11): knowledge of z0 does
not change the conditional distribution of zt given zs .

Any solution to the OU equation has Markov’s property and
is covariance stationary by the Lemma. For a Gaussian process,
the auto-covariance Eztzs uniquely determines the joint distribution.
See [73]. �

Definition (OU(α) process). The process Zt is the Ornstein–Uhlenbeck
process with drift coefficient α. (When α = 1/2 the process Zt has Z0 ∼
N(0, 1) and the standard Gaussian γ1 as its stationary distribution.) See
also [73, 112].

Theorem 13.1.3 Suppose that f is a bounded and continuous function.
Then the transition densities of (zt) are given by the Mehler kernel; so
that

E
(
f(zt) | z0 = x) =

√
α

π(1− e−2αt)

×
∫ ∞

−∞
exp

(
−α(e−2αtx2 − 2e−αtxy + e−2αty2)

1−e−2αt

)
× exp(−αy2)f(y) dy. (13.1.12)

Proof. Since (zt) is a stationary Markov process, the joint distribution is
completely specified by the distribution of z0 and the conditional distri-
bution of zt given z0 . We observe that when z0 = x, the integral equation
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reduces to

zt = e−αtx +
∫ t

0
e−α(t−s)dbs , (13.1.13)

so that the conditional distribution of zt is

zt ∼ N
(
e−αtx,

1− e−2αt

2α

)
. (13.1.14)

Hence the formula for the Gaussian probability density function gives

E
(
f(zt) | z0 = x

)
=

√
α

π(1− e−2αt)

×
∫ ∞

−∞
exp

( −αz2

1− e−2αt

)
f(z + xe−αt) dz (13.1.15)

and we obtain the stated formula by substituting z = z + e−αtx. See
also [65]. �

Corollary 13.1.4 (Backward equation). Let u(x, t) = E(f(zt) | z0 = x)
where f ∈ Cb(R;R). Then u : R × (0,∞) → R is twice continuously
differentiable and satisfies

∂u

∂t
=

1
2

∂2u

∂x2 − αx
∂u

∂x
. (13.1.16)

In particular, when α = 1/2, the differential equation is ∂u/∂t = −Lu/2,
where L is the Ornstein–Uhlenbeck operator of Chapter 6.

Proof. See the proof of Theorem 12.2.4. �

Let bj
t for j = 1, 2 be mutually independent copies of Brownian motion,

and let

ζt =
1√
2
(b1

t + ib2
t ) (t > 0)

=
1√
2
(b1

−t − ib2
−t) (t < 0). (13.1.17)

Proposition 13.1.5 The Ornstein–Uhlenbeck process has spectral
representation

zt =
1√
2πα

∫ ∞

−∞

e−iαtu

√
1 + u2

dζu (t > 0). (13.1.18)
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Proof. We have dzudzu = du and dzudz−u = 0, so that

Ezt z̄s =
1

2πα

∫ ∞

−∞

e−iα(t−s)udu

1 + u2

=
1
2α

e−α |t−s| (s,t≥0) (13.1.19)

holds by a familiar identity from Fourier analysis. Further, ζ−t = ζ̄t ,
so that zt is a real Gaussian process. Hence (zt)t>0 is the Ornstein–
Uhlenbeck process. See also [73]. �

13.2 The logarithmic Sobolev inequality for the
Ornstein–Uhlenbeck generator

� The Ornstein–Uhlenbeck process is associated with the logarithmic
Sobolev inequality for the Gaussian measure.

� The gradient flow reduces to a simple form of the Fokker–Planck
equation.

Let X be a random variable with probability density function q0 , and
let bt be Brownian motion independent of X. The stochastic differential
equation

dzt = −αztdt + dbt , (13.2.1)

z0 = X

has solutions

zt = e−αtX +
∫ t

0
e−α(t−s)dbs ; (13.2.2)

so that

zt ∼ e−αtX +
(1− e−2αt)1/2

(2α)1/2 Z, (13.2.3)

where Z is a N(0, 1) Gaussian random variable that is independent
of X.

Lemma 13.2.1 The probability density function of zt is

qt(x) = e−αx2
∫

R
Mt(x, y)q0(y) dy (13.2.4)

where Mt(x, y) is the Mehler kernel.
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Proof. The random variable e−αtX has probability density function
eαtq0(eαty), and the probability density function of zt is the convolu-
tion of the probability density function of e−αtX with the probability
density function of (1− e−2αt)1/2Z/(2α)1/2 . Hence by some simple ma-
nipulations we have

qt(x) =
( α

π(1− e−2αt)

)1/2
∫

R
exp

(
−α(x− y)2

1− e−2αt

)
eαtq0(eαty)dy

=
( α

π(1− e−2αt)

)1/2
e−αx2

×
∫

exp
(
−α(e−2αtx2 − 2e−αtxy + e−2αty2)

1− e−2αt

)
q0(y) dy, (13.2.5)

where the final expression involves the Mehler kernel. �

We now compare the rate of change of relative entropy with respect
to the stationary distribution with the relative information. This is an
instance of Theorem 6.2.2.

Proposition 13.2.2 (Barron [10]). Let q∞ be the probability density
function of the N(0, 1/(2α)) distribution, and let qt be the probability
density function of zt . Then

∂

∂t
Ent(qt | q∞) =

−1
2

I(qt | q∞) (13.2.6)

and qt → q∞ in L1 as t→∞.

Proof. By Corollary 13.1.4, we have

∂

∂t
Mt(x, y) =

1
2

∂2

∂x2 Mt(x, y)− αx
∂

∂x
Mt(x, y) (13.2.7)

and so by an elementary calculation we have

∂

∂t
e−αx2

Mt(x, y) =
(1

2
∂2

∂x2 + αx
∂

∂x
+ α

)
e−αx2

Mt(x, y); (13.2.8)

hence by Lemma 13.2.1, we deduce that qt satisfies the forward equation

∂

∂t
qt(x) =

(1
2

∂2

∂x2 + αx
∂

∂x
+ α

)
qt(x). (13.2.9)

In view of Chapter 6, a more illuminating version of this Fokker–Planck
partial differential equation is

∂

∂t
qt(x) =

1
2

∂

∂x

(
qt

∂

∂x
log

qt

q∞

)
, (13.2.10)
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which we recognise as the gradient flow for 2−1Ent(qt | q∞). Now we can
calculate

∂

∂t

∫
qt(x)dx = 0 (13.2.11)

and

∂

∂t
Ent(qt | q∞) =

∂

∂t

∫
R

qt(x) log
qt(x)
q∞(x)

dx

=
∫

R

(∂qt

∂t
log

qt(x)
q∞(x)

+
∂qt

∂t

)
dx

=
1
2

∫
R

log
qt(x)
q∞(x)

∂

∂x

(
qt(x)

∂

∂x
log

qt(x)
q∞(x)

)
dx

=
−1
2

∫
R

qt(x)
( ∂

∂x
log

qt(x)
q∞(x)

)2
dx,

so by integration by parts

∂

∂t
Ent(qt | q∞) =

−1
2

I(qt | q∞). (13.2.12)

By the logarithmic Sobolev inequality Corollary 6.3.3, we have

Ent(qt | q∞) ≤ 1
4α

I(qt | q∞) (13.2.13)

which gives the differential inequality

∂

∂t
Ent(qt | q∞) ≤ −2αEnt(qt | q∞), (13.2.14)

hence by Gronwall’s lemma

Ent(qt | q∞) ≤ e−2αtEnt(q | q∞). (13.2.15)

Hence qt converges to q∞ in entropy, and so the result follows by Csiszár’s
inequality Proposition 3.1.8. �

13.3 The matrix Ornstein–Uhlenbeck process
� There is a natural extension of the Ornstein–Uhlenbeck process to

n× n symmetric matrix-valued processes.
� The eigenvalues satisfy a singular stochastic differential equation with

a simple limiting form as n→∞.
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The results of the previous sections generalize easily to the matrix-valued
setting; for illustration, we consider real symmetric matrices. Given a
processes Yt in Ms

n (R) with EYt = 0, the auto-covariance is

〈Yt, Ys〉 =
1
n
E trace(YtYs). (13.3.1)

Definition (Matrix Brownian motion). Let b
(t)
jk for 1 ≤ j ≤ k ≤ n be

mutually independent copies of Brownian motion, let bjk = bkj and let
[Bt ]jk = 1√

2n
b
(t)
jk for 1 ≤ j < k ≤ n, [Bt ]jj = 1√

n
b
(t)
jj , and [Bt ]jk = [Bt ]kj

so that

Bt =
1
n

∑
1≤j≤k≤n

Ejk b
(t)
jk (13.3.2)

with respect to the standard orthonormal basis of Ms
n (R), as in

Section 2.2. Note that the normalizations are consistent with those that
we used in the definition of the Gaussian orthogonal ensemble; in par-
ticular, B1 has the same distribution as the GOE, and the process has
stationary independent increments with

〈
Bt −Bs,Bt −Bs

〉
=

1
2

(
1 +

1
n

)
(t− s). (13.3.3)

When n = 1, we have the standard Brownian motion of Section 11.4.

Definition (Matrix OU process). Let z
(t)
jk for 1 ≤ j, k ≤ n be mutually

independent copies of the OU(α) process as in the previous section, then
let

[Zt ]jk =
1
n

∑
1≤j≤k≤n

z
(t)
jk Ejk . (13.3.4)

Then the process [Zt ] is the matrix Ornstein–Uhlenbeck process.

Proposition 13.3.1 For α > 0, there exists a stationary Gaussian
process (Zt) in Ms

n (R) that satisfies

dZt = −αZtdt + dBt (13.3.5)

and is such that〈
Zt, Zs

〉
=

n + 1
4nα

e−α |t−s| (s, t ≥ 0). (13.3.6)
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Proof. We have by orthogonality〈
Zt, Zs

〉
=

1
n2

∑
1≤j≤k≤n

Ez
(t)
jk z

(s)
jk

=
n + 1
4nα

e−α |t−s|. (13.3.7)

�

Stochastic differential equations

for eigenvalues: motivation

The corresponding stochastic differential equation for the eigenvalues is
more complicated, see [14]. Suppose that (λ(t)

j )n
j=1 are the eigenvalues of

Zt , in some order. Then formal manipulations show that

dλ
(t)
j =

(
−αλ

(t)
j +

1
n

∑
k :k �=j

1

λ
(t)
j − λ

(t)
k

)
dt +

1√
n

db
(t)
j (13.3.8)

where b
(t)
j are mutually independent copies of Brownian motion. See

[112].
This stochastic differential equation is difficult to interpret in its own

right, since there are singularities where the eigenvalues coincide or cross.
Fortunately, Proposition 13.3.1 shows us that there exists a solution to
this family of equations, for reasonable interpretations. We are mainly
interested in the empirical eigenvalue distribution µ

(t)
n = 1

n

∑n
j=1 δ

λ
( t )
j

which is clearly independent of the ordering of the eigenvalues, and
satisfies ∫

f(x)µ(t)
n (dx) =

1
n

tracef(Zt). (13.3.9)

We can carry out computations at three different levels, corresponding
to the random objects

Zt ∈Ms
n (R) �→ λ(t) ∈ Rn �→ µ(t)

n ∈ Prob(R).

So by working at the level of matrices, we can hope to avoid the singu-
larities that appear in the stochastic differential equation for the eigen-
values. In many applications, one takes a further expectation so as to
have a non-random probability measure that describes the eigenvalue
distribution.
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Definition (IDS [37]). Given an empirical probability measure µn , the
integrated density of states is that probability measure ρn that satisfies∫

f(x)ρn (dx) = E
∫

f(x)µn (dx) (f ∈ Cb(R)). (13.3.10)

More generally, given a differentiable scalar potential function u : R→
R, the formal system of stochastic differential equations

dλj =
(
−u′(λj ) +

1
n

∑
k :k �=j

1
λk − λj

)
dt +

1√
n

dbt (13.3.11)

with λj = λ
(t)
j gives rise to the diffusion equation for the empirical

distribution

d

dt
E

1
n

n∑
j=1

f(λj ) =
−1
n

E
n∑

j=1

u′(λj )f ′(λj )

+E
1

2n2

∑
k :k �=j

f ′(λj )− f ′(λk )
λj − λk

+ E
1

2n2

n∑
j=1

f ′′(λj ),

(13.3.12)

and hence to an equation for the integrated density of states

d

dt

∫
f(x)ρ(t)

n (x)dx = −
∫

u′(x)f(x)ρ(t)
n (x)dx

+
1
2

∫∫
f ′(x)− f ′(y)

x− y
ρ(t)

n (x)ρ(t)
n (y)dxdy

+
1
2n

∫
f ′′(x)ρ(t)

n (x)dx. (13.3.13)

This argument is not rigorous since the standard hypotheses of Itô’s
formula are violated by the function 1/(x− y). We overcome these diffi-
culties by proving the existence of a matrix process such that the eigen-
values of Zt satisfy equations such as (13.3.11).

13.4 Solutions for matrix stochastic differential equations
� There is a simple existence and uniqueness theorem for stochastic

differential equations for symmetric n× n matrices with similar form
to the matrix OU equation.

� The corresponding eigenvalues satisfy a stochastic differential equa-
tion which reduces to the Burgers equation as n→∞.
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Let ‖ . ‖ be a matricial norm on Ms
n (R), such as the operator norm or

cp(n), and let v : (Ms
n (R), ‖ . ‖) → (Ms

n (R), ‖ . ‖) a Lipschitz function
with constant κ. We consider matrix stochastic processes to be elements
of the Banach space

E =
{

Y : Ω× [0, τ ]→Ms
n (R) measurable :

∫ τ

0
E‖Yt‖q dt <∞

}
(13.4.1)

with the norm

‖Y ‖E =
(∫ τ

0
E‖Yt‖q dt

)1/q

(13.4.2)

where 1 < q < ∞ and τ > 0. In particular, E is a Hilbert space when
we choose q = 2 and ‖ . ‖ to be the norm of c2(n).

Theorem 13.4.1 Suppose that q−1/q τκ < 1. Then for any X0 : Ω →
Ms

n (R) such that E‖X0‖q < C0, there exists a unique solution in E for

dXt = −v(Xt)dt + dBt ,

X0 = X0 , (13.4.3)

and there exists C(n, k, v, q, τ, C0) < ∞ such that E‖Xt‖q ≤
C(n, k, v, q, τ, C0 ).

Proof. We require to solve the integral equation

Xt = −
∫ t

0
v(Xs) ds + X0 + Bt (0 ≤ t ≤ τ) (13.4.4)

by the iteration scheme X0
t = X0 and

Xm+1
t = X0 + Bt −

∫ t

0
v(Xm

s ) ds. (13.4.5)

Now X0 , B ∈ E, and we can introduce Φ : E → E by

Φ(Y )t = X0 + Bt −
∫ t

0
v(Ys) ds. (13.4.6)

By Banach’s fixed point theorem [150], there exists a unique fixed point
for Φ, which gives a solution to the stochastic differential equation.
Indeed,

Φ(Y )t − Φ(Z)t = −
∫ t

0

(
v(Ys)− v(Zs)

)
ds (13.4.7)
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and so by Hölder’s inequality [71]

‖Φ(Y )t − Φ(Z)t‖q ≤ tq−1
∫ t

0
‖v(Ys)− v(Zs)‖q ds (13.4.8)

so ∫ τ

0
‖Φ(Y )t − Φ(Z)t‖q dt ≤ τq

q
κq

∫ τ

0
‖Ys − Zs‖q ds (13.4.9)

and hence

‖Φ(Y )− Φ(Z)‖E ≤ q−1/q τκ‖Y − Z‖E (13.4.10)

so Φ is uniformly a strict contraction on E. Given the solution of (13.4.4),
one can use Gronwall’s Lemma to bound E‖Xt‖q . �

We use the orthonormal basis for (Ms
n (R), c2(n)) that was introduced

in Section 2.1.

Lemma 13.4.2 For the above process, the drift is

1
t
E(Zt − Z0)→ −v(Z0) (13.4.11)

and the quadratic variation is

1
t
E
(
(Zt − Z0)⊗ (Zt − Z0)

)
→ 1

n2

∑
1≤j≤k≤n

Ejk ⊗ Ejk (t→ 0+).

(13.4.12)

Proof. We introduce the maximal functions ζt = sup0≤u≤t ‖Zt−Z0‖c2 (n)

and βt = sup0≤u≤t ‖Bt‖c2 (n) . Then by the reflection principle for Brow-
nian motion [73], or the submartingale maximal theorem [139], there
exists a universal constant such that

Eβ2
t ≤ CE‖Bt‖2c2 (n) ≤ Ct. (13.4.13)

We write the stochastic integral equation as

Zt − Z0 = −v(Z0)t +
∫ t

0

(
v(z0)− v(Zu )

)
du + Bt (13.4.14)

so

ζt ≤ t‖v(z0)‖c2 (n) + tκζt + βt ; (13.4.15)

and hence

ζ2
t ≤

2t2‖v(z0)‖2 + 2β2
t

(1− tκ)2 , (13.4.16)
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hence Eζ2
t = O(t) as t → 0+, and so E(v(zu ) − v(Z0)) = O(

√
u) as

u→ 0 + . Now we have

1
t
E(Zt − Z0) = −v(Z0) +

1
t

∫ t

0

(
Ev(Zu )− v(Z0)

)
du

→ −v(Z0) (t→ 0+). (13.4.17)

For the second order terms, the integral equation gives

(Zt − Z0)⊗ (Zt − Z0) =
∫ t

0
v(Zu ) du⊗

∫ t

0
v(Zu ) du

−
∫ t

0
v(Zu ) du⊗Bt

+Bt ⊗
∫ t

0
v(Zu ) du + Bt ⊗Bt, (13.4.18)

and we split up the mixed terms as

−
∫ t

0
v(Zu ) du⊗Bt =

∫ t

0

(
v(Z0)− v(Zu )

)
du⊗Bt − tv(Z0)⊗Bt

(13.4.19)

where Etv(Z0)⊗Bt = 0 and

E
(∥∥∥∫ t

0

(
v(Z0)− v(Zu )

)
du

∥∥∥
c2 (n)

∥∥Bt

∥∥
c2 (n)

)
≤ tκE

(
ζtβt

)
≤ tκ

(
Eζ2

t

)1/2(
Eβ2

t

)1/2

= O(t2). (13.4.20)

Finally we have the main contribution to the quadratic variation

E
1
t
Bt ⊗Bt =

1
n2

∑
1≤j≤k≤n

Ejk ⊗ Ejk . (13.4.21)

�

Theorem 13.4.3 (Itô’s formula). Let F : Ms
n (R)→ R have continuous

and bounded derivatives of orders 0, 1, 2. Then( d

dt

)
t=0

EF (Zt) = −tracen

(
∇F (Z0)v(Z0)

)
+

1
2n2 ∆F (Z0). (13.4.22)

Proof. By the mean value theorem, there exists Z̄t on the line segment
joining Z0 to Zt such that

F (Zt) = F (Z0) + 〈∇F (Z0), (Zt − Z0)〉c2 (n)

+
1
2
〈HessF (Z̄t), (Zt − Z0)⊗ (Zt − Z0)〉. (13.4.23)
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Now HessF (Z̄t) is bounded and by continuity

HessF (Z̄t)→ HessF (Z0) (13.4.24)

almost as surely as t→ 0+. Hence we have

EF (Zt)−EF (Z0)
t

=
1
t
〈∇F (Z0),E(Zt − Z0)〉c2 (n)

+E
1
2t

〈
HessF (Z̄t), (Zt − Z0)⊗ (Zt − Z0)

〉
(13.4.25)

and the limit of the right-hand side as t→ 0+ is

−〈∇F (Z0), v(Z0)〉c2 (n) +
1

2n2

〈
HessF (Z0),

∑
1≤j≤k≤n

Ejk ⊗ Ejk

〉
c2 (n)

= −tracen

(
∇F (Z0)v(Z0)

)
+

1
2n2 ∆F (Z0), (13.4.26)

by definition of the operator ∆. �

In Section 13.2, we solved the stochastic differential equation dZt =
−αZtdt + dBt by introducing the matrix OU process; here we perturb
the potential αx2/2 by adding a bounded term g, and solve the resulting
stochastic differential equation by using Theorem 13.4.1.

Theorem 13.4.4 Let u(x) = α
2 x2 +g(x), where g ∈ C3(R) has g′, g′′′ ∈

L2(R) and α > 0. Then for each X0 : Ω→Ms
n (R) such that E‖X0‖2 <

∞, the stochastic differential equation

dXt = −
(
αXt + g′(Xt)

)
dt + dBt (13.4.27)

has a solution Xt such that Xt : Ω→Ms
n (R) has E‖Xt‖2 <∞. Further,

there exists Z <∞ such that

νn (dX) = Z−1 exp
(
−2n2tracen u(X)

)
dX (13.4.28)

is a stationary probability measure on Ms
n (R) for this flow.

Proof. By Proposition 2.2.8, the map X �→ u′(X) is Lipschitz, so by
Theorem 13.4.1 the stochastic differential equation has a unique solution
on [0, τ ] for sufficiently small τ > 0, where τ depends only upon u.

We now show that for any smooth and compactly supported function
f : Ms

n (R)→ R, the expression∫
E(f(Xt) | X0)νn (dX0) (13.4.29)
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is constant as t varies over [0,∞). By Itô’s formula( d

dt

)
t=0

E
(
f(Xt) | X0) = E

((
−tracen

(
∇f(X0)u′(X0)

)
+

1
2n2 ∆f(Z0)

)
| X0

)
(13.4.30)

and by the divergence theorem

1
2n2Z

∫
M s

n (R)
∆f(X) exp

(
−2n2tracenu(X)

)
dX

=
1
Z

∫
M s

n (R)
tracen

(
∇f(X)u′(X)

)
exp

(
−2n2tracenu(X)

)
dX

(13.4.31)

where Z is the normalizing constant. Hence

d

dt

∫
M s

n (R)
E
(
f(Xt) | X0

)
ν(dX0) (13.4.32)

vanishes at t = 0. The coefficients of the stochastic differential equation
do not depend upon time, so this suffices to prove stationarity. �

When α = 1/2, n = 1 and u(x) = x2/4, Theorem 13.4.4 reduces to
Lemma 13.2.1. For n > 1, the eigenvalues interact, giving an extra term
in Itô’s formula.

Corollary 13.4.5 Let f ∈ C2
b (R) and let F : Ms

n (R)→ R be F (X) =
tracenf(X). Let Zt be the solution of the stochastic differential equation

dZt = −u′(Zt)dt + dBt (13.4.33)

with u as in Theorem 13.4.4. Suppose that the eigenvalues of Z0 are
λ1 , . . . , λn and that they are distinct. Then( d

dt

)
t=0

EF (Zt) =
−1
n

n∑
j=1

u′(λj )f ′(λj )

+
1

2n2

∑
j �=k

f ′(λj )− f ′(λk )
λj − λk

+
1

2n2

n∑
j=1

f ′′(λj ).

(13.4.34)

Proof. By Proposition 2.2.4, we have

〈u′(Zt),∇F (Zt)〉c2 (n) =
1
n

n∑
j=1

u′(λ(t)
j )f ′(λ(t)

j ). (13.4.35)
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We choose an orthonormal basis (ξj ) consisting of eigenvectors of Zt with
corresponding eigenvalues λj , then introduce matrix units ejk = ξj ⊗ ξk

and the corresponding orthonormal basis {Ejk : 1 ≤ j ≤ k ≤ n} of
(Ms

n (R), c2(n)). From the Rayleigh–Schrödinger formula we obtain〈
Hess F,Ejj ⊗ Ejj

〉
= f ′′(λj ) (j = 1, . . . , n), (13.4.36)〈

Hess F,Ejk ⊗ Ejk

〉
= 2

f ′(λj )− f ′(λk )
λj − λk

(1 ≤ j < k ≤ n), (13.4.37)

since 〈Ejk ξj , ξk 〉 = 〈Ejkξk , ξj 〉 =
√

n/2. Hence

〈
Hess F,

∑
1≤j≤k≤n

Ejk ⊗ Ejk

〉
=

n∑
j=1

f ′′(λj ) + 2
∑

1≤j<k≤n

f ′(λj )− f ′(λk )
λj − λk

.

(13.4.38)

When we substitute these terms into Theorem 13.4.3, we obtain the
stated result. �

Biane and Speicher [14, 15] showed that the stochastic differential
equation for the empirical distribution leads to a quasi differential
equation for the integrated density of states. In the special case of
u(x) = x2/2, this is the complex Burgers equation.

Proposition 13.4.6 Let Zt be as in Corollary 13.4.5, and let µ
(t)
n be

the empirical distribution of its eigenvalues. Suppose that (ρt)t>0 are
probability density functions on R such that µ

(t)
n converges weakly to

ρt(x)dx in probability as n→∞. Then (ρt)t>0 gives a weak solution of

∂ρt

∂t
=

∂

∂x

(
ρt(x)

(
u′(x)− πHρt(x)

))
, (13.4.39)

namely the gradient flow for the functional

F (ρ) =
∫

R
u(x)ρ(x) dx +

1
2

∫∫
R2

log
1

|x− y|ρ(x)ρ(y) dxdy. (13.4.40)

Proof. Note that µ
(t)
n ⊗µ

(t)
n converges weakly to ρt ⊗ ρt in probability as

n→∞, and that

Etracenf(Zt)→
∫

R
f(x)ρt(x) dx (n→∞) (13.4.41)

for all f ∈ Cb(R;R). Suppose that f ∈ C1(R) has compact support;
then (f(x)− f(y))/(x− y) extends to define a bounded and continuous
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function on R2 , and u′(x)f ′(x) is a bounded and continuous function.
The limit of the equation

d

dt
E

1
n

n∑
j=1

f(λ(t)
j ) = −E

1
n

n∑
j=1

u′(λ(t)
j )f ′(λ(t)

j )

+E
1

2n2

∑
j,k :j �=k

f ′(λ(t)
j )− f ′(λ(t)

k )

λ
(t)
j − λ

(t)
k

+ E
1

2n2

n∑
j=1

f ′′(λ(t)
j ) (13.4.42)

as n→∞ is

∂

∂t

∫
f(x)ρt(x) dx = −

∫
f ′(x)u′(x)ρt(x) dx

+
1
2

∫∫
f ′(x)− f ′(y)

x− y
ρt(x)ρt(y) dxdy

= −
∫

f ′(x)
(
u′(x)− p.v.

∫
ρt(y)dy

x− y

)
ρt(x) dx

=
∫

f(x)
∂

∂x

(
ρt(x)

(
u′(x)− πHρt(x)

))
dx,

(13.4.43)

so ρt is a weak solution of the stated equation. Further, the weak deriva-
tive of F is

δF

δρ
= u(x)−

∫
log |x− y|ρ(y) dy (13.4.44)

so the gradient flow is

∂ρt

∂t
=

∂

∂x

(
ρt(x)

(
u′(x)− πHρt(x)

))
. (13.4.45)

Recall that if u is a potential that has equilibrium density ρ, then u′ =
πHρ by Theorem 4.4.1. �

13.5 The Burgers equation

The complex Burgers equation arises:

� from the free Fokker–Planck equation;
� as a limiting case of the Riccati equation for heat flow.
� The complex Burgers equation plays a rôle analogous to the Ornstein–

Uhlenbeck equation.
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In Section 6.5 we saw how ρ = �G satisfies the gradient flow for free
entropy when G satisfies the complex Burgers equation. In this section
we consider the other interpretations.

We previously considered the score function φ′/φ of a probability den-
sity function, and now we consider how this evolves under the heat equa-
tion. Let f(x, t) be a positive solution to

∂f

∂t
=

∂2f

∂x2 (13.5.1)

and observe that u(x, t) = − ∂f
∂x

/f satisfies the Riccati equation

∂u

∂t
+ 2u

∂u

∂x
− ∂2u

∂x2 = 0. (13.5.2)

By rescaling u and x, we can write this as

∂w

∂t
+ 2w

∂w

∂x
− ε2 ∂2w

∂x2 = 0, (13.5.3)

for some scaling parameter ε > 0. Thus the diffusive term can be made
to appear as a perturbation to the Burgers equation

∂w

∂t
+ 2w

∂w

∂x
= 0. (13.5.4)

We now present some solutions of the Burgers equation involving the
distributions of Section 4.5. In [166, 83] there is a discussion of how µt

arises in free probability.

Proposition 13.5.1 Let µt be the probability measure that has S(0,
√

t)
distribution, and let

G(z, t) =
2

z +
√

z2 − t
(t > 0, z ∈ C \ [−

√
t,
√

t]) (13.5.5)

be its Cauchy transform. Then G satisfies the complex Burgers equation

∂G

∂t
+

G

4
∂G

∂z
= 0. (13.5.6)

Proof. The formula for G(z, t) was computed in Corollary 4.5.7.
One can check by direct calculation that G satisfies the differential
equation. �
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Proposition 13.5.2 Let z = ew and λ = 1 − e−τ in the Cauchy
transform

Gλ (z) =
z + 1− λ−

√
(z − 1− λ)2 − 4λ

2z
(13.5.7)

of the Marchenko–Pastur distribution as in (5.5.1). Then G satisfies the
equation

∂G

∂τ
+

G

1−G

∂G

∂w
= 0. (13.5.8)

Proof. This follows by direct calculation. �
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Noncommutative probability spaces

Abstract

In the axioms of Chapter 1, the basic object in classical probability the-
ory is a probability measure on a compact metric space Ω, or equivalently
a positive normalized linear functional on C(Ω;C). In noncommutative
probability, the basic object is a state on a C∗-algebra which is gener-
ally noncommutative, but which can always be realized as a norm-closed
subalgebra of B(H), where H is a Hilbert space. Of particular interest
are tracial probability spaces, which include the type II1 von Neumann
factors. In Section 14.3, we consider an important example of a noncom-
mutative distribution, namely the semicircular distribution, which arises
naturally in random matrix theory.

14.1 Noncommutative probability spaces

Noncommutative probability spaces provide a unified framework in
which we can describe:

� classical probability spaces;
� states on C∗ algebras;
� random matrices;
� free probability theory.

In this section we state the axioms and then look at some basic examples.

Definition (∗-probability spaces [166, 16]). (A,ϕ) is a ∗-probability space
when A is a unital ∗ algebra over C and ϕ : A→ C is a state; so that

(i) a �→ a∗ is conjugate linear;
(ii) (ab)∗ = b∗a∗;

411
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(iii) a∗∗ = a;
(iv) ϕ(1) = 1, ϕ(sa + tb) = sϕ(a) + tϕ(b), ϕ(a∗) = ϕ(a), ϕ(a∗a) ≥ 0.

Further, when ‖ · ‖ is a norm on A such that A is a Banach space, we
often impose the conditions:

(v) ‖ab‖ ≤ ‖a‖‖b‖, and ‖a∗‖ = ‖a‖;
(vi) ‖a∗a‖ = ‖a‖2, the C∗ norm condition.

When conditions (i)–(vi) all hold, we have a C∗ probability space. (In
Section 14.2, we shall introduce further axioms (vii), (viii) and (ix) to
define a tracial probability space.)

Example 14.1.1 (Classical probability spaces). For a Polish space Ω, let
A be Cb(Ω;C) with the supremum norm and pointwise multiplication
and let µ ∈ Prob(Ω). Then (A,φ) becomes a C∗ probability space with
φ(f) =

∫
fdµ. The algebra here is commutative, so classical examples

of probability spaces can be regarded as commutative C∗ probability
spaces.

Example 14.1.2 (Matrices). Let A = Mn (C) and let ξ ∈ Cn have
‖ξ‖ = 1. Then (A,φ) is a C∗ probability space with φ(X) = 〈Xξ, ξ〉.
Likewise, (A, τ) is a C∗ probability space with τ(X) = trace(X)/n.

Example 14.1.3 (Discrete group algebras). Let G be a discrete count-
able group with identity element e, and for each g ∈ g, let δg : G → C
be δg (h) = 1 for h = g and δg (h) = 0 for h ∈ G \ {g}. Then we form the
Hilbert space

�2(G) =
{∑

g∈G

αg δg :
∑
g∈G

|αg |2 <∞
}

(14.1.1)

with the inner product〈∑
g∈G

αgδg ,
∑
h∈G

βhδh

〉
=

∑
g∈G

αg β̄g . (14.1.2)

Similarly we form

�1(G) =
{

α =
∑
g∈G

αgδg : ‖α‖�1 =
∑
g∈G

|αg | <∞
}

(14.1.3)

which forms a unital ∗-algebra for the convolution product

α ∗ β =
∑
k∈G

(α ∗ β)k δk =
∑

g ,h∈G

αgβhδgh , (14.1.4)
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for the involution

α∗ =
(∑

g∈G

αgδg

)∗
=

∑
g∈G

ᾱg δg−1 . (14.1.5)

Now each h ∈ G gives a unitary operator λh on �2(G) by λh :∑
g∈G αgδg �→

∑
g∈G αg δhg , and the representation h �→ λh extends

to a ∗ representation

λ : �1(G)→ B(�2(G)) :
∑
g∈G

αgδg �→
∑
g∈G

αgλg . (14.1.6)

Example 14.1.4 (Free algebras).

(1o) Let E be the free unital ∗algebra over C that is generated by
I, �, �∗, subject to �∗� = I. Then

E = span{�m (�∗)n : m,n = 0, 1, 2, . . . } (14.1.7)

and the listed terms give a basis. To check that E is closed under
multiplication, we consider the product of �k (�∗)j and �m (�∗)n in
two cases: if j > m, then �k (�∗)j �m (�∗)n = �k (�∗)n+j−m ; whereas
if j ≤ m, then �k (�∗)j �m (�∗)n = �k+m−j (�∗)n . Furthermore,
ϕ : E → C, as defined by

ϕ :
∑
m,n

amn�m (�∗)n �→ a00 , (14.1.8)

gives a positive functional. Indeed, we have

ϕ
((∑

m,n

amn�m (�∗)n
)∗(∑

m,n

amn�m (�∗)n
))

=
∑
m

|am0 |2

(14.1.9)
since ϕ(�a (�∗)b �c(�∗)d) = 0 unless a = d = 0 and b = c. Hence
(E,ϕ) is a noncommutative probability space.

(2o) More generally, we let EK be the free unital algebra that is gen-
erated by

I, �1 , . . . , �K , �∗1 , . . . , �
∗
K , (14.1.10)

subject to �∗j �k = δjk I; then we let ϕ : EK → C be the linear
functional

ϕ :
∑

α(1)...α(m );β (1)...β (n)

wα(1)...α(m );β (1)...β (n)�α(1) . . . �α(m )�
∗
β (1) . . . �∗β (n)

�→ w∅∅. (14.1.11)
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Let H be a separable Hilbert space with orthonormal basis (ej )∞j=1,
and let exp(H) be the full Fock space as in Section 12.1 and let �(ej ) be
the left creation operator associated with ej as in Example 12.1.4.

Proposition 14.1.4 There exists a unique ∗-algebra homomorphism

Φ : EK → alg{I, �(ej ), �(ek )∗; j, k = 1, . . . , K}, (14.1.12)

such that Φ(1) = I and Φ(�j ) = �(ej ).

Proof. The creation operators satisfy

�(ej )∗�(ek ) = δjk I (j, k = 1, . . . , K), (14.1.13)

so the existence and uniqueness of Φ follow from the universal properties
of free algebras. �

14.2 Tracial probability spaces
� Finite factors give the main examples of tracial probability spaces.
� There exists a unique hyperfinite II1 factor on H.
� The factors constructed from the left-regular representations of free

discrete groups are generally not hyperfinite.

Let H be separable, infinite-dimensional complex Hilbert space and let
B(H) be the space of bounded linear operators on H with the operator
norm. The natural ∗ operation on a bounded linear operator on Hilbert
space is the adjoint x �→ x∗. Each ξ ∈ H such that ‖ξ‖H = 1 gives rise
to a state x �→ 〈xξ, ξ〉 on B(H). See [60, 120].

Theorem 14.2.1 (Gelfand–Naimark). Let A be a unital C∗-algebra
that satisfies (i), (ii), (iii), (v) and (vi) of Section 14.1. Then A is
∗-isomorphic to an algebra of bounded operators on Hilbert space.

With A safely embedded as a unital ∗ subalgebra of B(H), we can for-
mulate some definitions which we shall use in later sections.

Definition (Positivity). Let A be a unital C∗ algebra. A self-adjoint
element a ∈ A is positive if any one of the three equivalent conditions
are satisfied:

(1) a = b∗b for some b ∈ A;
(2) 〈aξ, ξ〉H ≥ 0 for all ξ ∈ H, where A is a C∗-subalgebra of B(H);
(3) λ1 + a is invertible in A for all λ > 0.
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Definition (Von Neumann Algebra). Suppose that A is a unital C∗

subalgebra of B(H) such that A is closed for the weak operator topology.
Then A is a von Neumann algebra.

In a von Neumann algebra, one can form the least upper bound of
a bounded family of positive elements. Let A+ = {a ∈ A : 〈aξ, ξ〉 ≥
0 ∀ξ ∈ H}. Let aj ∈ A+ be a net indexed by a partially ordered set
J such that ‖aj‖ ≤ K for all j ∈ J and j ≤ k implies aj ≤ ak as
operators on H. Then there exists a least upper bound a∞ ∈ A+ such
that aj → a∞ weakly as j increases through J .

Definition (Normal ). Let A and B be von Neumann algebras, and
ϕ : A → B be a linear map such that ϕ(A+) ⊆ B+, so ϕ preserves
positivity. Say that ϕ is normal if ϕ(a∞) is the least upper bound of
ϕ(aj ).

Let S(A) = {ϕ ∈ A∗ : ϕ satisfies (iv)} be the set of states on A;
then S(A) is a convex subset of the dual space A∗, and S(A) is compact
for the σ(A∗, A) topology.

On a unital C∗ algebra there is an abundance of states, and

‖x‖2 = sup{φ(x∗x) : φ ∈ S(A)} (x ∈ A). (14.2.1)

Theorem 14.2.2 (Gelfand, Naimark, Segal). Let (A,ϕ) be a C∗ proba-
bility space, so (i)–(vi) all hold. Then there exists a Hilbert space H and
a ∗ representation π of A on H, such that

ϕ(a) = 〈π(a)v, v〉H (a ∈ A) (14.2.2)

for some v ∈ H. Further, if A is separable, then H may be chosen to be
separable.

Proof. The crucial observation is that for any a ∈ A, there exists c ∈ A

such that ‖a‖2I − a∗a = c∗c; so ‖a‖2 ≥ ϕ(a∗a) and b∗b‖a‖2 − b∗a∗ab =
b∗c∗cb for all b ∈ A. The state ϕ gives an inner product on A by 〈a, b〉 =
ϕ(b∗a); so we let H be the completion of A for the associated norm, let
j : A → H the natural inclusion map. Then we let v = j(1) ∈ H and
define π(a) : b �→ ab. Now since j(A) is a dense linear subspace of H, we
have

‖π(a)‖2 = sup{φ(b∗a∗ab) : φ(b∗b) ≤ 1}
≤ ‖a∗a‖ = ‖a‖2 , (14.2.3)

so π(a) extends to a bounded linear operator on H and π : A → B(H)
is a bounded ∗-representation. Further, ϕ(a) = ϕ(1a1) = 〈π(a)v, v〉. �
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Definition (Tracial probability space [166, 16]). Let (A, τ) be a C∗ prob-
ability space such that (i)–(vi) all hold, together with

(vii) τ(ab) = τ(ba) for all a, b ∈ A, so τ is a tracial state;
(viii) τ(a∗a) = 0⇒ a = 0, so τ is faithful.

Then (A, τ) is a tracial C∗ probability space. When A is a von Neumann
algebra, we often impose the further condition:

(ix) τ is normal.

Some authors use the general term ‘noncommutative probability space’
for the tracial probability spaces that satisfy (i)–(ix).

Now we exhibit examples of tracial probability spaces (M, τ), where
M is a finite von Neumann factor with its unique normal tracial state τ .
Our purpose is to express some statements in the language of noncommu-
tative probability; the proofs are omitted, as they are clearly presented
in standard books on von Neumann algebra theory such as [60, 120]. We
give examples of tracial probability spaces that can be approximated by
finite matrix models. We recall some basic definitions.

Definition (Finite factors). Let M be a von Neumann algebra. Then
M is finite if there exists a normal, faithful and tracial state τ : M → C.
Further, M is a factor if its centre consists of scalar operators that is,

{b ∈M : ba = ab for all a ∈M} = {zI : z ∈ C}. (14.2.4)

Proposition 14.2.4 A finite factor M has a unique normal tracial state
τ , hence (M, τ) satisfies (i)–(ix).

Example 14.2.5 Let M be a finite-dimensional factor. Then M is
∗-isomorphic to Mn (C) for some n <∞, and the unique tracial state is
τn where

τn (a) =
1
n

n∑
j=1

〈aej , ej 〉 (a ∈M) (14.2.5)

where (ej ) is some orthonormal basis of Cn .

Let (M, τ) be a von Neumann factor and consider the set D of dimen-
sions of orthogonal projections

D = {τ(p) : p ∈M ; p∗p = p, p2 = p}. (14.2.6)

Then either D is discrete, and (M, τ) is ∗ isomorphic to Mn (C) with the
standard trace for some n ∈ N; or D is continuous, and M is said to be
a II1 factor.
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Definition (Hyperfinite). A factor (R, τ) is called hyperfinite if there
exists a sequence of factors (Mk ) (k = 1, 2, . . . ) such that:

(i) Mk is ∗isomorphic to Mnk
(C) for some nk <∞;

(ii) M1 ⊆M2 ⊆ · · · ⊆ R;
(iii) ∪∞k=1Mk is dense in R for the strong operator topology.

Theorem 14.2.6 (Murray–von Neumann [118, Theorem XIV]). On H,
there exists a unique hyperfinite II1 factor R.

By considering discrete groups, we can construct finite factors which
are hyperfinite, and some which are not hyperfinite.

Definition (Group von Neumann algebra [60]). Let λ(G) be the closure
of λ(�1(G)) in B(�2(G)) for the weak operator topology. Let τ : λ(G)→
C be τ(a) = 〈aδe , δe〉�2 (G) .

Proposition 14.2.7 The left regular representation of the group S∞
generates the hyperfinite II1 factor.

Proof. Here τ gives the tracial state; the tracial property reduces to the
fact that gh = e if and only if hg = e. For each g ∈ S(∞) \ {e}, the
conjugacy class {hgh−1 : h ∈ S(∞)} is infinite by an obvious extension
of the results of Section 7.2. Hence the left regular representation of S∞
is factorial by [60].

Since S∞ is the union of an increasing sequence of finite subgroups
Sn , it is easy to verify that the representation is hyperfinite. See [118,
Lemma 5.2.2]. �

Let g1 , . . . , gn be free generators of G = Fn , so that G has distinct
elements e and g

α(1)
β (1) g

α(2)
β (2) . . . g

α(m )
β (m ) with α(j) ∈ Z \ {0} and β(k) ∈

{1, . . . , n} such that β(1) �= β(2), β(2) �= β(3), . . . , β(m− 1) �= β(m).

Proposition 14.2.8 (Nonhyperfinite factors). For n > 1 and G = Fn ,
the von Neumann algebra λ(G) is a finite factor with canonical trace τ

which is not hyperfinite.

Proof. See [118, Theorem XVI]. �

Open Problem Which of the factors λ(Fn ) with n ∈ {2, 3, . . . } ∪ {∞}
are isomorphic as von Neumann algebras?

This question is suggested by the Appendix to [118] and motivated
much of free probability theory. Kadison drew attention to the prob-
lem in his Baton Rouge problem list, and so the question is sometimes
attributed there.
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14.3 The semicircular distribution
� Wigner’s semicircular distribution plays a rôle in free probability anal-

ogous to that of the Gaussian distribution in classical probability.

Definition (Distribution [166]). Let a be an element of a ∗ probability
space (A,φ). Then the distribution of a consists of the sequence mn =
φ(an ) of moments of a.

Proposition 14.3.1 Let (A,φ) be a C∗ probability space. Given a ∈ A

such that a = a∗, there exists a unique µ ∈ Prob[−‖a‖, ‖a‖] such that

φ(an ) =
∫

[−‖a‖,‖a‖]
xnµ(dx) (n = 0, 1, 2, . . . ). (14.3.1)

The Cauchy transform of µ satisfies G(z) = φ((zI − a)−1) for z ∈
C \ [−‖a‖, ‖a‖].

Proof. The commutative case of the Gelfand–Naimark theorem, which
is relatively easy to prove [120], leads to the conclusion that the uni-
tal C∗ subalgebra of A generated by a is a subalgebra of B(H) for
some Hilbert space H. The spectrum of a as an element of B(H) is
contained in [−‖a‖, ‖a‖], and for any f ∈ C[−‖a‖, ‖a‖] we can form
f(a) by functional calculus. Further, f �→ φ(f(a)) gives a state on
C[−‖a‖, ‖a‖], so is given by a unique measure by Theorem 1.1.1. By
Proposition 1.8.6, the moments determine µ uniquely. In particular,
when we take z ∈ C \ [−‖a‖, ‖a‖] and introduce the continuous func-
tion f(x) = (z − x)−1 , we have the Cauchy transform of µ, namely
φ((zI − a)−1) =

∫
(z − x)−1µ(dx). �

Definition (Semicircular distribution). Let X be a self-adjoint element
of a ∗probability space (A,ϕ). We say that X ∈ A has a semicircular
S(a, r) distribution when

φ(Xn ) =
2

πr2

∫ a+r

a−r

xn
√

r2 − (x− a)2 dx. (14.3.2)

We show how this distribution arises in three apparently diverse
contexts.

Definition (Finite shift). For each N , let �2
N = CN with the usual inner

product and orthonormal basis (ej )N
j=1. Let

SN :
N∑

j=1

aj ej →
N −1∑
j=1

aj ej+1 , (14.3.3)
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be the finite shift which has adjoint

S∗
N :

N∑
j=1

aj ej →
N∑

j=2

aj ej−1 ; (14.3.4)

so SN
N = 0 = (S∗

N )N .

Proposition 14.3.2 The spectral measure of S∗
N + SN consists of the

average of N unit point masses on [−2, 2], namely

1
N

N∑
k=1

δ2 cos(kπ/(N +1)) , (14.3.5)

and converges weakly to the Chebyshev distribution on [−2, 2] as N →∞,
while〈

(S∗
N + SN )ne1 , e1

〉
→ 1

2π

∫ 2

−2
xn

√
4− x2 dx (N →∞). (14.3.6)

Proof. See [56]. The operator SN + S∗
N is represented by the tridiagonal

N ×N matrix 

0 1 0 0 . . . 0
1 0 1 0 . . . 0
0 1 0 1 . . . 0
0 0 1 0 . . . 0
...

...
...

...
. . . 1

0 0 0 0 1 0


(14.3.7)

and the eigenvalues are

2 cos
kπ

N + 1
(k = 1, 2, . . . , N) (14.3.8)

with corresponding unit eigenvectors

vk =

√
2
N

col
[
sin

jkπ

N + 1

]N

j=1
. (14.3.9)

To see this, we use the relation

sin(j − 1)θ + sin(j + 1)θ = 2 sin jθ cos θ (14.3.10)

and observe that sin(N + 1)θ = 0 provided θ = kπ/(N + 1) for some
k = 1, . . . , N .
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By the standard functional calculus for real symmetric matrices, we
can form f(SN + S∗

N ) for any continuous function f : [−2, 2] → R. We
have

1
N

tracef(SN + S∗
N )→

∫ 1

0
f(2 cos πθ) dθ

=
1
π

∫ 2

−2

f(x) dx√
4− x2

(N →∞). (14.3.11)

In terms of the orthonormal basis of eigenvectors, we have

e1 =

√
2
N

N∑
k=1

sin
πk

N + 1
vk

so that 〈
(S∗

N + SN )ne1 , e1
〉

=
2n+1

N

N∑
k=1

cosn πk

N + 1
sin2 πk

N + 1

→ 2n+1
∫ 1

0
cosn πx sin2 πx dx (14.3.12)

as N →∞. For odd n, this gives zero; whereas for even n we have with
t = 2 cos πx the semicircle law〈

(S∗
N + SN )ne1 , e1

〉
→ 1

2π

∫ 2

−2
tn
√

4− t2 dt (N →∞). (14.3.13)

�

We now exhibit an element of a C∗ probability space that has such a
distribution.

Theorem 14.3.3 Let exp(C) be the full Fock space on C as in (12.1.6),
and let S = (� + �∗)/2, where � is the left creation operator. Then the
distribution of S is the S(0, 1) law, and the von Neumann algebra gen-
erated by S is canonically isomorphic to L∞([−1, 1], σ0,1) via the map
S �→ x.

Proof. To prove Theorem 14.3.3, we digress into the theory of random
walks, where we recover the Cauchy transform G(z) of the semicircular
distribution from a suitable probability generating function. See [73].
Suppose that X1 ,X2 , . . . are mutually independent random variables,
each distributed as X, where P[X = 1] = P[X = −1] = 1/2. Then
Sm = X1 + · · ·+Xm gives the position after m steps of the random walk
on the integers that starts from zero and has jth step Xj either one to
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the right or one to the left. Given Sm , the future progress of the walk
does not depend upon the path up until Sm , so the walk has no memory
of its previous history; this is Markov’s property. Let p(m) = P[Sm = 0]
be the probability that the walk is at zero after m steps; let Bm be the
event that the walk returns to zero for the first time at step m, with
f(m) = P(Bm ). �

Lemma 14.3.4 The corresponding generating functions

P (z) =
∞∑

m=0

p(m)zm

and

F (z) =
∞∑

m=1

f(m)zm (|z| ≤ 1) (14.3.14)

satisfy (1) P (z) = (1− z2)−1/2 and (2) F (z) = 1− (1− z2)1/2 .

Proof. (1) Clearly the walk cannot be at the origin after an odd number of
steps, so only even powers appear in the probability generating functions.
After 2n steps, the walk is at the origin if and only if the walk has taken
n steps to the left and n steps to the right in some order, so by definition
of the binomial coefficients

p(2n) =
1
2n

(
2n

n

)
. (14.3.15)

Hence

P (z) =
∞∑

n=0

(
2n

n

)
z2n

2n
= (1− z2)−1/2 . (14.3.16)

(2) The event [S2n = 0] is partitioned into disjoint events [S2n =
0] ∩B2k for k = 1, . . . , n, so

P[S2n = 0] =
n∑

k=1

P[S2n = 0 | B2k ]P(B2k ), (14.3.17)

where P[S2n = 0 | B2k ] = P[S2n−2k = 0] since the walk has no memory
and the steps are homogeneous in time. Hence p satisfies the recurrence
relation

p(2n) =
n∑

k=1

p(2n− 2k)f(2k) (n = 1, 2, . . . ) (14.3.18)

so by multiplying by z2n and summing over n, we obtain P (z) = 1 +
P (z)F (z), hence the result by (1). �
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Lemma 14.3.5 (Catalan numbers). Let E2k be the event that the ran-
dom walk is nonnegative up until time 2k and is zero at time 2k;
namely

E2k = [X1 + · · ·+ Xj ≥ 0 (j = 1, . . . , 2k) and X1 + · · ·+ X2k = 0].

(14.3.19)

Then

P(E2k ) = 2f(2k + 2) =
1

22k (k + 1)

(
2k

k

)
. (14.3.20)

Proof. We introduce a preliminary step X0 , chosen to be distributed as
X and independent of the other Xj , and introduce

B+
2k+1 =[X0 =1,X0 + · · ·+ Xj > 0, j =1, . . . , 2k;X0 + · · ·+ X2k+1 =0]

(14.3.21)

which is the event that a random walk starts rightward and returns
to the origin for the first time after (2k + 2) steps, so has probability
f(2k + 2)/2. But this event equals the event

[X0 = 1, X1 + · · ·+ Xj ≥ 0 (j = 1, . . . , 2k);

X1 + · · ·+ X2k = 0, X2k+1 = −1]; (14.3.22)

hence by independence

(1/2)f(2k + 2) = (1/4)P[X1 + · · ·+ Xj ≥ 0 (j = 1, . . . , 2k);

X1 + · · ·+ X2k = 0], (14.3.23)

so P(E2k ) = 2f(2k + 2). Now we observe that

2F (z)
z2 =

∞∑
k=0

(−1)k2
(

1/2
k + 1

)
z2k =

∞∑
k=0

(
2k

k

)
z2k

22k (k + 1)
, (14.3.24)

where the required probability is the coefficient of z2k . �

Conclusion of the proof of Theorem 14.3.3 We convert the random walk
of m steps into a summand of the expansion of Sm . We introduce a prod-
uct of m factors, where the jth factor from the left is � when Xj = 1 and
�∗ when Xj = −1; in either case we write �(Xj ) . For instance, the se-
quence of steps (1,−1, 1, 1,−1,−1) gives rise to ��∗���∗�∗. Generally, the
product �(X1 ) . . . �(Xm ) that corresponds to (X1 ,X2 , . . . , Xm ) satisfies〈

�(X 1 ) . . . �(Xm )e0 , e0
〉

= 1 (14.3.25)
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when X1 +X2 + · · ·+Xj ≥ 0 for j = 1, 2, . . . ,m−1 and X1 +X2 + · · ·+
Xm = 0; that is the walk starts by moving right, is always nonnegative,
and is at the origin after m steps. Otherwise〈

�(X 1 ) . . . �(Xm )e0 , e0
〉

= 0. (14.3.26)

By Lemma 14.3.5 we have〈(� + �∗

2

)2k

e0 , e0

〉
=

1
22k (k + 1)

(
2k

k

)
. (14.3.27)

Here S is self-adjoint as viewed as an operator on expC; hence S

has spectrum σ where σ is a compact subset of R, and the von Neu-
mann algebra generated by I and S is abelian and consists of {f(S)}
where f belongs to L∞(σ). Now ϕ is a faithful tracial state with
ϕ(f) = 〈f(S)e0 , e0〉, and by comparison with Proposition 4.5.5 we have

ϕ
(
(zI − S)−1) =

∞∑
k=0

ϕ(Sk )
zk+1

=
∞∑

k=0

z−2k−1 1
22k (k + 1)

(
2k

k

)

=
2
π

∫ 1

−1

√
1− t2

z − t
dt, (z ∈ C \ [−1, 1]) (14.3.28)

hence

ϕ(Sn ) =
2
π

∫ 1

−1
sn

√
1− s2 ds, (14.3.29)

hence σ = [−1, 1] and S has a S(0, 1) distribution. �

Example 14.3.6 For (Ω,P) a probability space, let An be the space
of strongly measurable functions X : Ω → Mn (C) such that E‖X‖k <

∞ for all k ∈ N, and let φn (X) = Etracen (X) for X ∈ An . Then
(An , φn ) satisfies axioms (i), (ii), (iii), (iv), (vii) and (viii). Suppose that
Yn ∈ An is a random matrix from the Gaussian unitary ensemble as in
Theorem 2.5.3 and Example 4.5.4. Then we have φn (Y k

n ) =
∫

ykρn (dy),
where ρn is the integrated density of states, and so

φn (Y k
n )→ 2

π

∫ 1

−1
yk

√
1− y2 dy (n→∞). (14.3.30)
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Andréief ’s identity 51
annihilation and creation operators 379
arclength 177

backward equation 395
Baik–Deift–Johansson Theorem 342
Bakry–Emery LSI 207
Banach’s fixed point theorem 402
band-limited function 295
Barron’s theorem 203, 397
Bessel function 291
Bessel function, modified

(MacDonald) 291
Bessel function of integral order 246
Bessel kernel 306
Biane–Voiculescu Theorem 221
Bobkov–Götze Theorem 105
Bochner’s theorem 267
Bochner–Weitzenbock formula 224
Bogachev–Su Theorem 343
Boltzmann’s entropy 84
Borel measure 7
Borel–Cantelli Lemma, first 9
Borodin–Okounkov–Olshanski Theorem

341

Boutet de Monvel, Pastur, Shcherbina
Theorem 182

Brascamp–Lieb inequality 91
Brownian motion 366
Brownian motion, joint distribution 366
Brownian motion, matrix 399
Brunn–Minkowski Theorem 22
Burgers equation 213, 407

C∗ probability space 411
canonical system 276
Carlen’s theorem on marginals 210
Carlen and Loss’s Theorem 146
Carleson’s interpolation theorem 314
Cartan’s criterion 60
Cartan’s theorem (on energy

spaces) 140
Cartan–Killing classification 78
Catalan numbers 158, 422
Cauchy transform 38
chaos, homogeneous 387
characteristic function 33
Chebyshev’s distribution 141
Chebyshev’s polynomials 141, 349
Christoffel–Darboux formula 271
circular orthogonal ensemble 81
circular symplectic ensemble 83
circular unitary ensemble 79
classical groups 43, 72
classical probability spaces 412
compact metric group 10
compact metric space 5
complement principle 335
complex Burgers equation 214, 407
concentration inequality 94
concentration inequality for compact

Lie groups 128
concentration of measure 96
concentration of measure for generalized

ensembles 109

433



434 Index

concentration of measure for GOE 108
concentration of measure on spheres 124
configurations 254
confluent hypergeometric equation 291,

293
conjugate function 136
conjugation 43
constrained variational problem 166
continuity equation 198
continuity, Hölder 39
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Hölder continuity 39
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